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We study the problem of nonparametric estimation of a multivariate func-
tion g :RY — R that can be represented as a composition of two unknown
smooth functions f:R — Rand G: RY > R. We suppose that f and G be-
long to known smoothness classes of functions, with smoothness y and 8, re-
spectively. We obtain the full description of minimax rates of estimation of g
in terms of y and S, and propose rate-optimal estimators for the sup-norm
loss. For the construction of such estimators, we first prove an approximation
result for composite functions that may have an independent interest, and then
a result on adaptation to the local structure. Interestingly, the construction of
rate-optimal estimators for composite functions (with given, fixed smooth-
ness) needs adaptation, but not in the traditional sense: it is now adaptation
to the local structure. We prove that composition models generate only two
types of local structures: the local single-index model and the local model
with roughness isolated to a single dimension (i.e., a model containing el-
ements of both additive and single-index structure). We also find the zones
of (y, B) where no local structure is generated, as well as the zones where
the composition modeling leads to faster rates, as compared to the classical
nonparametric rates that depend only to the overall smoothness of g.

1. Introduction. In this paper we study the problem of nonparametric estima-
tion of an unknown function g:R? — R in the multidimensional Gaussian white
noise model described by the stochastic differential equation

(D) Xc(dt)y=g@t)dt +eW(dt), t=(t1,...,13) €D,

where D is a bounded open interval in R containing [—1, 1]¢, W is the standard
Brownian sheet in R? and 0 < ¢ < 1 is a known noise level. Our goal is to esti-
mate the function g on the set [—1, 114 from the observation {X:(t),t € D}. For
d = 2 this corresponds to the problem of image reconstruction from observations
corrupted by additive noise. We consider observation set £, which is larger than
[—1, 119 in order to avoid the discussion of boundary effects.
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To measure the performance of estimators, we use the risk function determined
by the sup-norm | - |loc on [—1, l]d: for g:]Rd —->R,0<e<1, p>0,and for
an arbitrary estimator g, based on the observation {X.(¢),t € £} we consider the
risk

(@) Re(8e. 8) = Eg(llge — glI%)

Here and in what follows [E, denotes the expectation with respect to the distribu-
tion [P, of the observation {X,(¢), t € D} satisfying (1).

We suppose the g € G5, where {Gs, s € S} is a collection of functional classes
indexed by s € S. The functional classes s that we will consider consist of smooth
composite functions and below we discuss in detail this choice.

For a given class s we define the maximal risk

(3) Re(8es Gs) = sup Re(ge, 8)-

8€%s
Our first aim is to study the asymptotics, as the noise level ¢ tends to O, of the
minimax risk

iI}ng (8e» 9s),
8¢

where infg, denotes the infimum over all estimators of g. We suppose that pa-
rameter s is known, and therefore the functional class s is fixed. We find the
minimax rate of convergence ¢.(s) on Gs, that is, the rate that satisfies dL(s) <
infg, R:(ge, $s), and we construct an estimator attaining this rate, which we refer
to as a rate-optimal estimator in the asymptotic minimax sense.

2. Global rate-optimal estimation via pointwise selection. In this section
we discuss a rather general method of data-driven selection from a given family
of estimators. This method, called a pointwise selection rule,? is at the core of the
paper. We will use it to construct our rate-optimal estimators.

To present the pointwise selection rule we need some definitions. Let £; be an
open interval such that [—1, l]d C D1 C D. Any function K ‘R? x R — R such
that

K(t,x)dt=1  Vxe[-1,1]%,
Dy
suppK(-,x) S D Vx € Dy,

will be called a weight. Let K be a given family of weights and let x € [—1, 1
be fixed. To any K € K we associate a linear estimator at x:

Br () = /@ K (1, x)Xe(d1).

]d

2This selection rule was the topic of the IMS Medallion Lecture given by the second author at the
Joint Statistical Meetings in Minneapolis, 2005.
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We consider a family of linear estimators 4(XK) = {gx (x), K € K}. Note that
gk (x) is a normal random variable with variance 2|/ K (-, x)ll% where || - || de-
notes the L norm. Define ox = sup, .o [| K (-, x)||2 and assume that the family X
satisfies:

sup og < 0Q.
KeX

For any pair of weights K| and K> define the function
Ki@ Kol ) = [ KiC)Ka(y ) dy.
1

We say that X is a commutative weight system if
(K1 Q@ Kr2l=[K> ® K1] VK, Kb e K.

We now present the pointwise selection rule and briefly discuss some examples
where it can be applied. The rule consists of the following two steps:

1. Determination of acceptable weights. Let K be a commutative weight system
and let th,(X) be a threshold whose choice will be discussed below. We say
that a weight K € K [resp., the estimator gx (x)] is acceptable if

Sxai ) — &g (0] < M(JOth.(K)og YK € K:og > ok,

where M (K) = supgcx SUpyep 1K (-, x)|l1 and || - [|; denotes the L1 norm.

2. Selection from the set of acceptable estimators. Let X be the set of all the
acceptable weights in K. Note that X is a random set and it can be empty
with some probability. If X # & we select the estimator g (x) with K such
that op =inf Ke % OK>» that is, we choose an acceptable estimator with minimal

Variance. If X = @ we select an arbitrary fixed estimator gx,(x), where Ky is
a given weight from XK.

There is no general receipt for the choice of the threshold th, (X). It may depend
on the weight system, on the nature of the considered problem (pointwise or global
estimation), on the loss functional, etc. However, if we consider the risk (2) and if
the weight system X is not too large (e.g., K is a metric compact with a polyno-
mial behavior of covering numbers) it can be shown that there is a universal choice
of the threshold: th, (KX) = Ce+/In1/e, where C > 0 is a constant depending only
on the power p of the loss function and on the dimension d. Such a choice of the
threshold will be used in this paper.

A remarkable property of the pointwise selection rule is that it can be shown to
work for any commutative weight system. As we will see in the following exam-
ples, the commutativity property is inherent to a variety of weight systems used in
statistics.

Examples of commutative weight systems. We now consider some examples
of commutative weight systems. Let @ be any set of functions Q:R? — R such
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that supp(Q) C [—8,8]¢,8 > 0, and Jra O =1. Take D = [—a,al? and D =
[—b, b]d, where a > b > 1,a — b > § are given numbers. Define

K={K:RIxR!>R:K(t,x)=0Q( —x), Q € Q}.

Then KX is a commutative weight system. Indeed, the integration over £; in the
definition of the weight and in the definition of [K| ® K>] can be replaced by
integration over R?, and the operation ® reduces to the standard convolution:

(K1 @ K2]=K1 Ky =Ky« K1 =[K2 ® Kq].

This allows us to construct various commutative weight systems. We now consider
some of them.

The selection of an estimator from a given family first appeared in the context
of adaptive estimation. In particular, in [16] a pointwise selection rule was pro-
posed in order to construct pointwise adaptive estimators over a scale of Holder
classes. This method was generalized in [21] to a pointwise selection rule from the
collection § (K g, ) with the family of weights

Ky, = {h1Q0<%),h € Jf’l},

where d = 1, Qg € @ is a given function, #| = [Amin, Amax] and the numbers
0 < Amin < hmax < 1 are chosen by the statistician. In words, the family G (K s, )
consists of kernel estimators with bandwidth varying from /iy to Amax. The esti-
mator chosen from the collection (K #,) in accordance with the pointwise selec-
tion rule of [21] is rate optimal over the Besov classes of functions; compare [19].

More recently, pointwise adaptive methods have been developed in dimensions
larger than 1. Thus, [14, 15] propose a pointwise selection rule from the collection
(K 3,) where

d .
Ky, = {Hhi_lQ()( hf’),(h],...,hd)e,}fd].
i=1

1

Here the x; are the components of x, and #; = []_, [hggn, ] with the values

0< hr(;gn < hr(fl)ax <o00,i =1,...,d, that are chosen by the statistician. The point-
wise selection rule of [14] leads to an estimator that is pointwise adaptive over the
scale of anisotropic Besov classes [14, 15].

The results of these papers show that pointwise selection is a useful tool for es-
timation of functions with inhomogeneous smoothness. Another approach to mul-
tivariate function estimation is based on structural models. Typical examples are
the single index model and the additive model (see Section 3 for more details).
For such models, an important issue is adaptation to the unknown structure, and
it can be also carried out via the pointwise selection rule [8]. The weight system
used in pointwise selection for the single-index model [8] will also appear in some
parts of the present paper. It makes use of the ridge functions. Another system of
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ridge functions is proposed in [4, 5] for the problem of recovery of functions of
two variables with discontinuities along smooth edges and smooth otherwise. Note
that the approach of [4, 5] is conceptually different, and does not rely on pointwise
selection rules. Examples of more complex commutative weight systems can be
found in [8, 20]. Another construction leading to quite an unusual commutative
weight system will be given in Section 6.2.

In the present paper we specify the pointwise selection rule for the problem of
estimation of composite functions. Our structural assumption is that the function
g:R? — R can be represented as a composition of two unknown smooth functions
f:R— Rand G:R? - R, thatis, g = f o G.

3. Why smooth composite functions. We now discuss why this structural
assumption is relevant. We start with the following definition.

DEFINITION 1. Fix o« > 0 and L > 0. Let || be the largest integer which
is strictly less than «, and for k = (ky,...,ky) € N9 set k| = ki + -+ 4+ kq. The
isotropic Holder class Hy(ax, L) is the set of all functions G :R? — R having
on R4 all partial derivatives of order |« ] and such that

Z sup

> d
0<lk|<|o) ¥R

G (x)

kq kg | —
0x; ---0x,

8";|G(x) d (y; —x ki
@ |eo- ¥ e [T =Ly =«
0slii=ley %1 0% j=1 BT
Vx,y € Rd,
where x; and y; are the jth components of x and y and || - || is the Euclidean norm

inR9,

Parameter o characterizes the isotropic (i.e., the same in each direction) smooth-
ness of function G.

Let now f and G be smooth functions such that f € H;(y, L) and G €
H, (B8, Lr) where y, L1, B, Ly are positive constants. Here and in what follows
H (y, L1) and H (8, Lo) are the Holder class on R and the isotropic Holder class
on RY, respectively. The class of composite functions g = £(G(x)) with such
f and G will be denoted by H(A, L£), where A = (y, B) € Ri and £ = (L,
Ly) e Ri_.

The performance of an estimation procedure will be measured by the sup-norm
risk (3) where we set s = (s, L) and §s = H(A, L).

3.1. Motivation 1: models of reduced complexity. It is well known that the
main difficulty in estimation of multivariate functions is the curse of dimension-
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ality: the best attainable rate of convergence of the estimators deteriorates very
fast as the dimension grows. To illustrate this effect, suppose, for example, that
the underlying function g belongs to s = Hy(«, L),s = (o, L), & > 0, L > 0.
Then the rate of convergence for the risk (3), uniformly on Hy (e, L), cannot be
asymptotically better than

Ve.a(@) = (8/In (1/8))/ 2+

(cf. [6, 12, 13, 23, 25]). This is also the minimax rate on H (e, L); it is attained, for
example, by a kernel estimator with properly chosen bandwidth and kernel. More
results on asymptotics of the minimax risks in estimation of multivariate functions
can be found in [2, 3, 14, 15, 22]. It is clear that if « is fixed and d is large enough
this asymptotics is too pessimistic to be used for real data.

At the origin of this phenomenon is the fact that the d-dimensional isotropic
Holder class Hy (o, L) is too massive in terms of its metric entropy. A way to cir-
cumvent the curse of dimensionality is to consider models with slimmer functional
classes (i.e., classes with smaller metric entropy). There are several ways to do it.

e A first way is to impose a restriction on the smoothness parameter of the func-
tional class. For the class H;(«, L), a convenient restriction is to assume that
the smoothness o increases with the dimension, and thus the class becomes
smaller (its metric entropy decreases). For instance, we can suppose that o« = xd
with some fixed ¥ > 0. Then the dimension disappears from the expression for
Y¥e.q(a), which means that we escape from the curse of dimensionality. How-
ever, the condition @« = «d or other similar restrictions that link smoothness
and dimension are usually difficult to motivate. An interesting related exam-
ple is given by the class of functions with bounded integrals of the multivariate
Fourier transform [1].

e One can also impose a structural assumption on the function g to be estimated.
Two classical examples are provided by the single-index and additive structures
(cf.,e.g.,[7,9, 11, 26]).

The single-index structure is defined by the following assumption on g: there
exist a function Fp:R — R and a vector 9 € R? with ||| = 1 such that gx) =
Fo@Tx).

The additive structure is defined by the following assumption: there exist
functions F;:R — R,i =1,...,d, such that g(x) = Fi(x1) + - - - + Fa(xq),
where x; is the jth component of x € RY.

If we suppose that F; € H (o, L),i =0, ..., d, then in both cases function g
can be estimated with the rate (e4/In (1/ £))22/2e+D) which does not depend
on the dimension and coincides with the minimax rate ¥, 1 () of estimation of
functions on R.

In general, under structural assumptions the rate of convergence of estimators
improves, as compared to the slow d-dimensional rate v, 4(«). For the above ex-
amples the rate does not depend on the dimension.
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However, it is often quite restrictive to assume that g has some simple structure,
such as the single-index or additive one, on the whole domain of its definition. In
what follows we refer to this assumption as global structure.

A more flexible way of modeling is to suppose that g has a local structure.
For instance, we can assume that g is well approximated by some single-index or
additive structure (or by a combination both) in a small neighborhood of a given
point x. Local structure depends on x and remains unchanged within the neighbor-
hood. Such an approach can be used to model much more complex objects than the
global one. However, the form of the d-dimensional neighborhood and the local
structure should be chosen by the statistician in advance, which makes the local
approach rather subjective.

In the present paper we try to find a compromise between the global and local
modeling. Our idea is to consider a sufficiently general global model that would
generate suitable local structures, and thus would allow us to construct estimators
with nice statistical properties. We argue that this program can be realized for
global models where the underlying function g is a composition of two smooth
functions.

3.2. Motivation 11: structure-adaptive estimation. The problem of estimation
of a composite function can be viewed as that of structural adaptation. Indeed, let
us suppose that the function G is known and 8 > 1. It is easy to see that in this
case the function g can be estimated with the rate v, 1(y) corresponding to that of
estimation of the univariate function f of smoothness y.

Thus, the function G can be considered as a functional nuisance parameter char-
acterizing the unknown structure of the function g. An important question in this
context is: what is the price to pay for adaptation to the unknown G?

Note that the composite model is a kind of generalization of the single-index
model; instead of the linear function in the latter model we have here a general
function G. As discussed above, for the single-index model the optimal rate equals
to ¥¢.1(y). We will show that in the general situation when G is nonlinear, the
optimal rate of convergence on H(, /£) [that we denote . ()] is slower than
Ve, 1 (), thatis, Ye,1(2)/¥e(A) — 0, — 0.

It is easy to see that the class H(#, L£) is contained in the Holder class
Hg(ety,p, L3), where L3 = L3(L) and

a|vb, if0<y,B=1,
b= min(y, B), otherwise.

This inclusion implies that if we ignore the composition structure, that is, if we
simply suppose that g € H(c,, g, L3), then we can only guarantee the rate of con-
vergence V. q4(ay, g). On the other hand, it follows from our results given below
that ¢ () /¢ a(ay, p) — 0,& — 0, for various values of the regularity parame-
ter 4. In other words, the knowledge of the fact that we have a composition struc-
ture allows us to improve the rate of convergence as compared to the rate of the
best estimator, which only relies on the smoothness properties of g.
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However, for certain values of the parameter 4 = (y, 8) no improvement due
to the structure can be expected. This happens when the structural assumption is
essentially equivalent to the fact that g belongs to some isotropic Holder class.
This effect takes place for the following values of (y, B) € R?:

1°. 0 < y,B <1 (zone of slow rate). Clearly, in this zone H(A, L) C
H;(yB, L3), where L3 is a positive constant depending only on y, 8 and L. Due
to this inclusion a standard kernel estimator with properly chosen bandwidth and
the boxcar kernel converges with the rate ¥, 4(yB) = (e4/In(1/ )28/ QrE+d) 1
is not hard to see (cf. Theorem 1) that this rate is optimal, that is, that a lower
bound on the minimax risk holds with the same “slow” rate ¥ 4(y8) (note that

yB=<1).

2°.y > B,y > 1 (zone of inactive structure). In this zone we easily get the
inclusions Hy (8, L) C H(A, L£) C Hyi (B, Ls), where L4 and L5 are positive con-
stants depending only on 8 and £. To show the left inclusion it suffices to consider
a set of composite functions with linear f and G € Hy (8, L). Therefore, the as-
ymptotics of the minimax risk on H(-A, .£) is the same as for an isotropic Holder
class Hy (B, -), that is, the minimax rate on this class is ¥ 4(8). Note that here
we estimate as if there were no structure, and the asymptotics of the minimax risk
does not depend on y. This explains why we refer to this zone as that of inactive
structure.

We finally remark that if § < 1 the composite function g is rather nonsmooth.
The effective smoothness equals to (1 A )8, and in view of the above discussion,
the minimax rate of convergence of estimators on H(, /£) is the same as on the
Holder class Hy((1 A y)B, -). This is a very slow rate ¥ 4((1 A y)B). Therefore,
only for 8 > 1 one can expect to find estimators with interesting statistical proper-
ties.

4. Main results. In this section we state the main results and outline the esti-
mation method. The formal description of the estimation procedure and the proofs
are deferred to Sections 5 and 7.1-7.2, respectively.

4.1. Lower bound for the risks of arbitrary estimators. For any A = (y, ) €
Ri define

(8 ln(1/8))2V/(2V+1+(d*1)/13)
ifg>1,8>dy—1)+1,

_ (Sm)z/(2+d/ﬁ)’
5) (v, B) ify>1,<dly—1)+1,
(8m)2/(2+d/(yﬁ)),

if (v, B) € (0, 1]2.
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e __
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FIG. 1. Zones of improved rate, of slow rate and of inactive structure. Dashed lines delimit the
zones of three different expressions for the rate ¢¢.

The boundaries between the zones of these three different rates in R%_ are presented
by the dashed lines in Figure 1.

An asymptotic lower bound for the minimax risk on H(A, £) is given by the
following theorem.

THEOREM 1. Forany A= (y,B) € R%r and any p > 0 we have

liminfinf sup  Eg[(¢; " (v, B)II&s — &llcc)”] > O,
=0 & gcH(A,L)

where infg, denotes the infimum over all estimators of g.

The theorem states that the rate of convergence ¢, (y, 8) cannot be improved by
any estimator. We will show below that for 0 < y, 8 < 2 there exist estimators
attaining this rate. Before proceeding to the corresponding result, we make several
remarks on the properties of the rate ¢.(y, B).

REMARKS. 1. The set {A = (y,B):8 > y, B > 1} will be referred to as the
zone of improved rate (cf. Figure 1). In this zone there is an improvement of the
rate of convergence due to the structure. Indeed, if 4 belongs to this zone, the
smoothness of function g is equal to «, g = y (cf. Section 3.2), and hence our
rate ¢.(y, B) is asymptotically (as ¢ — 0) much smaller than the rate v, 4(, g)
obtained for the estimators that take into account only the smoothness, and not the
structure.

2. The parameter f is the tuning parameter of the model: when the ratio d /8
tends to O, the rate ¢.(y, B), depending on the value of y, approaches either
the one-dimensional Holder class rate v, 1(y) or the “almost parametric” rate
e+/In(1/¢). In particular, when 8 > ¢ > 1 and 8 < d(y — 1) + 1 the rate of conver-
gence ¢, (y, B) does not depend on y and coincides with the minimax rate ¥, 4(8)
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associated to the d-dimensional Holder class H; (g, -), and in this zone the com-
posite function g = f o G can be estimated with the same rate as G, independently
of how smooth is f.

3. Theorem 1 states the lower bound (e+/In(1/e))2V/@r+1+(@=D/B) which
is valid for all positive y, 8. Inspection of its proof shows that for d = 2
the lower bound is attained on the functions of the form fo(p((t1) + @2(£2)).
Here fj is a function of Holder smoothness y and both functions ¢;, j = 1,2,
are of Holder smoothness S. So, for d = 2 the lower bound with the rate
(e/In(1/€))?/@r+1+1/B) holds for that functional family for any y and S.
Notezthat when y = , this lower rate becomes (¢+/In (1 /8))2'32/ (2B°+B+D) _ Since

2
2ﬂ2f/3+1
g2B/B+1) On the other hand, a recent result of [10] shows that for y = B func-
tions of the form fo(¢1(¢1) + ¢2(f2)) can be estimated at the rate g2B/CB+D) jp
the L,-norm. Thus, we observe that there is a significant gap between the optimal
rates of convergence in L, and in L, in contrast to the classical nonparametric
estimation problems where these rates only differ in a logarithmic factor.

< zéil this is always slower than the classical one-dimensional rate

4.2. Outline of the estimation method. The exact definition of our estimator
is given in Section 5. Here we only outline its construction. We suppose that
A= (y,B) € (0, 2]%. The initial building block is a family of linear estimators.
In contrast to the classical kernel construction, which involves a unique band-
width parameter, the weight K4 that we consider is determined by the triplet
g = (A, 9, ) where the form parameter 4 is the couple (y, 8) € (0, 2]2, the ori-
entation parameter ¥ is a unit vector in R? and A is a positive real, which we refer
to as size parameter. We denote JJ the set of all such triplets ¢ and consider a family
of linear estimators (g4, ¢ € J) where for any x € [—1, 119 the estimator 89(x) of
g(x) is given by

Bg(n) 2 f@ Kq(t — )Xo (d1).

Note that here the size parameter A does not represent the bandwidth of the classi-
cal kernel estimator, but rather characterizes the bias of the estimator g4 when the
orientation of the window ¥ is correctly chosen. Namely, the weight K g is chosen
in such a way that for each x € [—1, 114 the bias of gg is of the order O(A) if
1 =1 is collinear to the gradient VG (x).

The estimation method proceeds in three steps, and the basic device underlying
the construction of the optimal estimation method is the notion of the local model.
It is an important feature of the composition structure that different local models
arise in different subsets of the zone of improved rate.

Step 1: specifying a collection of local models. The underlying function g of
complicated global structure can have a simple local structure. However, the lo-
cal structure depends on the function itself. Therefore, g can be only described
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B -

single
index

no local structure

0 1 2

FI1G. 2.  Types of local structures.

by a collection of local models. In our case, this collection is indexed by a finite-
dimensional parameter that can be considered as a nuisance parameter. Specifi-
cally, we pass from the global composition model defined in Section 3 to a family
of local models {Mg(x), ¥ €J, x € [, 119} where the type of each local model
Mg (x), § = (A, 0, A), is determined by -+, while ¢ and A are the local orienta-
tion and size parameters. Depending on the value of A = (y, 8) (cf. Figure 2), our
global model induces only two types of local models: a local single-index model
and the model with roughness isolated to a single dimension (local RISD model).

1°. Local single-index model: y <1,1 < 8 <2. In this domain of y, 8, using
the smoothness properties of functions f and G, it is not hard to show that in the
ball By x(A) ={t € Re: |t — x|| < AP} the composite function g(-) can be
approximated with the accuracy O()) by the function f(G(x) + 9T[- —x]). Here
¥ = 1 is a unit vector collinear to the gradient VG (x). Indeed, since the inner
function G belongs to H; (B, L>), for any x, t € O we have

6 GH)=Gx)+VGx) (t—x)+ B (1) with | B, (t)| < Ly ||t — x||P.

Next, using the fact that f € H(y, L), we conclude that g(¢) = f(G(¢)) admits
the representation

g(1) = 0:(1) + Cx (1),
where
0x(t) = f(G(x) + VG ()T (t — x))
and
|Cx()| < L1|Bx ()" < L1 LY ||t — x|

In other words, for any weight K with the support on the ball B;(A) = {r €
R4 : ||t|| < A/} and such that [ K (y)dy =1,

) f K(t —0)lg(t) — 0:(0]d1 = O().
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We understand the relation (7) as the definition of the local single-index model QO
of g. The choice of the approximation weight for the function g is naturally
suggested by the form of the local model Q, together with the bound (7): the
weight Kg can be taken as the indicator function of a hyperrectangle normalized
by its volume and oriented in such a way that VG (x) is collinear to the first ba-
sis vector in R?. The sides of the hyperrectangle are chosen to have the lengths
L=Aandl; =2V0P) j=2,....d—1.

2°. Local model with roughness isolated to a single dimension (RISD): 1 <y <
B <2. Let My be an orthogonal matrix with the first column equal to ¢ = ¥,
and let y = Mg(t —x),t € RY. We denote y; the jth component of y and consider
the set
®) X (A) ={r eR: Iyl <2V Iyl <2VOP 1y Tyl <4,

We show that the estimation of the composite function g at x can be reduced to the
problem of estimation under the local model

Ox(y) =qx(y1) + Px(y2,...,ya),

where ¢, € Hi(y, L]L’Z/) and P, € Hy_1(B,2L1L>) on the set X, x(+). This
local model is established in an unknown coordinate system determined by the
parameter ¢ = . Since the smoothness y of g, is smaller than the smoothness S
of Py, the accuracy of estimation that corresponds to the coordinate y; is coarser
than that for other coordinates. This motivates the name roughness isolated to a
single dimension.

The explanation of the local model represented by O, on the set X; (A) is
provided by the following argument. Using the smoothness properties of func-
tions f and G, we obtain due to the inclusions f € H;(y, L1), G € Hy(B, L2):

g)=f(Gx)+ VG (t —x)) + f(Gx) + VGx)" (t — x))Bx (1) + Cx (1)
=f(Gx)+ VG (t —x)) + f'(G(x) By (1) + Dy (1) + Cx (1),
where
IC. ()| < C(Ly, La, y)|it — x||”#,
IVG)T (1 —x)r~! PR
|D.(t)| < C(Ly, Ly) GOl It —xI”,  ifVG(x)#0

[we have D, (t) =0 when VG (x) = 0], and the function B, (), which is defined
in (6), belongs to the class H; (8, 2L>). In the transformed coordinates (determined
by the orthogonal matrix My) we may write

) g(t) = g(x + Myy) = q(y1) + By (y) + Dy (») + Cx (),

where

(10) |Dc(y) + Cx(»)| < C(L1, Ly, ) (1" Iyl + 1y lI7#)
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and E’X € H; (B, 2L>). The latter inclusion leads to

- 0 -~
(1) |Be(y) = Px(y2, -, Ya) — y1=——Bx(0,v2, ..., ya)| < 2L2|y1/”,

ay1
where Py (y2,...,Y4) = BX(O, ¥2,...,vq). Let again K be a weight such that
J K(t)dt =1, supported on X y(+). Then

(12) /K(y—x)[g<x+Mﬂy> — 0. (]dy = 0(h),

if K is symmetric in y;. We understand this property as the definition of the RISD
local model Q, for the composite function g.

We conclude that if 4 belongs to the zone marked as “RISD” in Figure 2, the
global structural assumption that the underlying function is a composite one leads
automatically to a local RISD structure.

A good weight K4 for the zone of RISD local model should be supported on
the right window X, x (), possess small bias on both single-index component g
and “regular” component P, and have a small L;-norm to ensure small variance
of the stochastic term of the estimation error. The construction of such a weight is
rather involved (cf. Section 6.2). Note that using a rectangular weight, as for the
local single-index model leads to suboptimal estimation rates.

As we see, the definition of local model has two ingredients: the neighborhood
(window) and the local structure within the window. For the local single-index
model the window is just an Euclidean ball, whereas for the RISD local model the
window is the set X, (A).

Step 2: optimizing the size parameter and specifying candidate estimators.
Once the local model is determined and the corresponding weight is constructed
we can choose the size parameter L = A.(+) in an optimal way. To do it we opti-
mize our sup-norm risk with respect to X, that is, we get the value A, which realizes
the balance of bias and variance terms of the risk in the ideal case where the ori-
entation ¢ = 9 is “correct” for all x.

Recall that the weight K4 supported on the window is chosen in such a way
that the bias of the linear estimator g4, for the “correct” orientation ¥, is of the
order O(A) on every local model. Thus, the bias-variance balance relation for the
sup-norm loss can be written in the form

(13) A=efInl/el|Kql.

We will see that ||K¢]|> depends on + and A but does not depend on . This will
allow us to choose the optimal value A.(+) independent of . For instance, for
the local single-index model (when y < 1) the weight K g is just a properly scaled
and rotated indicator of a hyperrectangle. In this particular case the bias-variance
balance (13) can be written in the form

e/Inl/e ( Inl/e )1/2‘

~ /volume of hyperrectangle  \A/7+(@=D/()
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Note that in this case A.(4) < ¢ (v, B), where ¢.(y, B) is defined in (5).
With A, (A) being chosen, we obtain a family of linear estimators

(14) {8700, § = (A, 0, he(A) € 3, x € [ 1, 117).
For a fixed x € [—1, 1]¢ this family only depends on two parameters, 4 and 1.

Step 3: selection.  'We now choose an estimator from the family (14) that cor-
responds to some § € J selected in a data-dependent way, and define our final
estimator as a piecewise-constant approximation of the function x +— gvgz (x). To

choose j we apply the pointwise selection procedure presented in Section 2.

We introduce a discrete grid on the unit sphere {¢# € R?: |9 = 1}, and we
divide the domain of definition of x into small blocks. For each block, we consider
a finite set of estimators g4 (x) extracted from the family (14), with x, which is
fixed as the center xq of the block and all the ¢ on the grid. We then select a data-
dependent 9 from the grid applymg our aggregation procedure to this finite set.
The value of our final estimator g% 4. on this block is constant and is defined as
g A LX) = g( AD e A))(xo) We thus get a piecewise-constant estimator g% A ON

[—1,1]¢ that depends only on «+ and on the observations (the exact definition of
€. 18 given in Section 5).

REMARKS. In this paper we assume that the smoothness A = (y, f) is
known, and we deal only with adaptation to the local structure determined by ¢
If A is unknown we need simultaneous adjustment of the estimators to 4 and
to ¥, that is, to the smoothness and to the local structure of the underlying func-
tion. Note, however, that parameters + and ¥ are not independent. In particular,
A determines the form of the neighborhood where we have an unknown local
structure depending on ¢. This is important because our construction of the family
of estimators {gg, ¢ € J} strongly relies on the local representation of the model.
For example, if the family {24, J € J} does not contain an estimator correspond-
ing to the correct local structure, the choice from this family cannot even guarantee
consistency. Another difficulty is that different values of 4 can correspond to dif-
ferent rypes of local models (cf. Figure 2). In other words, the problem of adaptive
estimation of composite functions turns out to be more involved than the classical
adaptation to the unknown smoothness as considered, for example, in [16-18]. As
yet we do not know whether fully adaptive estimation in this context is possible or
not.

4.3. Upper bounds on the risk of the estimators. We define the following three
domains of values of A = (y, B) contained in (0, 2] (cf. Figure 3).

Pr={Ay =1, 1<B=<2}
(15) Pr={A:l<y<p=<2,=d(y—1)+1},
Pr={A:l<y<B<2,8<d(y—1)+1}.
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B B=d(y-1)+1,"

0 1 2

F1G. 3. Classification of zones within (0, 212,

In view of the above discussion, these are exactly the zones where improved rates
occur and where the local structure is active. For the sake of completeness, we
consider also the remainder zone (zone of no local structure):

Py=0,117U{(y.p):1<p<y =<2

As we will see in Section 6.2, the optimal weights K g are defined separately for
each of these zones.

THEOREM 2. Let ¢:(y, B) be as in (5). For any A = (v, B) € (0, 212 \ &> and
any p > 0 the estimator gj,o’ ¢ satisfies

limsup sup E,[(o: ' (v, BIIgh. e — &lloo)”] < 0.
e—>0 geH(A,L)

For any A = (y, B) € #» and any p > 0 the estimator gi’e satisfies

limsup sup Ey[(IInln(1/)1™ ¢ (v, B)ligh .. — &lloc)’] < 0.
e—0 geH(A,L)

Combining Theorems 1 and 2 we conclude that ¢ (y, ) is the minimax rate of
convergence for the class H(, £) if A = (y, B) € (0, 21% \ #5, and that it is near
minimax [up to the InIn(1/¢) factor] if A = (y, B) € #>. Therefore, our estima-
tor g7 . is, respectively, rate optimal or near rate optimal on H(4, £).

Theorem 2 is in fact a result on adaptation to the unknown local structure of
the function to be estimated: the estimator g% , locally adapts to the “correct”
orientation g, which is collinear to the gradient VG (x) at x.

REMARKS. We consider here the Gaussian white noise model because its
analysis requires a minimum of technicalities. Composition structures can be stud-
ied for more realistic models, such as nonparametric regression with random de-
sign, nonparametric density estimation and classification. Note that our theorems
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can be directly transposed to the Gaussian nonparametric regression model with
fixed equidistant design using the equivalence of experiments argument (cf. [24]).
Note also that results similar to ours have been recently obtained for the prob-
lem of testing hypotheses about composite functions in the Gaussian white noise
model [20].

We prove the upper bound of Theorem 2 only for the case 4 € (0,2]%. An
extension to .4 ¢ (0, 2]* remains an open problem. On the other hand, the lower
bound of Theorem 1 is valid for all A € Ri. We believe that it cannot be improved.
This conjecture is supported by the recent results on a hypothesis testing problem
with composite functions [20], which is closely related to our estimation problem.
The upper bound proved in [20] for all A € R%L in the problem of hypothesis
testing coincides with the lower bound of Theorem 1.

The rate of convergence of the minimax procedure (cf. Theorem 2) in the
zone $, contains an additional InIn(1/e) factor, as compared to the lower bound
of Theorem 1. We believe that this minor deterioration of the rate can be avoided
by using a more refined estimation procedure.

5. Definition of the estimator and basic approximation results. We first
introduce some notation. For a bounded function K € L;(R?) and p > 1 we denote
by || K|l its L -norm and by K x* g its convolution with a bounded function g:

1/p
||K||p=(/|1<(z)|"dz), [K*g](x>=/1<<t—x>g(r>dz, x € R4

(here and in the sequel [ = fpa). We denote £ (A, 9, A) where A = (y,B) €
(0, 2]2, 9 is a unit vector in R? and A > 0. The class of all such triplets ¢ is
denoted by J.

Given a unit vector ¥, let My € R?*? stand for an orthogonal matrix with the
first column equal to . The weight system we consider in the sequel is defined as

Kg(x) =K (Mg x),

where K4, 1) :R? — R is a weight that will be defined in Section 6. Next, for any
g, g,eJandallt e RY we define the convoluted weight

Kyig® = [ Kyt = K3 dy
and the difference
AgKgvg =Kgng — Kg,.
We require the weight K g to be symmetric, that is, K¢ (1) = Kg(—1), and

(16) Kg/*g = Kg*g/.
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Forall § € Jand all x € [—1, 117 set
830 = [ Ka(t—0)Xe(dn)

and for all ', ¢ € J define the convoluted estimator

Bgg () = /i) Kguq(t — x)Xo(dr).

In what follows we assume ¢ is small enough so that in all expressions that involve
weight convolutions we can replace [, by [« (recall that weights we consider are
compactly supported). We also suppose that Inln(1/¢) > 0. Define

Agr8grvg(x) = ggrig(x) — &g/ (x)

and set
TH: (7. §) =C(p. D (IKg Il + IIKglDIIKgll26(/In (1/€),
where C(p,d) =2+ /4p +8d.

5.1. Estimation procedure. Now we need to introduce a discrete grid on the
set of indices . We discretize only the ¥-coordinate of J. Recall that ¢+ takes
values on the Euclidean unit sphere S in R?.

Discretization. Let S, C S be an g-net on S, that is, a finite set such that
Vo eS I eS| -0 <e

and card(S,) < (v/d / )41 for small &. Without loss of generality, we will assume
that (1,0,...,0) € S;.

Fix 4 € (0, 2] and define A, (+4) as a solution in A of the bias-variance balance
equation

(17) Cir=¢/In(1/&)[Kean 5

where C1 is a constant in Proposition 2 below, depending only on 4, £ and d.
Finally we define the grid on ¢:

Jarid = (g = (A, 0, 1e(A): 9 €Se} CJ.

Acceptability. For a given x € [—1, 114 we define a subset @x of Jgria as fol-
lows:

Jel = |Agégg)I<THA(F, 9 VI € Jgria-

Any value J € Jgiq that belongs to ‘ix is called acceptable.

Note that the threshold TH,(g’, §) can be bounded from above and replaced in
all the definitions by a value that does not depend on ¢, 4’ € J grid- In fact, either
TH. (3, §) < Le(A) if A€ PLUPs or TH (', &) < Inln (1/8) A (A) if A € P.
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Estimation at a fixed point. For any x € [—1, 1]¢ such that T, #* & we select
an arbitrary ¢, from the set T,. Note that the set T, is finite, so a measurable

choice of jx is always possible; we assume that such a choice is effectively done.
We then define the estimator g**(x) as follows:

(18) g**(x)é gg,\x(x)’ 1f?x5é®,
0, if €, =0o.

Global estimator. The estimator g** is defined for all x € [—1, 1]¢ and we
could consider x — g**(x),x € [—1, l]d , as an estimator of the function g. How-
ever, the measurability of this mapping is not a straightforward issue. To skip the
analysis of measurability, we use again a discretization. Introduce the following
cubes in R?:

d
Me(x) = Qle* (@ — V. %zl 2=, ....20) € 27
k=1

For any x € [—1,1]¢ we consider z(x) € Z¢ such that x belongs to the cube
. (z(x)), and a piecewise constant estimator g**(z(x)). Our final estimator is a
truncated version of g**(z(x)):

o [87 ). if [ (2(0)| < InIn(1/e),
(19 gﬁ“”_{mmammgm¢de», if | g™ (2(x))| > Inln(1 /).

Thus, the resulting procedure g% , is piecewise constant on the cubes Il¢(z) C
1,119,z e Z7.

REMARK. Some comments on the numerical complexity of the proposed
method are in order here. The algorithm of this section can be easily reformu-
lated for the problem of estimation of the signal g(i) at n points of a regular
grid in [0, 114, from independent observations y(i) = g(i) +£(), £(i) ~ N (0, 1),
i =1,...,n. A standard argument results in the equivalence between the two mod-
els when € < n~1/2, [24].

According to the definition of our method, at each point we need to compare
N = 0 (n“¥=1/2) estimators which correspond to the grid over ¥ on the unit sphere
of dimension d — 1. There are two main components of the numerical effort: we
need to compute N2 convoluted weights and the convolutions of these weights
with the observation y. It will cost O (n) elementary operations to implement the
construction of Section 6.2 for each of N weights, and then O (n Inn) operations to
compute each of N> convolutions. The numerical complexity of this step is there-
fore O(N%nlnn) = O(n?Inn). Further, the convolution of y with each weight
requires O (nInn) operations. Thus the total cost of convoluting all N2 weights
with y will be, again, O (n¢ Inn). Finally, choosing the estimator from the family
at each point of the grid demands N2 comparisons. We conclude that the total ef-
fort will be O (n¢ Inn) elementary operations, which is far from being prohibitive
for dimensions d = 2 and d = 3 that are of interest in the context of image analysis.
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5.2. Basic approximation results. We can now describe the approximation
properties of the weight K¢, which serve as a main tool in the proof of the proper-
ties of the estimator g% . (x).

Let x € [—1,1]¢ and A = (y,B) € (0,2]*> be fixed and let g = f 0 G €
H(A, L£). We define

(1,0,...,0), if B>1and VG(x)=0o0r g <1,
VGx)/IIVGx)], itg>1,VG(x)#0.

The following statement is an immediate consequence of Lemmas 1-4 formulated
in the next section:

(20) O & {

PROPOSITION 1.  Forall A= (y, B) € (0, 2]2, and all A > 0 we have

sup  sup  [[Kgg * g1(x) — g(x)] < Ca,
xe[—1,1]9 geH(A,L)

where J5 = (A, 0, A) and C; only depends on A, L and d.

In other words, the weight system {K g, g € J} contains an element K ¢x such that
the quality of approximation of g(x) by the “ideal” smoother [K s * gl(x) is of
the order O (). Here we use the term “ideal” because g7 = (-4, ¥y, A) depends
on the gradient VG (x), and thus on the unknown function g.

The following property of weights Kg is used in the proof of Theorem 2.

PROPOSITION 2. Forall A= (y,B) € (0,2]>, x e [-1,114,0 <A <1 and
all § = (A, 0, 1) € J we have

sup  sup  [[AgKgugr % g](x))|
A€(0,2]? g€H(A, L)

=C{llKglh + IKgellDA + I Kgllil| Kgxllie},

where 3y = (A, 9%, 1), O is any element of the unit sphere S such that |0~ —
Yy | < & and C\ is a constant depending only on A, £ and d. Furthermore, for
any 3,3’ € J we have

(22) I1Ag Kgrgllz < (1K gl + 1Kz IO Kgrll2-

1)

6. Weight systems and properties of the weights. Depending on the value
of A [different zones &; (cf. Figure 3)] we use different constructions of K4, y).
Our objective is to obtain Kg with suitable approximation properties for each
4 € J. Let us summarize here the main requirements on the weight:

1. Convolution of the weight K(4 ;) with the “local model” of g corresponding
to + should approximate g with the accuracy O(A). Furthermore, the weight
should be localized, that is, it should vanish outside of the window where the
local structure is valid.
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2. A basic characteristic of the weight is its Ly-norm, which determines the vari-
ance of the estimator. Our objective is to achieve its minimal value.

3. The Li-norm of the weights is also an important parameter of the proposed
estimation procedure since it is inherent to the definition of the threshold. Our
objective will be to keep the Li-norm as small as possible.

We start with formulation of the properties of the weights, which allows us to
prove the basic approximation result and to find the parameters of our estimation
procedure. The explicit description of weight systems will be given in the end of
the section.

6.1. Properties of the weights.
Zone Py (no local structure).

LEMMA 1. Forany A= (y,B) € P4, A>0and x € [—1, l]d, we have

sup  |[Kan) * g](x) — g(x)| < coi,
geH(A,L)

where the constant co depends only on L and d. Furthermore,

- _ @)y, ) e 0,112,
Kl =1 and [Keanl, Al/By-12. e eyl

Zone Py (local single-index model). Let g:R — R and B:R? — R be func-
tions such that, for given y € (0, 1],

lg(x) —g(MI <Llx —y|’  Vx,yeR?,
sup |B(x)| < c1,

xeRd

where ¢; > 0, L > 0 are constants. We denote by 2((y) the set of all pairs of
functions (g, B) satisfying these restrictions. Define

Q) =qO)+BWIyIl"”?  vyeR9

We have the following evident result:
LEMMA 2. Forany A = (y, B) € P1 and A > 0 we have
@ sup  [[Kean) * Q](0) —q(0)] < 24,
(g, B)eAU(y)
where c3 is a constant depending only on L, ¢ and d. Moreover,

Q) [Koanl, =1 and |Koanl,=@41/r+@=Diepy=1/2,
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Zone P> U P3 (RISD local model). Letg:R — Rand p:R? - R, B:R? —
R be functions such that p is continuously differentiable and, for given A =
(y,B)e PrUP3and A > 0,

1 Ay
@ o0y [, a@de] e,
24)  |1p@)—p@ —IVp@I' (@ - <Ll —zI?  Vz,Z eRY,
(25) sup [B(x)| < c4,
xeRd

where c3, ¢4 and L are positive constants. Let 2B (-4, 1) denote the set of triplets
(g, p, B) satisfying (23)—(25). Define

0 =g+ pO) +BMIn" HyllP  VyeR9

LEMMA 3. Let A = (y, B) € P3. Then, for any A > 0 small enough,

(26) sup I[Kea.n * Q](0) — Q0] < cA,
(q.p,B)eB(A,L)

@7) [IKaanGyI™ du < 3m/e v e R,

where the constant ¢ depends only on c3,c4, L,d and A, and ¢’ depends only on
m,d and A. Furthermore,

(28) [Keamly ¢ and  [Keanl, < cPrCP,

where the constants ¢’ and ¢ only depend on A and d.

The weight K4, ;) depends on 4 = (y, B) in such a way that the constants in
the bounds (26)—(28) diverge when A approaches the boundary d(y — 1) +1=p8
of the zone $3. So, Lemma 3 cannot be extended to 4 € P;.

We consider now another construction that provides the weight K4 ;) with the
properties similar to those of Lemma 3 but satisfied for all A € & U &3 and, what
is more, uniformly over this set. The price to pay for the uniformity is an extra
loglog(1/X) factor in the bound for the Li-norm of K4, y).

LEMMA 4. Let A= (y, B) € P> U P3. Then, for any L > 0 small enough,

(29) sup I[Kean * Q](0) — Q(0)| < 52,
(q.p,B)EB(A,L)

(30) [ 1K du < e v e,

where the constant cs depends only on c3, ca, L and d, and c¢ > 0 depends only
on m and d (both constants are explicit in the proof of the lemma). Furthermore,
3D ” K(A,A) ”1 <c7 lnln)»_l and ” K(,A,,A) ”2 < Cg)»_(ﬁ-'_d_l)/(zyﬂ),

where the constants c7 and cg only depend on d.
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6.2. Weight systems.

Weight system for zone P4 (no local structure). The construction of K4 ;) is
trivial when « is in the zone $4 of no local structure. In this case a basic boxcar
kernel tuned to the smoothness of the composite function can be used. Observe
that when 4 € (0, 1] the smoothness of the composite function equals to 8, and
when A = (y, B) satisfies 1 < 8 < y < 2 the smoothness is 8. So, we define the
weight K4, ) for the zone $4 as follows:

—d .
211/ B)) L vee pempa (3), if A=(y,B)e (0,1
(2)\1/ﬁ)_dﬂ[_kl/ﬁ,kl/ﬂ]d(Y), ifl<B<y=<2

Here I4(-) stands for the indicator function of a set A. The proof of Lemma 1 is
straightforward.

K (y) =

Weight system for zone P (local single-index model). The zone of local
single-index model is 1 ={A=(y,B8):y <1,1 < B <2}. Forany A € | and
A > 0 consider the hyperrectangle

I, (A) = [—A Y7, A1/7] x [_kl/(yﬂ)’kl/(yﬁ)]d—l
and define the weight K4 ;) as follows:

_ -1
(32) Kiasy = @OV o), yeRY

The proof of Lemma 2 is evident.

Weight system for zone P> U P3 (RISD local model). The zone of RISD local
model is P> U P3 = {A = (y,B8):1 <y < B <2}. The definition of the weight
in this case is more involved. Indeed, taking K4, 1) as a simple product of boxcar
kernels (32) results for A € 5> U &3 in too large approximation error.

Our aim is to construct a weight K4, 3) : R? — R with the following properties:

— for some ¢ > 0, it should vanish outside the set [cf. (8)]
[y eR: Iyl <Pyl <ea/OP 1y 7 Nyl < ca).

— for a function g (y;) of the first component y; of y € R¢, the “characteristic size”
of K4,) should be A1V for a function O(y2, ..., yq) of the remaining compo-
nents y», ..., yq it should be 2B, Namely, we want to ensure the relations

Ay

/Km,x)(y)q(yl)dy:(ZAW)‘If L, 40Dy

and

/K(«A,A)(Y)Q(yz, o ya)dy

1/p 2178

A
=@ 1 [ 00y dya e dya
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These properties are crucial to guarantee that the bias of linear approximation is of
the order O (1) (cf. Lemma 3). Note that the simple rectangular kernel (32) used for
the local single-index model can attain such a bias, but only at the price of too large
L»-norm (which characterizes the variance). We now give an example showing
how a weight with the required properties can be constructed in a particular case.

The two-step weight. Set

33w =AY, wp=aVE oy =aBHVE 1518
1 =[0,u1] x [v2, 01197, pi=up (v — )
Moo = [ug, uz] x [0, v2]97, M2,2=(u2—ul)v§171;
Mo = [u1, u2] x [v2, 011971, o1 = (ua — up)(vy — v2) "
Next, we define, for y € R4,
(34) A =T, ) = pa I, ) + #5500, ().
For y = (y1,...,yq) € R? we write |y| = (|y1], ..., |yq]) and define the weight
Kia, fory e R4 by the relation
(35) Kty () =274 A(ly]).

We will call this weight the two-step weight (cf. Figure 4). Its key property is as
follows. First, for any integrable function g (y;) of the first coordinate y; we have

u

1 1
/Km,m Mgy dy = 2l g(y1)dy,
uy

since the integral of g over Iy 1 is exactly the same as that over I1 2. Further, for
any integrable function Q(y2, ..., yq) of y2,..., ya,

/ KoM O(y2, ..., ya)dy

—(d—l) v2 v2
= (2v2) Oz, ..., ya)dyz---dyqg,
—vy —vy
y2
V1
My o+ My
V,
2
u, Hg‘g + u, Y,

FIG. 4. Pavement I; j for the two-step weight, d = 2. The weight vanishes in the white zones.
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since the integral of Q over Iy is exactly the same as that over I1; ;. In other
words, the negative term — /1, 11 I, , (y) in (34) allows us to compensate the excess
of the bias introduced by the two other terms, so that the resulting bias remains of
the order O(}) (cf. Lemma 3).

For the two-step weight (35) we have

/Kmmﬂwdy=L IKeam ], =3, IKeam 5= 1it +mab+ s

We now define
_@-nr-1
B

and consider the subset {+A = (y, 8):p > (8 — y)/y} of 3. It is easy to see that
for p > (B — y)/y we have

[Keas |3 = 0G.=48).

Since y < B for 4 € &3, this result is better than part (ii) of Lemma 2 where K4 ;)
is a rectangular kernel. But we need the condition p > (8 —y)/y. Itis clearly satis-
fied when p > 1 (recall that y > 1, 8 < 2). For smaller values of p we need to add
extra “steps” in the construction, that is, to introduce piecewise constant weights
with more and more pieces of the pavement, in order to get the bias compensation
property as discussed above. For instance, if p + p* > b~y ” [since (B—y)/y <1,

this is certainly the case when p > */_ ¥3-11 we need a pavement of five sets IT; ; in
order to obtain a piecewise constant welght with the required statistical properties,
and so on. We come to the following construction of the weight.

Generic construction. Define a piecewise constant weight K4 ;) as follows.
Fix an integer r that we will further call number of steps (of weight construction).
Let (u;)j=1,.. and (v;)j=1,..r+1 be, respectively, a monotone increasing and a
monotone decreasing sequence of positive numbers with u; = A7, v, = A1/# /2
and v, 1 = 0. We set

d—1 d—1
[Ty, =[0,u1] x [v2, v1]"7, w11 =up(vy —v2)" .
Fori=2,...,rand j =i — 1,i we define
M = [u; , , qd—1 (e — . o d-1
i,j = Ui—1, u;i] x [U]—i—la U]] ) Mi,j = (u; ul—l)(vj v]-i—l)

For y € Rﬂ consider

1
Al(y) = —]Il'lm(y);
1,1

1
I, (y) —

i,i ii—

Ai(y) =

I, (), i=2,...,r
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The weight K43 is defined for y = (y1, ..., yq) € R? as follows:

p
(36) K =273 Ai (D),
i=1
where |y| = (|y1l, ..., |yq]). Clearly,
/K(A,A)(Y)dy =1, IKamll; =2r — 1.

Construction of the weight for A€ P3={A: 1<y <B<2,8<d(y—1)+
1}. If p> ﬂy;y we define K(4,3) as a two-step weight, that is, we set r =2 and
take (u;) and (v;) asin (33).

If p < B=Y \ye use another definition. We introduce the sequence (o )k>0 as
follows:
k+1
37 ay=p"", a1 =ap+B =71 0 k=1,2,....
i=0
The sequence (o) is monotone increasing and, since 8 <d(y — 1) + 1, we have
lim oy = oo, if p>1,
k—o00
(38) i
limar=(B—(y—Dd-D)"'>—, ifp<l.
k—o00 14
Thus we can define an integer r > 2 such that
1
(39) op—1 = — > 2.
14

Note that » depends only on 4 = (y, 8) and d. Now we set

up =17, u; = A%, i=2,...,r;
(40)
viz)»l/ﬂu;(}{_l)/ﬁ, i=1,....,r—1.
Recall that v, = %)»1//3 andv,41 =0.If p < ﬂ%’” define the weight K 4,3) by (36),
with the sequences (u ) and (v;) as in (40).
Note that for p > ﬂ%” the weight K4, ) is just the two-step weight. The corre-
sponding pavement {I1; ;} only contains three sets (cf. Figure 4).

Construction of the weight for A € 9. We consider now another choice of
the sequences (#;) and (v;), which provides the weight K4 ;) with the properties
similar to those of Lemma 3 but satisfied for all A € &> U &3 and, what is more,
uniformly over this set. The price to pay for the uniformity is an extra loglog(1/A)
factor in the bound for the Li-norm of K4,y).
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If (B—y)/y <1+ p)p we define the weight as in Lemma 3. If (8 — y)/y >
(1 + p)p we use another definition of sequences (#;) and (v;). Forany 0 < A < 1
we define

41) V(A):ln{%ln(l/m}.

If V(1) <0 we define K(4,3) as a two-step weight, that is, we set r =2 and take
(uj) and (v;) as in (33). If V(1) > O we define r =r(A) > 1 by

: Vi 1 /541
r=min{s eN:s>1,—— < —In .
s—1 2 2

Next, set o = %, V= (@)1/2 and define the sequences (#;) and (v;) as fol-
lows

uizkl/yexp{ 1exp(a(i—l))}, i=1,...,r

y —

(42) 1 1,1

v = A /(Vﬁ>exp{—vexp(ai)}, i=1,...,r—1, U = 5A /B,

Note that u, = A1/,
Some remarks are in order here.

1. The number of steps r in the construction of the weight is typically small. In
particular, r =2 if p > ﬂ%, and r =3 if (1 + p)p > ’S%V > p [cf. (39)].
Moreover, for 1 <y < 8 <2 we have

r=DE-1 _B-1?

vB? - B
Hence, V() < ln(@) for all A > 3-107°, which means that for (1 + pP)p <
B—y

1
<.
-8

no more than 3 steps of the construction are needed if A >3- 107, In
other words, unless we are not “extremely far” in the asymptotics, the number
of steps r does not exceed 3 and thus the L-norm of the resulting weight K45,
is bounded by 5.

2. In the asymptotics when A — 0 the number of steps r = r(A) in the construction
and thus the L-norm of the weight K(4 ;) is at most O (Inln 2~1). As discussed
in the previous remark, this behavior starts “extremely far” in the asymptotics,
so it has essentially a theoretical interest. In the theory, it results in an extra
Inlne~! factor in the upper bound for the estimation procedure, as compared
to the lower bound in (5). It can be shown that for A € 5, a weight with the re-
quired approximation properties cannot have the L{-norm growing slower than
InlnA~!, as A — 0. On the other hand, as we have seen in Lemma 3, for +4 € P3
solely, there is a choice of sequences (u;) and (v;) such that the L;-norm of
the weight is bounded by a constant independent of A. This constant, however,
depends on A = (y, B) and explodes as +4 approaches the boundary of #;.
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7. Proofs.

7.1. Proof of Theorem 1. For any 8 > 0,y > 0 and any 0 < ¢ < 1 define the

integers
g1 = I'(g /1[1(1/8))_2/(2yﬁ+ﬂ+(d_1))—|.

Consider the regular grid I'j; on [0, 119-! defined by

N {<2k1 +1 2ka—1 +1
" 21 T 20

):k,-e{O,...,q1—1},i:1,...,a’—1}.

Denote by xi, ..., x;, where m = card(I',) = qf_l, the elements of I';; num-
bered in an arbitrary order.

Let fo:R — R4 be an infinitely differentiable function such that fp(0) =
1, fo(u) = fo(—u) forall u e R, fo(u) =0"foru ¢ [—1/2,1/2], and fy is strictly
monotone decreasing on [0, 1/2]. Examples of such functions can be readily con-
structed; compare [27], page 78. Set

14 _
<ﬂ0(tz,-..,fd)=§1_[f0(lj) V(ta, ... 1) e R
5
and
ra =t fo})  Vuek,
where h = h’f,hl = 1/q; and 0 < Lg < 1 is a constant to be chosen small

enough. Consider the following collection of infinitely differentiable functions of
t=(11,...,1t7) € R

(0 = F(G(0) = Loh”f()(Gl;l(t)), k=0.1,....m,
where
Go(t) = Lgsinty,
Gi(t) = Losint + Loh’fgoo(tz _hf“, L _hf""’), k=1,....m

and x ; stands for the jth component of x;. We note that, in view of the above
definitions, the sets where the functions g; and g differ from g¢ are disjoint for
l#k,k#0,1#0.

It is easy to see that if L¢ is small enough, gy € H(#4A, L), k =0,...,m. In
what follows, we assume that L is chosen in this way. To prove Theorem 1, we
follow the scheme of lower bounds based on reduction to the problem of testing
m + 1 hypotheses (cf., e.g., [27]). We choose the hypotheses to be determined by
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80, --.,8&m and we apply Theorem 2.5 of [27], where we consider the sup-norm

distance d(gi, gk) = 181 — &klloo = sUP;e(—y 17¢ [81(t) — gk(D)|, [,k =0,1,... . m.
Since the functions g; and g differ from gg on disjoint sets, for any [ # k, [, k =
1,...,m, we have

d(gr, g) = d(go, &) = Loh” | fo(0) — fo(Loh’ po(0)/ h)|
= Loh" | fo(0) — fo(Lo(1 +0(1))/2)

where o.(1) — 0, as ¢ = 0. Since Lo > 0 and fj is strictly decreasing on [0, o0)
there exists a constant L* > 0 such that, for ¢ small enough,

(43) (g1, gx) = L*hY < (g,/In(1/g))*/ G 1+ =D/,
l#k1,k=0,...,m.

’

Thus, assumption (i) of Theorem 2.5 in [27] is satisfied with s = L*hY /2. It re-
mains to check assumption (ii) of that theorem. The probability measures Py, are
Gaussian, and the Kullback-Leibler divergence between IPg, and [Py, has the form

K(Pg,, Pgy) =2 | (g0(t) — gi(0)) dt
D

Losint Logsint 2
:s‘zL(Z)hz”/@‘f()( Oh 1)—fo( Oh 1+w(12,---,td)>‘ dt,

where we write for brevity

I — Xk 2 Iq — Xk.d
A 5 B
w(tz,---,td)zLowo( -

o I

Since, for any a, w € R,
a a 2 5| ! a
() = oG )| = [5G e

1 a 2
Swzfo f(ﬁ(ﬁ—l-uw)‘ du,

2

we find

KBy Pg,)

fs_ZL%hZV/wz(tz,...,td)dtz---dtd

/<Losint1

x /01[/|zl|5|$| fo h

where |D] is the Euclidean diameter of D. Since fy is supported on [—1/2, 1/2]
and |w(ty, ..., t7)| < 1/2, the values fé((Lo sint;)/h +uw(ty,...,t7)) under the

2
+uw(t,..., td))‘ dtl] du,
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last integral can be nonzero only if Lg|sint;| < h. The Lebesgue measure of the
set {t1:|t1| < |D|, Lo|sint;| < h} is O(h), as h — 0. Hence, the double integral
in the last display is bounded by c4h for all 4 small enough, where ¢, > 0 is an
absolute constant. This yields

K(Py,. Pyy) < ciLge 2h? Hp{™! /R L Pdv

< ceLyIn(1/e),

where c,, > 0 1s an absolute constant. Next, m = qf_l, so that Inm =< In(1/¢).

This and the previous inequality imply that if L is chosen small enough, we have
(44) K(Pg,,Pg,) < (1/16) Inm.
Using (43), (44) and applying Theorem 2.5 in [27] we get the lower bound

liminfinf sup  Eg[((e\/In(1/g))~ @/ +1+@=D/E)

=0 g gcH(A,L)
(45)

x 11§ — glloo)”] > 0,

which is valid for all 8 > 0,y > 0 and all p > 0.

We now show that for the trivial cases discussed in Section 2 we can obtain
better lower bounds. Consider first the case where 0 < 8, ¥ < 1. Then we use the
same technique as above, but we set now g1 = [(e+/In(1 /e))_2/ QyB+d)7. We then
introduce a regular grid I'y on [0, 114 defined by

R

Yo +1 2Ukg+1
*é{( Lt a+ ):k,-e{O,...,ql—l},izl,...,d}

a“ 241 24,
and denote by x1, ..., x,,, where m = card(F;I) = qfl, the elements of F;‘I num-
bered in an arbitrary order. We set now
d
oot) & [Jut))  VvieR?
j=1

and we choose the functions g in the following way:
go() =0,
t— Xi
Loh? ( )
01" Yo h

where & = 1/q;. Note that for sufficiently small 27 we can write these functions
as compositions gx = f o Gg, where f(u) = L6|u|)’fo(u), Go(t) =0, Gy(t) =

LihPoo((t — xi)/h) and L) = LY/ with a slightly different definition of fp
than above. Namely, we choose fj to be infinitely differentiable, supported on

Y
, teRe, k=1,...,m,

gk(t) =
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[—1/2,1/2] and such that fo(u) =1 for u € [—1/4, 1/4]. It is easy to see that if
Lo is small enough, g; € H(A, L£), k=0, ..., m. With this choice of g; we get

(46) d(gr, go) = LI 7P @) (0) < (e,/In(1/)) 7P/ P+
I#k, 1, k=0,...,m.

Next,
-2 2
K(Py,, Py,) = ¢ f@(go(l)—gk(t)) dt

(47) < Ly s 2pPrPHd /R 9y ) dv
= O(In(1/¢)) ase — 0.

Using (46), (47) and Theorem 2.5 in [27], the proof is completed as in the previous
case, so that we get the lower bound

Lo / —Q2yB)/2yp+d) || ~ p
(48) llgl‘i)l(l)lflgfgemsll(lﬁ’oc) E,[((ey/In(1/¢)) 18 — glloo)”] > 0,
which is valid forall 0 < 8,y <1 andall p > 0.
Finally, the second trivial case where (45) can be improved corresponds to y >
B Vv 1. As observed in Section 2, in this case we have the inclusion H; (8, L4) C
H(A, «£) with some constant L4 > 0, and we can use the standard lower bound for
Hy (B, La) (cf. [2, 3, 6, 23]):

(49) liminfinf sup Eg[((e/In(1/£)) /P15 _ o)1 > 0.

£=>0 g gcH(A,L)

Combining the bounds (45), (48) and (49) we obtain the result of Theorem 1.
7.2. Proof of Theorem 2. We need the following technical result.

LEMMA 5. Let ¢ = (¢y,...,¢u) be a Gaussian random vector defined on a
probability space (2, ¥ ,P) and such that K, = 0, E{,%l = cr,%l, m=1,..., M.
Let m be a random variable with the values in (1, ..., M) defined on the same
probability space. Then for all A > 1 and all s > 0 we have

E(|Zml’) < (V2AIn(M))’ {E(Gﬁ;) +en(A M4 rrllaxMa,il},
where c12(A, s) > 0 is a constant depending only on A and s.

Proof is standard (see, e.g., [14]).
To prove Theorem 2 we proceed in steps.
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1°. Reduction to the discrete norm. Fix A = (y, B) € (0, 2]%, and suppose that
g € H(A, L£). Let, for brevity, g7 = g3 .. In view of the construction of the global
estimator [cf. (19)] we get, for all g € H(A, L),

||§: — glloo < sup max |§:(x) —g(x)]
ze7d x€Mg(2)N[-1,1}¢
(50)
<185 — gloo+ Ce D,

where

185 — gloo égel%x@:(z) —g(@|  with Z, = (2 N[-1,1]%

Here and in what follows we will use the same notation C for possibly dif-
ferent positive constants depending only on A, £ and d. Since 2 D —
o(p:(y, B)),e — 0, for all (y, B) € RZ, it is sufficient to prove Theorem 2 with
the loss given by the maximum norm | - |« on the finite set Z.. Thus, without loss
of generality, in what follows we will replace || - |lco bY | * |co-

2°. Control of large deviations. To any z € Z, we assign a vector 8% € S; such
that [|6% — 65| < €2 where 6 is defined in (20). Next, we set g £ (A, 0%, Ap(A)).
Introduce the random event

?‘:{Elzezgi%¢§z}’

where i"z is the set of acceptable triplets ¢ defined in Section 5. We now show that
for all € > 0 small enough

(51) sup  Po(F) <cpae??,
geH(A, L)

where the constant cj» depends only on d. Indeed, in view of the definition of the
random set T,

FclJ U llagég.g @l >TH(Z', 95)

7€2Z¢ 3 €3 grid

and therefore

(52) Pe(F)< Y Y PellAgégng: (] > TH(Z', 95)).

2€Ze §'€Jaria
Note that
EeAg8gg:(2) =[Ag Kgrugz x 81(2).
Applying Proposition 2 with g,g = (A, 0%, ke(A)) and A = Lg = A.(+A) we obtain,

sup  [EgAg8g,92(2)]
geH(A, L) SR

(53)
<crfre (A IIKg Il + 1K g:zll) + 1 Kgrlly ||Kg¢5||182}-
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Now, due to the construction of the weight K4 ;) and the fact that ||Kg|l; =
1K, ns (A) 1 for all & € Jorig, there exists a constant c13 depending only on 4
and d such that K = MAX g eyig | Kgll1 satisfies

K3 <cis, if A € (0,217 \ 2,
K’ <ci3lnin(1/e), if A € Ps.

Since also [[Kglli > 1 and A¢(A)/(¢Inln(1/e)) — o0, as ¢ — 0, we have, for
& > 0 small enough,

sup  |EgAgrgg,q9:(2)|
geH(A, L) AT

(54) < 2c11he(A)([Kgrlln + 11K gz ll1)

=2¢,/In(1/8) Kt pecan [, (1 K g7 11 + 1Kgzll1),
where we used that A () is a solution of (17). Note also that in [P, -probability
(55)  Agdgag;@ —EgAglgnag: (@)~ N 0.1 AgKg.g:03).

Using (22), (52)—(55) and the definition of the threshold TH, (-, -) we obtain that,
for ¢ > 0 small enough,

Py (F) < card(Z.) card(S,)P{|£| > \/ (4p +8d)In(1/¢))
< card(Z,) card(S,)e2P T4,

where & ~ N (0, 1). This proves (51) since card(Z;) < (e 24+ 1)4 and card(S,) <
(Vd/e)' 1.

3°. Two intermediate bounds on the risks. Using that |g¥| < Inln(1/¢) and
g € H(A, L£) is uniformly bounded we deduce from (51) that, for all A = (y, B) €
0,21%,

(56) limsup sup Eg(p, P (v, B)Ig; —gl5I{F})=0.
e—>0 geH(A,L)

We now control the bias of g % via Proposition 1, its stochastic error via the bounds
on [|K4, () ll2 in Lemmas 2—4 and apply (17) to get that, for all A = (y, B) €
0,21%,

(57) limsup sup  Eg(d, (. Blgg: — 8l%) < oo.
e—>0 geH(A,L)
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4°. Final argument. Note that on the event ¢ the set ‘iz of acceptable
triplets ¢ is nonempty for every z € Z,, so that J, exists. Thus, on ¢ we can
write, for all z € Z,,

(58) 124, — 8D 184 8,3 + |Agsgz.s ()] + 13552 — @I.

Further, on ¥ ¢ the triplet g is acceptable for all z € Z,. This and the acceptability
(by definition) of ﬁz imply that on ¢, for all z € Z,,

|A%8§26*ﬁz ()| < TH. (g5, 92),

184.84,.9:@| < THe (3. 55).

This, the definition of the threshold TH, and the fact that | Kg[2 = [[K(a, 1, (4) 2
for all § € Jgria yield that on ¢, forall z € Z,,

185.(2) — 8| < 4C(p, DK [Kane(ap [y In(1/€) + 1245 () — 8 2)]
=4C(p,d)cy) Kihe(A) +184:() — g(D)].

We combine (57) and (60) to get, with some constants ¢4 — c1¢ independent of ¢,

sup  Eg(1gF — g8 {F Y < c1a(Kjre (AN +c150f (v, B)
g€H(A, L)

(59)

(60)

(61)
< ci16(K3¢: (v, B’

Theorem 2 follows now from (56) and (61).

APPENDIX: PROOFS OF AUXILIARY RESULTS
A.1. Proof of Proposition 2.

1°. PRELIMINARY REMARKS. For any ¢ € J and any x € [—1, 1]¢ we may
write

[AgKg*glg * g](x)
= [Kgsgx * g](x) — [Kg * g](x)

— [([ &3y = 0K556 =y av)grdr ~ [Kg x51x)
= [ 3= [ Ky = wgwdr) dy - Ky + 810
= [ K3 =008 dy - Ky * g10)

(62) + [ Ky =0 [ Kggte = »le) - g01dr ) dy
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= [ k30— x)( [ kgt = wte - g(y)]dr) dy
= / Kg(v)[/ K%(z)(g(z +v4+x)—g +x))dz] dv

= / K (M v) f K (Mix2)(g(z + v +x) — g(v +x)) dz dv.

Define G, (1) =G(-+x) and f,(-) = f(-+G(x)). Theng(z+v+x) = f(Gx(z+
v)) and g(v + x) = f(G(v)). Note that, for all x € [—1, 114,

(63) Gy eHa(B, L2), fx € Hi(y, Ly).
If 1 < y <2, the second property in (63) implies
(64) fy €Hi(y — 1,2Ly).

In the case where 1 < 8 <2, for all u € R x € [—1,1]¢ we define Gx(u) =
Gy () — G(0) = [VG,(0)]T u. In view of (63), for all x € [—1, 1]¢ we have

(65) IVGyw)|| < 2L,  VueR?,

G (t) — Gy (u) — [VG )" (t —u)| < Laflt —ull®  Vt,uecRY,
(66) i
= |G| < LaJlullf,  ueR’

It follows from the definition of K(4,,) and Lemmas 1-4 that
(67) / IlI”P Ky (@)|dv < cgh VA€ (0,21%,1 >0,

where c; > 0 is a constant depending only on &£ and d. Furthermore, for any
A= (y,pB) € (0, 2]% and any A < 1 the support of K(4,) is contained in a ball {u €
RY: |u|| < cx AP} where the constant cx > 0 depends only on d. Therefore,

68) KunWMEiuy=0  Vu,9 eR:|u| > cgr/OP), I91=1. O
2°. PROOF FOR THE ZONE OF RISD LOCAL MODEL: 1 <y < g8 <2. Using
(63) and the Taylor expansion for G, we obtain, for all x € [—1, 114, z,v e RY,
gz +v+x) = f(Gx(0) + [VG (O] (z +v) + G (z +v))

= £:(IVG. (O] (z 4 v) 4+ G (z + v)).

Note that, by definition, VG,(0) = VG(x) = 95[IVG(x)|. Set VG, =
?*||IVG (x)] and define

g(z+v+x)= fx([VG*]T(Z +v) + GX(Z + U))

We now approximate g(z + v+ x) by g.«(z 4+ v +x) in the last line of (62). In view
of (68), it suffices to consider there only the values z, v satisfying ||z||, [[v]| < ck.
For such z, v and all x € [—1, 1]¢, the condition 95 — 9| < & and (63) imply

70)  |gz4+v+x)—g(z+v+x)| <2k L1|IVG(x)|le <2ckLiLae.

(69)
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Using (63)—(66), the Taylor expansion for fy and (64), we get that for all x €
[—1,119, z, v € R the following representation holds:

g2+ v+x) = fi([VG] z+v))
+ FLIVGAT 2+ )Gy (z + ) + By 1(z, v) |1z + 0P
= f+(IVG.1" (z +v))
+[AVGAT (24 v) = FLUIVGITV)]
x (G, (v) + VG ()] 2)
+ fLUIVGA ) (G (z +v) — G (v))
+ f1(IVG 1 )G (v)
+ Be2(z. WIIVG 2" izll? + Bri(z. v)llz + 0],

(71)

where, for all x € [—1, l]d, z,veRY, By 1(-,-) and By 2(:, -) are functions satis-
fying
(72) |By.1(z,v)| < LiLY, |Bx,2(z, v)| <2L1Ls.
Putting z =0 in (71) we obtain
(73) g +x)= [ (VG v) + f{(IVG.I"0)G (v) + By 1(0, v) [[v]|”P.
From (71) and (73) we get, for all x e [—1, l]d, Z,VE Rd,
gx(z+v+x)—gu(v+x)
= £ (IVG 2+ ) — (VG v)
+ [FUIVGT 2+ v) — FLAIVG 0] (Gx () + [VG: ()] 2)
+/{IVGI 1) (G (z 4 v) — G (v))
+ B2z, VG 2l zll? + Bea Gz, v)llz + v
— Br.1(0, v)[[v]|"*.
Putu = MJ.v,s = MJ.z. We get from (74) that

(74)

8x(Myxs + Myxu + x) — g«(Mp~u + x)
= (fe(s1 +ur) — fe(ur))
(75) + Aux(s)(Ge () + [VG ()] s)
+ FLUAVG@) u1)(Gx(s + 1) — G () + By (s, w)lsi|” s ||P
+ B (s w)lls +ull”? — By 1 (0, ) Jul|”P,
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where 51 and u; are the first components of s € R? and u € R?, respectively,
Feun) = f(IVG @) u), G (u) =G (Mysu),
Ex,l(S, u) = By 1(Myxs, Myxu)
By (s, u) = VG )"~ By a(Myxs, Myxu)
and
A x(s1) = LUIVG@)IGs1 +u1) — fr(IVG ) lur).

It is easy to see that inequalities (65) and (66) remain valid with G, in place of G x-
Now for all x € [—1, 119, s, u € R? we introduce

Gux(s1) = (fe(s1 +un) — fr@D) + Aux(s1) (G () + [VG ()] 9 s1)
+ [LUVG@u)IVG, )] 951,
Pux(®) = FLUVG@)un)(Gr(s +u) — G (u) — [VG . ()]"s),
B (s) = By o(s,u),
Qux(8) = qux(51) + Pux(s) + Bea(s,w)s1 1" Is||P,
Pux(s)= FLIVG@(s1 +uD)[VGc )] s,
where 5| = s — 519*. With this notation (75) can be written as

gx(Myxs + Myxu + x) — g«(My~u + x)
(76) i )
= Qux(8) + Pux(s) + Br1(s, s +ull”? — B, 1(0,u)|Ju).

We now prove that, for all x € [—1, 1] and all u € R? such that [|u| < cgA!/@P
[cf. (68)], the triplet (qy x, pu.x, B*") belongs to the set B(A, 1) (cf. definition
before Lemma 3), and thus Lemmas 3 or 4 can be applied. We need to check
(23)-(25).

Checking (23). In view of (63) we have

| fe(s1 +ur) — folur) — flur)si| < LiLals;|”.

Therefore,
1 %7 i LiLy (%
—_— (s1+up) — fr(uy))ds 5—/ s1|¥ ds
'2)\(1)/], /_)L(l)/y(fx 1+ ur) — fe(ur))ds ZA(I)/y —A(l)/y| 11V dsy
7 L{L
cLila,

-2
Next, remark that (64) implies |A, x(s1)| < 2L1L§ -1 Is1|¥~!. Furthermore, (66)
with G, in place of G‘x yields |G, ()| < La|lull?. Now, qu.x(0) = 0 and using
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these remarks, (77) and (65) we get, for ||u|| < cx MR,
)\41/)’

1 0
7 x(s1)dsy
‘m(l)/y /_,\(l)/y Qux

)\,l/y

LiL, 1 0 — —

< At — |AuxSDI(IGx@)| + VG )ll|s1]) dsy
2 2)\‘1/)/ _)\1/7’

0 0

(78)
< LiL,

1 2
A+2L LY (—x<y—1)/V||u||ﬁ + —k)
14 y+1

LiL, y((ch)'B 2 )]
< +2LL + A <c3h,
|: B 1Ly y y 1 3

where the constant c3 depends only on /£ and d. It can be taken as a maximum of
the last expression in square brackets over (y, 8) € [1, 2]%.

Checking (24) and (25). It suffices to note that, for all x € [—1, 114, the first
property in (66) with G, in place of G, and the second property in (63) yield

Pux(5) = pux () = [Vpux (1 (s" = )| < | fFLUIVG @) up)|Lals — 5117
<L|Ly|s' —s|? Vs, s e RY.
This proves (24) with b = 8 and L = L1L,. Finally, (25) with B = B**, ¢4 =
2L1L§ follows from (72).
We are now in a position to apply Lemmas 3 and 4. We demonstrate this, for

example, for Lemma 4. Take there ¢ = gy x, p = pu.x. B = B** for any |u| <
cx 2P and x € [—1, 1]¢. Since Q,,(0) = 0, the result (29) of Lemma 4 yields

(79) ‘ [ Kt Quns)ds| 52,

where c¢5 depends only on o£ and d. Furthermore, by construction the weight K4, »)
is symmetric, that is, K(4,)(s) = K(4,)(—s) and hence

(80) / Ka.n) () Pyx(s)ds =0.
Next, using (72) we find
1By 1 (s, u)lls +ul”? — By 1 (0, w)l|ul|VP| < 2VP Ly LY (IIs))7P + [|ul”P).

Combining this inequality and (79)-(80) with (76) we get, for all x € [—1, 114,
ueR?,

‘/ K (5)(g«(Myxs + Myxu + x) — go(Myxu + x)) ds

<csh +2yﬁL1L§[/\KM,M(s)\nanﬁ ds + [Kean ||u||7ﬁ].
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We finally get (21) from this inequality invoking (67), (62), (70) and recalling that
IKeamlli = 1K gll1 forall 4 € (0,217, 4 > 0, and [[Kea il = 1Kgs 1. O

3°. PROOF OF (21) FOR THE LOCAL SINGLE-INDEX ZONE: y < 1,1 < 8 <2.
Using (66) and the second property in (63), for all z, v € R?, x € [—1, 1]¢ we may
write

g4+ v+x) = £ (VG 2 +v)) + Br1(z, v) ||z + v 7P,

where By 1 satisfies (72). This can be viewed as a simplified version of (71). Fol-
lowing almost the same argument as in 2° (the main difference is that now we drop
all the terms containing f and By 2) and applying Lemma 2 we obtain (21). O

4°. PROOF OF (21) FOR THE ZONE OF SLOW RATE: (y, B) € (0, 112 Using
the Holder condition on f and G, we obtain, for all z, v € RY, x e[—1,1}4,
gz +v+x)= f(Ge(z+v)) = f(Gx(0)) + By, 1(z, v) |z + v|"”,
where B, satisfies (72). Now, (21) easily follows from this relation, (62), (67)

and the definition of K4 1) for the zone of slow rate. L[]

5°. PROOF OF (21) FOR THE ZONE OF INACTIVE STRUCTURE: 1 < 8 <y <2.
Since f € H(y, L) and |[VG,(-)|| < Lo, for all z, v € R?, x € [—1, 1]¢ we may
write

F(Grz+ ) = f(Gc(0) + f/(Gx()(Gx(z +v) = Gx(v)) + By 1z, v) 2]l
= f(G:(0) + /(G () (Gx(z +v) — G+(v) — [VG:(1)]"2)
+ (G )IVG: (W1 2+ By 1z v)lIz])”
= (G () + f (G WNIVG (W] 2 + By 2z, v)|z]1P
+ By 1(z, )izl

where By satisfies (72) and | By 2(-, )| < L1L». Since the weight K4 ) is sym-
metric,

/ Kty (Mgx2) f/ (G () [VG, ()] zdz =0.

Now, (21) easily follows from these relations, (62), the definition of K4 ) for the
zone of inactive structure and the condition A < 1. [

6°. PROOF OF (22). For a function K € L, (R?), let us denote by K its Fourier
transform. Using Parceval’s identity we obtain, for any ¢, ¢’ € J,

1 o
183 Kgugll=—"5= gsgl = =IKz = DKyl

1 ~ ~
< E(”Kgnoo + DIKgll2 < (IKgllt + DI Kgrll2.

1Ay K
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Since [ K4/ = 1, this proves (22). [

A.2. Proof of Lemma 3. First, note that some cases are trivial because the
number r of steps of the weight construction is bounded by 3. In fact, if (p +
Dp < (B—y)/y and V(3) < In(3t) we have r < 3 by definition. If (o + 1)p >
(B — v)/v we use the weight as in Lemma 3. But for this weight the condition
(p+1)p > (B —y)/y implies that, again, r < 3.

So, we will treat only the remaining case where (p + 1)p < (8 — y)/y and
V(}) > ln(@). The last inequality implies that » > 3.

Note that, by definition, o < %ln(@). Further, for r > 3 we have also the

lower bound: o > }‘ln(@). Thus for r > 3,

ﬁ+1)—1/2 _a<(\/§+1
<e
5 <

—1/4
) < 0.887.
2

(81) 0.786 < (
1°. PROOF OF (29). From the definition of K4 ;) we find

[Kea,n *¢](0) =2_dZ/Ai(|y|)q(y1)dy=2_de1(|y|)q(y1)dy
i=1

I [qO)+q(=y1)
= — —I[[O,ul](yl)dyl’
uj 2

where u1 = A!/7 . This and (23) imply

Ay

(82) [[Kean *4](0) — q(0) = ‘m”y)—l / Ly A0y —q(O)‘ <csh.

We now obtain a similar bound for |[K(4 ;) * p](0) — p(0)|. Note that, in view
of (24), forall z = (z1, . .., zq) € R¢ we have

B 0
(83) p() =) + zla—Z(o, 2 za) + B1(2)ZE

where p(z) = p(0, z2, ..., 24) and sup_cgd | B1(z)| < L. For the same reason, for
all zy—1) 2 (0,22, ..., z4) We have
(84) @) = p0) + VO z@a—1y + B2za—1)lz@a—n P,

where as previously | B2(-)| < L. Combining (83) and (84) and taking into account
that the function K45 is symmetric, [ K4, = 1 and p(0) = p(0) we get

(K. * p](0) — p(0)]
(85)

= ‘/ K @ (B1(2)z) + Ba(z@-1) |zw—n |”) dz|-
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Now

‘/K(A,A)(Z)Bz(Z(d—w)HZ(d—l)||ﬂdz

‘(2(1)1 — )’ /32 (2d=1) [2a=1) 1P Ty 10-1 (2= ]) dzca=1y
r—1 |

+ Z[(zm — o)

i=1
x /BZ(Z«H))||Z<d71)HﬂH[U,-H,U,-]d—I(|Z<d71>})d2(d71>

(86) — (2(i—1 — vi))l_d/Bz(Z(d—l))HZ(d—l)H'3

X H[Uisvi—l]d_l (|Z(d—1)|)dz(d—l)]’
= (2”r)1_d/|32(Z<d—1))|||Z<d—1>||’3ﬂ[o,v,]d—1(}Z(d_1>|)dzu_1)
= (kl/ﬁ)]_d/|32(z(d—1))|”Z(d—l)||ﬂH[O,A1/ﬁ]d—l(|Z(d—l)|)d2(d_1)
< 2d=14B/21 5 < 2d_1dLA,

where |z(—1)| = (|22, ..., |zal). Further, note that v > u > 1 implies eV < e’ /u
[in fact, v(1 — 1/u) > u — 1 > Inu]. Using this remark and the fact that % > 1
we find

up =1\ exp( P
V=

exp(oz(z — 1))) Ay exp(y 'ﬁ 1exp(oti)e_“‘)

(87)
5ui+1e_°‘, i=1,....,r—1

and therefore u; /u, < e~ This and the equality u, = A!/# allow us to get

‘/ K (2)B1 ()2} dz

= L/’K(A,A)(Z)“Zﬂﬁdz

—/Zlﬂ[o w1z dzr + Z

=2 l

r r o0
B ui —al —ay\—1
<2L u; <2LA <—> <2MAL e =2AL(1 —e %) .

(88)
_ ) /Z/ISH[uifl,ui](Zl)dZI
l
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From (85), (86) and (88) we get
(89) [Kean * p]O) = p(O)] < AL[277'd +2(1 — ™) 711,
We now estimate the value | [ K. By - ||y||/3 dy|. In view of (42),

u’fflv’ls < rexp{B —vBe“} < rexp{(l —v)B},

(90)
w "W <! ﬂ _,=xexp{(l —v)Bexp(a(i — 1))}, i=2,...,r1.

] 1 — 1

Using (90), we get similarly to (88):

‘ f Ko (B! ‘1||y||f3dy‘

< s [ IKean lIn P~ Z 13717 dy

=C4[/|K(,A,x)(y)||ylly+ﬂldy-i- Zf|K(A,A)(y)||y1|V71|yj|'8 dy}
=2
1) '

r r
<2ca |:Z uf}ﬂ/—l + dZu?’_lviﬁ:|

i=1 i=1

s 00
<2c4 |:)L(ﬂ+yl)/ﬂ Zefal(ﬂﬂ/fl) + Ad Zexp{(l —V)B eXp(otl)}}

[=0 1=0
< 20[(1 — ey 4 d(1 =1V ),

where the last inequality holds for 0 < A <1 and we used that gexp(al) > «l,
v > 1. Summing up the results of (82), (89), (91) and taking into account (81) we
obtain (29). [

2°. PROOF OF (30). In the same way as above we get, for 0 < A <1,

[IKann Ol du = ™ [k S " dy
j=1

r r
<2d™? [Z ul' +dy v§":|
i=1 i=1

< C@NOP1 —e )7 4 (1 — ™)~

Here and in what follows use the same notation C (d) for possibly different positive
constants depending only on d. [
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3°. PROOF OF (31). Since v <2 < % we have, for 0 < A < 1,

vr—1 2 A1) expl —vexp(a(r — 1)} = AVOBH@=DE/ B 5 3118,

By the definition of v, this implies that v, _| — v, > Al/ﬁ/2. Further, as u, = A1/8,
in view of (87), we have

Up —tp_q > (1 —e AP,

We deduce that
(92) Hrr—t1 = pry > 217 09P (1 — 7).
Note that by (87),
wipg —u; > (1 —e Nuji fori=1,...,r —1.

Also, as v > 1, it is straightforward to check that
vi —vig1 > (1 —e y; fori=1,...,r —2.
Thus, we get
©93) pia=uir— )" = (1 —e ) exp(—(d — Dve®) /7 HEVIP,

Recall that we are considering the case where p(1+p) < (B—y)/y, 1l <y <B <

2, sothat p(1 + p) < 1, and thus p < @ This and the choice of parameters «,
v combined with (81) implies

54+1\"1/2 541\ J/5-1
e —py > <‘f+ ) — pv > (‘[Jr ) — V3 v265>0.0891.
2 2 2
Now,
)
p efo‘—(d—l)vz—ﬂz%.
y —1 y —1
Hence, fori =2, ...,r — 1 we have
Kii—1 2= MKii
> C(d)kl/y+(d_l)/(yﬂ)
(%94) 5
X exp{ 0 exp(a(@ — 1)) —(d — v exp(ai)}
> C(d)AV/7+HE=D/OP) exp(28 exp(ai)).
Note that
2 r r
95) [Keam s = “fi + Z(Mf,ilfl + M;il) = Mf% + 22“Ei1'

i=2 i=2
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We deduce from (92)—(95) that
1K H§ < C(d)(Al/V+(d—1)/(yﬁ) + )L—d/ﬁ)‘

This proves the second inequality in (31). The first inequality becomes obvious if
we note that V(1) < Inln(1/1) and so ||[K4 )lli =2r — 1 < c¢7Inln(1/1), for A
small enough, where c7 is an absolute constant. [

A.3. Proof of Lemma 3. Following the same lines as in the proof of (29) in
Lemma 4 we obtain the bound (26) of Lemma 3 with

cs=C(d)(c3+ Lr +cy4r).

1°. PROOF OF (27). By definition, u, = A8 and for 0 < A < 1 we have

ur > A7 so that vy = Al/ﬂuz_(y_l)/ﬂ < Al/P) Using these remarks and acting
as in the proof of (30) in Lemma 4 we obtain, for 0 <A <1,

/|K(A,x)(y)|llyllm du < Zd’"/z[Zu;" +d2v{"]
i=1

i=l
<2d"r @) +dvi') < C(d)yra™ 0P m

2°. PROOF OF (28). Observe thataj;1 —a; >0for j=1,...,r — 1, so that
for A — Owehaveu;/uj 1 — ooand v;_1/v; — oo. In particular,
i = —uj )i — o) == g — o)y — )
1 d—1
Z FUjv;
for all A small enough. Next note that, by definition,

. 1 B—
ar—2 > (aty_1— B 1),0 ! = —y

yBp
Then uy < AB=7)/(vBP) and for A small enough we get by the definition of p:

> %Mlvi]_l — %A(d—l)/ﬁulugﬂ — %)L(d—l)/ﬁ)\l/y—(ﬂ—y)/(yﬂ) — %Ad/ﬁ_
Further, as u, = AY/# and v, = %Al/ﬁ, V41 =0,
Wy =270
for A small enough. Next, for 1 < j <r,
i 2 gl = D gt
By the definition of the sequence (o),

d-1)/B+ar—p/ax_1=d/8, k=1,...,r—1.
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Thus

i > %)\‘(d—l)/ﬂ+ar7j—ﬂar—(j+l) — %)Ld/ﬂ, j=2,...,r—1.

Substitution of the above bounds into (95) yields

(1]
(2]
(3]
(4]

(53]
(6]
(71
(8]
(9]

(10]

(11]
(12]
(13]

[14]

[15]

[16]

(17]

(18]

IKean s < C@r4*r. 0
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