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ASYMPTOTIC EQUIVALENCE FOR NONPARAMETRIC
REGRESSION WITH MULTIVARIATE AND RANDOM DESIGN

By MARKUS REIB

University of Heidelberg

We show that nonparametric regression is asymptotically equivalent, in
Le Cam’s sense, to a sequence of Gaussian white noise experiments as the
number of observations tends to infinity. We propose a general constructive
framework, based on approximation spaces, which allows asymptotic equiv-
alence to be achieved, even in the cases of multivariate and random design.

1. Introduction. Nonparametric regression is the model most often encoun-
tered in nonparametric statistics because of its widespread applications. However,
for theoretical investigations, the Gaussian white noise (or sequence space) model
is often preferred since it exhibits nice mathematical properties. The common wis-
dom that statistical decisions in the two models show the same asymptotic behav-
ior was formalized and proven for the first time by Brown and Low (1996) in the
one-dimensional case, using Le Cam’s concept of equivalence of statistical exper-
iments.

In this paper, we propose a unifying framework for establishing global asymp-
totic equivalence between Gaussian nonparametric regression and white noise ex-
periments, based on constructive transitions with only minimal randomizations.
This framework not only allows concise proofs of known results, but extends the
asymptotic equivalence to the multivariate and random design situations. The mul-
tivariate result has often been alluded to, though it has never been proven; see, for
example, Hoffmann and Lepski (2002). While Brown and Zhang (1998) remark
that the regression and white noise experiments are not asymptotically equivalent
for equidistant design on [0, 1]d and Sobolev classes of regularity s < d/2, the
only positive result thus far, due to Carter (2006), ensures asymptotic equivalence
for equidistant design in dimensions d =2 and d = 3 when s > d /2. The difficulty
in extending results to higher dimensions is that we have to go beyond piecewise
constant or linear approximations. For the dynamic model of ergodic diffusions,
Dalalyan and Reif3 (2007) have established multidimensional asymptotic equiva-
lence with a white noise model. For the case of univariate nonparametric regres-
sion, but with non-Gaussian errors, we refer to Grama and Nussbaum (1998).
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To obtain a first insight into the problem of asymptotic equivalence for nonpara-
metric regression, let us consider the regression model

Yi=f(xi)+oe, i=1,...,n,

with an unknown function f:% C RY > R, X1,...,xp € Z and g ~ A (0, 1)
iid. Then, using some orthonormal basis (¢;) of L*(2) and writing v; =
(j(x1),...,9j (xn))T, Y = (Y1,...,Y,)", the observations can be transformed
to

n
yji= n_lvaY =n"! Zf(xz')wj(xz‘) +n_1vas, j=1,...,n.

i=1

The covariance matrix of (y;) is given by 2%, with &, = (v;rvk/n)jk. On the
other hand, the model of observing the function f in Gaussian white noise of level
o/+/n can be written as a sequence space model with respect to the basis (¢;) as
follows:

z,-=/@f(X)</>j(X)dX+ j=12..,

o .
Nz
with (&) ~ 47(0, 1) i.i.d. In the so-called isometric case, where we can choose
(¢;) such that ¥, is the identity matrix, we can realize the two experiments on the
same probability space, setting £; =¢; for j > 1 and y; = %8 j for j >n, and
the total variation distance between the observation laws tends to zero for n — oo
if and only if

n o0
Jlim % (Z(E[Yj] —E[z;D*+ Y. (E[Zj])2> =0.
j=1 j=n+1
The second term is a classical approximation error and the first term can be re-
garded as an interpolation error due to the discretization of the integral. If the con-
vergence can be shown uniformly over the class .% of functions f under consider-
ation, then we shall have established asymptotic equivalence in Le Cam’s sense. In
Section 2, this isometric case is presented in a slightly more general manner, using
operator terminology. It is applied to the Haar and Fourier basis for equidistant
observations, which is the framework for the results of Brown and Low (1996) and
Rohde (2004) and which, more importantly, shows asymptotic equivalence in any
dimension d for periodic Sobolev classes of regularity s > d /2.

If ¥, is not the identity, we further transform to observing %, 12y and ;7 ly,
respectively. The first transformation “whitens” the covariance structure such that
only the observation means have to be matched asymptotically, whereas the second
transformation better matches the mean at the cost of a heteroskedastic covariance
structure. In Section 3, this isomorphic framework is presented. The spline ap-
proach of Carter (2006) emerges as an application of the second transformation.
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The first transformation is applied to obtain a constructive asymptotic equivalence
result on the basis of wavelet multiresolution analyses, which provides equivalence
results also for nonperiodic function classes. Connections to asymptotic studies by
Donoho and Johnstone (1999) and Johnstone and Silverman (2004) for wavelet
estimators are discussed.

The case of a random design, uniform on a d-dimensional cube, is treated in
Section 4. This setting is much more involved, but can also be cast in the isomor-
phic framework. The construction is based on a two-level procedure, generalizing
an idea of Brown et al. (2002) and Brown et al. (2004). The general idea is to em-
ploy the Fourier basis and to match the means for low frequencies and the covari-
ance structure for high frequencies. The high-frequency transformation, however,
uses the Cholesky decomposition of the covariance matrix. Fine approximation
and symmetry properties of the Fourier basis then yield that also in the case of
random design asymptotic equivalence holds for Sobolev regularities s > d/2 and
any dimension d > 1.

2. Isometric approximation.

2.1. General theory. We write £*(2) = {f:2 — K | ||f||i2 = [1f]* <
oo} with K =R or K = C and L?(2) for the Hilbert space of equivalence classes
with respect to || e ||;2. Although the observations are real-valued, we shall use

complex-valued functions for simplicity when treating Fourier approximations.

DEFINITION 2.1. Let Eﬁ be the regression experiment obtained from observ-
ing
Yi = f(xi) toe, i=1,...,n,

forneN, f:2 — R in some class Fd C ,2”2(.@), where 2 C R4, for fixed
design points x; € & and for independent random variables &; ~ .47 (0, 1).

Suppose we are given an n-dimensional space S, € .2?(%) and a linear map-
ping Dy, : £*(2) — K" with the following isometric property on S,

(2.1) Ve € Spillgnlle = llgnlln :=n""?Dpgnlkn.

By (e, @),,, we denote the scalar product associated with || e ||,;. Usually, D, g =
(g(xi))1<i<n Will be the point evaluation at the n design points, in which case
[ g||ﬁ = % | g(x;)|? is just the empirical norm. Let us further introduce the

linear operator
In:LHD) = Sp, Ingi=Dals,) " (@01, ..., g0

For D,g = (g(x1), ..., g(xy)) ", we also have D,.%,g = (g(x1), ..., g(x,)) " and
therefore .7, = (D, |Sn)_1 D,,. Consequently, in this case, .#, is the | e || ,,-orthogo-
nal projection onto S, such that .#,g is the unique element of S, interpolating g
at the design points (x;).



1960 M. REIB

To state the first results, we refer to Le Cam and Yang (2000) for the notion of
equivalence between experiments and of the Le Cam distance between two exper-
iments E and G, which, for the parameter class .%, will be denoted by A & (E, G).
The Gaussian law on a Hilbert space H with mean vector u € H and covariance
operator Q : H — H will be denoted by .4 (i, Q).

The regression experiment Eﬁ can be transformed to a functional Gaussian shift
experiment by applying the isometry (D, |5”)_1 to Y = (¥;) € R" as follows:

o

i

where ¢ := /n(Dj, |Sn)_18 ~ .4(0,1ds,) is a Gaussian white noise in S, because,
for g,, hy, € Sy,

E(¢, gn)12(C, ha) 2] ="' El(e, Dygn)icn (e, Dultn)icr]
= <gn, hn)n = <gn, hn>L2-

(2.2) Z:=(Dyls,)” 'Y = I f + —=¢ € Sn,

By adding completely uninformative observations on the orthogonal comple-
ment of S, in L%(2), the observation of Z in (2.2) is equivalent to observing

(@, Z) 12 = (@ Inf) 12 + %«p, D VYeelX?),
n

with (¢, ¢) 2 ~ A0, ||<p||i2). Here, we understand the scalar product with the

white noise ¢ in a weak sense, for example, realized by a Brownian motion B
(a Brownian sheet in dimension d > 1) via (¢, ¢) ;2 = /. 2 ¢(x)dB(x). In differen-
tial notation, we have thus established the following equivalence.

PROPOSITION 2.2. Let Fg be the Gaussian white noise experiment in L%(9)
given by observing

dY (x) = 7, f(x) dx + %dB(x), xe9,

where f € F% and dB is a Gaussian white noise in L>(2). Then, the regression
experiment Eg is statistically equivalent to Fg for any functional class F*.

We are nearing the first main result.

DEFINITION 2.3. Let (Gif be the Gaussian white noise experiment given by
observing

dY (x) = f(x)dx + indB(x), xe9,

7

where f € Z4 and d B is a Gaussian white noise in L2(2).
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THEOREM 2.4. The Le Cam distance between Ez and Gz for the class F¢ is
bounded by

n
Aga(EL G <1 — 2<1>(—2£ sup £ - fnfuLz),
feF

where @ denotes the standard Gaussian cumulative distribution function.

REMARK 2.5. Note that || f — .7, f 1|7, = If — Puf 72+ 1 Puf — Iuf 132,
where P, is the L2-orthogonal projection onto S,,. This means that the bound on
the Le Cam distance is always larger than the same expression involving the classi-
cal bias estimate sup s gza || f — Pn f || ;2. Because of ®(0) = 1/2, Proposition 2.4

yields the rate estimate

A za(EBLGYH <o 'n? sup || f — I fllpe.
feFd

Here and in the sequel, A < B means A < ¢B with a constant ¢ > 0, independent
of the other parameters involved, and A ~ B is an abbreviation for A < B and
B < A.

PROOF OF THEOREM 2.4. Since JEZ and IFZ are equivalent, it suffices to
establish the bound for A z«(F¢, GZ). The two latter experiments are realized
on the same sample space. Therefore, the Le Cam distance is bounded by the
maximal total variation distance over the class .#¢ [Nussbaum (1996), Propo-
sition 2.2]. For Gaussian white noise, the total variation distance is given by

1-— 2@(—2—“@ | f — Znfll;2) [Carter (2006), Section 3.2] and the result follows.
O

2.2. Piecewise constant approximation. The original results of Brown and
Low (1996) for equidistant design on & = (0, 1] fit into the proposed isomet-
ric framework. For design points x; = i/n, i = 1,...,n, we consider the n-
dimensional space S, of piecewise constant, left-continuous functions on (0, 1]
with possible jumps at i/n, i =1,...,n — 1. Using D,g = (g(i/n))1<i<n, We
obtain, for g, € S,

1 n . n n
llgnll? = - > lgnli/m)* = Z/. |gn()> du = |1 gal3.
i=1 i=17=D/n

such that D,, has the isometric property. To infer asymptotic equivalence by Propo-
sition 2.4, we have to ensure that || f — .7, fl;2 = o(n~ /%) uniformly over all f
in some functional class .#“. Considering the Holder class of regularity o € (0, 1],

T, R) = {f <Co0. D sup1£3) = FO/1x 1 = R},
Xy
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we obtain, for f € Zy(a, R),
2 = [ L2 2 —1, —2a
||f—fnf||L2=Z/(. P = fa/mP dy < RGa+ 1),
=174

Consequently, asymptotic equivalence between E}l and G,l, holds for any Holder
class Z#g(a, R) with @ > 1/2 and R > 0 arbitrary. The approximation property
of the Haar wavelet even yields asymptotic regularity for L2-Sobolev classes of
regularity o > 1/2.

For nonuniform design 0 < x; < --- < x, < 1, consider the same setting as
before, in particular, D, g = (g(i/n)); # (g(x;));. We obtain, for f € Fy(a, R),

n i/n
_ 2 . N2
T; fnfan—?le/(i_l)/nu(x) £ Pdx

<R22/ Ix — x;i|** dx

(i—1)/n

n
S Ty =i/

i=I

n
<2R*'n T 2R Y i — i/
i=1

By Theorem 2.4, we have obtained the following result.

THEOREM 2.6. On the Holder class %y (a, R), the Le Cam distance between
nonparametric regression with design 0 < x{") << x,i”) <1 and the white

noise experiment satisfies

n 1/2
_ _ . 2
Agzyer) (ELGH <o lR(n1 2“—!—2 \x,-(")—z/n] “) )
i—=1

Consequently, asymptotic equivalence holds whenever o € (1/2, 1] and the de-
sign satisfies limy 00 ) Ix(") i/n*® =0, for example, if max; |xi(") —i/n|=
o(n~ 1)y,

REMARK 2.7. This approach does not permit the establishment of global
equivalence for the random design case in Section 4 because the standard devi-
ations of the order statistics X ;) only decrease with rate n~1/2 Treating the ran-
dom design as if equidistant nevertheless yields, for estimation purposes, nearly
optimal asymptotic L?-risk when o > 1 /2 [Cai and Brown (1999)].
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2.3. Fourier series approximation. In the case of ¥ = [0, l]d, d > 1, and of
an equidistant design (k/m)ye(y, . e With m = n'/4 ¢ N and odd, the Fourier

system (¢ := +/—1)

m
pe(x) :=exp(2mi(x, £)), t=(lr ..., La), [tloo :=max [£i] = ——,

.....

is not only L2-orthonormal, but also orthonormal with respect to (e, ), for
Dy g = (g(k/m))i:

1 -
(e, o) =~ > we(k/m)gp (k/m)

=m? Z ]‘[expzmk(e —€})/m)
(2.3)

d m
H(l Zexp 2k (¢ 6;)/m)>
i=l1 k=1

1, if m|(€; — ¢) for all i,
0, otherwise.
Consequently, the space of trigonometric polynomials S, := span(g, [{|cc <
mT_]) satisfies the isometric property (2.1).
The periodic Sobolev class of regularity s and radius R on [0, 1]¢ is given by

Z |£|2S

Sper(s R):= ifEL ([0, l]d
Le74

(foeo)l3, < RZ}

Due to the strong cancellation property (2.3) of the scalar product (e, e),, we ex-

plicitly derive (7, f)(x) = X 1o <om—1)/2(kezd { [+ @e-tikm) 12)@e(x). In view of
Remark 2.5, we first bound the classical bias:

sup  If —Pufli.=  sup Yoo WLl

fe'g.g,per(s’R) fe‘gg,per(s’R) [€loo=(m+1)/2

= R2<m—+l>_2€
2

For s > d /2, we obtain, using the Cauchy—Schwarz inequality,

sup | Paf — Zufl72
FEF pu(s.R)

2
= sup > ( Yo (L (P£+km)L2>

FEFE x5, R) [l <(m—1)/2 \keZd\ (0)
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5( sup > Yo le+kmZ fgae+k,n>>

FEFA($,R) [0]0o <(m—1)/2 keZd\{0)

X ( sup Z IZ—i—kmlgozs)

Cloo<(m=1)/2y c77d\ (0}

=R>  sup 2 ekl
WCloo=(m=1)/2y 74\ 10

Noting that the grid points £ 4+ km do not overlap and that m =1 |€ +km oo > |k|oo —
1/2 for the values of £ and k considered, we arrive at

sup  IPof — Fufll3
feFd ,(s.R)

,per
< Rzm—2s Z |k _ 1/2|g02v
kEZd\{O}

o0

=R?m™ > > (2k+ D7 — 2k — D)k —1/2)7%.
k=1
Hence, using Theorem 2.4, we have proven the following result, which extends the
scalar results of Brown and Low (1996) and, more specifically, Rohde (2004) to
any dimension d > 1.

THEOREM 2.8. For d-dimensional periodic Sobolev classes ﬁsd per(s, R) with

regularity s > d /2 and equidistant design on the cube [0, 112, the nonparametric
regression experiment Eg and the Gaussian shift experiment Gz are asymptotically
equivalent as n — o0o. The Le Cam distance satisfies

d G4 —1p, 1/2—s/d
Agsd,per(sz)(En’Gn) SG Rn / 5/ .

3. Isomorphic approximation.

3.1. General theory. We extend the preceding framework by merely requir-
ing an isomorphic property. Since it will suffice for the subsequent applications,
we immediately specialize here to D,g = (g(x1),...,g(x,)). Let S, € LD,
dim S,, = n, have the property

3.1 Vgn € Snign(x1) = =gn(xn) =0=—= g, =0.
Let

15
(f, 8)n ——Zf(x»g(xl) and <v,g>n:=52v,~g<x,~),
i=1

fige L2 veRn
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and ||g ||3l = (g, g)n. In this notation, equation (3.1) is equivalent to the isomorphy
of the norms || e ||, and || @ || ;2 on Sj;:

(3.2) A, Ba > 0Vg, € Sp: Anllgnliz2 = 18nlln < BullignllL2-

We choose any L?-orthonormal basis (¢j)1<j<n of S, and introduce the linear
mappings I, %, : L>(D) — Sp, Tu:Sp — Sp:
n
Mug:= (& ¢n¢js  Tni=Tls,:Sa—> S, Fhg:=%, 'T,g.
j=1

Observe the following properties: (X,8,, hn) 12 = (gn, hin)n holds for g,, h, € Sy;
1317272 < B, and IIE,jllle_)Lz < A;l; 4, is a projection onto S, (i.e.,
I, I8 = I,g, but it is not an L2-orthogonal projection) and .#, g interpolates
g at the points (x;); I1, and .#, are independent of the choice of basis (¢;).

The regression experiment Eﬁf can be transformed to a functional Gaussian shift
by expanding the observations (Y;) in the basis (¢;),

n

(e
(3.3) Zi:=) (Y, e =T, f + 72),/2; € Sy,
j=1 "

with Gaussian white noise ¢ := 2,1_1/2(\/712;?:1 (ej,0j)npj) ~ A (0,1dg,) be-
cause

E[(Z, n) 1200 ) 121 = (g0, S 00)n = (80 Bn) 120 no o € S

By applying X, 12 and DI I, respectively, we conclude that the regression exper-
iment E¢ is also equivalent to observing with ¢ ~ .4/ (0, Ids, )

_ o2

(3.4) Zy=3x71272,=3127,f + ﬁ; € Sy,
_ (o} _

(3.5) 23=2n121=fnf+ﬁ2n 12¢ ¢5,.

THEOREM 3.1. The regression experiment Ejf is equivalent to each of the ex-
periments given by observing Z1 in (3.3), Z, in (3.4) and Z3 in (3.5), respectively.
The Le Cam distance between Eff and Gg for the class F satisfies the bounds

(3.6) Aw(Ei,GZ)sl—z@(—@ sup ||f—2,1/2fnf||Lz),
20 fegd

n
Agza(EL Gl <1 - ch(_% fs‘f};d If — fnfan)
(S
+v2I2, ! —1ds, IIns,

where || @ ||us denotes the Hilbert—Schmidt norm of an operator.

3.7
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PROOF. Itremains to prove the second part. The first bound (3.6) follows from
the equivalence with observing Z,, by the same arguments as for Theorem 2.4. To
establish (3.7), we use the fact that the Hellinger distance between two multivariate
normal distributions with the same mean satisfies

(3.8) H*(N(u,xQ), N(u, ldgn)) <2[Q — Idpr [Is. QeR", a>0,

which follows from, for example, Lemma 3 of Brown, Cai, Low and Zhang
(2002) via the diagonalization Q = O T diag(A1, ..., A,) O and the property || Q —
IdRn ||2HS =00 — Ian)OTH%Is =" )L%. Therefore, the total variation dis-
tance between the laws of Z3 and Z4 := .7, f + %é‘ is bounded by

|12(Z3) = Z(Za)llv < H(ZL(Z3), £(Z0) < V2012, = 1ds;, [us.
The by now standard arguments yield, with obvious notation,
Aza(B, G = A za(Z3, G < A za(Za, G + A za(Za, Z3)
n _
<1- 2<I><—£ sup |If — fnf||L2> + 212, " —1ds, |lus,
20 fezd
as asserted. [
3.2. Linear spline approximation. Let us briefly explain how the approach of
Carter (20006) fits into the isomorphic framework. As in Section 2.3, we consider
equidistant design points (k/m)ie(y, . mye With m = n'/4 ¢ N and periodic func-

tions on the unit cube 2 = [0, 1]¢. The space S, is spanned by the periodized and
tensorized linear B-splines

.....

d
br(x) =b(x1, ..., xq) = [ [ b(mx, — k, mod 1),

r=1
b=1_121/21 % 112,121,

indexed by k € {1, ..., m}?. For « € (1,2], it is well known [cf. De Boor (2001)]
that interpolation on S, for the periodic Holder class

‘gzlfil,per(a’ R) = {f € C*(RY) | f Z4-periodic,

sup|Vf (1) =V f I/ lx =51~ = R}
xX#y

satisfies the estimate

(3.9 sup If = fl2qonge S Rn™/?,
FEFG per@R)
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On the other hand, we have, for g, € S,,,
2

= Z (b, be) 28n(k/m) gy (L) m)
L2 keefl,...m)d

> gulk/m)bi

2
lgnlly2 =

with (b, be);2 = 0 for |k — Lo > 1 and (by, by);2 = 4*k=t1/(69n) for
|k —€|oo < 1.Since D y(bx,be);2 = (bk, 1);2 = n~!, a weighted Cauchy—Schwarz
inequality yields

lgnllzo <™t 3" gulk/m)* = (gn, gn)n = (Zngn. &n) 12

and we conclude, using the ordering of symmetric operators, that ! < Ids, .
Adding independent Gaussian noise n ~ .4 (0, o? (Ids, =%, 1Y) to the observa-

n

tion Z3 in (3.5), we infer that the regression experiment Eg is more informative
than observing

o ~
—=¢ € Sn

Jn
with Gaussian white noise ¢ := 2;1/25 + 026~y ~ (0, Idg, ). This random-
ization, together with estimate (3.9), shows that the regression experiment Ez 18
asymptotically at least as informative as the Gaussian experiment Gg on Holder
classes ﬁffer(a, R) with o > d/2 and d € {1, 2, 3}. Together with an (easier) ran-
domization in the other direction and a more sophisticated boundary treatment for
nonperiodic function classes, this reproduces the proof in Carter (2006) for as-
ymptotic equivalence of regression and white noise experiments in dimensions 2
and 3. For B-splines of higher order, the interpolation property by (i /m) = &k ; gets
lost and X, I < Idg, cannot be shown, so a more refined analysis is needed. This
will be accomplished in the next section for a similar approach using compactly

supported wavelets.

(3.10) Zs:=Z3+n=If +

3.3. Wavelet multiresolution analysis.

The construction. Letus assume an equidistant dyadic design (k27 Dkefl,....27 1

with n = 24/ points for some j € N and Z = [0, 11¢. We consider a wavelet
multiresolution analysis (V) >0 on L2([0, 11%) obtained by means of periodiza-
tion and tensor products. Let ¢ be a standard orthonormal scaling function of an
r-regular multiresolution analysis for L2(R), that is, (¢ (@ +k))kez forms an ortho-
normal system in L?(R) and satisfies [ @ = 1, as well as the polynomial exactness
condition that ) ;.7 k¢ (x — k) — x4 is a polynomial of maximal degree ¢ — 1 for
allg =0,..., R — 1 [Cohen (2000), Theorem 16.1]. We suppose that ¢ has com-
pact support in [—S + 1, S], as in Daubechies’ construction, so that the functions
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@ik:[0,11 >R, j>1,ke{l,..., 2/}, with

d
Qik(x1. .. xg) =y 2P @@ % — ki +27my),

meZ4 i=1

are well defined and form an orthonormal system in L2([0, 1]¢) [Wojtaszczyk
(1997), Proposition 2.21]. We set S,ja := V; :=span{p;; |k € {1,...,2/ 143,

Periodic approximation. Polynomial exactness and continuity of ¢ imply, for
q=0,...,R—1and any x € R [Sweldens and Piessens (1993)]

o

Z(x+m)‘1¢(x+m)=/ x9p(x)dx.

mez -

This identity is fundamental for our purposes because it implies the following fact:
for Z4-periodic functions 4 : RY — R that coincide with a polynomial p of maxi-
maldegreeR—lonH 2f(k—S—1)2f(k + 8)], we have

thopp)a= 3 297 [ dh(x)]‘[@(zf(xi+m,-)—k,-)dx

mezd [0:11 i=1

d
= 2Jd/2 /Rdh(x) H@(zfx,- — ki) dx
id/2 d
=27/ / v J x+k) | |o(xi)dx
o g PE ) 1:[ D)

d
=272 %" p2 m+ k) [T@0m)
meZd i=l1
=272 N h@ T m)ej(2 m).

mell,...,20 1

Hence, (h,@jk);2 = n'/2(n, Qjk)n, With n = 274 For any Z“-periodic function
g€ Hss,per([O, 119) with s € (d/2, R), this local polynomial reproduction property
implies by standard, but sophisticated, arguments [Cohen (2000), Theorem 30.6]
that

(3.11) lg — Tugl2 S27lglus =n~) gl us,

where || ® || s denotes the standard L?-Sobolev norm of regularity s on [0, 114. We
split the bias term in (3.6) and obtain, by functional calculus,

If =2, 2T fll2 < If = T fll2 + 1T f — S, V210, £l 2
=|If = fll 2+ 1H(Z) (Ad —TL) T, £l 2,
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with H:Rt - R, Hx) :=1/(x + x'/?) = x='2 — 1) /(1 — x). Since H de-
creases monotonically and H (x) < x~ /2, we have || H(Z,)|| 12572 =< )\I:nln/ , Amin
being the smallest eigenvalue of %,,.

For n =2/¢ > 2§ — 1, the operator %, satisfies the following scaling property:

1 N p
<2n¢jk,¢jE>L2:; > 02 (27

d
=Y Y 16—k +2ma)e(o - £+27m),)

meZd ve(l,...,27 }d a=1

d
=11 (Z @b —ka)@(b — m).

a=1 \beZ

Since ¢ has compact support, the series is just a finite sum and X, has
a bounded Toeplitz matrix representation in terms of (¢;x). Using Fourier
multipliers, it follows that (£,gu,8n)12 > AZlIgal72, gn € Sp, With Ag =
inf,c(0.27] | S gez @ (k)e*|?, independently of n. Due to the compact support of
@, we have Ag > 0 if and only if the trigonometric polynomial } ;7 @ (k)ekH,
u € [0,2mr], does not vanish. It is well known [Sweldens and Piessens (1993),
Lemma 3] that this is exactly the condition needed to ensure that the multires-
olution analysis is also generated by an interpolating scaling function. It can
be checked for standard Daubechies scaling functions, for example, by showing
lo(ko)| > Zk/?éko |@(k")| for some ko € Z. Moreover, gaining more flexibility by
considering the shifted spaces based on ¢, = ¢(e — 1), T € (0, 1), a wavelet mul-
tiresolution analysis will almost always satisfy Ag, > 0 for some value of 7 [cf.
Sweldens and Piessens (1993) and the references therein].
We arrive at

If =2 P flle < I f = T fll2 + A 1 Ad =TL)T f 2.

Because of ||I1,f|lgs — |l fllgs [Cohen (2000), Theorem 30.7], we derive
from (3.11) the uniform estimate over f € 5@‘{ per(s, R),

1/2

1f =PI flle < I F = Taflle + Ay 210 =TT, £l 2 S Re~*/4,
Hence, the estimate in (3.6) yields asymptotic equivalence between the regression
and the white noise experiment for any class ﬁé{ per(s, R) with s > d/2.

This result provides another way to construct explicitly the transformation be-
tween the regression and the white noise setting. It has no more theoretical implica-
tions than the Fourier basis approach, but it paves the way for proving asymptotic

equivalence for nonperiodic function classes.
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Nonperiodic approximation. Since every ¢ i has support of length 277 (28 —
1), only those functions ¢j; with k, € {1,..., 5§ =2} U {2/ — S +1,...,2/} for
some r = 1,...,d cross the boundary and are periodized at all. Therefore, the
same derivation using only interior scaling functions shows that the regression
experiment EZ for the general Sobolev function class

Fd(s,R) :={f e H* [0, 11) | | fllus < R}

is asymptotically more informative than the restricted white noise experiment @ﬁ
given by observing

o
dY (x) = f(x)dx + 7 dB(x),

(3.12)
x € [8p, 1 — 8,19 with 8, := (25 — D)n~1/4.

Although Gg is a priori less informative than Gﬁ, we may use classical extrapola-
tion, for example, the Taylor polynomial T; of order |s] around y € [8,, 1 —8,]¢.

At the points x € [0, 19\ [ \ [6n, 1—96 114, we define the extrapolation f (x)= Tf'x (x)
for a point y, € [6,, 1 — 8,19 with [Vy — X|oo < 285, selected in a measurable way,

and f(x) = f(x) otherwise. We thereby achieve

<'/[0 174 f e = f(x)|2dx)1/2 < Rn—s/d

such that Amz(s R)(Gn, G4 DSo ~1Rn!/275/4_ This means that (G}d and Gd are

asymptotlcally equivalent for s > d/2 and we have obtained a result for function
classes without a periodicity condition.

THEOREM 3.2. For general d-dimensional Sobolev classes Jd(s R) with
regularity s > d /2 and equidistant design on the cube [0, 11%, the nonparametric
regression experiment Ez and the Gaussian white noise experiment fo are asymp-
totically equivalent as n — co. The Le Cam distance satisfies

A gy (B G S0 R34,

Discussion. The property that a wavelet estimator based on an equidistant re-
gression model and a corresponding estimator based on a white noise model are
asymptotically close is well known [see, e.g., Donoho and Johnstone (1999) and
Johnstone and Silverman (2004)]. Interestingly, both papers show identical as-
ymptotics of the L2-risk for standard estimators uniformly over balls in Besov
spaces B), ([0, 1]) with s > 1/p ors = p = 1. Since Bs 1, €mbeds in the Sobolev
space H & for s>cands—1/p>o — 1 /2, Theorem 3.2 provides, more gen-
erally, asymptotic equivalence for Besov classes with s > 1/p and p < 2. The
counterexample in Brown and Low (1996) shows, however, that for s < 1/2 and
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all p €[1, oo], asymptotic equivalence breaks down. Similarly, if ¢ € Bl1 | 1sa
function with support in (0, 1) and ||¥||;2 = 1, then ¥, (x) := ¢ (nx) has sup-
portin (0, 1/n), L?>-norm Ynllr2 = n~ /2 and Besov norm ||1ﬁ,,||311 o 1. Hence,
testing the signal f = 0 versus f = i, has nontrivial power in the white noise
model G,ll, while both signals generate exactly the same observations in the re-
gression model IE}1 We conclude that G,ll and E,ll are not asymptotically equivalent
on Besov classes with s = 1, p = 1. An intriguing example for the important class
of bounded variation functions is given by 1, (x) = \/51[ 1/4n,3/4n] (X). Asymptotic
equivalence between Gaussian regression and white noise is indeed an L?-theory
and we cannot gain by measuring smoothness in an L”-sense, p £ 2.

Let us also mention that the (asymptotically negligible) loss in information due
to neglecting boundary coefficients in the construction seems unavoidable. The
wavelets on an interval [Cohen, Daubechies and Vial (1993)] use nonorthogonal
boundary corrections and can therefore not be used, while the Coiflet approach of
Johnstone and Silverman (2004) also involves some information loss at the bound-
ary (cf. their remark on dimensions before Proposition 2).

4. Random design.

4.1. The general idea. Denote by U ([0, 1]¢) the uniform distribution on the
cube 7 = [0, 1]4.

DEFINITION 4.1. Let Eff . be the compound experiment obtained by observ-
ing independent random design points X; ~ U ([0, 119,i=1,...,n, and the re-
gression

Y, = f(Xi) +os, i=1,...,n,

for n € N and f:[0,1]¢ — R in some class .Z¢ € £%([0, 1]%) and with i.i.d.
random variables &; ~ .4(0, 1), independent of the design.

We place ourselves in the isomorphic setting, that is, we are given an
L%([0, l]d)—orthonormal basis (¢;) j>1 and we set S, = span(¢i, ..., @,). For the
moment, we merely assume that S, is chosen to satisfy the isomorphic condi-
tion (3.1), given the random design points (X;);<;<,. Later, certain parts will rely
on fine properties of the Fourier basis. Conditionally on the design, the regression
experiment is equivalent to observing

n

(e
Zi:=) (Y, @jhej =TI, f + 72,1/2; € S,
j=1 "

with white noise ¢ ~ N(0,Idg, ). Let us briefly comment on why the forego-
ing approaches using Z, in (3.4) or Z3 in (3.5) will not succeed here. For
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Zy =X, '"Zy, we need to have ||(X,'" —Id).%, fll;2 and ||.%, f — fll;2 of
smaller order than n~!/2. The second property can be ensured for Sobolev classes
of regularity s > d/2 as before. The first property, however, will not hold. By
empirical process theory, we have, for g1, g2 € S,;, approximately (2,81, g82);2 =
(1. 82)n ~ (g1, g2) 2 + n~ /% [ g1g2d B® with a Brownian bridge B. By the lin-
earization (1 4+ h)!/2 — 1~ h/2 and taking expectation with respect to the random
design, we find

n

EN(Z)? 1), 13,1 ~ E[Z

j=1

2
172 f (fnf)wdeo‘ }

~n! Z/ 1012170 f 2.
j=1

Hence, in the mean over the random design, this term does not tend to zero. When
considering Z3 = En_l Z1, we would need || En_l —Idg, [lus — O [cf. (3.7)], but the
mean over this term is, by the same approximations, of order n. The main defect
in these approaches is that we do not take advantage of the regularity of f.

The new idea generalizes the two-level procedure of Brown et al. (2002)
and Brown et al. (2004) and can be interpreted as a localization approach, as
in Nussbaum (1996). We choose an intermediate level ng < n and split S, =
Sny + Uy, with the || e ||,-orthogonal complement Uy, of Sy, in S,. On the low-
frequency space Sy, we use the empirical orthogonal projection P, Y of the data
onto S,,. This construction is analogous to Z3 in (3.5), and the heteroskedasticity
in the noise term will become asymptotically negligible provided ng = o(n'/?).

On the high-frequency part Uy of S,, we transform to a Gaussian shift with
white noise, which is independent of the noise in Sy, in the spirit of Z; in (3.4).
In order to take advantage of the regularity of f, however, we do not use the
standard square root operator X, /2 {0 whiten the noise, but the adjoint 7* of an
operator T :S, — S, which has an upper triangular matrix representation in the
basis (¢;) and satisfies TT* = X~ I (as in the Cholesky decomposition). Since

T* is a unitary transformation of X, Y 2, the noise part remains white. Due to
the triangular structure, the signal coefficients (T*I1, f, ¢;);2 = (T~'" 2, f ¢ i)z
do not involve the (usually large) coefficients (.%, f, k)2 for indices k smaller
than j. Moreover, for the Fourier basis, the other off-diagonal matrix entries of
T—! are centred and uncorrelated. The deviations in the diagonal entries grow
with the frequencies, but are exactly counterbalanced by the decay of the Fourier
coefficients for Sobolev function classes. Provided ng — oo, this high-frequency
transformation will imply asymptotic equivalence.

4.2. The main result. Let us specify the transformation T concretely based
on the Gram—Schmidt procedure for orthonormalization with respect to || e ||,.



ASYMPTOTIC EQUIVALENCE FOR NONPARAMETRIC REGRESSION 1973

For j < n, denote by P;, Pj'.1 1S, — S, the L2—orth0gonal and || e ||,,-orthogonal
projections onto S}, respectively, and set Py := 0. We obtain an || e ||,-orthonormal
basis (go?) of S, via

9j— Pi_19;
o} = = j=1,....n
lo; — j 1‘pj||n

<p;.’ is then in §; and the || e ||,,-orthogonality <p;.’ 1, Sj_1 holds. Defining T': S, —
Sy via Tej = go’}, we see that T satisfies (T'¢;, ¢;);2 =0 for j > j" and is an
isometry between (S, || e |[;2) and (S,, || ® ||,) such that X, = (TT*)~'. The
noise terms ({e, go;’)n)lsjsn ~ A(0, n_l) are therefore independent and

no no
Pre= Y (e.0})ng] = ) (e T wj ~ N 0.0 Tls, T[5, ).
j=1 j=1

—1
”0’

Using T'|s, T 5, = we introduce the rescaled covariance operator X, : Sy —
0

S, via

fngn = En_ol Pn()gn + (IdSn _Pl’l())gna &n € Su.
The regression experiment is then transformed to observing

no

n
Zr=) V. 0} + D (Y.@aw; €S,
j=1 Jj=no+1
“4.1)

=Pl f+T NPl — Py f+n 20T, €5,

with Gaussian white noise ¢ ~ N (0, Idg, ), conditional on the random design.

EXAMPLE 4.2. Let us consider the Haar basis. Write 7j; = [27/k,
27 (k+ 1), Njp =#{i : X; € Iy} and ¥rjp =272 (g5 — 155, o) for j >0,
k=0, ...,2/ — 1. By construction, the transformed basis function ‘/’;lk has support
Iji, is constant on /1 2k, 1j41,24+1 and satisfies ( jk’ 11jk) =0, ||1p;’k||n =1.
We infer that

2 _ o . .
Y= Cit (N3 dn 0 = Ny 1) Cix =nNj41,2Nj11,2k+1/Njk.

This application of our framework has been used previously in one-dimensional
constructions [Brown et al. (2002), equation (2.8)]. Because here S, is not isomor-
phic for most design realizations, additional randomizations are needed.

For the following general d-dimensional theorem, we consider the construc-
tion (4.1) in terms of the Fourier basis functions ¢;(x) = exp(2m((£(j), x)), with
an enumeration £:N — Z4 of Z¢ satisfying [€(j)|,2 < [£(j")|,2 for j < j’ (i.e.,
sorted in the order of magnitudes of the frequencies).



1974 M. REIB

THEOREM 4.3.  For d-dimensional periodic Sobolev classes fgper(s, R) with
d

regularity s > d /2, the nonparametric regression experiment K . with random

design and the Gaussian shift experiment GZ are asymptotically equivalent as
ng, n — 0o and ng = o(n'’?). The Le Cam distance satisfies

Bt o Bl G SV o Rl

n,r’
REMARK 4.4. The asymptotically optimal choice of ng is given by ng ~
n4/@s+d which yields a bound on the Le Cam distance of order n(@—28)/(2d+4s)
Note that this choice ng ~ n¢/*9 corresponds exactly to the optimal dimen-
sion of the approximation spaces in nonparametric regression and is also used by
Gaiffas (2007) for his two-level construction of optimal confidence bands. It can
be shown that even for parametric linear regression, the Le Cam distance between
equidistant and random design is of order n~!/? and not smaller.

PROOF OF THEOREM 4.3. In order to bound the Le Cam distance for com-
pound experiments, we use the fact that for distributions K ® P and K’ ® P,
defined on (2 x Q/, .7 ® .#') by the measure P on .# and the Markov kernels
K, K’ from Q to .%’, the total variation distance can be calculated by conditioning:

IK® P — K'® Pllryres = / 1K (@, ) — K'(@, ®)llrves P(dow).

Therefore, we can first work conditionally on the design and then take expectations
for (X;). Moreover, the white noise experiment Gg is equivalent to the compound
experiment of Gf’l and the observation of the random design points because the
latter is a trivial randomization of G¢.

It is a remarkable property of the Fourier basis that S, is almost surely isomor-
phic [cf. Theorem 1.1 of Bass and Grochenig (2004)]. In Proposition 4.8 below,
we prove that the event

(4.2) Q= {Vg e S;:5lgl2 < lgln <2llgll;2}

for jlog(j) = o(n) even satisfies P((Q’})B) — 0 with a convergence rate faster
than any polynomial in n. This is much tighter with respect to the subspace di-
mension than what can be derived from Bass and Grochenig (2004). In order to
establish asymptotic equivalence, it therefore suffices to estimate the total varia-
tion distances on the event 2 .

By (4.1), the regression experiment E,‘f’ . 1s equivalent to observing Z, together
with the design. Introducing

(4.3) Z, =P, f+on ?res,,

we shall prove in a moment that (with obvious notation)

(4.4) Agi o (ZrZr) Sn™Png+ 07 Ry 27,

S,per
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but then it follows that observing Z, is equivalent to observing
dY(x) =P, f(x) +on"Y?dB(x), x €[0,119,

which has a total variation distance to the Gaussian shift Gg of order o ~'n!/2| f —
Pufli2 S o~ n1/2=5/4|| f| gs. Using the triangle inequality for the Le Cam
distance between the intermediate experiments, we arrive at the bound for
A?gper(s,R) (Ez,r’ Gg)
To obtain (4.4), we take expectations over the design and split
E[I.L(Z)) = L(ZD vl | S T+ 1+ 11,

with the terms
I := no_zE[ll(P,f0 — Pno)f”izlﬂ,’éo] (difference in mean on S,,),
II:=E[| En—ol - IdSn0 ||ﬁslgzgo] (heteroskedasticity on Sy,),

11 = no 2E[|(T™" (B} — PI) — (Py — Pay)) f[3210y, ]

. . 1,2
(difference in mean on Sp,"").

Term 1. Using the projection properties, we obtain, on 27 | that

no’
(P — Pag) F1122 = |1 P (Ad — Puy) £ 1122 < 4 P (Id—Pog) £112.

Because of E[(¢k, ¢})n{or, ¢j)n]l = 0 for k # k', k, k' > j by Proposition 4.5
below, an expansion in the basis (¢ J) yields

noy o0
ENPLAd=Py) f121=3" 3 1(fo 02 PEllgr, 92l

j=1k=ng+1
0

= > W o2 PENPY exl7]:

k=ngp+1
Proposition 4.9 below yields E[|| Py ¢k || ] < k/n and hence
_ - 1 2s/d
2 S WP S o 2l 1
k= n0+1

Term 1I. Using || X, ||L2_>L2 <4 on Q" , we find that

no’
El1Z, —1ds, Ifislon, 1 < EUSe 22 12115 — 1ds,, IFislop, ]

<4E[|[ Sy, —1ds,, I3s]
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f|<pj| o2
‘-

2
0

J,
For the Fourier basis, we obtain II < 4n~'n
Term III. Let us write f = fo + f1 + f> with fo = Py, f, fi =Py — Pay) [,
f>» = ({d—P,) f. The projection properties then imply that
E[[(T~' (P! = P1) = (Py = Pup)) | 121ey, ]
=E(T " fi+T'Pyfo =T~ P (fi + f2) = fill}- 1y, ]
<3EIT " =1d) fill7> + Py = Py ol + 1Py filla ey, ]
<3E[filly +LAil72 = 2Re((T ™" fi, f1)2)]
+3E0 2171+ 3E Py fill 1y, ]
=6ERe((fi — T~ fi. fi) )]+ 31 21132 + 3ELI P, fill2 Mgy, ]
=:11I1 + 111, + 1I5.

The term I115 is easily bounded by | f>]12, <n=>/4| f II%F. As in the estimate

LZN
for term I, we obtain IIIz < n”ln (1) 2Y/dIIfII%IS. For III;, we use

E[(T_I(pj, k) 121 =0, j # k, by Proposition 4.5 below to conclude that

n

ERe((fi =T fi, fid )= Y. Kfie)2PENAd =T Hg;j. 9)) 1.

J=no+1

Because of [|¢; |, = 1 for the Fourier basis, we find that

(T i 0j) 2 =lloj — P]_19jlln@} + P} 10, 9" n
= llg; — 1(/)j||n_ || 1‘PJ||

By Proposition 4.9 below, the bound

ERe((fi—=T7 " fi. )21 < Y, Wfo0))2PENNP} 0il7]
Jj=no+l
S Y Zifenpl

Jj=no+1
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follows, which is of order n~! (1) 2/ dll f1%. Putting the estimates together, we
have
1 <o~y 2N f s +n 72 f I g 2 1)
_ 1 2s/d
So g 2 I

and, summing, [ + II + Il < o™ %n (1)_2s/dR2 + n_ln% uniformly over f €

S per(s R), which gives the asserted bound (4.4). [

4.3. Technical results. We now gather results on fine properties of the Fourier
basis (¢;) and its generated approximation spaces S,,. The setting is as in the proof
of Theorem 4.3. For the value of the next proposition, notice that (¢, ¢} )n =

(T or, 1) 2
PROPOSITION 4.5. We have, for indices k", k' >k > 1, k" #k’,
El{gr, 95 )nl =0 and El{or, @} nlox, 9),1=0

PROOF. Since the randomness enters via P;' | in a very intricate way, we
use a symmetry argument. Define X; := (¥Y; + 9)mod1,i =1,...,n, with ¥; ~
U([0,119), 9 ~ U([0, 1]%) all independent such that X; ~ U ([0, 1]1¢) are i.i.d.
Working conditionally on ¢}, we shall keep track on the dependence on ¥ using
brackets. We claim that for k' > k,

(4.5) (@, ) n[9] = 2THE LR (0, oy 0],

which implies the result due to

/ 2 L) =L, D) 79 — () and
[0,11¢

/ Q2T =00, 2) = (LK) —£().2)) 19 — ().
(0,13

For m € 74, put
1 1 &
A 9] := ; ZeZﬂL<I’Vl,Xj[17]> — ; Z Q2mum.Yj+1) _ 62m<m,z9)Am[O]'
— st

The proof of (4.5) will be performed by induction from « < k to k, considering
tuples (k’,«), k" >« and (k’, k), k' > k. Since £(1) =0 and ¢} = ¢; =1, we
have, fork’ > 1 and k =1,

Z 2TUUK), Y49) 2k — D), )

(o 9 )nlD] @i, 9 )nl0].

] 1
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Writing ¢k := |lox — P ekll, I the induction hypothesis implies that

w]—l—D Ok, 9 P91 = ¢ °[0]
j=l1
and thus the induction step is achieved by calculating

(wk/y ¢Z>n [19]

k—1
= <‘Pk’» ck <§0k - {ex wi’)wi’>> (9]
r=1 n

k—

1
—Ck<<§0k/ iln — D) (ks 07 ) n @ks w;’)n)[z?]
1

=
k—1

= ci[9] (Aak/)_ak)[zﬂ — 3P0 (o o), (01, gomn[O])
r=1

= 2D g i), 0], O
PROPOSITION 4.6. Suppose g = Zlﬁ\ ,<L vee?™ 60 s a d-dimensional

trigonometric polynomial of degree L. Let A € (0, L' with 1/A € N be given
and define the cubes Cp, := ]_[ldzl[(m,- — DA, m;A). Then

AT 3T sup IgGe)® — 1g(mA)P] < gl (e — 1),

me(l,..., A=1jd *m€Cn

PROOF. We need multi-indices o, 8 € Nd with a! = a! - 4!, x* =
o] Q] (o ! o . 0% . 9% .
xpteexg? ( /3) Fia—py and differential operators D = 5T T Since

|g|? is real-analytic, a power series expansion gives, for any x,, € Cy,
1817 () — lgP(m )|

(Xm — mA)®
=| Y D%gP (mA>7
aeNg a0
Alalﬁl o o
= ¥ S5 X (§)i0tsmm T emal
aeNd a0 ~  peNd,p<a

Together with g, any derivative is again a trigonometric polynomial of degree L

and by the isometry (2.3) and Bernstein’s inequality [cf. Meyer (1995), page 32],
we obtain

A3 D% P(mA) = ||D%g|3, < LA g2,
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This implies, by the Cauchy—Schwarz inequality, that

AT sup I8P — [gPma)|

me(l,..., A=1yd ¥mE€Cm

Alelg o 12
d 2
<2t > 2Ty (9) <§m:|Dﬂg<mA)| )

aeNd, a#0 T BeNd p<a

1/2
X (ZID“‘ﬁé(mA)IZ)
m
Ala‘el

o _
<lgl?. Y =~ ¥ (ﬁ)LﬁmLa Bl

.
aeNd,a;éO ﬁEN‘I,,Bfot

= llgll3,(e* AL — ). O

LEMMA 4.7. LetY € R" follow the multinomial distribution with parameters

nand py=---= p, =1/r. Then, for n — oo and r = r(n) with rlog(r)/n — 0,
VC > 0:limsup %r(n)cz/“_l
n—o0
X P( max |Y; —n/r(n)|>C nlog(r(n))/r(n)) <1.
1<i<r(n)

PrROOF. If Xy,..., X, are independently Poisson(n/r)-distributed, then it is
well known that the law of (X1, ..., X,) given ) ;_, X; = n is multinomial with
parameters n and p; =--- = p, = 1/r. Set A, := C+/nlog(r)/r. Since

k— P<max Xi—n/r> Ay

1<i<r

> xi~i)

i=I

is obviously increasing in k € N, we obtain

P<max Xi—n/r> Ay

I<i<r

" P(maxi<j<, X;i —n/r > Ay)
ZX,‘ =n] =< 7 .
Pyt P i1 Xizn)

As Y7, X; is Poisson(n)-distributed, P(}_i_; X; > n) — 1/2 follows, so

(4.6) limsup<P<max Yi —n/r > An,) — 2P<max Xi—n/r > An,>) <0.

n—00 1<i<r I<i<r
By the exponential moment estimate E[e?(Xi—1/1)] = gn(e“—a=D/r < e3[4 for

a:=rA,,/n— 0and n large, the generalized Markov inequality yields

P(max Xi—n/r> Anr> <rPX;—n/r>A,) < pena?/Ar—ady _ 1-C2/4

1<i<r
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By use of (4.6) and a completely symmetric argument for P(maxj<;<,(n/r —
X;) > A,,), the result follows. [

PROPOSITION 4.8. For j = j(n) such that jlog(j) = o(n) and the event Q;‘
in (4.2), we have lim,,_, oo in((Q’}(n))C) =0 for any power p > 0.
PROOF. From Proposition 4.6, we derive, with A < L := [£(j)|2, 1/A €N,

the cubes C,, := ]_[ﬁlzl[(m,- — 1)A,m;A) and the occupations N, :=#{i: X; €
Cm}’

1 n
lgl7, — ;Dg(Xi)F
i=1

> (Admg(mA)F— > |g<X,~)|2)

i:X;€Cpn

> (1A% = NullgmA)?

+ Ny sup [[gmA))? = gxm) )

Xm€Cpy

gl J AL
< max An — N, N, —1
= "Ady, me(lo Afl}d(| n m| + Nm (e ))

mel{l,...,A

By Lemma 4.7, max,, |l — N,,/nA%> > C(nA%)~'log(1/A) has probability
tending to zero with any given polynomial rate when C is chosen sufficiently
large. Since L4 log(L) < jlog(j) = o(n), we can choose A = o(L™1) such that
A~41og?(1/A) = o(n) still holds. This gives

lgll7> = lglizl < (€A A " og(1/4) + (148 = 1))llgl7 < Fllgl7»
for large n with probability larger than 1 —n=P. [
PROPOSITION 4.9.  For j € N with jlog(j) = o(n), we have

E[P} 9ili1 S j/n.

PROOF. By construction, ||P]’?_1(pj I? < ||(pj||% =1 holds so that by Proposi-
tion 4.8, it suffices to find the bound for the expectation on the event Q’}
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Setting Ay, == 1 37 | exp(27i(m, Xk)), m € Z¢, we use Parseval’s identity and
E[|An|*] = 1/n for m # 0 to obtain

ELIP}_19;l71g1]

. 2
=E|: sup |<‘/’]»g>n| 197i|

gEVj,1 ”g”;%
g5 2m</3(')—2(r)X)2 lgli72
<E| sup |- cre 4 Ak sup 5o
lenlle=11" =1 v = gev;y llgllz

j-1 4G -1
=< 4E|:Z’Az(j)—é(r)‘2:| = (]T

r=1
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