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Consider an N x n random matrix Y, = (Y i’;) with entries given by

the X ;1] being centered, independent and identically distributed random vari-
ables with unit variance and (U,-j (n); 1 <i <N,1<j<n)being an array of
numbers we shall refer to as a variance profile. In this article, we study the
fluctuations of the random variable

logdet(Y, Y,y + ply),

where Y* is the Hermitian adjoint of ¥ and p > 0 is an additional parame-
ter. We prove that, when centered and properly rescaled, this random variable
satisfies a central limit theorem (CLT) and has a Gaussian limit whose pa-
rameters are identified whenever N goes to infinity and % — ¢ € (0, 00).
A complete description of the scaling parameter is given; in particular, it is
shown that an additional term appears in this parameter in the case where the
fourth moment of the X;;’s differs from the fourth moment of a Gaussian
random variable. Such a CLT is of interest in the field of wireless communi-
cations.

1. Introduction.

The model and the statistics. Consider an N X n random matrix Y, = (Yi’})
whose entries are given by
n_ 0ij(n)
(L.1) = "L
where (0jj(n),1 <i < N,1 < j <n) is a uniformly bounded sequence of real
numbers and the random variables X 7; are complex, centered, independent and
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identically distributed (i.i.d.) with unit variance and finite eighth moment. Consider
the following linear statistics of the eigenvalues:

1 1
Ln(p) = 3 logdet(Vu ¥y + pIy) = > log(hi + p),
i=1
where Iy is the N x N identity matrix, p > 0 is a given parameter and the A;’s are
the eigenvalues of matrix Y, Y,’. This functional, known as the mutual information
for multiple antenna radio channels, is very popular in wireless communications.
Understanding its fluctuations and, in particular, being able to approximate its stan-
dard deviation is of major interest for various purposes such as, for instance, the
computation of the so-called outage probability.

Presentation of the results. The purpose of this article is to establish a central
limit theorem (CLT) for {,,(p) whenever n — oo and % — ¢ € (0, 00).

The centering procedure. In the companion paper [17], it has been proven that
there exists a sequence of deterministic probability measures () such that the
mathematical expectation EJ,, (p) satisfies

Edo(p) — [ logli+ p)ma(@h) —3,0.

Moreover, [log(x + p)m,(d)) has a closed-form formula (see Section 2.3) and
1s easier to compute2 than [EJ,, (whose evaluation would rely on massive Monte
Carlo simulations). Accordingly, in this article, we study the fluctuations of

1
¥ logdet(Y,Y; + ply) — /log(p + ), (dt)

and prove that this quantity, properly rescaled, converges in distribution to a
Gaussian random variable. Although phrased differently, such a centering proce-
dure relying on a deterministic equivalent is used in [1] and [3].

In order to prove the CLT, we separately study the quantity N ({,,(p) —Ed,(p)),
from which the fluctuations arise, and the quantity N(EJd,(p) — [log(x +
p)1,(d))), which yields a bias.

The fluctuations. We shall prove in this paper that the variance @% of
NI, (p) —EJd,(p)) takes a remarkably simple closed-form expression. In fact,
there exists an n x n deterministic matrix A, (described in Theorem 3.1) whose
entries depend on the variance profile (o;;) such that the variance takes the form

©2 = —logdet(l, — A,) +k Tr A,

2This is especially so in the important case where the variance profile is separable, that is, where
05. (n) can be written as ai2j (n)=d; (n)c?j (n).
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where k = E| X1 |4 — 2 is the fourth cumulant of the complex variable X1 and the
CLT can be expressed as follows:

N

On
The presence in the variance of a term directly dependent on the cumulant of the
variable X11 (k = EX{, — 3EX3, if X1y is real; « = E[X11]* — 2E|X11|? if X1
is complex) can be traced back to the article by Khorunzhy, Khoruzhenko and
Pastur [21], formula (I.15), and also appears in the recent paper by Anderson and
Zeitouni [1]. In the case where k¥ = 0 (which happens if X;; is, e.g., a complex
Gaussian random variable), the variance has the log-form @,% =logdet(l, — A;).
This has already been noticed for different models in the engineering literature
by Moustakas, Simon and Sengupta [23] and Taricco [30]; see also Hachem et al.
in [14].

1, —Ed,) -5 N, D).
n—oo

The bias. 1t is proved in this paper that there exists a deterministic quantity
B, (p) (described in Theorem 3.3) such that

N(E200) = [ log0:+ pyma @) ) = Ba(p) =, 0.

If « =0, then 8B,,(p) = 0 and there is no bias in the CLT.

The literature. Central limit theorems have been widely studied for various
models of random matrices and for various classes of linear statistics of the eigen-
values in the physics, engineering and mathematical literature.

In the mathematical literature, CLTs for Wigner matrices can be traced back to
Girko [9] (see also [12]). Results for this class of matrices have also been obtained
by Khorunzhy, Khoruzhenko and Pastur [21], Johansson [19], Sinai and Sochnikov
[27], Soshnikov [29] and Cabanal-Duvillard [7]. For band matrices, let us mention
the papers by Khorunzhy, Khoruzhenko and Pastur [21], Boutet de Monvel and
Khorunzhy [5], Guionnet [13] and Anderson and Zeitouni [1]. The case of Gram
matrices has been studied in Jonsson [20] and Bai and Silverstein [3]. Fluctuations
for Wigner and Wishart matrices have also been studied by Mingo and Speicher
in [22] with the help of free probability tools. For a more detailed overview, the
reader is referred to the introduction in [1]. In the physics literature, so-called
replica methods, as well as saddle-point methods, have long been a popular tool to
compute the moments of the limiting distributions related to the fluctuations of the
statistics of the eigenvalues.

Previous results and methods have recently been exploited in the engineering
literature, with the growing interest in random matrix models for wireless commu-
nications (see the seminal paper by Telatar [31] and the subsequent papers of Tse
and co-workers [32, 33]; see also the monograph by Tulino and Verdu [34] and the
references therein). One main interest lies in the study of the convergence and the
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fluctuations of the mutual information % logdet(Y,Y, + ply) for various models
of matrices Y;,. General convergence results have been established by the authors
in [15-17] while fluctuation results based on Bai and Silverstein [3] have been
developed in Debbah and Miiller [8] and Tulino and Verdu [35]. Other fluctuation
results, based either on the replica method or on saddle-point analysis have been
developed by Moustakas, Sengupta and coauthors [23, 24] and Taricco [30]. In a
different fashion, and extensively based on the Gaussianity of the entries, a CLT
has been proven in Hachem et al. [14].

Comparison with existing work. There are many overlaps between this work
and other works in the literature, in particular, with the paper by Bai and Silverstein
[3] and the paper by Anderson and Zeitouni [1] (although the latter is primarily
devoted to band matrix models, i.e., symmetric matrices with a symmetric variance
profile). The computation of the variance and the establishing of a closed-form
formula significantly extend the results obtained in [14].

In this paper, we deal with complex variables, which are more relevant for wire-
less communication applications. The case of real random variables would have
led to very similar computation, the cumulant ¥ = E|X|* — 2 being replaced by
& =EX* — 3. In [1], Anderson and Zeitouni deal with band matrices with real
variables. Due to the complex nature of the variables herein, the standard trick
of considering the symmetric matrix (2* )(()) to study the spectral distribution of
X X* does not help and one cannot rely on the CLT in [1]. Moreover, we sub-
stantially relax the moment assumptions concerning the entries with respect to [1],
where the existence of moments of all orders is required.? In this paper, we shall
only assume the finiteness of the eighth moment. Bai and Silverstein [3] consider
the model Tn1 / ZXHX;," Tnl/ 2, where the entries of X, are 1.i.d. and have Gaussian
fourth moment. This assumption can be skipped in our framework, where a good
understanding of the behavior of the individual diagonal entries of the resolvent
(—zl, +Y, Y,’L")_1 enables us to deal with non-Gaussian entries.

On the other hand, it must be noticed that we establish the CLT for the single
functional logdet(Y, Y’ 4+ pIy) and do not provide results for a general class of
functionals as in [1] and [3]. We do believe, however, that the computations per-
formed in this article are a good starting point to address this issue.

Outline of the article.

Nonasymptotic vs. asymptotic results. As one may check in Theorems 3.1,
3.2 and 3.3, we have deliberately chosen to provide nonasymptotic (i.e., depend-
ing on n) deterministic formulas for the variance and the bias that appear in the

3However, provided one is willing to make strong moment and distribution assumptions and con-
sider real, rather than complex, random variables, one can, in principle, get a CLT for 4 from [1],
although the closed-form formula for the variance obtained here would still require a specific effort.
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fluctuations of {,(p). This approach has at least two advantages: nonasymptotic
formulas exist for very general variance profiles (o;;(n)) and provide a natural
discretization which can easily be implemented. In the case where the variance
profile is the sampling of some continuous function, thatis, o;;(n) = o (i/N, j/n)
(we shall refer to this as the existence of a limiting variance profile), the determin-
istic formulas converge as n goes to infinity (see Section 4) and one must consider
Fredholm determinants in order to express the results.

The general approach. The approach developed in this article is conceptually
simple. The quantity £, (0) —EJd, (p) is decomposed into a sum of martingale dif-
ferences; we then systematically approximate random quantities such as quadratic
forms x! Ax, where x is some random vector and A is some deterministic matrix,
by their deterministic counterparts %TraceA (in the case where the entries of x

are i.i.d. with variance %) as the size of the vectors and the matrices goes to in-
finity. A careful study of the deterministic quantities that arise, mainly based on
(deterministic) matrix analysis, is carried out and yields the closed-form formula
for the variance. The martingale method which is used to establish the fluctua-
tions of £, (p) can be traced back to Girko’s REFORM (REsolvent, FORmula and
Martingale) method (see [9, 12]) and is close to the one developed in [3].

Contents. In Section 2, we introduce the main notation, provide the main as-
sumptions and recall all of the first-order results [deterministic approximation of
Ed,(p)] needed in the expression of the CLT. In Section 3, we state the main
results of the paper: definition of the variance ®2 (Theorem 3.1); asymptotic be-
havior (fluctuations) of N (4, (p) — EJ4,(p)) (Theorem 3.2); asymptotic behavior
(bias) of N(Ed,(p) — [log(p + t)7,(dt)) (Theorem 3.3). Section 5 is devoted to
the proof of Theorem 3.1, Section 6 to the proof of Theorem 3.2 and Section 7 to
the proof of Theorem 3.3.

2. Notation, assumptions and first-order results.

2.1. Notation and assumptions. Let N = N (n) be a sequence of integers such
that

. N@)
lim

n—oo n

=c € (0, 00).

In the sequel, we shall consider an N x n random matrix Y, with individual entries
oij(n) xn

N
where X{’j are complex centered i.i.d random variables with unit variance and
(0ij(n); 1 <i < N,1 < j <n) is a triangular array of real numbers. Denote by
var(Z) the variance of the random variable Z. Since Var(Yi’Jl-) = ol% (n)/n, the fam-
ily (0;;(n)) will be referred to as a variance profile.

n_
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The main assumptions.

ASSUMPTION A1l. The random variables (Xf’/-; I<i<N,1<j<nn>1)
are complex, independent and identically distributed. They satisfy

EX), =E(X})? =0, EIX};P=1 and E[X};[® < oc.

ASSUMPTION A2. There exists a finite positive real number omax such that
the family of real numbers (0;;(n),1 <i < N,1 < j <n,n > 1) satisfies
sup max |Ul] (n)| < omax-

n>1
1<]<n

ASSUMPTION A3. There exists a real number 02- > 0 such that

liminf min — o (n)>a
n>1 1<_/<I’Ln2 i min*

Sometimes we shall assume that the variance profile is obtained by sampling a
function on the unit square of R?. This helps to obtain limiting expressions and
limiting behaviors (cf. Theorem 2.5).

ASSUMPTION A4. There exists a continuous function o2:[0, 1] x [0, 1] —
(0, 00) such that a,%. (n)=0c2@i/N, j/n).

Remarks related to the assumptions.

1. One may readily relax the assumption % — ¢ € (0, 0o0) and assume instead that

.. N N
0 < liminf — < limsup — < oo,
n n n n
as done in [14]. We stick to the initial assumption in order to remain coherent
with the companion paper [17].
2. Using truncation arguments a la Bai and Silverstein [2, 25, 26], one may lower
the moment assumption related to the X;;’s in Assumption Al.
3. Obviously, Assumption A3 holds if al% is uniformly lower bounded by some
nonnegative quantity.
4. Obviously, Assumption A4 implies both Assumptions A2 and A3. When As-
sumption A4 holds, we shall say that there exists a limiting variance profile.
5. If necessary, Assumption A3 can be slightly improved by stating

max(hmmf min —Za” (n),liminf min — Zalj(n)) > 0.

n>1 1<j<nn n>1 1<i<N

In the case where the first liminf is zero, one may note that logdet(Y, Y,  +
plIn) =logdet(Y,'Y, + pl,) + (n — N)log p and consider Y,'Y, instead.
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Notation. The indicator function of the set 4 will be denoted by 1,4(x), its
cardinality by ##4. As usual, R™ = {x e R:x >0} and C* = {z € C:Im(z) > 0}.

We denote by % the convergence in probability of random variables and by B
the convergence in distribution of probability measures.

Denote by diag(a;; 1 <i < k) the k x k diagonal matrix whose diagonal en-
tries are the a;’s. Element (i, j) of matrix M will be denoted either m;; or [M];;,
depending on the notational context. Denote by M the matrix transpose of M,
by M* its Hermitian adjoint, by Tr(M) its trace, by det(M) its determinant (if
M is square) and by FMM" the empirical distribution function of the eigenvalues
of MM*, that is,

* 1
FMM () = N = x),

where M M* has dimensions N x N and the A;’s are the eigenvalues of M M*.
When dealing with vectors, || - || will refer to the Euclidean norm and || - ||, to
the max (or £,-) norm. In the case of matrices, || - || will refer to the spectral norm
and || - |loo to the maximum row sum norm (referred to as the max-row norm),
that is, |||M |lco = maxj<i<ny Z;"Zl |[M];;| when M is a N x N matrix. We shall
denote by r (M) the spectral radius of matrix M.
When no confusion can occur, we shall often drop subscripts and superscripts n

for readability.

2.2. Stieltjes transforms and resolvents. In this paper, Stieltjes transforms of
probability measures play a fundamental role. Let v be a bounded nonnegative
measure over R. Its Stieltjes transform f is defined as

v(dA)
RA—2

fl)= z€ C\ supp(v),

where supp(v) is the support of the measure v. We shall denote by §(R™) the set
of Stieltjes transforms of probability measures with support in RT.

In the following proposition, we list the main properties of the Stieltjes trans-
forms that will be needed in the paper.

PROPOSITION 2.1.  The following properties hold true.

1. If f is the Stieltjes transform of a probability measure v on R, then:

e the function f is analytic over C \ supp(v);
o if f(2) € 8(RT), then | f(z)| < (d(z, RT))™!, where d(z, R") denotes the
distance from z to R,

2. Let P, and P be probability measures over R and denote by f, and f their
Stieltjes transforms. Then,

(VzeCT. fu) — f)) = Pu->P.
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There are very close ties between the Stieltjes transform of the empirical distrib-
ution of the eigenvalues of a matrix and the resolvent of this matrix. Let M be an
N x n matrix. The resolvent of M M* is defined as

Q(Z)Z(MM*—ZIN)_I=(qij(Z))15i,j,5N, zeC—R™ .

The following properties are straightforward.

PROPOSITION 2.2.  If Q(z) is the resolvent of M M*, then:

1. The function h,(z) = % Tr Q(z) is the Stieltjes transform of the empirical dis-
tribution of the eigenvalues of MM™ and, since the eigenvalues of this matrix
are nonnegative, h, (z) € 8(R™).

2. For every z € C —R*, |Q@)| < (d(z, R")7L, and, in particular, if p > 0,
then | Q(=p)| < p~".

2.3. First order results: A primer. Recall that {4, (p) = % logdet(Y, Y, + pI)
and let p > 0. Below, we shall recall some results related to the asymptotic behav-
ior of £4,,(0). As

1Y o0 .
12p) = 5 Yo TogG +p) = [ logh+ ) dF™E ),
i=1

where the A;’s are the eigenvalues of YY*, the approximation of E{,,(p) is closely
related to the “first-order” approximation of F Y2 asn — ocoand N/n — ¢ > 0.

The following theorem summarizes the first-order results needed in the sequel.
It is a direct consequence of [17], Sections 2 and 4 (see also [11]).

THEOREM 2.3 ([11, 17]). Consider the family of random matrices (¥,Y,)
and assume that Assumptions Al and A2 hold. Then, the following hold true:

1. The system of N functional equations

1
2.1 1i(z) = o2 (n)
_ " 7
z+(1/n) ZJ:I 1+(1/n) Eé"zlagj(n)te(z)
admits a unique solution (t|(z), ..., ty(2)) in 8RN ; in particular, m,(z) =

% Z,N: 1 1i(z) belongs to 8(R™) and there exists a probability measure 7, on

R such that
o 7, (dA)
(@) = [ .
0 A—2

2. For every continuous and bounded function g on R™,

Y"Y;zk —
/R+g()»)dF () /IR<+ g, (dr) njgoO a.e.
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3. The function V,(p) = [+ log(X + p)m,(dL) is finite for every p > 0 and

1
Edn(p) = Va(p) —3 0 where 1,(p) = v logdet(Y, Y, + pIn);

moreover, V,(p) admits the closed-form formula

1 Y 1 1 Y
Va(p) === logti(=p) + — »_log( 1+ =Y o7 (m)te(—p)
N D N3 =

1

L5 o3 (m)ti(=p)
N1 AT L+ () X0 0 )te(=p)

where the t;’s are defined above.

Theorem 2.3 follows partly from the following lemma, which will be often in-
voked later on and whose statement emphasizes the symmetry between the study
of ¥, Y, and Y,'Y,. Denote by Q,(z) and Q,(z) the resolvents of ¥,,Y," and Y,'Y,,,
that is,

0n(2) = (Y ¥F —zIn) ' = (qij(D)1<ij<n, 7€ C—RT,
0n(2) = (Y} Y, — z21) "' = (Gij (D)1=, j=n, zeC—R".

LEMMA 2.4.  Consider the family of random matrices (Y,Y,) and assume that
Assumptions Al and A2 hold. Consider the following system of N + n equations:

—1

z(14 (1/n) Tt D; y Ty (2))
—1

21+ (1/n)Tr Dy Ty (2))’

tin(z) = for1 <i <N,

fjn(z) = forl1<j<n,

where
To(z) = diag(tin(2), 1 <i <N),  To(2) =diag(f.n(2), 1 < j <n),
Dj . =diag(o}(n), 1 <i < N), D;,, =diag(o/;(n), 1 < j <n).
The following then hold true:
(a) ([17], Theorem 2.4) this system admits a unique solution
(tns e s I FLps s Tnn) € SRV

(b) ([17], Lemmas 6.1 and 6.6) for every sequence Uy of N x N diago-
nal matrices and every sequence U, of n X n diagonal matrices such as
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sup,, max(||Ux|l, |l Uy ) < o0, the following limits hold true almost surely:

lim %Tr(Un(Qn(z)—Tn(z)))=0 VzeC—R*;

n—oo,N/n—c

lim 1Tr(Un(Qn(z) —T,(2))) =0 VzeC—R".

n—oo,N/n—cn

In the case where there exists a limiting variance profile, the results can be
expressed in the following manner.

THEOREM 2.5 ([6, 10, 16]). Consider the family of random matrices (Y,Y,)
and assume that Assumptions Al and A4 hold. Then:
1. The functional equation

| o2 (u, v) B
y (s @)
(2.2) T, 2) ( : /o +cfj o2 vt dx

admits a unique solution among the class of functions ®:[0,1] x C\R —- C
such that u — ®(u, z) is continuous over [0, 1] and z — ®(u, z) belongs to
S(R).

2. The function f(z) = fol T(u, z) du, where t(u, z) is defined above, is the Stielt-
Jjes transform of a probability measure P; moreover, we have

FYnYi ﬁ) P a.s.
n—od
REMARK 2.1. If one is interested in the Stieltjes function related to the limit
* . . . ~ . .
of F¥»Ynthen one must introduce the following function 7, which is the counter-
part of t:

1 2 ¢ -1
0 7 (’v3 dt) .
0 14 fyo2(t,5)T(s,2)ds

Functions 7 and 7 are related via the following equations:

T(u,z) = —|:z<l + /01 oz(u, )T (v, z)dv)]_l,
T(v,2) = —[z(l +c/0162(t, v)r(t,z)dt):|l

REMARK 2.2. We briefly indicate here how Theorems 2.3 and 2.5 above can
be deduced from Lemma 2.4. As % Tr 0, (z) is the Stieltjes transform of F ¥y
Theorem 2.4(b) with U, = I yields + Tr 0, (z) —  Tr T,,(z) — 0 almost surely.
When a limiting variance profile exists, as described by Assumption A4, one can

T(v,2) = <—z +c

(2.3)
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easily show that %Tr T,(z) converges to the Stieltjes transform f(z) given by
Theorem 2.5 [equation (2.2) is the “continuous equivalent” of equations (2.1)].
Thanks to Proposition 2.1(2), we then obtain the almost sure weak convergence of
FY»Yi to F. In the case where Assumption A4 is not satisfied, one can similarly
prove that F» Yl is approximated by 7, as stated in Theorem 2.3(2).

3. The central limit theorem for £, (p). When given a variance profile, one
can consider the #;’s defined in Theorem 2.3(1). Recall that

T(z) =diag(ti(z).1<i <N) and Dj=diag(c;.1<i=<N).

We shall first define, in Theorem 3.1, a nonnegative real number that will play the
role of the variance in the CLT. We then state the CLT in Theorem 3.2. Theorem 3.3
deals with the bias term N(EJ — V).

THEOREM 3.1 (Definition of the variance). Consider a variance profile (o;;)
which fulfills Assumptions A2 and A3 and the related t;’s defined in Theo-
rem 2.3(1). Let p > 0.

1. If A, = (ag m) is the matrix defined by
_ 1 (/m)Tr DDy T (—p)?
~ n(1+(1/n)Tr DT (—p))?’

then the quantity 'V,, = —logdet(l,, — A,) is well defined.
2. Let W, =Tr A, and let k be a real number* satisfying k > —1. The sequence
(Vn + kW) satisfies

0< lin}linf(Vn + W) <limsup(V, +«W,) < o0
n

1<{,m<n,

L,m

asn — oo and N/n — ¢ > 0. We shall write

©2 £ —logdet(I — Ay) +k Tr A,.

Proof of Theorem 3.1 is postponed to Section 5.

In the sequel, and for obvious reasons, we shall refer to matrix A, as the vari-
ance matrix. In order to study the CLT for N({,(p) — Vn(p)), we decompose it
into a random term, from which the fluctuations arise,

N(n(p) —Ed,(p)) =logdet(Y,Y, + pIy) — Elogdet(Y,,Y, + ply),
and a deterministic one, which yields a bias in the CLT,
N(EL,(p) = Va(p)) = Elogdet(¥, ¥, + plw) = N [ 10gG.+ pya (@),

‘We can now state the CLT.

4In the sequel, « is defined as k = E|X 4 —2.
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THEOREM 3.2 (The CLT). Consider the family of random matrices (¥,Y,)
and assume that Assumptions Al, A2 and A3 hold true. Let p > 0, let k =
E|X11|* — 2 and let 6% be given by Theorem 3.1. Then,

O ! (logdet(Y, Y* + ply) — Elogdet(Y, Y* + pIy)) -2 N (0, 1).

n—oo,N/n—c

Proof of Theorem 3.2 is postponed to Section 6.
The asymptotic bias is described in the following theorem.

THEOREM 3.3 (The bias). Assume that the setting of Theorem 3.2 holds true.
Then:

1. For every w € [p, +00), the system of n linear equations with unknown para-
meters (Wy ,(w); 1 <€ <n),

1 & (1/n)Tr DDy T (—w)?

(3.1) We (@) = ;mX::l (14 (1/n) Tr DT (—w))?

Win,n (w) + Pe.n (w),
with

2.3
Pen(w) = szfe(—wf(% Z(M Tr D?T(—w)2>
i=1

3.2) )
_ h(-w)

Tr D%T(—w)2>,

admits a unique solution for n sufficiently large and, in particular, if k =0, then
Pen = 0 and Wen = 0.
2. Ifwe let

1 n
(3.3) Bu(@) =~ > wen(w),
=1

then 8B,(p) 2 / ;o Bn(w) dw is well defined; moreover,

(3.4) limsup/oo |Bn(w)| dw < oo
n o
furthermore,
(3.5) N(ELy(p) = Va(p)) = Bu(p) —> 0.

n—oo,N/n—c

Proof of Theorem 3.3 is postponed to Section 7.
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REMARK 3.1 (The Gaussian case). In the case where the entries X;; are com-
plex Gaussian (i.e., with independent normal real and imaginary parts, each of
them centered with variance 2~ '), ¥ = 0 and the CLT can be written as

_ D
Ni—logdet(I — A1™"2(La(0) = Vu(p))  —>  N(O,1).

n—o00,N/n—c

4. The CLT for a limiting variance profile. In this section, we shall assume
that Assumption A4 holds, that is, crl%- (n) = o2(i /N, j/n) for some continuous

nonnegative function o2(x, v). Recall the definitions (2.2) of the function t and of
the ¢;’s [defined in Theorem 2.3(1)]. In the sequel, we take p > 0, z = —p and let

A .
T(t) = (¢, —p). We first collect convergence results relating the #;’s and t.

LEMMA 4.1.  Consider a variance profile (o;;) which fulfills Assumption A4.
Recall the definitions of the t;’s and t. Let p > 0 and let z = —p be fixed. The
following convergence results then hold true:

1. % Z,N: 1 1idi/N n_)lgo T(u) du, where = stands for the weak convergence of mea-
sures;
2. sup;y |ti — r(i/N)|njOOO.

3. 4 2N 128N nngo 2(u) du.
PROOF. The first item of the lemma follows from Lemma 2.4(b) together with

Theorem 2.3(3) of [16].
In order to prove item (2), one must compute

| 1y o2(i/N. j/n) )_1
i— N)y=\p+-—
R (p n,gl1+(1/n>ZéV:102<€/N’f/")’f

1 o%(u,v) -1
—|\po+ / T dv)
0 1+cfyo?(x,v)T(x)dx
and use the convergence proved in the first part of the lemma. In order to prove
the uniformity over i < N, one may recall that CIO, 112 = C[0,1] ® C[0, 1],
which, in particular implies that for all ¢ > 0, there exist g and s, such that
supy |02(x, y) — Z%:l ge(x)ho(y)| < e. Details are left to the reader.

The convergence result stated in item (3) is a direct consequence of item (2).
O

4.1. A continuous kernel and its Fredholm determinant. Let K :[0,1]> - R
be some nonnegative continuous function, which we shall refer to as a kernel. Con-
sider the associated operator (similarly denoted, with a slight abuse of notation)

K:C[0,1] — C]O, 1],
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Frs Kf(x) = /[0 KGOy,

One can then define (see, e.g., [28], Theorem 5.3.1) the Fredholm determinant
det(1 + AK), where 1: f — f is the identity operator, as

4.1)  det(l — 1K) i (_l)kkkf K(xl Xk)é)d
. et(1 — = Xi,
k[ [O,l]k xl P xk et 1

k=0

where

X1 -+ Xx ..
K =det(K(x;,y;),1<i,j<k
(5 ) =tk 1 =i <k

for every A € C. One can define the trace of the iterated kernel as
Trk* =/ KO, x2) - K (-1, 00 K (e, x1) dey - - dxg
[0,1]

In the sequel, we shall focus on the following kernel:

_ ¢ Jio.1] o2(u, x)o>(u, y)t*(u) du
“4.2) Koo(x,y) = a +Cf[071]62(u,x)t(u)du)2 .

THEOREM 4.2 (The variance). Suppose that Assumptions Al and A4 hold.
Let p > 0 and recall the definition of matrix A,:

_1a/m SN 02 /N, ¢/n)a(i /N, m/n)t?
n A+ A/m) TN 020 /N, n))?

1<¢,m<n.

l,m

Then:
1. TrA, — TrKs;
n—oo
2. det(l, — An)njoodet(l — K&o) and det(1 — Koo) #0;
3. ifwelet k =E|X11|* — 2, then
0 < —logdet(l — Koo) + k Tr Koo < 00.
PROOF. The convergence of Tr A, to Tr K, follows from Lemma 4.1(1), (3).

Details of the proof are left to the reader.
Let us introduce the following kernel:

K ey = UM 026/ )02 /N. )2
Y T 2, 2 /N R

One may note, in particular, that a; ,, = %K,,(%, %). Denote by || - || the supre-
= ||6%||00. Then,

mum norm for a function over [0, 1]* and by o2,

4 4

N o, o
4.3) 1Ky lloo < — =% and Kolloo < ¢ =
2 2
nop 0

The following facts (whose proof is omitted) can be established:
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1. the family (K,),>1 is uniformly equicontinuous;
2. forevery (x,y), K,(x,y) = Koo(x, y) as n — oo.

In particular, Ascoli’s theorem implies the uniform convergence of K, to K. It
is now a matter of routine to extend these results and to get

xl oo 'xk ‘xl oo xk
4.4 K — K
) "(yl yk)HOO °°(y1 yk)
uniformly over [0, 172, Using the uniform convergence (4.4) and a dominated
convergence argument, we obtain

1 i/n - ik/n> / <x1 xk) k
— K\ . . —> K dx;.
nk lfll,z,:lkfl’l " (ll/n lk/n n— 00 [O,I]k o0 X1 Xk g !
Now, writing the determinant det(/,, + L A;) explicitly and expanding it as a poly-
nomial in A, we obtain
n kyk . .
(=DA 1 it/n -+ ix/n
det(In—AAn)_ZT — > Kn(il/n l.k/n> .

k
k=0 " <iy,igsn

Applying Hadamard’s inequality ([28], Theorem 5.2.1) to the determinants K, (-)
and Ko (-) yields

k ] “ .. 7
" 1<iy,...,ix<n ll/n lk/n

where (a) follows from (4.3). Similarly,

k

Xpo X k/2 gk

K (X)d <k M".
/[0,1]k Oo(Xl xk>i:l =

. . k gk /2 .
Since the series ) M kk, IA|¥ converges, a dominated convergence argument

yields the convergence

det(l, + AA;) — det(l + AK )
n—oo

and item (2) of the theorem is proved. Item (3) follows from Theorem 3.1(2) and
the proof of the theorem is complete. [J

4.2. The CLT: Fluctuations and bias.

COROLLARY 4.3 (Fluctuations). Assume that Assumptions Al and A4 hold.
If we let

©2, = —logdet(l — Koo) + i Tr Koo,
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then

N J EJ
@( n(p) — n(p))

= 0 (logdet(Y, ¥} + ply) — Elogdet(Y, ¥, + pIy)) = N (0, 1),
PROOF. This follows easily from Theorem 3.2 and Theorem 4.2. [
Recall the definition of 7 (cf. Remark 2.1).

THEOREM 4.4 (The bias). Assume that the setting of Corollary 4.3 holds true.
Let w € [p, 00) and denote by p: [0, 1] — R the quantity

1 1
pix,w) = k72 (x, —w){wcf o2 (u, x)T3 (1) </ o2 (s, u)fz(s)ds> du
0 0

1
- f(x)c/ o2 (u, x)T(u) du}.
0
The following functional equation admits a unique solution:

wx, ) —fl ¢ Jo 0w, )0 (w, y)T () du
o e fy o2 0T () du)?

w(y, )dy +px, o).
Let Boo(w) = fol w(x, w)dx. Then, f;o | Boo (@) | dw < 00. Moreover,

45)  NELQ) —Va(p) —  Belp) 2 / Boo (@) doo.
0

n—oo,N/n—c

The proof of Theorem 4.4, although technical, closely follows the classical
Fredholm theory as presented in, for instance, [28], Chapter 5. We sketch it below.

SKETCH OF PROOF OF THEOREM 4.4. The existence and uniqueness of
the functional equation follows from the fact that the Fredholm determinant
det(1 — Ko) differs from zero. In order to prove the convergence (4.5), one may
prove the convergence |, poo Bn— [ poo Boo (Where B, is defined in Theorem 3.3) by
using an explicit representation for B, relying on the explicit representation of the
solution w via the resolvent kernel associated to K, (see, e.g., [28], Section 5.4)

and then approximating the resolvent kernel as done in the proof of Theorem 4.2.
O

4.3. The case of a separable variance profile. 'We now state a consequence
of Corollary 4.3 in the case where the variance profile is separable. Recall the
definitions of t and 7 given in (2.3).
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COROLLARY 4.5 (Separable variance profile). Assume that Assumptions Al
and A4 hold. Assume, moreover, that p > 0 and that ol is separable, that is, that

o?(x,y) =d(x)d(y),

where both d : [0, 1] — (0, c0) and d: [0, 1] = (0, 0c0) are continuous functions.
Let

1 1
y:c/ d*(Ht*(t)dr  and y:f d* () T2 (1) dt.
0 0
Then,
(4.6) O3 = —log(1 — p*y7) +kp’y 7.

REMARK 4.1. In the case where the random variables X;; are standard com-
plex circular Gaussian (i.e., X;; = U;; +1V;; with U;; and V;; independent, real,
centered Gaussian random variables with variance 2~ ') and where the variance
profile is separable, we have

N(Ln(p) = Va(p) —3 N (0, —log(1 = p?y 7).

This result is in accordance with those in [23] and in [14].

PROOF OF COROLLARY 4.5. Recall the definitions of t and 7 given in (2.3).
In the case where the variance profile is separable, the kernel K, can be written
as:

cd(x)d(y) fi.1d> W) T* () du
(14 cd(x) fig.17d )T () du)?

In particular, one can readily prove that Tr Ko, = p?y 7. Since the kernel Koo (x, ¥)
is itself a product of a function depending on x and a function depending on y, the
determinant K o, ()y‘i - ’;’; ) is equal to zero for k > 2 and the Fredholm determinant
can be written det(1 — Koo) =1 — f[o,l] Koo(x,x)dx=1— ,02)/)7. This yields

Koo(x,y) = = pyd(x)d(y)F*(x).

—logdet(1 — Ax) + & Tr Koo = —log(1 — 02y +kp’y 7,
which concludes the proof. [

5. Proof of Theorem 3.1. Recall the definition of the n x n variance ma-
trix A,:
1 Tr Dy D, T (—p)>
~ n2 (14 (1/n) Tr DT (—p))*’
In the course of the proof of the CLT (Theorem 3.2), the quantity that will naturally
arise as a variance will turn out to be

(5.1) @2 =V, +kW,

ag,m 1<, m<n.

(recall that W,, =Tr A,,), where "9,, is introduced in the following lemma.
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LEMMA 5.1.  Consider a variance profile (o;;) which fulfills Assumptions A2
and A3 and the related t;’s defined in Theorem 2.3(1). Let p > 0 and consider the
matrix A, defined above.

1. For1 < j < n, the system of (n — j + 1) linear equations with unknown para-
meters (ye wJ <t =<n),

(52) Y(n Z a[mymn+a€]7
m=j+1

admits a unique solution for n sufficiently large.

Denote by 'V, the sum of the first components of vectors (y‘Z w J <t =<n),that is,

n—Zan

2. Let k be a real number satisfying k > —1. The sequence (Vy + kW, satisfies

0< lirrlllinf('f?n + kW, < limsup('f?n + kW, <00
n

asn—>ooand N/n— c > 0.
3. The following holds true:

V, + logdet(l, — A,) —> 0.
n— oo

Obviously, Theorem 3.1 is a by-product of Lemma 5.1. The remainder of the
section is devoted to the proof of this lemma.

We cast the linear system (5.2) into a matrix framework and denote by A<j )
the n — j + 1) x (n — j + 1) submatrix A = (a )} mj» and by A% the
n—j+1) x (n — j 4+ 1) matrix A(J ) , where the first column is replaced by zeros.
Denote by dy O the (n—j+1) x1 vector

G _ (l (1/n)Tr D¢ D; T (—p)? )n
n n(1+1/n)Tr DT (—p)2) =)

This notation being introduced, the system can be rewritten as
(5.3) vy =A00yD +4d) o  (1-A2D)yd =dP.

The key issue that appears is to study the invertibility of matrix (I — Ag’(j )) and
one should get some bounds on its inverse.
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5.1. Results related to matrices with nonnegative entries. The purpose of the
next lemma is to state some of the properties of matrices with nonnegative en-
tries that will appear to be satisfied by matrices Ag’(j ). We shall use the follow-
ing notation. Assume that M is a real matrix. By M > 0 (resp. M > 0) we mean
m;j > 0 (resp. m;; > 0) for every element m;; of M. We shall write M > M’ (resp.
M =M)it M — M >0 (resp. M — M’ 3= 0). If x and y are vectors, we similarly
write x > 0, x =0 and x > y.

LEMMA 5.2. Let A = (agm)y ,,—; be an n x n real matrix and u = (ug, 1 <
£<n),v= (v, <€ <n) be two real n x 1 vectors. Assume that A =0, u > 0
and v > 0. Assume, furthermore, that the equation

u=Au+v
is satisfied. Then:

1. The spectral radius r(A) of A satisfiesr(A) <1 — mine) _

max(uy)
2. The matrix I, — A is invertible and its inverse (I, — A)~! satisfies

i —A)'=0 and [, —A) N >1

forevery 1 <{ <n.

3. The max-row norm of the inverse is bounded: ||(I, — A) ™ loo < %

4. Ifwe consider the (n — j + 1) x (n — j + 1) submatrix AV = (agm)’z,mzj and
denote by A%Y) the matrix AY) whenever the first column is replaced by zeros,
then properties (1) and (2) are valid for A% gnd

maxj<¢<p(g)

I oo — AUV < .
Il (Zn—j1) ) e = o)

PROOF. Leta=1-— ;1;2&)) Since u > 0 and v > 0, « readily satisfies o < 1
and au = u — v = Au which, in turn, implies that r(A) <« < 1 by [18], Corol-
lary 8.1.29 and so (1) is proved. In order to prove (2), first note that for all m > 1,
A™ = 0. As r(A) < 1, the series }_,,-oA™ converges, the matrix I, — A is in-
vertible and (I, — A)~! = > m>0A"™ = I = 0. This, in particular, implies that
[(1,— A)_l]gg > 1 forevery 1 <{¢ <n and so (2) is proved. Now, u = (I,, — A)_lv
implies that for every 1 <k <n,
n n
g =Y _[(In — A" Tkeve = min(ve) D [(In — A" ke,
=1 =1

hence (3).

We shall first prove (4) for matrix AW then show how A%() inherits AW)’s
properties. As A = 0, one readily has AY) = 0. In [18], matrix AY) is called a
principal submatrix of A. In particular, r(AY)) < r(A), by [18], Corollary 8.1.20,
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which implies property (2) for AY). Let AU be the matrix AV augmented with
zeros to reach the size of A. The inverse (I,—;+1 — AY))~! is a principal submatrix
of (I, — AU) ™! 5= 0. Therefore, [I|(Ip—j+1) = AY) oo < 1y — AD) oo
Since A™ = (AW)" for every m, one has > om0 A" = Zmzo(ﬁ(j))m; equiv-
alently, (I — A~ = (I — AY)~!, which yields ||(I — AY) oo < I —
A)7!llso. Finally, (4) is proved for matrix A/),

We now prove (4) for A%() By [18], Corollary 8.1.18, r (A% W) < r(AW)) < 1,
as AY) = A%() Therefore, - AY%()) is invertible and

o
(1 _ AO,(j))_] — Z[AO,(])]](.
k=0
This yields, in particular, (1 — AO’(J'))_1 >=0and (I — A()'(j)),:k1 > 1. Finally, as
AY) = A%() one has

(7 =A%) Ml < (7 = A9) o

Item (4) is proved and so is Lemma 5.2. [

5.2. Proof of Lemma 5.1: Some preparation. The following bounds will be
needed.

PROPOSITION 5.3.  Let p > 0, consider a variance profile (o;;) which fulfills
Assumption A2 and consider the related t;’s defined in Theorem 2.3(1). The fol-
lowing holds true:

1
—>t(=p) =z ——.
p P+ O

PROOF. Recall that #;(z) € 8(R™), by Theorem 2.3. In particular, #,(—p) =
Jr+ Mffg) for some probability measure p¢. This yields the upper bound
te(—p) < pfl and the fact that #,(—p) > 0. The lower bound now readily follows
from equation (2.1). O

PROPOSITION 5.4.  Let p > 0. Consider a variance profile (o;;) which fulfills
Assumptions A2 and A3; consider the related t;’s defined in Theorem 2.3(1). Then,

1 1
liminf min —TrD;T,(— p) >0 and liminf min —TrDzT( ,o) > 0.

n>1 1<j<mnn n>1 1<j<mnn

PROOF. Applying Proposition 5.3 yields

1 1y
(54) ﬁTrDjT(—p)2= ﬁ;al ( p) sl ( + maX)Q N - Zalj’
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which is bounded away from zero by Assumption A3. Similarly,

1 1 1Y @ ?
a
—TrDiT(—p)° > ——5——5~ 4_4 o |
N (p + Gmax)z N Z Y (p + Umax Z lj
which is bounded away from zero [notice that (a) follows from the elementary

inequality (n~! Y x;)?> <n~! inz], O
We are now in position to study the matrix A, = Afll).

PROPOSITION 5.5.  Let p > 0. Consider a variance profile (o;;) which fulfills
Assumptions A2 and A3. Also, consider the related t;’s defined in Theorem 2.3(1)
and let A,, be the variance matrix. There then exist two n x 1 real vectors u, =
(ten) > 0 and v, = (vgy) > 0 such that u,, = A, u, + v,. Moreover,

sup max (ug,) <oo and 11m1nf min (vg,) > 0.
n 1<t<n 1<f<n

PROOF. Let z=—p + §i with § € R — {0}. An equation involving the matrix
A, will show up by developing the expression of Im(7 (z)) = (T (z) — T*(2))/2i
and by using the expression of the #; (z)’s given by Theorem 2.3(1). We first rewrite
the system (2.1) as

-1
1y D,
T(Z):(_Z1N+;mz=:ll+(1/n)TrDmT> '

We then have
1 x—1 —1
Im(T) = —(T T* )_ TT (T -7

1 Z D, TT*
Con =1+ (/)T D, T2

1
Im(— Tr DmT) +8TT*.
n
This yields, in particular, for any 1 < £ <n,
1 1
— Im(— Tr Dy T)
) n

i Tt DDy TT* 1
n? =1+ 1/mTe DT 5

5.5

1 1
Im( TrDmT)—i-—TngTT*.
n

Recall that forevery 1 <i < N, t;(z) € §(R™"). Denote by 1; the probability mea-
sure associated with #;, that is, #; (z) = [p+ “i'(f;). Then,

1 1 1 Y wi(d)) 1 Y wi(dA)
“Im(=TrD,T)=- .2/ i / idn
b) m(n T ) n;qg 0o |A—z? 5—>0n2 it O+ p)2
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Denote py ugn the right-hand side of the previous limit and let ug, =
Plugging this expression into (5.5) and letting § — 0, we

Uin
(+(1/mTe DT (=p)? "
end up with the equation

Up = Apup + Uy,

where A, = 0 is given in the statement of the lemma and u, = (u¢ ,; 1 <€ < n),
v, = (vgn; 1 <€ <n) are the n x 1 vectors with elements

(/) X0 07 [5° 1i(dA) O+ p)?
(14 (1/n) Tr DT (—p))?

(1/n) Tr D¢T*(—p)
(1+(1/n) Tr DeT (—p))?’

For n large enough, the numerator of u, , is lower than (No

Ugn =

(5.6)

l,n —

2 )/ (np?) and its
denominator is bounded away from zero (uniformly in n) due to Assumption A3
and Propositions 5.3 and 5.4. Similar arguments can be used to prove u, > 0 and
v, > 0 and to get a uniform lower bound for v ,. This concludes the proof of
Proposition 5.5. [J

5.3. Proof of Lemma 5.1: End of proof.

PROOF OF'LEMMA 5.1(1). Proposition 5.5 and Lemma 5.2(4) together yield
that I — A% is invertible. Therefore, the system (5.3) admits a unique solution
given by

S g
W9 = (1 430) ad
and (1) is proved. U

PROOF OF LEMMA 5.1(2). Let us first prove the upper bound. Proposition 5.5
and Lemma 5.2 together yield

Sy max u
lim sup max | (1 — A%)) ! | o <limsup MK <e<n (4n)
n j n>1 Minj<¢<n(Ven)
(j) 1 (j) NUde
Each component of vector dp” satisfies d; il that is, sup; _ ; j<n ||dn loo <
K Therefore, vector y(") satisfies

: - . K
sup [yl < sup[|(7 — AP )l JaP ] < —
J J

Consequently,

0=V, = ZYJH ZHy
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satisfies limsupn"\V? < 00. Moreover, Proposition 5.3 yields W, < n™2 x
Z" 1TrDZT2 < a N(,o n)~!. In particular, W, is also bounded and

lim supn('V,1 +kW,) <limsup, ("Vn + |k|'W,) < oo.
We now prove the lower bound

Vp + kW, = Zyjn—i—xd("]) Zyjn .
j=1
Recall that y (‘]) = - AO’(j))*ld,(,i). We therefore have
) . ) A\ —1 .
dh = -], = [((1 - A7) = nyad],

=11 - A2 AR 0aP),

yj,n

As (I — AYY) =1 I, we have
1 ((1/n)TrD¢D;T*(—p))*

@ @ 0.(HgW1. = E
d. > (A
Yin j,n = [ n n ]1 S n2 (1 (1/n) Tr D, T( e

(a) "1 /1 2
> K TrD,D ,
2k Y (1))

)
e=j+1 "

where (a) follows from Proposition 5.3, which is used to get both a lower bound
for the numerator and an upper bound for the denominator: (1 + %Tr D; T)* <
(1+ Nn~'o2,,p~1* Some computations remain to be carried out in order to
take advantage of Assumption A3 and thereby obtain the lower bound. Recall that
% pIya x,% > (% pIya xx)%. We have

n

. n 1 2
Zyjn_d‘]g‘,ll)l = Z Z _<;TrD‘3DJ'>

—
Ve

—~
(=3
=

v

2
1 1
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(N1 Y
Alegg)

i=1j=1

1(N<” 1Y\
> = Z—Za-)) +o(1),
3\n? o NI K

where (a) follows from the bound % > % valid for n sufficiently large. The

term o(1) at step (b) goes to zero as n — oo and takes into account the diagonal
terms in the fqrmula 2% icg@je+ X joji =3 o It remains now to take the
liminf to obtain

. @ )] 2ol

: . min

I}Zmlnf E 1yj’n —i—de’n > —
j:

Item (2) is now proved. [

PROOF OF LEMMA 5.1(3). We first introduce the following block-matrix no-

tation:
1) =(J) —_(j
Gy (Gin @ oo _ (0 ai’
Al =1 . and A;Y = G+ |-
@ A;(zJH) 0 A/

n

We can now express the inverse of
=(J)
. 1 —a
I — AU = n.
( n) 0 (- AG*D)
1 a1 — gty
0 (1—ayt)™!
This, in turn, yields yJ("z, = dJ(‘],)1 +aia - AYTD)=1aD and one can easily check

as (I — AS’(JI))_1 = (

that yj‘lzl < %, where K does not depend on j and n, as
. . i L -
¥ < a0+ n)a@ | I — AYD) 49 oo
Note that
logdet(/ — A(-/)) — logdet(I — Agl./'+1))

n

@ =(j)
= logdet ' d‘i’n o [( ! 0- )}
& r—ay) o g-agen)

) ~(J) (j+Dy—1
1—d/ —a"(1-A/"") }

=10gdet|: o
gy /

3 _ . . _1— .
=log(1 —dY —a\) (1 — AJ+D)ad)



CLT FOR CERTAIN STATISTICS OF GRAM RANDOM MATRICES 2095

and write logdet( — A,) as

n—1

logdet(I — A,) = > (logdet(I — AY’) —logdet(I — AY*D)) +log(1 — ann)

J=1

n—1 i ) ) i
=Y log(1 —dd) —a{" (1 — AY*D)'aD) + log(1 — aun)

j=1
nil 3 . . 1— .

==Y @" +a (1 — Ayt ") +o(1)
j=1

n—1 n
== 2 ¥ to) ==y +o(l)
j=1 j=1

=—V, +o(l).

This concludes the proof of Lemma 5.1. [

6. Proof of Theorem 3.2.
6.1. More notation; outline of the proof;, key lemmas.

More notation. Recall that Y,, = (Yi’}) is an N x n matrix with Y% %X ij

i Jn

and that 0, (z) = (g;j(z)) = (Y, Y, — zIn)~!. We denote:

1.
. by y; the column number j of ¥,;

b

by 0n(z) the matrix (§;j(2)) = (Y} Y, — z1,) ™"

. by Y,/ the N x (n — 1) matrix that remains after deleting column number j from

Yu;
by Q;n(z) [or Q;(z) for short when there is no confusion with Q,(z)] the
N x N matrix

0i(@)=/Y* —zly)™!

by &; the row number i of Y;;
by Y; , (or Y; for short when there is no confusion with Y,) the (N — 1) x n
matrix that remains after deleting row i from Y;

. by Qi,n(z) [or Q;(z)] the n x n matrix

0i(z) = (Y'Y —zL) ™.

Recall that we use either g;; or [Q];; for the individual element of Q(z), depending
on the context (the same is true for other matrices). The following formulas are
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well known (see, e,g., Sections 0.7.3 and 0.7.4 in [18]):

Qjyjy;iQj -~ QiEEQ
(6.1) 0=0;—————, 0=0; — ————,
L1+ y0)y; 1+& 0,
—1 —1
(6.2) qii(z) = qjj(z) =

(1 +&Qi ()€ 2(1+y10,;@y))

For 1 < j <n, denote by F; the o-field ¥; =0 (yj,..., y,) generated by the
random vectors (y;, ..., y,). Denote by E; the conditional expectation with re-
spect to F;, that is, E; = E(- | ;). By convention, ¥, is the trivial o-field; in
particular, E, | = [E.

Outline of the proof. In order to prove the convergence of @;1 (logdet(Y, Y, +
pIn)—Elogdet(Y, Y, + pIn)) to the standard Gaussian law A (0, 1), we shall rely
on the following CLT for martingales.

THEOREM 6.1 (CLT for martingales, Theorem 35.12 in [4]). Let y,fn), )/n('i)l,

. yl(") be a martingale difference sequence with respect to the increasing filtra-

tion 3’7,,("), L F l(n). Assume that there exists a sequence of positive real numbers
@,21 such that
63 LS By ™ 2y
(6.3) 6_,2121 vy b
J:

Assume, further, that the Lindeberg condition holds:
1 n (n)2
Ve >0 ®—% X:l E(]/J 1|)/;n)\25®n)njo)oo'
j:
Then, @;1 Z'J’-ZI yj(n) converges in distribution to N (0, 1).
REMARK 6.1. The condition

1 n
(n)|2+46
j=

known as Lyapunov’s condition, implies Lindeberg’s condition and is easier to
establish (see, e.g., [4], Section 27, page 362).

The proof of the CLT will be carried out in three steps:

1. We first show that logdet(Y, Y, + pI) — Elogdet(Y,Y,” + pI) can be written
as Z’}:l vj» where (y;) is a martingale difference sequence.

2. We then prove that (y;) satisfies Lyapunov’s condition (6.4), where @% is given
by Theorem 3.1.

3. We finally prove (6.3), which implies the CLT.
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Key lemmas. The two lemmas stated below will be of constant use in the se-
quel. The first lemma describes the asymptotic behavior of quadratic forms related
to random matrices.

LEMMA 6.2. Letx=(x1,...,Xx,) bean x 1 vector where the x; are centered
i.i.d. complex random variables with unit variance. Let M be a n x n deterministic
complex matrix.

1. (Bai and Silverstein, Lemma 2.7 in [2].) Then, for any p > 2, there exists a
constant K, for which

Elx*Mx —Tr M|P < K, ((E|x1[* Tr MM*)P/?  E|x |*P Te(MM*)P/?).
2. (See also equation (1.15) in [3].) If we assume, moreover, that IExlz =0, then

ExX*Mx —TrM)?> =TrM? +« Zm”,
i=1

where k = E|x1|* —

As a consequence of the first part of this lemma, there exists a constant K,
independent of j and n, for which

\ 1 ’ —p/2
6.5) By} 0)(-p; = > TeD;Q;(—p)| = Kn

for p <4.
We introduce here various intermediate quantities, where 1 <i < N and 1 <
Jj <n:

~1
cix)=—|z(14+ - ! TrD EQ(z))} , C = diag(c;),

S

(6.6)

—1
¢j(x)=— z<1+;TrDEQ(z))}, C = diag(é)),
bi(z) = — z(

—1
L mhé >)} , B = diag(by),
n

-1
bj(z) =— <1+%TrDjC(z))} , B = diag(h,).

The following lemma provides various bounds and approximation results.

LEMMA 6.3.  Consider the family of random matrices (Y,Y,’) and assume that
Assumptions Al and A2 hold true. Let z = —p where p > 0. Then:
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1. Matrices C, satisfy ||C,|l < % and 0 < ¢; < %, these inequalities remaining

true when C is replaced with B or C.

2. If we let Uy and U, be two sequences of real diagonal deterministic N x N
and n x n matrices and assume that sup, - max(||Uy |, [|Us|) < 0o, then the
following hold true: o

@ 1 TrUEQ - T) — Oand ITTOEQ - T) — 0
) iTrUB -T) =0

(c) sup, E(TrU(Q — EQ))? < o0;

(d) sup, ZE(TrU(Q — EQ))* < oc.

3. [Rank-one perturbation inequality] the resolvent Q; satisfies |TrM(Q —
Q)= ”’ﬂfor any N x N matrix M (see Lemma 2.6 in [26]).

Proof of Lemma 6.3 is postponed to Appendix A.
Finally, we shall frequently use the following identities, which are obtained
from the definitions of ¢; and ¢;, together with equations (6.2):

~ 1 ~ ~
6.7) (0 = ci+ 26101 (6 07— TrDEQ);
~ . o~ 1
(6.8) (0G); = & + 26,101 (703 —  TrDEQ).
6.2. Proof of step 1: The sum of a martingale difference sequence. Recall that
E; =E(- | ¥j), where ¥; =0 (y¢, j <€ <n). We have

logdet(YY™* + ply) — Elogdet(YY™* + ply)

n
=Y (Ej —Eji1)logdet(YY* + ply)
j=1

@

" det(Y/ Y™ + pI
—Z(Ej_EjH)lOg( M A N)>
= det(YY* + ply)

det(Y/*YJ + ,01,,1))

n
O _SE, —F;. )1
PTRSTY Og( det(Y*Y + pl,)

j=1

=—> (E; —E;j+1)log[O(—p)]j;

j=1

n
@
=Y (E; —Ejr)log(l4yiQi(—p)y;).
j=1
where (a) follows from the fact that Y/ does not depend upon y j» in particular,
E;log det(Yij* +ply)=E;;log det(Yij* + ply); (b) follows from the fact
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that det(Y/*Y/ + pI,_1) =det(Y/Y7* 4+ pIy) x p"~' =N [and a similar expression
for det(Y*Y + pI,)]; (c) follows from the equality
det(Y/*YJ + pl,_1)

det(Y*Y + pl,)

[0(—p)]jj =

’

which is a consequence of the general inverse formula A~! = det adj(A), where
adj(A) is the transposed matrix of cofactors of A (see [18], Sectlon 0.8.2); (d) fol-
lows from (6.2). We therefore have

logdet(YY™* + ply) — Elogdet(YY™* + ply)
n n
A
= Z(Ej —Ejt)log(1+y70,(=p)y;) = Z V-
As we have

1 1
E; log<1+ TrD; QJ) ]+110g(1+ TrD; Q]>

yj can be expressed as

y;Qjyj— (1/n)TrDij)

=€, —E;1l 1
vi=E; —Ej+1) 0g< + [+ (/n)TD,0,

(6.9)
= (Ej — Ej+1)log(1 + Fj).

Y;iQjyi—(1/mTrD;Q; . . .
where I'; = =~ FUmTD; 0, The sequence y,, ..., ¥ is a martingale differ-
ence sequence with respect to the increasing filtration ¥, ..., #1 and so step 1 is
established.

6.3. Proof of step 2: Validation of Lyapunov’s condition (6.4). In the remain-
der of this section, z = —p. Let § > 0 be a fixed positive number that will be
specified below. As liminf @2 > 0 by Theorem 3.1, we only need to prove that

1 Elyi Pt =, 0. We have Ely;|?* = E|(E; — Ej+1)log(l + T'))|**?; the
Mlnkowskl and Jensen inequalities yield

Ely; |2+ 1/(2+5)

< (EIE; log(1 + T )[7#) /O™ L (B|E; 41 log(1 + ) [2+8) !/
<2(E|log(1 4 Tj)[?+8)"/ G+,

Otherwise stated,

(6.10) Ely; " < KoEllog(1 +T )",
where K¢ = 22*?. Since ¥;Qjyj=0,T; [defined in (6.9)] is lower bounded:
—(l/n)TrDij

iz :
B 1+(1/H)TI'D,QJ
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Now, since

1 D; 2 N
0= T00;0;(—) <1 T 0;(—p) = Ky £ T2 up ()
n n o n\n

and since x —> —— is nondecreasing, we have

14x
(1/}’1)TI‘Dij A Kl
K, =

< 1.
l—l—(l/n)TrDij 1+K1

(6.11)

A

log(1+x)
X

In particular, I'j > — K5 > —1. The function (-1, 00) 3 x > is nonneg-

ative, nonincreasing. Therefore, lOg(}CH) < lOg(gKZ) for x € [-K>, 00). Plugging
this into (6.10) yields

A ais 1 246
= K3E|I'; |’ < K3E YiQjyj— ;TrDij

By Lemma 6.2(1), the right-hand side of the last inequality is less than K4n~(11+3/2)
as soon as | X 11| < co. This is ensured by Assumption Al for § < 6. There-
fore, Lyapunov’s condition (6.4) holds and step 2 is proved.

6.4. Proof of step 3: Convergence of the normalized sum of conditional vari-
ances. This section, by far the most involved in this article, is devoted to estab-
lishing the convergence result (6.3), hence the CLT. In an attempt to guide the
reader, we divide it into five stages. Recall that z = —p and

y;Qjyj —A/m)TrD;Q;
1+(/mTcD;Q;

)/j=(Ej—Ej+1)10g(1+Fj), where Fj=

In order to apply Theorem 6.1, we shall prove that ©, 2 Z’}:l Ej+ yjz L 1, where
@2 is given by Theorem 3.1. Since liminf ®2 > 0, it is sufficient to establish the
following convergence result:
n
2 2 P
(6.12) Y Ejyi— ®, — 0.
j=1
Instead of working with ®,,, we shall work with @),, [introduced in Section 5, see
equation (5.1)] and prove
n
2_52 %
(6.13) Y Ejniy; — 0, — 0.
j=1
In the sequel, K will denote a constant whose value may change from line to line,

but which will depend neither on 7 nor on j < n.
Here are the main steps of the proof:
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1. The following convergence result holds true:

n n
2 2 %
(6.14) Y Ejnyf = D EjE;T)* > 0.
j=1 j=1

This convergence result roughly follows from a first-order approximation, as
we shall informally discuss. Recall that y; = (E; —E;1)log(1 +I';) and that
I'j — 0, by Lemma 6.2(1). A first-order approximation of log(1l + x) yields
yixE; —EjpDlj. As E(y;Qyj | @) = %TrDij, one can prove that
E;11T'; =0, hence y; ~E;I';, and one may expect EJ-H)/J-Z ~ IEjH(Eij)Z
and even (6.14), as we shall demonstrate.

2. Recall that ¥k = E|X;|* — 2. The following equality holds true:

Ej+1(E,;T)?
. 1
~ n2(1+(1/n)Tr D;EQ)?
(6.15) N
X (TrDj(Ej+1 O)D;(E;10)) +« ZU,";(EjJrl[Qj]ii)z)
i=1
+ &2,
where

Elezjl < —=7
max €2
j<n 2J n3/2

for some given K.

A closer look at the right-hand side of (6.15) leads to the following observations.
By Lemma 6.3(2a), the denominator (1 + %Tr D jIEQ)2 can be approximated by

(1+ % TrD; T)2; moreover, it is possible to prove that [Q ;];; ~ [T];; [some details
are given in the course of the proof of step (5) below]. Hence,

N
K K
= 0 EjnlQ)li)* ~ ~Tr DT>,
n i1 n

Therefore, it remains to study the asymptotic behavior of the term % X
TrD;(E;j;10Q;)D;(E;1+1Q;) in order to understand (6.15). This is the purpose

of step (3) below.

(3) In order to evaluate %Tr D;(E;110;)D;(E;+1Q;) for large n, we introduce
the random variables

(6.16) Xen= TiDUEj11Q)D;0.  j<l=n.
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Note that, up to rank one perturbations, I; x J o 18 very close to the term of

)

interest. We prove here that x ;' satisfies the following equation:

(1/n) Tr(D¢BD,,EQ) G)

o _ !
fen ™ nm:ZjH (1+(1/n)TrDm[EQ)2Xm,n

(6.17) ]
+;TngBDjEQ+€3,gj, j<t<n,
where B is defined in Section 6.1 and where
max [E|e3 g5 < £
¢,j<n ’ N
(4) Recall that we have proven in Section 5 (Lemma 5.1) that the (deterministic)
system

Y(n Z a@mYmn-"_aZ]? forjfﬂfn,

m=j+1
_ L Tr Dy D, T? 0) _

where ag , = 7(1+ T D) admits a unique solution. If we write X,
n(l + 1 - Tr DgT)2yl > then (xl wJ = ¢ =< n) readily satisfies the following
system

G 1 (1/n)Tr D¢ D,, T? 1 )
X — —i— TrD¢Dj T <{<n.

tn= Z (1+ (1/n) Tr Dy T)2 X ¢ J=t=

m=j+1
As one may notice, (6.17) is a perturbed version of the system above and we
shall indeed prove that
O _ W
X;j +é41jt a2
(6.18) ko=

K
where maxE|eqy j| < —= and max |eqp j| < 8,
j<n j=n

Jn

the sequence (§,) being deterministic with §,, — 0 as n — oo.
(5) Combining the previous results, we finally prove that

n
252 P
(6.19) ZIEJ-H(]E,T,-) — 0, —2 0.
]:
This, together with (6.14), yields convergence results (6.13) and (6.12) which,
in turn, proves (6.3), completing the proof of Theorem 3.2.

PROOF OF (6.14).  Recall that f{{pshCh- < Ko < 1, by (6.11). In particu-

lar, I'; > — K, > —1. We first prove that
Ejlog(1+T;)=E;T'; +e11j+ €12
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where
€11, = Ej 10g(1 + Fj)lll"jlsz — Ejl“j,

and
E12,j= Ej log(1 + Fj)l([(z,oo)(l—‘j)

(6.20)

K
max]Es%lj <,
j=<n § n

2 K
max Ee?, . —-
Jj=<n 12.j I’l2

In the sequel, we shall often omit the subscript j while dealing with the &’s. As
0 < K» < 1, we have

& (=D,
len| = |E; ZTFjllelus—Fj

k=1

0 E; 1,
J ITjI<K
<E;Tjlr;>k, +ZEj|Fj|k1|Fj|§K2 <E;Tjlr;>k, + 11_41(/2
k=2 2
Therefore,

(a) EF41\F‘\<K
2 2 J T jl=R2
Eell < 2<Erj1]“j>[(2 + W)
(b) 2]Er;! 211«:1“;!

<

=K -k

“2(2+ 2 >E<*Q ITDQ>4(2)K
R “Ovi— —~TrD: O : £
- K22 (1 — K»)? ViR IEI) = p2
where (a) follows from (a + b)? < 2(a* + b?), (b) from the inequality I“Jz-lrj> Ky <

F?(;—é)zlr >k, (¢) from the fact that the denominator of I is larger than one and

(d) from Lemma 6.2(1), as X has a finite eighth moment by Assumption Al.
Now, 0 < ez < ]Eijlrj>K2. Thus, ES%Z < EFJZ-IFJ>K2 < Kz_zEl_‘;!lrj>K2.
Lemma 6.2(1) again yields

K
Ee?, < —
12 = n2
and (6.20) is proved. Similarly, we can prove

. K
Ejt1log(1+Tj))=E;I'j +e3; with r]nfa;(Ee%&j < 2

Denote by Fp; the o-field generated by all of the yi’s except y;, and by Eg; the
conditional expectation with respect to Fo ;. Then,

y}‘ijj—(l/n)TrDjQJ-)_O
1+ (1/n)TrD;Q; B

Ejril =Ej+1EQ,~<



2104 W. HACHEM, P. LOUBATON AND J. NAJIM

since y; and ¥, are independent and since Eg, (y7 Q;y;) = TrD j Q. Collect-
ing all of the previous estimates, we obtain
A

vi=E;jTj+enjten;—e3;=E;I'j+euj
where max;<, E 3%4’ i = Kn~2, by Minkowski’s inequality. We therefore have
Ejr1(y)? =E;j+1(E;T; + €14 Let

A
e1j=Ejn1(v)* —Ej1(B;T)> =Ejy 16145+ 2B 11 (e14jE;T ).

Then,

Eleyl < Eé‘%"j + 2Ele14,;E;T ;|

K

@ (b)
< Eel,; +2(Eely ) 2ED2 < e

where (a) follows from the Cauchy—Schwarz inequality and (E;I’ j)2 <E; FJZ-,
and (b) follows from Lemma 6.2(1), which yields EF? < Kn~!. Finally, we have
YA EIEj11(v)? —Ejr1 (BT )% < Kn™'/2, which implies (6.14). [
PROOF OF (6.15). We have
_— _(y}'-‘ijj—(l/n)TrDij)
S 1+ (1/n)TrD;Q;
_ 1
1+ (1/n)TrD,EQ

1
X {Ej (y}*ijj - —TijQj)

_EJ'(ijlJf(l/;l)/an)gjng] (ympses -, moEe)))

Hence,
Ej1(E;T))?
B 1
~ (14+(1/n)TrD,;EQ)?
1 2
(6.21) X Ej-‘rl <<y;‘(IEJ Qj)yj — ;TI'DJ'E]' Q]> + 8217j + 6227j>

1
~ (I+(1/n) Tt D;EQ)?

| 2
xEjq (y}k(Ej Q))yj— ;TrDjEj Qj) + &2,
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where
[ (YiQiyi—(A/mTrD;Qj 1 P . 2
€211 = [Ef( I+ (/mTiD,0, <ETrDJ Q- ETerEQm :

1
enj=—2E; (Y}’f Qjyj—TrD; Qj)
E_(ijjyj —(1/m)Te D; 0,
/ 1+ (1/n)TrD;Q;

_ Ejpi(eaj+eny)
~ (1+(/n)TrD;EQ)?

As % TrD;Q; > 0, standard inequalities yield

(lTrD‘,-Qj — %TrDﬂEQ)),

n

6‘2’j

| 44172
Eezj < [E<y;-‘Qj)’j —TrDj Qj) ]

1 1 44172
X [E(—TrDij — —TrDjEQ) } .
n n
By Lemma 6.2(1), E(y¥Q;y; —  Tr D; Q)* < Kn™2. Due to the convex inequal-
ity (a + b)* <23(a* + b*), we obtain

1 4
E(;TI‘D]'(Q]' —EQ))
1 1 4
:E<;TI'D]'(Q]' —EQ]‘) + ;TI‘DJ'(EQJ' —EQ))

< K{E(%TrDj(Qj —IEQj))4+E(%TrDj(EQj —IEQ)>4},

where the first term of the right-hand side is bounded by Kn~2, by (2d) in
Lemma 6.3, and the second one is bounded by Kn~*, due to the rank one pertur-
bation inequality [Lemma 6.3(3)]. Therefore, Eez1j < K n—2 and similar deriva-
tions yield Elez j| < K n—3/2. Combining these two results yields the bound
Eleajl < Kn=3/% Let us now expand the term [ 14 (y;.‘IEj Qjyj— % TrD;E; Qj)2
in the right-hand side of (6.21).

Recall that E;Q; =E;;1Q; and that y; = Djlﬂ(%,..., X—’L’)T. Note also
that £; 4 (y;.kIEj Qjyj)= % TrD;E;1Q;. Lemma 6.2(2) then immediately yields

1 2
Ejt1 (Y7Ej Qjyj — Tt DJE; Qj)

1 N
=3 (Tr Dj(Ej+1Q)D;Ej410)) +k Y0 ([Ejr [Qj](@)z)-
(=1
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Equation (6.15) is thus proved. [

PROOF OF (6.17). Recall that x{) = 1 Tr D;(E;+10)D; Q. The outline of

the proof of (6.17) is given by the following set of equations, the x’s and &’s being
introduced as and when required:

(622)  xPh=x1+X2— X3

(6.23) X3= X3+ €3;
(6.24) X3=Xa+X5+€%
(6.25) X5=X6— X7t &c—€7.

Collecting the previous equations, we will end up with
@ _
Xin=X1tX2—Xa— X6t X7t+E€,
(6.26)
where € = —e3 + &5 — &6 + &7.

Let us first give decomposition (6.22) and introduce xy, x, and x3. Recall that
B (defined in SecNtio~n 6.1) is the N x N diagonal matrix B = diag(b;), where
bi = (p(1+ 1 Tr D;C))~". This yields

0=B+BB'-0Ho
1 - -
=B+B<pdiag(—TrD,~C)—YY*)Q.
n
Therefore,
o _ 1
Xz,n=;TrDe(Ej+1Q)DjQ

1 1~
= —TngBDjQ + BTngBdiag<—TrDiC>(Ej+1Q)DjQ
n n n

1 n

- —TngB<Z Ej+1ymy2;Q>DjQ
n m=1

A

=X1tX2— X3

and (6.22) is established. We now turn to decomposition (6.23). Identities (6.1)
and (6.2) yield

* memy;;Qm _ y;;Qm
m1+yr>x;1mem 1+y:;sz)’m

VEQ=yE0m—y = p[Olmmy} Om.
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Using this equation, we have

1 n
X3 = —TngB<Z Ej+1ymy:1Q)DjQ

n m=1

= gTr DgB(Z ]Ej+1([Q]mm)’my:1 Qm)> D;Q

m=1

n
0 -
@ TI‘D(B(Z CmEj+1(ymy;Qm)>DjQ

n m=1

2 n
— % TngB(Z EmEj+1 <[Q]mm (y;; OmYm

m=1

_ %Tr Dm]EQ)ymy,’; Qm>>D/ 0

x X3+ €3,
where (a) follows directly from (6.8). We are now in a position to prove that
(6.27) max El|e3| < £
L, j<n \/ﬁ

Using the fact that | Tr Ayy*B| = |y*BAy| < |AB]|||y||> together with the norm
inequality ||AB|| < ||A|||| B||, we obtain

2 n
0 -
les1 < 2 3" ID; QD¢ Blé
n m=1
- 1
x Ej1 ([lem V5 Oy — ;TrDmEQ‘nymuZuan)
@ot 1 1
2 2o By (|93 Qo — 5 Te DB ul?).
m=1

where (a) follows from the fact that || D; Q Dy B||C;n < olflaxp*3 and [Qlpml Om |l <
p2. Writing % TrD,EQ = % TrD,, 0+ % Tr D,,,(EQ — Q) and replacing it in the
previous inequality, we obtain:

“(

1
¥ Oy — ;TrDmEQ]uymuZ)

(;

x (Ellym I/,

1 241/2 1 241/2
y;t,mem—;TrDmQH +[E';TrDm(Q—EQ)H )
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where [E|y} Qmym — —TrD 01212 < Kn~'? by Lemma 6.2(1) combined
with Lemma 6.3(3), E| TrD,,(Q — EQ)?1"/? < Kn~! by Lemma 6.3(2¢c)

and E||y,||* < amdeE|X11| 4(Nn~")2. This yields, in particular, max, j<nEles] <

Kn=12 and proves (6.27).
Recall that if m < j, then

D
Ejt1myeOm) =Ejt1myi)E;+1(Qm) = 7’”Ej+1<Qm).

We now turn to equation (6.24) and introduce x4, x5 and €.

n
P ~
X3=" TngB<Z CmBj 1 (Ym Y Qm))DjQ

m=1

o j
= FTngB<Zl5,,,DmEj+1Qm>DJ-Q

m=

p S
+;TI‘D(,B( Z CmEj+1(ymy:1Qm)>DjQ

m=j+1

—TngB<Z EnDim E,+1Q>D 0

m=1

n
0 ~
—|—;TngB( > cmEj+1(ymy;2Qm))DjQ

m=j+1
J A
—TngB<Z j+1(Qm—Q))DjQ=X4+Xs+€§

and decomposition (6.24) is introduced. In order to estimate &7, recall that, given
two square matrices R and S, one has | Tr RS| < ||R|| Tr S for S nonnegative and
Hermitian. As matrix Q,, — Q is nonnegative and Hermitian by (6.1), we obtain

6
(6.28) &3] < zllDeBD ol ZETrD (Om— Q) <

m=1

by Lemma 6.3(3).
We now turn to x5 and provide decomposition (6.25). Recall that Tr Ayy*B =

y*BAy. Combining (6.1) and (6.2), we get Q = Q,, —p[Olmm QmYmyy, Om. Plug-
ging this expression into the definition of ) 5 and using the fact that y,, is measur-
able with respect to ¥ (since m > j + 1), we obtain

n
0 -
X5 = ;TngB< > nlE 1 myy, Qm)) D;Q

m=j+1
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0 n
= - Z Emy;;(Ej—&-l Qm)D] OmD¢Bym
nom=j+1
P’ < -
- Z Em[Q]mmy;; (Ej—i-l Qm)Dj Qm)’my:;; OmD¢Byp,.
n m=j+1
In order to understand the forthcoming decomposition, recall that, asymptoti-
cally, y» Apym ~ % Tr D,, A, as long as y,, and A,, are independent, and that

% Tr D, A, ~ ,ll Tr D,, A if A, is a rank one perturbation of A. We can now intro-
duce x¢ and x7:

n -
C
Xs== >, —TrD(BD,([E;11Q)D;Q
m=j+1
0? & & 1
- — Z _TrDm(EjJrlQ)DjQX;Tr(DmQDeB)+€6_€7

n m=j+1 n

A
=X¢— X7+ 6&c— &7,

where
P n
e6== 3 CmYm(Ej11Qm)D;jQmDeByn
M om=jr1
P~ €
m
-~ Y ETrD¢BDu(Ej110)D;Q,
M o=jt1
o =
e7="—Y_ CulOlumypEjx10m)D;jOmymY;; OmD¢Bym
n m=j+1
p? & & 1
- — Z —mTrDm(IEHlQ)DjQ x —Tr(D,, QD¢ B).
n m=j 1 n n

It is now a matter of routine to check that

(6.29) Eleg| < % and Ele7| < %
Let us provide some details.

Recall that y,, is independent of £ 1(Q;,). To obtain the bound on E|eg|, we
use the facts that E(y}(E;+10m)D; OmDeBym — 2 Tt D¢BDy(Ej11Qm)D; X
Qm)* < Kn~' by Lemma 6.2(1), |3+ Tt D¢ BDyy (Bj410m) D (Qm — Q)| < Kn™!
by Lemma 6.3(3), etc.

In order to prove that E|e7| < K n~1/2 we use similar arguments but we also
need two additional estimates. The control [Q]mm — G (which has already been
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done while estimating e3) relies on (6.8). The bounded character of E(y; A, ym)z,
where A, is independent of y,, and of finite spectral norm is a by-product of
Lemma 6.2(1).

We now put the pieces together and provide (6.20) satisfied by x 4;. Recall that

1
X1:;TI'D(§BDJ'Q,
P (1~
XZ:—TngBdlag<—TrDiC)(Ej+1Q)DjQ,
n n

p ~
X4= ETrDeB(Z CmDm>(Ej+1 Q)D; 0,

m<j

n

IO ~
X6= ﬁTrDeB( > CmDm>(Ej+1Q)Dij

m=j+1
p? & & 1
X7="- 3 ZTrDp(Ej+10)D;Q x ~Tr(Dp QD¢ B)
m=j+1

1 & (1/n) Tr(D¢BDy Q)

= ;mZXj:+l (1 —+ (l/n) TI'DmEQ)Z Xm,j.

As % me1CmDm :diag(% TrD,C,..., %Trﬁ;vé), we have x5 — x4 — X6 =0
and (6.26) becomes
; 1 1 1/n) Tr(DyBD,
xg)nz—TrDeBDjQ-i-— Z (1/m) Te(De B D O)
n m=j+1

6))
(1+ (1/m) Tr D, EQ) Xmn &

where Ele| < Kn~!/2, by inequalities (6.27), (6.28) and (6.29). Small adjust-
ments need to be made in order to obtain (6.17). Now, replace %Tr D¢BD,Q
by %Tr D¢BD,EQ [use Lemma 6.3(2¢)]. The new error term &3 y; still satisfies
maxy j<, Ele3 ¢ < Kn=1/2, Equation (6.17) is thus proved. [l

PROOF OF (6.18). Recall that x, ; and €3 ¢j have been introduced above.

Following the matrix framework introduced to express the system satisfied
by the y’s (matrices A,, A,Sj ) and Ag’(j )), we introduce the matrix G, = A,{ =
(8em)} - its (n — j +1) x (n — j + 1) principal submatrix G/ = (ge.m)?.,_;
and the matrix Gg’(j ) which differs from matrix Gf,j ) by its first column, equal to

zero. Writing 8,@ = (% Tr DngTz; Jj <€ <n), we have

X9 = GOOXD 4§,
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Now, define the (n — j + 1) x 1 vector egi) = (€3,4j; ] <€ <n) and the (n —
Jj+ 1) x 1 vectors:
X0 =(xd:j<e<n);
() 1 :
0" =\=-TrD¢BD;EQ; j<t=<n).
n
Now, define the (n — j + 1) x (n — j + 1) matrix

S0 — (1/n*>)TrDyBD,,EQ \"
B ((1 + (l/n)TrDmEQ)2>

lm=j

and G*() which is equal to GO except for its first column, equal to zero. With
this notation, equation (6.17), valid for j < ¢ < n, can take the following matrix
form:

X =G0 0 4 59 4 ¥,
We will heavily rely on the inequality
tim supl| (7 = G*) ", < oo,
which can be proven as in Lemma 5.2(4) and Lemma 5.5. We drop the super-
script (/) in the equation below for the sake of readability.
X = éx + 3 + &3
& x=Gx+38+e3+(G-G)x+@ -9,
& x=U-6"18+U~-G6)e;
+U-G)NG-Gx+U -G @E -9,
& x=x+U-G) ez
+I-6G)""C-Gx+U-6G)""E-3).
The first component of the previous equation can be written as

1) =x +[(1 - ") es),

(6.30)

+ [ - GO,(_/))—l((”;O,(_/) — GOy + (1 - GO’(/))_I(S - 9],

A D . _
=Xj té41j+€4j
Due to Lemma 52(4), which applies to G%U) and to the fact that
maxg, j<, Ele3¢j] < Kn~!/2, we have
n—j+l . X
Eleqjl = [(1 -G, Elesyl < —.
J mX::l 1.m ="
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The second error term €4 j is the sum
iy =[(1 = G*V) (G0 = &™)+ [(1 - G*) ' E -8,

Let us first prove that [(/ — G% (j))_l(éo 0 — GO (j))x]l is dominated by a se-
quence independent of j that converges to zero as n — oo. The mere definition of

x?n [see (6.16)] yields || x Ve < (Namax)(n,oz) I where || - ||« stands for the
£~o-norm. Hence,

(1 = G*)"(G*D — 4Dy,
< l7 = G*) | LGP = GO lix oo
< K||(G*D - G|

Let us prove that

(631 (60 = ™)

OOn—)oo

unifqrmly in j. To this end, let us evaluate the (¢, m)-element of matrix GO —
G%Y) (m > j):

n|[G*V) — GO’U)]zm{

_ | (/) TrD¢BDyEQ (1/n)Tr D¢ D,, T?
|+ 1/n)TrDREQ)?  (1+(1/n)Tr D, T)?

1 29
< ’<1+—TrDmT) —TrDyBD,,EQ
n n
1 2] 5
(6.32) — 1+—TrDm]EQ) ~TrDyD,,T
n n
1 21
§‘<1+—TrDmT) ~TrD¢BD,,(EQ — T)
n n
1 2
—i—‘(l—l——TrDmT) ~TrD¢T D,y (B —T)
n n

1 2 1 1
+ ((l—l——TrDmT> —<1+—TrDmEQ> )—TngDmTZ‘.
n n n

The first term of the right-hand side of (6.32) satisfies

1 21 o2 \’1
(l—i——TrDmT) ~TrDyBD,,(EQ —T) 5(1+—) ~TrtUEQ —T),
n n 0 n

where U is the N x N diagonal matrix U = I‘I‘lax,o_l diag(sign(E[Q];i — 1), 1 <
i < N). By Lemma 6.3(2a), the right-hand side of this inequality converges to zero
as n — oo.
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The second and third terms of the right-hand side of (6.32) can be han-
dled similarly with the help of Lemma 6.3 and one can prove that elements of
n(G%W) — G%()y are dominated by a sequence independent of j that converges
to zero. This implies that |||(é0’(j ) — GOUNT s converges to zero uniformly in
j and (6.31) is proved. As a consequence, [(I — GO Uy~1 (éo’(j) — GO’(j))X]l is
dominated by a sequence independent of j that converges to zero. The other term,
[ — GG ))_1(5 — d8)]1, in the expression of &4z j is handled similarly. Equa-
tion (6.18) is thus proved. [

PROOF OF (6.19). We rewrite equation (6.15) as Ej+1(IEij)2 =n,; +
kn2,j + €2 j, with

1 1
2 (1+(1/n)TrD;EQ)?
1 N

~ n2(1+ (1/m) Tt D;EQ)? &

. TrDj(Ejp1Q)D;j([Ejr1Q)),

n2,j Cff}(IEj+1[Qj]ii)2

~ [2d P ~
and we prove that Z?=1 n,j — Vn % 0and Z’}:l n,j — Wa 2 0, where V,, and
‘W, are defined in Section 5. To prove the first assertion, we first notice that

TrD;(E;j1Q)D;j(E;jt10;)=E;11(TrD;(E;+10;)D; Q)
=Ej1(TrD;(E;11Q)D; Q) +e,
with |e| < 20&‘lax p‘z, by Lemma 6.3(3). Therefore,
B IEj+1X.§‘,],)1 N e
(14 (1/n)TrD;EQ)> ~ (1+(1/n)TrD;EQ)?’

n,j

It remains to control the difference (1 + %Tr D]-IEQ)_2 -1+ %Tr D; T)72, to
use (6.18) and one easily obtains Z'}Zl n,j— V, % 0.

We now sketch the proof of 2?21 n2,j — W % 0. Asin (6.2), [Q/];; satisfies
[Qjlii=—(z(1 + fl.j Qljéij*))_l, where §;i is the row &; without element j, and
QZJ = (Yl-j*Yij + pl,—1)~ !, where Yij is the matrix Y without row i and column j.
Using this identity and Lemmas 6.2(1) and 6.3, we can show that [Q ;];; is approx-

imated by #;, which is key to proving Z?:l n,;— W ﬁ 0. O

7. Proof of Theorem 3.3. We first provide an expression of the bias that in-
volves the Stieltjes transforms %Tr Q and %Tr T. By writing logdet(Y, Y, +

pIN) = Nlogp+log det(%Yn Y+ Iy) and taking the derivative of log det(%Yn X
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Y + Iy) with respect to p, we obtain
X /1 1
logdet(Y, Y, + pIny) = Nlogp + N/ il Tr Q(—w) |dw.
0 w

Since % Tr Q(z) € 8(R™), we have % — % Tr Q(—w) = 0 for w > 0. In fact, recall
that | Q(—w)|| < w™!, by Proposition 2.2. Therefore, by Fubini’s theorem,

o /] 1
Elogdet(Y,Y, + pIy) = Nlogp + N/ (— - TrIEQ(—a))) dw.
P w
Similarly,
o /1 1
NV, (p) = N/log(x 4 p)a(dh) = Nlog p + N/ (- - TrT(—w)) do.
] w

Hence, the bias term is given by

A
o B, (p) = Elogdet(Y,Y, + pIn) — NV,(p)

_ /oo Tr(T (—w) — EQ(—w)) do.
0

In Appendix B, we prove that

(7.2) (T — Q) =Te(T — Q).

Therefore, we can also write the bias as

(7.3) Bu(p) = f Tr(T (—~w) — EQ(~w)) dw.
0

For technical reasons (and in order to rely on results of Section 5), we use repre-
sentation (7.3) of the bias instead of (7.1). The proof of Theorem 3.3 will rely on
the study of the asymptotic behavior of the integrand in the right-hand side of this
equation.

As a by-product of Section 5, the existence and uniqueness of the solution of
the system of equations (3.1) is straightforward. Indeed, define the n x 1 vectors
w and p as

w=(W;;1<j=<n),

p=Pjui1=<j=<n).
The system (3.1) can then be written in matrix form as
(7.4) w=Aw+ p.

Since (I — A) is invertible for n large enough, this proves Theorem 3.3(1).
The rest of the proof will be carried out into four steps:
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1. We first introduce a perturbed version of the system (7.4). For the reader’s con-
venience, we recall the following notation:

1 i 1
i = o+ (/n)TrD;T)’ V= oa +(1/n)TeD;T)’
1 i 1 ‘
T o+ /T DES) 7T o+ (1/m)TDEQ)
. 1 ‘ i 1
" o+ /n)Te D6 7~ w1+ (1/n)TrD;C)’

where z is equal to —w with @ > 0. Write the integrand in (7.3) as

Tr(T (—w) — EQ(~w)) = Z 9,(®),
(7.5) N ~
with ¢ ;(w) = n(fj(—w) — E[Q(~®)]jj).

Let w(j)(a)) 2 n(Ej(—w) — E[Q(—a))]jj) and define the n x 1 vectors ¢ and
¥ and the n x n matrix A as

=(¢j;1§j§n),
v=wV51<j<n),
V_< (1/n*)TrD; D,,CT )”
1+ {1/n)TerD;T)A+ (1/n)TrD;C)/ jm=1

We first prove that

(7.6) 0=Ap+V.
2. We prove that

N
. 1z w
0 =ty (237

i=1

31 & ~
;ZoﬁnE[Qilim) ’Za QJL%)

7.7
7D +elh,

with || < Kn~1/2, where K is a constant that does not depend on n nor or j
(but may depend on w).

3. Matrix A readily approximates A and vector ¥ approximates p for large n, by
step 2. Therefore, by inspecting equations (7.4) and (7.6), one may expect ¢ to
be close to w. We prove here that

7.8 — 0.
(7.8) o Wlloon_)oomn_)c
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4. Let Bu(w) = 5 Y1_;Wjn(w). Equation (7.8) yields +3_ () —
Bn(w) — 0. In order to prove (3.5), it remains to integrate and to provide a

dominated convergence theorem argument. To this end, we shall prove that

/

K
(7.9) |Bn(@)] < P

for n large enough. This will establish (3.4). We will also prove that

<
w?

1 n
(7.10) ‘; Z(Pj(w) =
=1

for w € [p, +00), where K’ does not depend on n or w. This will yield (3.5)
and the proof of Theorem 3.3 will be completed.

7.1. Proof of step 1: equation (7.6). Recall that l/I(j) = n(l;j — E[Q]J-J-). Using
these expressions, we have, for 1 < j <n,

Q; =I’l(fj —15/-)+¢(j) :nEJZf(E;l _;J'_l)—i_w(j)
:wE-ijrD-(C ~-T)+yV

= wh; fJZG clt,(ti_1 —ci_1)+¢(j)

o b it .
— Z Z GZJUlmcltl(pm '/’('/)

i=lm=1

= w’bji; Z Tr(D; Dy CT)e,, + ¥,
which yields equation (7.6).

7.2. Proof of step 2: Expression for y).  We shall develop v as

(7.11) v =y, +9,— 93,

(7.12) v,=v4+e€1,

(7.13) Vo=—Vs+ Ve

(7.14) Vs =197 +es,
(7.15) Vo=1Vg+ €6,

(7.16) VY3 =199+ €3,
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where the ¥,’s and the e;’s will be introduced when required. We shall further-
more prove that |e;| < Kn~'/2 for k =1, 3, 5, 6. This will yield

VO =y =7+ 95— Yo +e
(7.17)

. K
with [eV)| = |e] — &3 — 5 + &6] < —7 -
nl/2

Let us begin with decomposition (7.11):
¥ =nb;E(101,;(101;; —b; 1)
@ = = x 1
= na)bjE<[Q]jj (yj ijj — ;TI‘DjC))
- 1
@nwbjﬁjE(y;‘ijj - ;TI‘DJ'C>
27 ~ A * 1 * 1
—nw°b;c;E([Q];; ijjyj—;TrDjJEQ ijjyj—;TrDjC
© wh;é; Tt DJE(Q; — Q) + wb;&; TrD;(EQ — C)
- ~ 1 1
—l’la)zbjCjE<[Q]jj (y;fijj - ;TI‘DJ'EQ) (y;‘ijj — ;TI‘DJ'C>>
A
=V +¥,— V3,

where (a) follows from (6.2) and the definition of b j» (b) follows from identity (6.8)
and (c) follows from the equality

1 1
E(y}ijyj - ;TijC) = TrDjEQ; - C)

= %TI‘DJ'E(QJ' - Q)+ %TI'DJ'(EQ —C)-

Equation (7.11) is thus established.
We now turn to the decomposition (7.12). Combmlng (6.1) and (6.2), we obtain

0= Qj_a)[Q]ijjyij Qj,hencewl = w’b; CJE([Q]jij QjD ijj) Using
identity (6.8) andthefactthatE(yJ QiD;jQjyj)= nIE(TrD Q;D;Q;),weobtain

2
¥, = —b CZ]E(TrD 0;D;0))

- - 1
—~ w3bj55E([Q] ji (y;fijj - ,—lTrDjEQ><yijijijj>)

A
=lﬁ4+€1.
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We have
1
lell < —E(y:Q;D;Q;yjlen +e12+ &3,
oV

with €11 = y¥Q;y; — s TrD;Q;, €12 = 3 TrD;(Q; — EQ;) and €13 = ; X
TrD; IE(QJ Q). By Lemmas 6.2(1), 6.3(2c) and 6.3(3), we have Elei]? <
Kn— IE|{=‘12|2 <KnZand |€13|2 < Kn2, respectively. By the Cauchy—Schwarz

inequality, we therefore have
KE(;Q;D;0i3))'"? K’
Jn —Jn

le1] <
and (7.12) is established.
We now establish decomposition (7.13):
¥, =wb;jé; Tt D;(EQ — C)
~ N
= wb;¢; Y o B(QLi(c; ' — [01;1)

i=1

= —w?b;¢; ﬁ:aéciE([Q]ii<$iQi$f - %Trﬁ,EQ))
@ b, cjz ol l(E(é,Q& )——TrDEQ)

- 1~ \?
+w’b;é; ZGUC,ZE([Q]ﬁ(SiQiéi* - ;TrDiEQ) )
i=1
A
=—¥s+¥s,
where (a) follows from (6.7). Equation (7.13) is thus established.

. 25
Let us now turn to decomposition (7.14). We have ¢¥s = 2 o i ZIN 03 sz X

Tr D;E(Q; — 0). By similar arguments as those used for ¥ |, we have
o b iCi - o~ -
— ZaﬁcfE(Tr D; Qi D; 0))
Al 2 Z o/ FE([QYii — ) Tr D; 0:8; 0

2 ¥+ €s,
where |e5] < Kn~!/? and (7.14) is thus established.
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Turning to (7.15), we have

. 1~ \?
Yo = wbjc; Zo,,c?E([Q]ii(s,-Qis,-* - ;TrD,-EQ) )

2
:w31;j5jZo,JcEE<s,Qg —TrD; EQ>
(7.18) i=1 3
N
—w'b;¢; Z%C?EOQ]H (%’iQi%’,- - ;TrD,-EQ> >

A
=Y+ €61,

again using (6.7). The term &g satisfies
1 N
2 3
lee1] < el 5 Y 0 Elesiri + €612 + €613.i]

i=1
9 N

3 3 3
—22 i (Elesin,il” + Elesiz,il” +le613,il7),

where e611,; = %‘Qi%‘,-* - ;TrDiQi, e612i = 2 TrD;j(Q; — EQ;) and e¢13,; =
LTr D;E(Q; — Q). By Lemma 6.2(1), Eleg11,;1* < Kn™3/2. By Lemma 6.3(2d),
Elesiai* < (Ele2i|")** < Kn™/2. By Lemma 6.3(3), leci3il’ < Kn™?,
hence

K
lee,1] < —.
n

We now handle the term ¥ in (7.18). We have

| 2
6_a)b cJZalzc3E< Q;&f ——TrD Qz+€6121+€6131>

. - 1 - ~\2
=w3bjCjZG,,C,3E(€iQi$,-*—;TrDiQi> + €62
i=1

A
=Yg+ €62,

where

eer =w’b; c,Z of; ,(E(€6121 +613,1)°
i=1

s 1 . .
+ 2E(<§i Q& — - Tr D; Qi>(€612,i + €613,i)>>-
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Using Lemmas 6.2(1) and 6.3, it is easy to show that

lee2| <
f

Furthermore, the terms E()? in the expression of ¥ ¢ have a more explicit form.
Indeed, applying Lemma 6.2(2) yields

wbcj

Z% ¢ (E(TrD 0:D; Qi)+« Z o E(1Q; mm))
m=1

Decomposition (7.15) is established with e = €61 + €62.
It remains to give decomposition (7.16). Using (6.8), we have

- ~ . 1 1
1//3 =na)2bjCjE([Q]jj(yj ijj - ;TrDjIEQ)(y;‘ijj - ;TI‘DJC))
27 ~2 * 1 * 1
=nw bjCjE ijjyj—;TI'DjEQ ijjyj—;TI'DjC
37 22 A * 1 2 * 1
— nw bjCjE [Q]jj ijjyj—;TrDjEQ ijjyj—;TrDjC

A
= l/ll3 + €31.
The term &3; satisfies

2

n 1
le3r] < 5]1‘3( Y;iQjyj— ;TrDij +e311 + €312

1
X |yiQ;yj— ;TrDij +e311 + €312 + €313 )
with €311 = 1Tt D;j(Q; — EQ)), €310 = 1 Tr D;E(Q; — Q) and €313 = + x
TrD;(EQ - C).
The terms €311, €312 and y}‘ Qjyj — %Tr D;Q; can be handled by Lemmas

6.2(1) and 6.3. The term &313 coincides with wz(na)ls ic j)*l. The derivations made
on ¥, above [decompositions (7.13)—(7.15)] show that |¢2(a)l; ic j)_ll < K, there-

fore |e313] < Kn~!
Using these results, we obtain, after some standard manipulations,
K
lesi| < —.
N

The term ¥ can be written as

o 1
/88 :na)zbjC?E<<y;'<ijj — ;TrDj Qj+e3n +€312)
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" 1
X\y;Qjyj— ;TrDij +e311 + €312+ €313
27 0 1 2
=nw bjEJ-E(y;fijj — ;TI‘Dij) + €3

A
=¥y +e3,

with |e32] < Kn~1/2. Similarly to ¥g, we can develop ¥4 to obtain

w*b I N
(719 yo=—T" (E(Tr D;jQ;D;Q)) +«k Zm‘ﬁ-E([Qﬂ%)).
i=1
Decomposition (7.16) is established with e3 = €31 + €33. .
We now put the pieces together and provide equation (7.17), satisfied by ¥ /).
We recall that

5,2
¥,= " ——E(TrD;Q;D;0Q;),

a)bc .~
JZUZE(Tr 0.D; 0)),

_ @b sz% ,(EmaQ,ﬁQ Za )

a)ZI; 52

]ﬁg: (E(Tl‘D QjD Q )+KZG E([Qj]”)>

When computing the right-hand side of (7.17), all terms of the form
ETrD;Q;D;Q; and ETrD; Q; D; Q; cancel out and we end up with equa-
tion (7. 7) Step 2 is thus established.

7.3. Proof of step 3: ||l¢ — W|lco — 0. In order to prove (7.8), we need the
following facts:

(7.20) A = 4) oo = 0;
(7.21) limsup [[|(1 — A) ™ [0 < 00
n
(7.22) I — A is invertible for n large enough;
(7.23) limsup [|(1 — A) ™o < 00.
n

The proof of (7.20) is close to the proof of (6.31) above and is therefore omitted.
The bound (7.21) follows from Lemma 5.2(3). We now prove (7.22) and (7.23).
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Recall that, by Lemma 5.5, there exist two vectors u, = (u¢,) > 0 and v, =
(ve.n) > Osuch that u, = Au, + v, sup,, Ity o < 00 and liminf, ming (vg, n) > 0.
Matrix A satisfies the equation u,, = Au, + ¥, with ¥, = (¥¢n) = vy + (A — A)uy.
Combining (7.20) with inequalities sup,, ||[#y||cc < 00 and liminf, (min, ve,) > 0,
we have liminf, (ming U¢,) > 0. Therefore, Lemma 5.2 applies to matrix A for n
large enough, which implies (7.22) and (7.23).

We are now in a position to prove ||¢ — W| .o — 0. Working out equations (7.6)
and (7.4), we obtain

p=w+U—-A " A-ADo+U-A"' ¥ -p),

hence

lg = Wlioo < (T = A llooll(A = Dlllssll@llo + 1 = A~ looll¥ — Plloc-

Thanks to (7.22), we have ¢ = (I — A)_lw for n large enough. One can check
from (7.7) that sup, ||¥]lco < 00. Therefore, by (7.23), we have sup,, [|@]lcc < 00.

Using (7.20) and (7.21), we then have [||(I — A) ™ [loo I(A — A)[lloo1@]l0o — O.

It remains to prove that || — pllco — 0. In step 3, it has been established that
¥ is a perturbed version of p, as defined in (3.2), in the sense of equation (7.7).
Using the arguments developed in the course of the proof of (6.18), it is a matter
of routine to check that || — p|loc — 0. Details are omitted. Hence,

(I — A) ool — plloc — 0.

Consequently, |[¢ — W|looc — 0 and step 3 is proved.

7.4. Proof of step 4. Dominated convergence. In this section, the constant K’
does not depend on n or w, but its value is allowed to change from line to line. We
first prove (7.9). We have

1Bal < IWlloo < 1T = A) " oo lIPlloo

by (7.4). By inspecting (3.2), one obtains ||pllecc < |/<|(N/n)( max + maX) <

K'o™3. We need now to bound [|(/ — A) ! in terms of w € [p, 00).
Lemma 5.2(3) yields

maxg (ue,,)
ming (vg,)

where u, = (u¢,) and v, = (vg,) are the vectors given in the statement of
Lemma 5.5. We now inspect the expressions of uy, and vg,. Equation (5.4) yields

N — A) oo <

1
min(ve ) > ———— min —Tr D;
¢ " (@ + O'max)2 i N !

max)(na)z)_1 by (5.6). Collecting all of these estimates, we
obtain |B,| < K'w™3 and inequality (7.9) is proved.

and maxy(ug ) < (No,
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We now prove (7.10). We have

(7.24) <@l < T = A oo 19 llcos

l n
;Z‘/’j

j=1

by (7.6) and (7.22). We know that the right-hand side is bounded as n — co. How-
ever, not much is known about the behavior of the bound with respect to w. Using
inequality (7.24) and relying on the derivations that lead to (7.6)—(7.7), one can
prove that ||(I — A)_l llloos 1% ]lco and, therefore, ||@||o are bounded on the com-
pact subsets of [p, +00). Therefore, in order to establish (7.10), it is sufficient
to prove that ||@||» is bounded by K’ w2 near infinity. To this end, we develop
l ()| as follows:

|9 (@)| = ni;[E(101;;(101;} =77 )|

5 1
2(101; (v @i - ;7))
< wi;E[Q];;| Tr D;E(Q — T)|

~ 1
E([Q]j,- (yj-‘ijj - ETrDjEQ>>‘

= nwtj

+na)tj

(@ . ~
< wt;E[Q];;| Tr D;E(Q — T)|

- 1
+nwt;c; E(y;‘ijj - ;TrDjEQ)'

27~
+nowtjc;

- 1
5(101;(57 03—, TrDEQP)|
® . .
< oi;E[Q];j| Tt D;E(Q — T)| + wi;¢;|E(Tr D;(Q; — Q))|
- - 1 2
+2na)2tjch<[Q]jj <y;-<ijj — ;TI‘DjEQj) )

27.5.
wtjC|

12 E[Q1;;(Tr D,E(Q; — 0))°,

n

where (a) follows from (6.8) and (b) from the fact that

1 2
(y;-(ijj — ;TI‘DjEQ)

2

1 2 1
< 2<y;<ijj — ;Tl‘DjEQj) +2(;TI’D1E(QJ . Q)) .
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Let a(w) = nmaxi<i<n |t; — E[Q];i|. Using Lemma 6.3(3), we obtain from the
last inequality that

2 2 2 4
o o 2n 1 20
lo@)lloo < "a(w) + =5 + —E<y}‘fijj - —TrDjEQj) + —2
w w w n nw

Asin (7.19), we have

1 21 -
E(y;.* 0;yj— - Tr D‘,-EQ/) = (E(Tr D;Q;D;Q;)+«k Z"i‘}E[Qf]iZi)

i=1
- Nod (1 + [k

n2w?
Therefore,
2 /
o K
(7.25) lo@)lloo < " a(w) + —
w w

2 / .
for w € [p, +00). A similar derivation yields o (w) < % lo(®)|lco+ % Plugging
this inequality into (7.25), we obtain

!
(1 — o Jo) @) < .

hence [|@(®) |00 < K'w™? for w large enough.

We have proven that ||@(w)||« is bounded on compact subsets of [, co) and,
furthermore, that (7.10) is true for @ large enough. Therefore, (7.10) holds for
every w € [p, +00). Step 4 is proved and so is Theorem 3.3.

APPENDIX A: PROOF OF LEMMA 6.3

PROOF OF LEMMA 6.3(1). This is straightforward. [
PROOF OF LEMMA 6.3(2).
PROOF OF (2A). From [17], Lemmas 6.1 and 6.6, we get
1
;TrU(Q(—,o) —T(—p))njgoo a.s.
Now, since
1 2|U|l
;TYU(Q(—,O) —TEP)| NN+ T (=) < o

the dominated convergence theorem yields the first part of (2a). The second part is
proved similarly. [
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PROOF OF (2B). Recall from Theorem 2.3(1) and from the mere definitions
of T and B that the matrices 7' (z) and B(z) can be written as

1 & 1 -
T={—2l+- D,
< ¢ +n/.2::11—|—(1/n)TrDjT f)

and

-1
Bz(_z t Z1+(1/n)TrD EO j) ‘

We therefore have

1
p TrU(B(—p) — T(—p))

_l -1 _ p-1
=-TUBT(T™' - B

1 Tr(UBTZ (1/m)Tr D;(EQ — T) D,)
(14 (/) Te D, T)(1+ (1/n) Tt D;EQ)

=02 szu’

i=1j=I

[(Uliibitio;
with xU = (F /) TD, T)(l+(1/n)TrD IEQ)nTrD (EQ — T). It can be easily

checked that |le| < 2supn(||U||)<7max/,03 Furthermore, x . —, 0 for every i, j,

by (2a). It remains to apply the dominated convergence theorem to the integral
with respect to Lebesgue measure on [0, 172 of the staircase function f; (x, y), de-
fined as f,,(i/N, j/n) = x” to deduce that & - TrU(B — T) — 0. This completes
the proof of (2b). U

In the sequel, K is a constant whose value might change from line to line, but
which remains independent of n.

PROOF OF (2C). We have

TrU(Q-EQ) € Y (B ~Ejs)TrUQ
Jj=1

n
(b
(A1) 23 € -Ey)TrUQ - Q)
j=1
L YiQiUQjyj o &
—Z(EJ—E/H)W:ZXL
=1 Yi%iYio =i



2126 W. HACHEM, P. LOUBATON AND J. NAJIM

where (a) follows from the fact that E;TrUQ = TrUQ and E,1 TrUQ =
ETrU Q, (b) follows from the fact that E; TrUQ; =E;; TrUQ; since Q; does
not depend on y; and (c) follows from (6.1) and the fact that Tr Q;y; y;‘f o;U=
yiQiUuQjy;.

Now, one can easily check that Z'}:M/ (=TrU(Q — EQ)) is the sum of a
martingale difference sequence with respect to the increasing filtration ¥, ..., #1
since 4 x; = 0 for k > j. Therefore,

E(TtU(Q —EQ))* =Y Ex?.
j=1

Write x; = x| + x;,2, where

y;QiUQjyj )
1+ (/mTrD;0;)
yiQiUQ;yj yiQiUQjy; >

h=—(E: —E: -
Xj2 ( j J+1)< 1 +y;-<ijj ]_|_(]/n)TI'Dij

Using the fact that y; and ¥, are independent and the fact that Q; does not
depend on y;, one easily obtains

‘ iQiUQjyi N\ 1. Q;UQ; )
Ef“<1+<1/n)TrDij)_ TrDjEj+1<l+(l/n)TrDij '

n
Thus, x; 1 and x; > can be written as

xj1=—(E; —Ej+1)(

0;UQ; ) ‘
1+(/n)TrD;Q; /)"
Q;UQ; )
1+(l/n)TrDij ’
yiQiUQjyj
(I+1A/m)TrD; Q)1+ y7Q;y))

*
xj,1=—ijj+1<

1
+ ;TI'DJEJ_;_](

xj2=E;—Ej1)

1
X (y}'-‘ijj - ;TTD./QJ)
A
=E; —Ejrx;3.

Since the matrix ”DJ'EJ'($T?Z),Q,)” < K, Lemma 6.2(1) and Assump-

tion Al together yield Exlz’ j=K n~!. Furthermore, we have

lxj 3] <

1
Y7QjUQJYj(y7Qij - ;TrDjQJ)
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since y;‘ Qjyj=0and %Tr D;Qj > 0. The Cauchy—Schwarz inequality yields

1 401/2
Bx}s = @070,U 0" 2 (B(57 0 - T0,0;) )

K

which, in turn, yields Ex? 3 < - since
Js n

1 4 K
(A2) EGiQ;UQ,y)*<K and E(ijjyj—;TrDjQ,-) < 3

where the first inequality in (A.2) follows from 0 < y;‘ Q;UQ;y; =I1Q;UQ;ll x

I yj||2 and Assumption Al, and the second from Assumption Al and Lem-
ma 6.2(1).
We are now in a position to conclude.

Ex?, = E(E; — Ej41)x;3)" < 2E(E;x;3)° + (Ej11x73)%)
(@)
< ZE(EJ'XJZ-,3 + Ej+1sz',3) = 4EX,2',3»
where (a) follows from Jensen’s inequality. Now,
K
Exj=E(rj1 +xj2) < (Bxj )2+ Exfp)) < —

and E(TrU(Q —EQ))? = ;?=1 Esz. < K. Inequality (c) is thus proved. [

PROOF OF (2D). We again rely on the decomposition (A.1) and follow along
the lines of the computations in [3], page 580:

" yiQ;iUQ;y;

TTUQ-EQ)=-) E;-Ej ) ————.

j; SR T TIe

Thus,
4
1 A L y;QiUQjy;
E(—TrU(Q—EQ)) :—IE( E;—E; )L — ——-
N N4 /2::1 J J+ 1+y;-<Qj)7j
%) —4E(Z((Ej —Ej+1)7yj = ¥ Q]yj) )

N ot 1+ijjyj

(d)

K VIO UQjyi\*
< mNX%E((Ej —E,-H)fi)
]:

1+y70yj

IA

)’?QJ'UQJ'yj)4
1+y50,y; /)

where (a) follows from Burkholder’s inequality and (b) from the convexity inequal-
ity (X_jai)* <n¥}_ af. Now, recall that y¥Q;y; >0 and | Q;(—p)|| < 1/p.

K
V2 SI%PE((EJ' —Ej+1)
J
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Standard computations yield

ViQiUQ;yi* ||U||4
B(® - B0 ) <KBOTQUQ ! < = Bl I,
J i+ 1+y;ijj jRiY Y] Yij
which is uniformly bounded by Assumptions Al and A2. Therefore, (2d) is proved.

|
PROOF OF LEMMA 6.3(3). Developing the difference Q — Q; with the help
of (6.1), we obtain

Teb(Q — 0l = [rem(LUETY)

1+y70;yj
_ MOyl 19l
L+y7Q5y; = " 14y70;y;

Consider a spectral representation of Y/ Y/ ¥, that is, Y/Y/" = Zl | Aieie;. We
have

N 2 2 N 2
e}yl e} vl 1

2 Vi * le7y;
yills = and y:Q;y; > ,
103117 = 3 G 7 ¥jQjy; = ;A DMy
hence the result. Inequality (3) is thus proved. [

APPENDIX B: PROOF OF FORMULA (7.2)

Recalling that Q(z) = (YY* — zIy)~! and 0(z) = (Y*Y —zI,) "L, itis easy to
show that Tr(Q) — Tr(Q) = (n — N)/z. We shall now show that Tr(T) — Tr(T) =
(n — N)/z. Formula (7.2) is obtained by combining these two equations.

Equations (2.2) in the statement of Lemma 2.4 can be rewritten as

ti - ~ 1 ,
ti+;Zg£.tj:—; for1 <i <N,

7 ']ZO’ t,_—— forl <j<n.

By summing the first N equations over i and the next n equations over j, and by
eliminating the term ,l,va=1 P al%.t,-fj, we obtain 3, t; — Y- ;1; = (n — N)/z,
which is the desired result. Equation (7.2) is thus proved.
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