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Abstract. We recover the Navier—Stokes equation as the incompressible limit of a stochastic lattice gas in which particles are
allowed to jump over a mesoscopic scale. The result holds in any dimension assuming the existence of a smooth solution of the
Navier—Stokes equation in a fixed time interval. The proof does not use nongradient methods or the multi-scale analysis due to the
long range jumps.

Résumé. Nous retrouvons I’équation de Navier—Stokes comme limite incompressible d’un gas sur réseau ou les particules peuvent
sauter sur des distances mésoscopiques. Le résultat est valable en toute dimension supposant I’existence d’une solution lisse de
I’équation de Navier—Stokes en un intervale de temps donné. La démonstration ne dépend pas des méthodes non-gradients ou
I’analyse multi-échelle grice aux sauts de longue portée.
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1. Introduction

A major open problem in nonequilibrium statistical mechanics is the derivation of the hydrodynamical equations
from microscopic Hamiltonian dynamics. The main difficulty in this project lies in the poor knowledge of the ergodic
properties of such systems. To overcome this obstacle, deterministic Hamiltonian dynamics have been successfully
replaced by interacting particle systems (cf. [3] and references therein).

Following this approach, in the sequel of the development of the nongradient method by Quastel [5] and Varadhan
[6], Esposito, Marra and Yau [1,2] derived the incompressible Navier—Stokes equation for stochastic lattice gases in
dimension d > 3.

The main step of their proof relies on a sharp estimate of the spectral gap of the jump part of the generator of the
process and on the characterization of the germs of the exact and closed forms in a Hilbert space of local functions.
The characterization of the closed forms as the sum of exact forms and currents allows, through a multi-scale analysis,
the decomposition of the current as a sum of a gradient part and a local function in the range of the generator.

In this article, we consider a stochastic lattice gas with long range jumps. The dynamics are built in a way that
the density and the momentum are the only conserved quantities. Choosing appropriately the size and the rates of the
jumps, we are able to show that a small perturbation of a constant density and momentum profile evolves in a diffusive
time scale as the solution of the incompressible Navier—Stokes equation.
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In contrast with [1,2], the mesoscopic range of the jumps permits to consider perturbations around the constant
profile of order N, for b small, where N is a scaling parameter proportional to the inverse of the distance between
particles. This choice has two important consequences. On the one hand, in order to close the equation, one does
not need to replace currents by averages of conserved quantities over macroscopic boxes, but only over mesoscopic
cubes, whose size depends on the parameter b. In particular, there is no need to recur to the multi-scale analysis
or to the closed and exact forms, simplifying considerably the proof. On the other hand, choosing b small enough
(b < 1/2), one can avoid in dimensions 1 and 2 the Gaussian fluctuations around the hydrodynamic limit and prove
a law of large numbers for the conserved quantities in this regime. We are thus able to derive the incompressible
Navier—Stokes equation even in low dimension, where the usual approach is intrinsically impossible since it involves
scales in which fluctuations appear.

The main drawback of the approach presented is that it requires a bound on the spectral gap of the full dynamics
restricted to finite cubes. The bound needs only to be a polynomial in the volume of the cube, but the generator
includes the collision part. This problem, already mentioned in [2], is rather difficult in general. We prove such a
bound in Section 6 for a specific choice of velocities.

The model can be informally described as follows. Let V' be a finite set of velocities in R?, invariant under re-
flections and exchange of coordinates. For each v in V, consider a long-range asymmetric exclusion process on Z¢
whose mean drift is v N U~ Superposed to these dynamics, there is a collision process which exchange velocities
of particles in the same site in a way that momentum is conserved.

Under diffusive time scaling, assuming local equilibrium, it is not difficult to show that the evolution of the con-
served quantities is described by the parabolic equations

{ ahp+N"Y,cpv-VF(p,p) = Ap,
Ohpj+N"Y cpvjv-VFi(p,p) = Apj,

where p stands for the density and p = (p1, ..., pg) for the momentum. Fy, ..., Fy are thermodynamical quantities
determined by the ergodic properties of the dynamics.

Consider an initial profile given by (o, p) = (o, B) + N —b (90, @), where («, B) are appropriate constants. Expand-
ing the solution of the previous equations around (o, 8) and assuming that the first component ¢y does not depend on
space, we obtain that the momentum should evolve according to the incompressible Navier—Stokes equation

divep =0,
drpe = Aode@; + A1g - Vor + Ardelol* + Agy,

for 1 <€ <d, where Ag, A1, Ay are model-dependent constants. This is the content of the main theorem of the
article. We prove that under an appropriate time scale, the normalized empirical measures associated to the momentum
converge to the solution of the above incompressible Navier—Stokes equation.

The proof relies on the relative entropy method introduced by Yau [7]. We show that the entropy of the state of the
process with respect to a slowly varying parameter Gibbs state is small in a finite time interval provided the solution
of the incompressible Navier—Stokes equation is smooth in this interval.

To obtain such a bound on the entropy, we compute its time derivative which can be expressed in terms of currents.
A one block estimate, which requires a polynomial bound on the spectral gap of the generator of the process, permits
to express the currents in terms of the empirical density and momenta. The linear part of the functions of the density
and momenta cancel; while the second order terms can be estimated by the entropy. We obtain in this way a Gronwall
inequality for the relative entropy, which in turn, gives the required bound.

The article is organized as follows. In Section 2, we establish the notation and state the main results of the article.
In Sections 3 and 4, we examine the incompressible limit of an asymmetric long range exclusion process. We state in
this simpler context some ergodic theorems needed in the proof of the incompressible limit of the stochastic lattice
gas. In Section 5, we prove the main result of the article, while in Section 6, we prove a spectral gap, polynomial in the
volume, for the generator of a stochastic lattice gas restricted to a finite cube and in Section 7, we state an equivalence
of ensembles for the canonical measures of lattice gas models.
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2. Notation and results

Denote by va ={0,...,N — l}d the d-dimensional torus with N¢ points and let V C R be a finite set of velocities

v=(vy,...,Vq). Assume that V is invariant under reflexions and permutations of the coordinates:
(W1, Vi1, =V, Vg1, ..., V) and (VoD - -5 Vo (d))
belong to V for all 1 <i <d and all permutations o of {1, ..., d} provided (vy, ..., vg) belongs to V.

On each site of the discrete d-dimensional torus T?V at most one particle for each velocity is allowed. A configura-
tion is denoted by n = {n,, x € Tjiv} where 1, = {n(x,v), ve V}and n(x,v) € {0, 1}, x € T4, v eV, is the number

of particles with velocity v at x. The set of particle configurations is Xy = ({0, I}V)TLIIV.

The dynamics consist of two parts: long range asymmetric random walks with exclusion among particles of the
same velocity and binary collisions between particles of different velocities. The first part of the dynamics corresponds
to the evolution of a mesoscopic asymmetric simple exclusion process. The jump law and the waiting times are chosen
so that the rate of jumping from site x to site x + z for a particle with velocity v is px(z, v), where

Ay 1
pn(z,v) = {2+_C]M(Z,U)}1{Z€AM}~

Md+2 Na
In this formula, @ > 0 is a fixed parameter, M is a function of N to be chosen later, Ay is the cube {—M, ..., M}d,
Ay is given by
Am
a2 Y uzj =3 2.1
Z€EAM

for 1 <i, j <d, and gy (z, v) is any bounded nonnegative rate such that

Aym
FYZESS Z qm (2, v)zi = ;i

7EAM

for 1 <i <dand M > 1. A possible choice is gy (z, v) = M~1(z - v), where u - v stands for the inner product in RY.
Note that particles with velocity v have mean displacement M ~! N %y,

The generator £ of the random walk part of the dynamics acts on local functions f of the configuration space
Xy as

(LK=" > 0. 0|l =& +z.0)]pn @[ F (0 0) = )],
veV xeTd,
ZEAM

where

n(y,v) ifw=vandz=x,
Ux'y'v(Z,lU)={n(x,v) ifw=vandz=y,
n(z, w) otherwise.

The collision part of the dynamics is described as follows. Denote by Q the set of all collisions which preserve
momentum:

Q:{(v,w,r/,u/)eV“: v+w=0v+uw'}.

Particles of velocities v and w at the same site collide at rate one and produce two particles of velocities v’ and w’ at
that site. The generator Ef\, is, therefore,

Ly fm= > pG.q.ml (") - f].

ye’H‘j’V q€Q
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where the rate p(y,q, 1), ¢ = (v, w, v, w’), is given by

p(.q.m) =, v)nQy, w)[1—n(y.v)][1—n(y. w')]
and where the configuration 9, g = (vg, v1, v2, v3), after the collision is defined as

79 (2, u) = n(y,vj42) ifz=yandu=v; forsome0<j <3,
' n(z,u) otherwise,

where the index of v; > should be understood modulo 4.
The generator Ly of the stochastic lattice gas we examine in this article is the superposition of the exclusion
dynamics with the collisions just introduced:

Ly =N{L5 + L5}

Note that time has been sped up diffusively. Let {(¢): t > 0} be the Markov process with generator £y and denote
by {SN: t > 0} the semi-group associated to Ly.

For a probability measure p on Xy, denote by P, the measure on the path space D(Ry, Xy) induced by
{n(#): t = 0} and the initial measure .. Expectation with respect to IP;, is denoted by E,, .

2.1. The invariant states
For each configuration & € {0, l}V, denote by Ip(£) the mass of &€ and by Ix(§),k=1,...,d, the momentum of &:

LE) =) W),  LE =) wuEQ).

vey veV

Set I(§) := ({o(§), ..., 1z(£)). Assume that the set of velocities ) is chosen in such a way that the unique quantities
conserved by the dynamics £y are mass and momentum: ) eTd, I(ny).

Two examples of sets of velocities with this property were proposed by Esposito, Marra and Yau [2]. In Model I,
V ={Zey,..., xeq}, where {e;, j =1, ..., d} stands for the canonical basis of R4, In Model II, d = 3, w is a root of
w* —6w?—1 and V contains (1, 1, w), all reflections of this vector and all permutations of the coordinates, performing
a total of 24 vectors since w # *1.

For each chemical potential A = (Ao, A1, ..., Ag) in R4t denote by m; the measure on {0, I}V given by

my (&) = exp{A-1(&)},

Z(\)
where Z(A) is a normalizing constant. Notice that m) is a product measure on {0, I}V, i.e., that the variables
{&(v): v € V} are independent under m .

Denote by Mf’ the product measure on ({0, 1}1/)11“,{, with marginals given by

u n: nGx, ) =E} =mu(®)

for each & in {0, 1}V and x in Tj’v. Notice that {n(x,v): x € ']I“]iv, v € V} are independent variables under ,uiv.

For each A in RY*! a simple computation shows that Miv is an invariant state for the Markov process with genera-
tor Ly, that the generator £, is symmetric with respect to ,uiv and that £/ has an adjoint Ef\)f’* in which py(z, v) is
replaced by p3 (z, v) = py(—2z, v). In particular, if we denote by £%"*, L3 the symmetric and the antisymmetric
part of L5/, we have that

ex,s 2A
(EN’ f)(’?) = MTTZ Z Z (T x 2,0 ) (),
veV xe’]I“f\,
7€EAM
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(‘Ci\);)af)(n) Md+2N“ Z Z qm (z, V) (Tx x42,0 ) (),
veV xe']Td
z€Am

where

(T xtz0 ) =n(x, V)[1 = nx + 2,0 ][ f (7 TY) = F()].

The expectation under the invariant state Miv of the mass and momentum are given by

PO = Eny [I0(E)] =D 0, (M),
veV

PV = Epy [Ie(®)] = ) vk, (V).
veV

In this formula, 6, (1) denotes the expected value of the density of particles with velocity v under m; :

exp{Aio + ZZ:[ AkUr)

9U A) = Em = .
*) [50)] 1+ exp{io+ ZZ:I Mvi}

2.2)

Denote by (o, p)(A) ;= (p(XA), p1(X), ..., pa(X)) the map which associates the chemical potential to the vector of
density and momentum. Note that (p, p) is the gradient of the strictly convex function log Z(A). In particular, (o, p)
is one to one. In fact, it is possible to prove that (p, p) is a diffeomorphism onto 2 C R4*!, the interior of the convex
envelope of {I(¢), & € {0, I}V}. Denote by A = (Ag, ..., Ag) A — R4+ the inverse of (p, p). This correspondence
permits to parameterize the invariant states by the density and the momentum: for each (p, p) in 2, we have a product

measure v}, = u}, - on ({0, )T,
2.2. Spectral gap

For L > 1 and a configuration 7, let If(x) = (IOL x),..., 1 dL (x)) be the average of the conserved quantities in a cube
of length L centered at x:

1
1" (x) :=IL(x,n>=m > I0p). (2.3)

zex+AL

Let U} be the set of all possible values of I£(0) when n runs over ({0, l}V)AL. Obviously, Uy is a finite subset of the
convex envelope of {I(£): & € {0, 1}V}. The set of configurations ({0, 1PV)AL splits in invariant subsets: For each i in
U;, let

He @) = {n € (10, V)" 140) =i},

For each i in 0, define the canonical measure v,4, ; as the uniform probability measure on Hy, (i).
Denote by L4,, the generator Ly restricted to the cube Ay without acceleration. More precisely, on the state
space ({0, 1}Y)4m consider the generator L£4,, = Ei{‘M + LZ;M, which acts on local functions f : ({0, 1}Y)4¥ > R as

(s, Hm=>" > nex. o[l =nG.v]pnG —x. [ ") - fF0)],

veV x,yeAy
[x—yl<M

(L5, )= pG.q.m[f(n") = f].

yeAm geQ
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Since the only conserved quantities are the total mass and momentum, the process restricted to each component
‘H (i) is ergodic. It has therefore a finite spectral gap: For each i in 20y, there exists a finite constant C (M, i) such
that

(3 Pluays < CDf. (=Lay 1),

for all functions f in L%(v4 w.i). Here and below (f; f), stands for the variance of f with respect to a measure v and
(-, -}, for the scalar product in L?(v).

We shall assume that the inverse of the spectral gap increases polynomially in the length of the cube: There exists
Co > 0 and « > 0 such that

max C(M,i) < CoM*. 2.4

ie%M
We prove this hypothesis in Section 6 for Model L.

2.3. Incompressible limit

For k=0, ...,d, denote by 7%V the empirical measure associated to the kth conserved quantity:
N =N La)syw,
XET%

where §, stands for the Dirac measure concentrated on u.

Denote by (7XN, H) the integral of a test function H with respect to an empirical measure 75" . To compute
LN(yrk’N , H), note that E’j\,lk(nx) vanishes for k =0, ..., d because the collision operators preserve local mass
and momentum. In particular, Ly (%N, H) = N zﬁi’,‘ (m*N | H). To compute LY (m*N | H), consider separately the
symmetric and the antisymmetric part of £;. After two summations by parts and a Taylor expansion, we obtain that

, M
N2LG (7ON H) = (=N, AH)+ o(—N )
N2LG U mON H) = N § § 8, H WM+ON
vl M Nd (O H) b (V7).

Jj= lxe']l'd

for every smooth function H. In this formula, A stands for the Laplacian. 7, stands for the translation by x on the
state space Xy so that (z,xn)(y, v) = n(x + y, v) forall x, y in 74, vin VY, and WJM, j=1,...,d,is the current given
by

Wil = Md—H > D auG vz v {1 -0 v} (2.5)

veVzedAy

In the same way, for 1 <k <d, a long but simple computation shows that

WL H) = (e a0 3 ),

Nl —a
2 ex,al__k,N
Lyt H) = — NdZZ(aujH)< )erijro( ),
j=lxeT4
where Wk is the current defined by
M
Wil = Md+1 > ue Y qm v)zin©. v){1 -z )} (2.6)

veV zeAy
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The explicit formulas for £y (7%~ , H) permit to predict the hydrodynamic behavior of the system under diffusive
scaling assuming local equilibrium. By (2.1), the expectation of the currents W, W,?”j under the invariant state /Lf’
are given by

En[W =3 x@:)v;,  En[W]=D" x(0uM)vjve.
veV veV

In this formula and below, x (@) = a(1 — a). In view of the previous computation, if the conservation of local equilib-
rium holds, the limiting equation in the diffusive regime is expected to be

%o+ N Xy - V(6 (Ao, p)) = M.

a 2.7)
0pj + Y Yy viv - Vx(6u(AG0. D)) = Ap;.

where V F stands for the gradient of F'.
We turn now to the incompressible limit. Note that 6, (0) = 1/2 for all v and that

v _. 1
p(0) = —= =:ao, Pk(O)ZEZUkZQ

veV

where the last identity follows from the symmetry assumptions made on V. Therefore, A(ap, 0) = 0 and by Taylor
expansion,

d d d 2
1 1 1
X (6u(Alao + €90, €9))) = x (E) _ 62{1 Z:O 9 Ao(ao, 0)r + 2 ; g vede Ar(ao, 0)pr t +O(e?)

because x'(1/2) =0, 390, (0) = (1/4), 9:0,(0) = (1/4)vy, 1 <k < d. Here 9, stands for the partial derivative with
respect to the £th coordinate. It follows from the previous explicit formulas for 96, (0) that

-1
3¢ Ao(ap, 0) = 480.¢|V| ™", d¢ Ar(ao, 0) = 451(,11{2 U%}
veV

for 1 <k <d,0<¢ <d.In particular, y (6,(A(ap + €¢o, €@))) is equal to

d 2
1 2] o Uk Pk 3
X(—)—e —+272 +0(€”)
2 { |V| k=1 ZUEV vk
Due to the symmetry properties of V,

Z VEvj = B(Sk’j, (2.8)
veV

where B=3)" .y v%. The denominator in the expression inside braces is thus equal to B.

To investigate the incompressible limit around (ag, 0), fix » > 0 and assume that a solution of (2.7) has the form
p(t,u) =ag+ N~bey(t,u), pr(t,u) = N~Pg(t, u). Then to obtain a nontrivial limit, we need to set M = N1~
to obtain that (¢g, @)(t, u) is the solution of

d 2
{8t¢0=Zuevv'v{rpTO| + 5 i1 ok} + Ago, (2.9)

d 2
e =2 ey VeV - V{fpv(ﬁ + % D emi ko) + Agy,
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To recover the Navier—Stokes equation, we need to introduce some notation related to the velocity space V. Let
Rk 0.m.n (V) = vkvevp v, By the symmetry properties of V), if k # £, we have that

Z Rie.mn(v) = {8m,k5n,f + 8m,£8n,k}cv (2.10)
veV

2.2 2.2
where C =} .y viv; =),y viv5. On the other hand,

> Rikomn®) = 8m xS0k D+ Smn{l — 8w 4}C, .11)
veV

where D=3 v,f =) eV vf.
Assume that ¢((0, u) is constant and that div ¢ (0, -) = 0. Since 9;¢o and Agg vanish and since V is invariant by
reflexion around the origin, replacing v by —wv, the first equation in (2.9) can be rewritten as

d
Zkavngok:O.

k=1veV

By (2.8), this equation becomes
dive =0.
The same argument permits to rewrite the second equations in (2.9) as

d 2
dpe = B> Zwv . V{kafﬂk} + Agy.
k=1

veV

The first term on the right-hand side of this expression is equal to
d
2B_2 Z Ok OmPn Z Rk,@,m,n(v)~
k,m,n=1 veV
It follows from (2.10), (2.11) and elementary algebra that this expression is equal to B~2 times
(D = 3C)deg; +2C¢ - Vo + Clge |
because div ¢ = 0. We recover in this way the Navier—Stokes equation

divp =0, 1)
dpe = Aodeg? + A1 - Vo + A2dglol> + Agy, '

where Ag = (D — 3C)/B?, Ay =2C/B~? and A, = C/B?. For Model I, we get Ag =1, A| = A, =0, while for
ModelII, B = 16+8w?, C = 8+ 16w?, D = 16+ 8w* and A vanishes because w is chosen as a root of w* —6w? —1.

2.4. Statement of the result

Recall that « stands for the polynomial growth rate of the spectral gap. Assume that b < a,

2 K—2 2 2
a+b>1————, a—+ b>1——, a+|1+-)b<1. (2.13)
d+« K K d

The first two displayed conditions are needed in the proof of the one-block estimate, where the size of the cube cannot
be too large. The last condition appears in the replacement of expectations with respect to canonical measures by
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expectations with respect to grand canonical measures, where the volume | A | has to be large. It is easy to produce
constants a, b > 0 meeting the above requirements. It is enough to choose first 0 < a < 1, close enough to 1, and then
to find b small enough.

Let ¢ = (¢1, ..., 94):T? — R? be a smooth divergence free vector field. Denote by @(t) the solution of (2.12)
with initial condition ¢, assumed to be smooth in a time interval [0, T']. Denote by vt the product measure on Xy
with chemical potential chosen so that

@ (1, x/N)

%o
En[lo(:)] = a0 + Vb En[I(n)] = D

for 1 <k <d with ¢g being a constant. This is possible for N large enough since ¢ is bounded and A(agp, 0) =0
For two probability measures 1, v on Xy, denote by Hy (u|v) the entropy of u with respect to v:

HN(MIV)=Sup{/fdu—10g/€fdv},
f

where the supremum is carried over all bounded continuous functions on X . We are now in a position to state the
main theorem of this article.

Theorem 2.1. Assume conditions (2.4) and (2.13). Let ¢ = (¢1, ..., 94q) ‘T4 - RY be a smooth divergence free
vector field. Denote by @(t) the solution of (2.12) with initial condition ¢ and assume @(t, u) to be smooth in [0, T] x
T for some T > 0. Let {uN: N > 1} be a sequence of measures on Xy such that Hy (,uN|vO ) = o(N9=2). Then,
Hy(uV SN Ny =o(N9=2b) for0 <t < T.

Corollary 2.2. Under the assumptions of Theorem 2.1, for every 0 <t < T and every continuous function

F:T¢ > R,
NIEE,ON XTjd ( )10 ne()) —ao} = goo/TdF(u)du,
Jim NdXTjd ( ) (nx() = /Tdnu)sok(r,u)du
in L'(P,,x).

The corollary is an elementary consequence of the theorem and of the entropy inequality.

3. Mesoscopic asymmetric exclusion processes

We start with a model with no velocities. The proof is simpler in this context and the results stated will needed for the
stochastic lattice gas. Denote by 7 the configurations of the state space Xy = {0, 1}T7v so that n(x) is either O or 1 if
site x is vacant or not. We consider a mesoscopic asymmetric exclusion process on Xy . This is the Markov process
whose generator is given by

Ly =Y n@[1 =6 +2)]pv @[ F(@*n) — fF0)].
xeT%

ze74

where,

pN(2) = {ZAM + —CI(Z)}I{Z € Ay}

1
A4d+2
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In this formula @ > 0, M, Ay are chosen as in the previous section and g (y) = sign(y - v) for a fixed vector v € R4,
On the other hand, o*>¥n is the configuration obtained from 1 by interchanging the occupation variables n(x), n(y):

n(z) ifz#x,y,
(™)@ ={n(y) ifz=x,
nx) ifz=y.

For a probability measure v on X, P, stands for the measure on the path space D(Ry, Xy) induced by the
Markov process with generator Ly sped up by N? and the initial measure . Expectation with respect to P, is
denoted by E,,. Denote by {S,N : t > 0} the semi-group associated to the generator N>L y.

For 0 <« < 1, denote by u” the Bernoulli product measure on Xy with density @. An elementary computation
shows that /,Lév is an invariant state for the Markov process with generator L. Moreover, the symmetric and the
antisymmetric part of the generator Ly, respectively, denoted by L3, LY, are given by:

2A
(L) =35 - [l =0 +][f (™ n) = F@)].

d
xeTy,
z€74

> q@n[1=n(x+ ][ f(@**Tn) — f()]-

d
xeTy,
ze74

1
(LY f) ) = WIINa

We investigate in this and in the next section the incompressible limit of this model. Consider first the hydrodynamic
behavior of the process under diffusive scaling. Denote by 7"V the empirical measure associated to a configuration:

1
7 =xNm =17 Y sy

xeT%
Denote by (7, H) the integral of a test function H with respect to an empirical measure 7. To compute

N?Ly(n™, H), we consider separately the symmetric and the antisymmetric part of the generator. After two summa-
tions by parts and a Taylor expansion, we obtain that

N2L3y(xN, H)=(z", AH) + O<%>.

On the other hand, after a summation by parts, N 2L§'\, (mN, H) becomes

Ni=a 1 -
g 2 (5 e o),

xeT%jZl

where 1, stands for the translation by x on the state space Xy so that (t,n)(y) = n(x + y) for all x, y in T¢, and
WM = wM .. W) is the current given by

1
Wil =—7 2 4@znOf1 —n@)}. 3.1

€Ay

The expectation of the current under the invariant state u is

1
a(l =)oy D @)z, (32)

7€EAM
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Since M = N'797"  the limiting equation in the diffusive regime is, therefore, expected to be
80+ Ny - Vp(l—p)=Ap,

where y; = f[—l,l]d ujq(u)du.
To investigate the incompressible limit around density 1/2, suppose that a solution of the previous equation has the
form p(t,u) =(1/2) + N —b o(t, u). An elementary computation shows that

hp=v Vo’ + Ag.

Assume the following conditions on a and b, which could certainly be relaxed:

d 2
a’——|—2<a+b’ a+max{2,l+g}b<l,

2<1+§)b< l. (3.3)

The first assumption, which forbids a large mesoscopic range M, is used in the proof of the one-block estimate. The
second and third assumptions, which require a not too small range M, are used throughout the proof to discard error
terms.

By the same reasons of the previous section, there exist positive constants a, b satisfying these assumptions.

Fix a continuous function ¢g: T — R. Denote by ¢ = ¢(z, u) the solution of the nonlinear parabolic equation

dhp=y Vo’ + Ag, 34
{¢(0, ) =90(). Gb

For ¢t > 0, let vtN be the product measure on Xy with marginals given by

1 1 X
Ele [n(x)] = 3 + W(p(t, N)

This is possible for N large enough because ¢ is bounded. Recall that we denote by Hy (v|u) the relative entropy of
a probability measure v with respect to .

Theorem 3.1. Assume conditions (3.3). Fix a smooth function ¢o: T¢ — R and denote by ¢ = ¢(t, u) the solution of
(3.4) with initial condition ¢y. Assume @ to be smooth in the layer [0, T] x T9. Let {MN: N > 1} be a sequence of
measures on Xy, such that Hy (/,LN|V(1)V) =0(N2). Then Hy (,uNS,N|v[N) =o(N9=2) forall0<t<T.

Fix two bounded functions ¢; : T¢ - R, i =1, 2, and denote by N the product measures associated to the density
profile (1/2) + N~b¢;. A second order Taylor expansion shows that

The assumption on the entropy formulated in the theorem permits, therefore, to distinguish between N ~?-perturbations
of a constant density profile.

A law of large numbers for the corrected empirical measure follows from this result. For a configuration 5, denote
by IT" () the corrected empirical measure defined by

N? 1
N :HN(,?) — ~a Z {n(x) — E}SX/N
xET%

considered as an element of M (T¢), the space of Radon measures on T endowed with the weak topology. For ¢ > 0,
let HIN =11V ().
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Corollary 3.2. Under the assumptions of Theorem 3.1, for every 0 <t < T and every continuous function

F:T¢ >R,

N—o00

lim (11, F):f o(t, u)F(u) du
'H‘d
in L'(P,,n).

The corollary is an elementary consequence of Theorem 3.1 and the entropy inequality.

4. Incompressible limit of mesoscopic exclusion processes

We prove in this section Theorem 3.1. Fix a smooth function ¢ : T¢ — R and denote by ¢ = ¢(r, ) the solution of
(3.4) with initial condition ¢, supposed to be smooth in the time interval [0, T]. Let {,uN : N > 1} be a sequence of
measures on Xy satisfying the assumptions of Theorem 3.1.

4.1. Entropy, Dirichlet form and Ergodic constants

An elementary computation shows that the entropy Hy (1| u{\;z) of " with respect to M%z is of order N9=2°,
Indeed, by the explicit formula for the entropy and by the entropy inequality,

! NNy L dg’ \
o o) = (14 e o)+ o [ (£20) T ad

d“l/z

for all A > 0. A Taylor expansion shows that the second term on the right-hand side is of order N~2”_ In particular,
N2b_dHN(MN|M§V/2) <Co 4.1

for some finite constant Cop depending only on ¢yg.
Let £ be the Radon-Nikodym derivative du™¥ SV / d/ﬁlv/2 so that

& fN =N2L% N,

where Lj‘\, stands for the adjoint of Ly in Lz(,ullv/z). It follows from (4.1) and a well-known estimate on the entropy
production (cf. [3], Section V.2) that

2b N N2b t N N
7 Hv (s ’“1/2)+W/o D (1) ;) ds = Co (4.2)

for all N > 0 and ¢ > 0. In this formula, Dy stands for the Dirichlet form defined as

Dy (Ml/zm) ( Lyv/f, f)

where (-, -) M{\; , is the scalar product in Lz(uiv/z). An elementary computation shows that
AMN2 2
N ’Vr
Dy (W2 f) = S a7 > (vl )M{V,z
[x—yl=M
where
(V*g) () =g(o™"n) — g,

and that Dy is a convex, lower semicontinuous functional.
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Let L 4,, be the symmetric part of the generator Ly restricted to the cube A p:

2Aym

Lay N =5 Y 1@ =nW][f (e n) = Fo], (4.3)

X, yEAM
|x—yl=M

and denote by 4, k, 0 < K <|Apy|, the canonical measure on {0, 1}4M concentrated on the hyperplane with K
particles. In the case of the exclusion process, 4,k is just the uniform measure over all configurations of {0, 1}Am
with K particles. Denote by D 4,, the Dirichlet form associated to L 4,,:

A ,
DAM(M’ f) = MTI:I—Z Z ({Vx’y\/?}zht’

X, YEAM
|x—yl=M

where p stands either for the marginal on Ay of the grand canonical measure ,u{v , or for a canonical measure (4, -

By comparing the Dirichlet form D 4,, with the Bernoulli-Laplace Dirichlet form, in which all jumps are allowed
with rate | A |~ and which is known to have a spectral gap of order 1 (cf. [5]), we can prove that the spectral gap of
Dy, is of order M 2.

4.2. The relative entropy method

The proof of Theorem 3.1 is based on the relative entropy method introduced by Yau [7]. Let N = dv}N/ duiv/z. It

follows from the explicit formulas for the product measure v[N that

N [(1/2) + N~Pp(t,x/N)]
tog i = 3 Yoe 4 o N

d
xeTy,

+ 3 log{l - 2N_b(p<t, %) }

d
xeTy,

Let Hy(t) = N**=4Hy(uV SN [vN) and recall that we denote the Radon-Nikodym derivative du™¥ SN /dpd{\;2
by f/N. With the notation just introduced, we have that

_ N
Hy (1) = N / N 1ongtNduf;2.

Theorem 3.1 follows from Gronwall lemma and the following estimate.

Proposition 4.1. Fix a sequence of measures {1"": N > 1} satisfying the assumptions of Theorem 3.1. There exists
y > 0, such that

t
Hy() < V/ Hy(s)ds +opn(1)
0
forallt <T.

The proof of Proposition 4.1 is divided in several steps. We begin with a well known upper bound for the entropy
production (see e.g. [3], Lemma 6.1.4).

d _ (N2L%, —9)yN
EHN(I)SN% d/er—NwN — dut)a- (4.4)
t
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A long and tedious computation gives that () ~1(N2L% — d,)y" is equal to

NP Z(A‘p)< >{”(x) }szZZ@uw)( )(3u,<ﬂ)< )foM(n)

xer i,j=1x

+4(1+5N)ZZ<BM,¢>( ) WM ()

J= lxer
4 1
— 5 2 () (z, %) {n(x) - (5> - N‘%(r, %)} +o(N92), (4.5)
xe']I‘}d\,

In this formula, W]’.k’M and Vlﬂ;l stand for

. 1

Wit =+ XAj a(=2)znO{1-n@]},
€Ay

V) = S )1 - 1)

L] Md+2 5 <] .

We used the inequalities a > b, a + 2b < 1, which follow from assumptions (3.3), to estimate several terms in the
above computation by o(Nd_2b). The expression (1 + ,SN)(E)MI. @) in the third line stands for (8uj(p){l —4N~2 2} L
Keep in mind that e is of order N =2,

If we replace 7(x) — 1/2 in the first term of (4.5) by 1(x) — (1/2) = N™P¢(1, §) and V¥ by VM — (1/4)5; ;, as
N 1 00, the expressions added multiplied by (1/4)N?*~¢ converge to

d
Ap)p + /au. 2=0.
/Td( o ; [ G0

Therefore, in view of (4.4) and (4.5), the time derivative of the renormalized entropy Hy (¢) is bounded above by

4(1 N?b
EMN[%ZZ@M( )rx *Mom]

J=lxem4,
16 &
EMN[WZ Z(au,w)( )(au,qo)( )rxv (m)}
i.j=1xeT?,
1
+EM[ ZW(NP—EW)< ){m(x) (2>—N"’<p<t,%>”+olv(l), (4.6)

where VY (7) = VM (n) — (1/4)3; ;.

We now use the ergodicity to replace the functions W;“M and \7/‘;’ by their projections on the conserved quantity
over mesoscopic cubes.



900 J. Beltrdn and C. Landim
4.3. One block estimate

Recall from the end of Section 4.1 that 1 4,,, ¢ stands for the uniform measure over all configurations of {0, 1}4M with
K particles. For 1 < j < d, denote by F;(K/|Ap|) the expected value of the current W;.’"M with respect to (4, k-
An elementary computation shows that

1
P8 = B oW == 14 s s = ),

provided 8 = K /| Ayl and y = M~@HDN" 0 2iq(z) =y +OM ™).
For a positive integer £ > 1, let n°(x) be the average number of particles in a cube of size £ around x:

1

CoN

77()6)—|A€| E n().
yex+Ay

ForM>1,1<j<d,]let

Vim =W —F;(n™(0)).

Lemma 4.2. Foreveryt >0, 1 < j <d and continuous function G : T - R,
t N2b X
ds —- G| — V; =0.
[) N N Z <N>Tx /,M(ns) :|
X

e?l'ﬁ,
Proof. By the entropy inequality and Jensen inequality, the expectation appearing in the statement of the lemma is
bounded above by

for every A > 0. In view of (4.1), to prove the lemma, it is enough to show that the second term vanishes, as N 1 oo,
for any A > 0. Since el*| <e* 4 e, it is enough to estimate the previous expectation without the absolute value.

By Feynman—Kac formula and by the variational formula for the largest eigenvalue of an operator, the second term
without the absolute value is bounded above by

lim E,~ [

N2b 2b

N|, N
WHN (M |:“1/2) + ANT IOgEMf’/Z |:epr

t
/0 as ¥ G(%)rxvj,ms)

d
x€TYy

tN2b X
W&}p{ > AG<N>/rxvj,Mfdus/2 - DN(Miv/z,f)}, 4.7
d

xeTYy

where the supremum is carried over all density functions f with respect to uiv/z.

Since the measure uf’ﬂ is translation invariant and since V; 5 depends on the configuration only through {n(z): z €
Aum},

[ viansautiy= [ Visech iy = [ Vi oo i

where fx m = EMIIV/Z[T—xflﬂ(Z), z€ Ayl

On the other hand, by convexity of the Dirichlet form and by translation invariance of /ﬁlv/z, for any x, y in Ay
such that |x — y| <M,

(v VEmY )y, UV )

1/2 2

(T F P
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Therefore, summing over x, y in Ay, |[x —y| < M, and in z in T4 , we obtain that

L X v Eab)y scu 3 VIV,

Ky
z€T4, X.y€Am lx—yl=M
l[x—=yl=M

for some universal constant Cy.
Recall the definition of the Dirichlet forms Dy and Dy 4,, introduced above. It follows from the previous esti-
mates that the expression (4.7) is bounded above by

tN? X CoN?
s 2 sw{46() [ viaes oty S Dt 1)} @9
xe’]I‘f\, ’

where the supremum is carried over all densities f with respect to the marginal of u{\;z on the cube Ayy.

In particular, by projecting the density over each hyperplane with a fixed total number of particles and recalling the
perturbation theorem on the largest eigenvalue of a symmetric operator (Theorem 1.1 of Appendix 3 in [3]), in view
of (4.8), we obtain that (4.7) is less than or equal to

) NZbMd
C(V)AIHG”OOT(( Ly, ay)™ stVj,M)MN

12

for some finite constant C(y) depending only on y. Here we need the assumption that M9+2 <« N2 to be allowed to
apply the Rayleigh expansion.
Since the generator Ly 4,, has a spectral gap of order M2 , ((=Lpm, AM) Vim, Vim) “z\; is bounded by

CoM*(V M Vi, M) N which is less than or equal to Co M>~“. Thus, (4.7) is bounded by C()At||G||2 N~24 be-

cause M = N1=¢~ b . ThlS concludes the proof of the lemma. (]

For 1 <i,j <d,let

1 1
Fl,](ﬂ)z MAMK[ ] /3(1 ﬂ){l—i_m}&j_(Z)&’j’

with the same convention that 8 = K/|Ay|. Let wle n) = ‘A/l]‘;[ - F, j(nM (0)). The arguments of the proof of
Lemma 4.2 shows that for every t > 0, 1 <i, j <d and continuous function G : T - R,

[y dZ 6( 5 Jution

The arguments are even simpler due to the absence of the factor N2? multiplying the sum.
By Lemma 4.2 and (4.9), integrating in time (4.6), we obtain that the entropy Hy (¢) is less than or equal to

4(1 N2
%/ ds v [Z Z(E)u]go)(s —)F;(né”(x)):|

J=lxeTy,

lim E N|:

N—o00 w

} _o. 4.9)

+]1Vj/ dsE, v [i Z@M( )(au,so)( )sz(ns (x>)}

ij=1 reTd,

AN 1 1
+ 7 [ BB [ 3 (ap - 3,0) (s, %) {ns(x) - (5) - Nb(p<s, %) H (4.10)

xeTd
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plus an error term of order oy (1) forevery r < T.

Recall that x(a) = a(l — a). Since N « M4, we may replace in the prev10us formula F; (ns (x)) by
—Y; x(nM(x)) and F; j(nM(x)) by {x(m¥ (x)) — x(1/2)}$;,j. Moreover, since N~ er'[[‘d (au,cp)(t x/N) is of
order N~! and since b < 1/2, we may further replace X(n, (x)) by X(n[M (x)) — x(1/2) in the first term. Flnally,
since for a smooth function G, M~ dzy ly— x|<M[G(y/N) G(x/N)] is of order (M/N)? and since M>N"~2

vanishes as N 1 oo, we may replace ng(x) by ny M(x) in the third term. After all these replacements and since
x(®)—x(1/2)=—[b— (1/2)]2 (4.10) becomes

4(1 + ey)N2 1
N—Z/ ds [Z DIRG (au,w( ){n (x)—g} }

J 1xer
v / ke N[i > <3u-¢>2(s i){an—l}z}
v j=1 xeT, NJe 2
AND (! x 1 ~ X
+W/(; dsEMN[ZTd(A(p—asw)<s, N){nﬁ”(x)_(§>_N b<p<s, ﬁ)” @10

The second line of the previous formula is easy to estimate. One can argue that it is negative or one can add
N (s, x/N) inside the braces and apply Lemma 4.3 below. The first term in (4.11) without the factor (1 4+ ey) can
be written as

452”/ ds v [Z > <au,<p>< >{n (-5~ N" w(s %)ﬂ

j=lxeT4
4N° 1 x M 1 b x
+—Nd/(;dSEMN|:]X;ZE;VJ u, <,N>{T]s (JC)—E—N (p(s,N)}
xe

Ndf ds Z Z V,M(au,go)(s —) (s %)

As N 1 oo, for each fixed j, s, the last term of this expression converges to 4de duy; (8uj(p) (s, u)<p2(S, u) =0. By
Lemma 4.3 below, the first term is bounded by yp fé ds Hy (s) + on (1) for some finite constant 3. In the second

term, since £y N¥ vanishes as N 4 oo and since, by (3.3), N® « M, we may replace (1 + aN)yj by y;. The resulting
expression cancels with the third term of (4.11) because ¢ is the solution of (3.4). This proves Proposition 4.1, and,
therefore, Theorem 3.1.

We conclude this section with an estimate on the variance of the density in terms of the relative entropy.

Lemma 4.3. There exists yy > 0 such that

E N2b M 1 N_b X 2 < H 1
L Bl (@l s

d
xeTy,

forO<t<T.
Proof. By the entropy inequality, the expectation appearing in the statement of the lemma is bounded above by

1 N2 1 2
;HN(I) + — N logE N[exp{ Z <nf”(x) — <§> — N—b(p<t, %)) ”

d
TN
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for every y > 0. By Holder inequality, the second term is less than or equal to

N2 Z M 1 b x))’
N logE N[exp{ylAMl<n (x) = (‘) -V (p(t’ _>> ”
dpd i t
yNIM o) k 2 N

The above expectation is bounded uniformly in N provided y is small enough. The expression is thus bounded by
y_lN 2b pr=4 | which concludes the proof of the lemma. O

5. Proof of the Incompressible limit

Fix the reference measure v = v(a 0 Consider a sequence of probability measures {u": N > 1} satisfying the
assumptions of Theorem 2.1. A stralghtforward argument, similar to the one which led to (4.1), shows that

for some finite constant depending only on ag, ¢, .
Denote by f;N the Radon-Nikodym derivative du™ SV /dvY and recall that £V solves the equation

afftN = *thN’

where L7, stands for the adjoint of Ly in Lz(viv ). By the previous estimate on the relative entropy of 1"V with respect
to v, we get that

t
HN(MNS,N|ij)+/0 ds Dy (f)) = CoNT=2, (5.1)

where Dy stands for the Dirichlet form: Dy (f) = (f/?, (— ﬁN)f1/2>
Let N =dv} /dv]. It follows from the explicit formulas for the product measures v/ that

. | Z(\(t, X))
log ‘%T:d Hem Zl ZO

where A(, x) := A(ap + N 2@y, N"P@(r, x/N)) and

ZW= Y exp{r-1&)}.

£e{0,1}V
Let Hy(t) =N 2—d g N (,uN S,N |vtN ). With the notation just introduced, we have that

Hy(®)=N*""| fNlo B
T 7

Theorem 2.1 follows from Gronwall lemma and the following estimate.

Proposition 5.1. Fix a sequence of measures {u": N > 1} satisfying the assumptions of Theorem 2.1. There exists
y > 0 such that

t
Hy(t) < 7// Hy (s)ds +on(1)
0

forall0<t<T.
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The proof of Proposition 5.1 is divided in several steps. We begin with a well-known upper bound for the entropy
production.

d 2—d vy =N
EHN(I‘) <N /fz Tdv>I< .

Next result is needed in to discard irrelevant terms on the right-hand side of the previous expression.

(5.2)

Lemma 5.2. Let G : T¢ — R a continuous function and {u": N > 1} a sequence of measures satisfying the assump-
tions of Theorem 2.1. Then

_ X _
EMN[N a3 G<N)Ik(nx(t))] < Hy()+O(N7?)
xET%
forO0 <t <T,1<k<d.The lemma remains in force for k =0, if we replace I (nx(t)) by In(n«(t)) — ap.
Proof. Fix 1 <k < d. We may replace I;(n,(¢)) by Ix(n.(¢)) — N=bgi(t,x/N) paying a price of order N~ 1t

remains to apply the entropy inequality with respect to measure v;, which is product, and perform a second order
Taylor expansion. U

A long and tedious computation gives that (¥)~! (L% — d)yN is equal to

BN,,Z Z(Am( >1k(nx)+— Z > m)( )rxwk,

k=1 xeTd, Jok=1xeT4,

d d
16 . N )
+ B2—]\72b Z Z Z (auiwk) <t, ﬁ)(auj(pl)(t, N)TX Vi’}Z,M

i, j=1kt=1yreTd,

d

x/N .

— i (atgow(r, %){&(m)—iwk(t]\,f/ )}+RN(r>+o(N" ). (5.3)
k=1

k.e,.M

In this formula, Wk g M and V stand for

wel = Md+1 D oue Y au(=z, 1)z 0, v){1 —n(z,v)},

veV €Ay

A
Vit = T v ) w0 {1 =G v}

veV €Ay

Since the density I/ftN is a function of the conserved quantities I, the collision part of the generator is irrelevant in the
previous computation. We used repeatedly Lemma 5.2 and the fact that b < a, which follows from (2.13), to discard
superfluous terms. The remainder o(N¢~2”) should be understood as an expression whose expectation with respect to
u™ SN integrated in time is of order o(N d=2by "while Ry (¢) is an expression which multiplied by N?*~¢ is bounded
by Hy (t) + O(N ) in virtue of Lemma 5.2.

If we replace Ii () in the first term of (5.3) by Ic(1x) — ¢k (t. x/N)N =" and V5“* by Vl.’ff’M — (B/4)8i ;8k.05

as N 4 oo, the expressions added when multiplied by (B/4)N?0—4

d d

A 3. 00) =0.
Z/Td( gk + Z /;rd( u; k)
k=1 j.k=1

converge to
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Therefore, in view of (5.2), (5.3) and Lemma 5.2, the time derivative of the renormalized entropy Hy () is bounded
above by

HN(Z‘)-‘FEMN[BNd > Z(%,m)( )erkj (t)}

Jok= lxer

+E,~ B2Nd Z Z Z(%,@k)( >(3M,§06)(f N)TkaEM(I):|

i,j=1kt= lxe']I‘d

,X/N
+EMN Z > (g atm( ){Ikwxm) - MH o), (5.4)

NP
k=1 xeTd

where Vk &M V" M (B/4)Si Sk
We now use the ergodlclty to replace the functions W* M and Vk e by their projections on the conserved quan-

tities. For s > 0 and x in Zd, denote by | & (s, x) the average at tlme s of the conserved quantities over a cube Ay
centered at x:

1
M x)=—— > I(ns)

Al T,

To keep notation simple, let Ié"l =M (s, 0).

Recall the definition of the canonical measures v 4,, i presented in Section 2.2. Since we assumed in (2.4) the global
dynamics restricted to a cube of length M to have a spectral gap of order M“ and since a +b > 1 — [2/(d + k)],
a+ (k —2/k)b > 1— (2/k), repeating the arguments presented in the proof of Lemma 4.2 and taking advantage of
the estimate (5.1) we derive the so-called one block estimate. In this lemma, the collision part of the dynamics, also
sped up by N2, plays an important role.

Lemma 5.3. Foreveryt >0, every 1 < j, k <d and every continuous function G : [0, T] x T — R,

t 2b

N X
| ds T 2 G(& N)fx{Wfff'w(s)_E”AMJ&”[W’?’%]}H 0
X

d
€Ty

limsupE v |:

N—o00

Since v4,,.i is the counting measure,

Ev, (Wi 1==Y wvjEy,, [00,0)[1 = n(er, v)]]
veV

because Ay M—@+D ZzeAM gm(z,v)zj = v;. In the previous formula, site e; can be replaced by any site of Ay

different from the origin. Since N2 <« M“, by the equivalence of ensembles, stated in Proposition 7.1 below, we can
replace the expectation with respect to the canonical measure by the expectation with respect to the grand canonical
measure paying a price of order oy (1).

For1 <j,k <d,let

Rjk(p.p)=E,x == uvx(6s(Alp. ),
veV

where 6, () is defined in (2.2). Up to this point, we replaced the first expectation in (5.4) by

[41\72” 4

T 2 Z(au,m( )Rj,k(IM(r,x>)}+oN(1).

Jok= lxe']Td
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Since A(ag, 0) =0 and 6,(0) =1/2, Rj x(ap, 0) = —(B/4)3; . On the other hand, since ¢ is divergence free,

4N2> 4 N2b 4
T 2 Z(au,gow( ) Rj k(a0 0) = — ZZ@M( )

Jik=1xeT4, j=lxem4,

vanishes for each fixed N. We may, therefore, add this expression to the previous expectation to obtain that the first
term in (5.4) is equal to

N2b
[ Z Z(au,wk)( ){R,-,k(IMa,x))—R,-,k<ao,0)}}+oN<1>. (5.5)

Jok= lxer

Skl,M -

The same arguments show that we can replace V in the second term of (5.4) by its expectation with respect

to the grand canonical measure. The proof is even s1mp1er due to the absence of the factor N2/ in front of the sum.
Since R; x(ao,0) = —(1/4)8; x B,

[‘%I,C}Z’M] =—38;,j[Rk.c(p. P) — Ri.e(ao, 0)].

N
HA,p)

The one-block estimate permits therefore to replace the second expectation in (5.4) by

—E,x [Bsz > Z(au,com( ){Rke(IM(r x)) - Rk,e(ao,o)}j|, (5.6)

ik, 6=1 xeTd,

where (3u,-<ﬂk,z)(f7 x/N) = (3ui</)k)(lv x/N)(aui(pl)(ts X/N)

It is now clear that (5.6) is a term of lower order than (5.5). We, therefore, only need to estimate the latter. Fix an
arbitrary € > 0. Since R ; is a bounded function, the integral in (5.5) when restricted to |IM (t,x) — (ap,0)| > € is
bounded above by

e3Nd

CoN?P 3
E,~ [— 31 (2, x0) — (@0, ) |, (5.7)
xeT%
where Cp is a constant depending on V and ¢. In the expression above, we may replace (ap,0) by (ap +
N~@y, N"b@(t,x/N)) paying a price of order N~. Since I™(z, x) belongs to a compact set the expression ob-
tained after replacing is bounded above by

C(V)CoN? M 9o @, x/N)
EMN[W Z I ([,X)—(a +W,T> i|
e’]I“fv

By Lemma 5.4 below, this expression is bounded by yoHy (¢) + oy (1) for some yy > 0.

In order to deal with the integral (5.5) on |IM (t, x) — (ag, 0)| < €, we perform a Taylor expansion of R; y. The first
term in the expansion vanishes because the gradient of R; ; vanishes at (ag, 0). The contribution of the second order
terms is

2
4N & x F-a 1&
BN Z Z (auj(pk)<tyﬁ)zvkvj Vi +E;Uﬂg .

j,k:lxe']riiv veV
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Expanding the square, the term in IOL vanishes because ¢ is divergence free and the cross product vanishes because V
is symmetric. This sum is, therefore, equal to

NZb
LED S SICHA (53D MR

J.kl,m= lxe’]l‘d veV
Replacing 1 ,ZL by 1 ZL — @e(t, x/N)N~", we may rewrite the previous expression as the sum of three kind of terms.

The first one, the O order term in I, consists simply in replacing I,{‘ by ¢¢N~". As N tends to infinity, this term
converges to

d d
4(D—-3C) , 4C 5
B3 X;/Td(au.f‘p/)‘pj Ty ';] /Td (0u; 95) 9
= jik=

An integration by parts shows that this expression vanishes because ¢ is divergence free. The linear term in / cancels
with the last term of (5.4) because ¢ is the solution of the Navier—Stokes equation (2.12). Remains the quadratic term
in 1, equal to

4(D —3C)N? (t,x/N) >
( B3Nd) ZZ(3MJ¢J< ){ILU ) (p](tN);/ )}

J= lxe']l‘d
8CN2b d N o
B3Nd Z Z(%,(ﬁk)( ){1 (t,x) — %Hlﬁ(t,x)—%}
Jk=1y

because ¢ is divergence free. By Lemma 5.4 below, this expression is bounded by y Hy (¢) + oy (1) for some yg > 0.

Finally, we consider the remainder in the Taylor expansion. Since R; ; is smooth, we can choose € small enough
for the third derivative of R; ; to be bounded in an e-neighborhood of (ag, 0) by a finite constant Cy depending on V
and ¢. In particular, the remainder is bounded above by

C()N

3™ x) — (@0, 0.

xe']l‘d

The same arguments used to estimate (5.7) prove that this expression is bounded by yg Hy (¢) +ox (1) for some yg > 0.
This concludes the proof of Proposition 5.1.

We conclude the section with an estimate repeatedly used in the proof of Proposition 5.1. We need here again the
assumption that N2? « M?.

Lemma 5.4. There exists yy > 0, such that

N (t,x/N)|?
E#N[W > {I]M(t,x) — %} ]5 YoHN (1) +on (1)
xe'ﬂ“,{,

for1<j<d,0=<t <T.The statement remains in force for j =0 if ;(t, x/N)N~? is replaced by ag + poN°.

Proof. By the entropy inequality the expectation appearing in the statement of the lemma is bounded above by

2b

! N (t,x/N)\?
s oy 5 -5 |

d
TN



908 J. Beltrdn and C. Landim

for every y > 0. By Holder inequality, the second term is less than or equal to

N vi(t.x/N) |
x€eT

N

The above expectation is bounded uniformly in N provided y is small enough. The expression is thus bounded by
y ~IN?2 M4 which concludes the proof of the lemma. ([

6. Spectral gap for stochastic lattice gases

We prove in this section a spectral gap of polynomial order for the generator of the stochastic lattice gas. We consider a
slightly different process, in which the exclusion dynamics allows particles to jump to any site of Ay at rate M ~(@+2),
We do not require, therefore, the jump to be of size smaller than M. Of course, the Dirichlet forms of both dynamics
are equivalent and the result stated in Proposition 6.1 extends to the original dynamics.

Fix M > 1 and consider the process restricted to the cube Ay, without the factor N2. The generator of the process,
denoted by L), can be written as L} + L¢,, where

1
(L5 =gz > Do n o[l =n@w][f (") = fm)],

veVx,zeAy

Ly fa= > ph.q.m[f(n"7) - fm)]

yeAm qeQ

and p(y, g, n) is defined at the beginning of Section 2.
For each fixed i in 20, recall that we denote by v4,, i the invariant measure concentrated on configurations 1 of
o, I}V)AM such that IM (n) =1i. An elementary computation shows that

" 1 -
(F=L5if ) = g 2 2o EoaullFE) = 1]

veVx,yeAy

1
(F=Lsa )y =522 2 Eunulpeia {7 () = 7]

geQxeAy

6.1)

Denote by E, [ f; f] the variance of f with respect to a measure v and by (-, -),, the inner product in L?(v).
Proposition 6.1. There exists a finite constant Co, depending only on V', Q, such that
Ev, (L2 f1< CMP428 5y gy,
forall fin L*>(va,, ), alliin By and all M > 1.

The proof of this proposition relies on estimates on the Dirichlet forms associated to £{; and L. Denote by [Zﬁ,l
the generator of a dynamics in which collisions between particles at different sites are allowed:

~ 1
(E'iu‘)(n)=m DY pxag. (™) - £}
M X yeeey x4€Ap qeQ
where, for g = (u, v, u’, V"), X = (x1,...,x4),

P, q, 1) =0, W, W)[1 = 75 () ][ 1 = 1, (v)]

and where n* is the configuration 1 in which the occupation variables 7y, (i), 1x, (V), Ny, (), nx, (V') are flipped.
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The first lemma of this section states that the Dirichlet forms associated to £}, and to Efu are comparable and that
the Dirichlet form of the conditional expectation of a function with respect to the total number of particles with fixed
velocity can be estimated by the Dirichlet form of the original function. For each v in V, let K, be the total number
of particles with velocity v in Ay:

Ky=K,()= Y nix,v).

XEAy

Lemma 6.2. There exists a finite constant Ca, depending only on V, such that
~ 2
(Eiuf Ay, S CMLGF A+ Col-Lf 5,

for every f in LZ(VAMJ). Moreover, let
F=Ey, [fl{KyveV}]
Then,
(—L4,F, F)UAMJ < (=L f. f)UAM.i

for every f in LZ(VAMJ).

Proof. An elementary computation shows that

(~L50.f) Lo Y Euulrxa o) - @]

Vayi 2| ApP3
| Aml qeQxy,....x4€Ay

for fin L?(vy w.i)- Fix ¢ and x. We construct a path from & to £%¢ with jumps and collisions of particles in the same
site in the following way. Assume that the set } has been ordered: V = {vy, ..., v,} and, without loss of generality that
q = (v1, ..., vs). We first exchange the occupation variable &, (v2), &x, (v2); then &,, (v3), &, (v3) and finally &,, (v4),
&y, (v4). At this point, we may perform the collision at site x; and move back the particles and holes to their final
positions in the reversed order.

The total length of the path is at most 7. Denote by ¢y =&, ..., {y = £¥9 the successive configurations. Writing
{fEXT) — f(&)} as Zj{f(g“jH) — f(&;)}, applying Schwarz inequality, reversing the order of the summations
and estimating the total number of configurations whose path jumps from ¢; to {41, we obtain that for each g =
(v1, ..., v4),

S By pxea. O F(EX) - F©)]

4
<ColaulPY. Y B, [{r ) - r©)]

i=1x,yeAy

+Colaul? Y. Ev,, [pg. O () - F©)]

xXeAy

for some finite constant C. In particular, summing over ¢ in Q and dividing by 2| A |3, we obtain that

~ C
(2 Py = a2 2 Bl lFE) = 7))

veVx,yeAy

+0 > S Ey, [paa. 9 F(E) - &)

qeQxeAy
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for some finite constant C, depending on V. This expression is bounded by

Co\(=L3y f. 1), +MH=L5 1 F)

VAM,i}

in view of (6.1). This concludes the proof of the first statement of the lemma. We turn now to the second.
Fix x in Ap and ¢ = (u, v, u’, v’) in Q. An elementary computation shows that

F(r™9) — F(p) = > Elpxg. O){F(E) — fEH{Ku(m: ve VY],

where
Zy() = Ku( Ky (1Am| = Kir) (1Am| = Kvr).
In particular, by Schwarz inequality,

Ev,, i[pGg. m{F(n"9) = Fp}’]

< ) E”AM-i[717(;?,7’)")E[P<X,q,s){f(s’“f) — FOP{Km: ve v}]}.
q

Taking conditional expectation with respect to {K,(n): v € V}, summing over x g and dividing by 2, the previous
expression becomes

1 -
A 2 Eulpea O E) — r@P= (5 ),

qux1 ,,,,, X4€EA N

This concludes the proof of the lemma. (]

Proof of Proposition 6.1. Fix M > 1,iin U, and a function f in Lz(v Ayr.i)- Denote the conditional expectation of
f with respect to K = {K,,, v € V} by F(K):

F(K) = Ey, [fI{Ky,ve V)]
By orthogonality,
2
Ey,, iLfi f1= EuAMj[{f - FEK)} ]+ Eyy,  LF5 Fl (6.2)

Using only the exclusion part of the dynamics, since particles jump uniformly over the cube Ay, with rate M~@+2),
by [5],

2
E"AMvi[{f - F(K)} ] = C0M2<f’ _Ei}cf)VAM,i
for some finite universal constant C.

To estimate the second piece on the right-hand side of (6.2), note that the exclusion part is irrelevant, while the
Dirichlet form associated to the collision part can be written as

(Fo—tyF),,  =14ul7 Y (KoKu(14n] = Ky)(1Aul = Ky) {F(K?) = FK)})
qeQ

VA
Denote by §2), ; the state space of velocities on Ay,

Qui= {K=(K1,...,Kv): ZK=|AM|i},
v
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and by v,4,, i the invariant state v ,,, ; projected on £2) j. An elementary computation shows that
- 1 [Anm|
VA, i(K)= ——
i) =7 I1 ( X,
veV

for some renormalizing constant Zy ;.

Consider from now on Model I. Set | A ys|i:= (lo, ..., Iz). Suppose without loss of generality that K_, ;=< K. i for
I<j<dandletK; = K_ej. Since I; = Kej — K_ej, K can be recovered from i, K ;. We may, therefore, ignore
(Keys ..., Key) and assume that (K7, ..., Ky) is evolving on the hyperplane

H:HMJ:{(KI,...,K[I): K; zo,zZKj:IO—le}.
j j

On the set H the measure v4,, ; becomes

d
_ 1 [Am] | Al
i(K1,...,Kg) = —— .
UAM,I( 1 d) ZM,iH( Kj Kj+lj
For 0 <n <|Ap]| let

_(1Aul—a\ (1Am| —(a+n)
h”(a)_( l4+a >( 1+ (a+n) > ©.3)

h,, is a strictly convex, strictly decreasing function in the interval [0, | A /| — n]. Moreover, for n < m, hy,(a) < hy,(a)
on the interval [0, |Ap/| — m].

Denote by 0; the configuration of N¢ with a unique particle at coordinate j. An elementary computation shows
that

M<1 ifand only if ;. (K ;) < hj (Ky) (6.4)

SK+ ) ~ A '
where summation is understood componentwise.

Denote by K an ordered solution of (6.7) below and fix a function F in L%(vy w.i). We have that

Es,, J[F: F1< Es, [{FOK) - FER)}. (6.5)

For each K in the hyperplane H, consider the following infinite path. Let K® = K and assume that K°, ..., K*
have been defined. Let joy, ko such that

hi, (Kiy — 1) = min (Ki—1),  hp (Kj) = maxhy, (K7). (6.6)
If K¢ is a solution of (6.7) (h]kO (K,fo -1 > thO (Kfo)), let K¢T! = K¢; otherwise, let KEH = K¢ — Ok, + 0o In this
latter case, by (6.8), ﬁAM’i(Ke) < DAMJ(K‘Z“). Since H is finite and since ﬁAM’i(K’Z) decreases whenever K¢ is not a
solution of (6.7), the path reaches eventually a solution. The path can, therefore, be written as (KO, ..., Kb Kb . ),
where K solves (6.7) and v4,, i(K™) < 9, i(K") for 0 <m <n < €.

By the end of the proof of Lemma 6.3 below, there is a path from K to K of length less than or equal to d/2,
passing only by solutions of (6.7), and such that all configurations visited have the same probability. Juxtaposing the
two previous paths, we obtain the path I" (K, K) =K= KO, ..., Kb, . . Kx= K), where ¢ = (K stands for the
total length of the path. By construction, the probability of the configurations visited is nondecreasing.

We are now ready to estimate the right-hand side of (6.5). By Schwarz inequality,

tx—1

oy J[{FO) = FEROP] <> 04,0000 Y [FKj) - FK)).
K j=0
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Since we just need a polynomial bound on the spectral gap and since this method can not provide a sharp estimate, we
bound the length of a path £ x by the total number of configurations |H| < |Ay |d. On the other hand, since v4,, {(K) <
v4,,i(K;), we may replace the former by the latter. Finally, inverting the order of summations and estimating the
total number of configurations which contains in its path to K a fixed couple K;, K;1; by the total number of
configurations, we get that the previous expression is less than or equal to

CoM* 3N 54, 4O F (L) — FEK))

K L~K

for some universal constant Cyp. In this formula, the second sum is carried over all configurations L. which can be
obtained from K by letting a particle jump from a site to another: L = K —0; + 0, for some j # k. By the explicit
formula for the Dirichlet form of F derived above, this expression is less than or equal to

C0M3d+2d2<F, _E?w F>

VA

It remains to apply Lemma 6.2 to conclude the proof of the spectral gap. (]
We conclude this section with a result used in the proof of Proposition 6.1.

Lemma 6.3. Fixiin*Uy suchthat ) <--- <1y, |Apyli:= Lo, ..., Ig). The system of equations

hy (K —1)=h(Kj) foralll <k, j<d,

2y Kj=Io— Y, 1, 6.7)
0<Kj=<|Auml, l<j=d,

has a solution such that Kg < --- < Ky. Moreover, if K, L are two solutions of (6.7), then |K; — L;| <1 for all
1 <j=<dandvy,iK)=v4,ilL).

Proof. To prove the existence of a solution, recall from (6.4) that

V(K+0; — ) . .
—————— <1 ifandonlyifh; (K;) <h(Ky—1). 6.8
Sao = ifandonlyif iy, (Kj) <y (Ki =) (6.8)
Consider a configuration K* which maximizes the probability v 4,, ;. The inequality on the left-hand side of the
previous displayed formula is satisfied for all j, k. In particular, K* solves (6.7).
Fix a solution of (6.7). We claim that K; < K; if I; < I;. Assume by contradiction that K; < K;. In this case

hi(Ki) <hp(Kj —1) <hp(K; — 1) <hp(K;), (6.9

which is a contradiction. Here, the first inequality follows from the first property in (6.7) of K, the second from the
fact that i I < hy; and the last from the relation K; < K; — 1.

Suppose that I; = I; for some i < j and that K; < K; for a solution K of (6.7). Let K be such that Kk = K, for
k#1i, j; I~(l~ =K;, K ; =K. It is easy to check that K is also a solution of (6.7). This observation together with the
estimate derived in the previous paragraph show that there exists a solution K of (6.7) with K; <--- < K.

Finally, let K, L be two solutions of (6.7). Suppose by contradiction that L ; < K; — 2 for some j. Since i Kj=
> j L, there exists i such that K; < L;. In particular,

hi(Li = 1) <hp(Ki) <h;(Kj—1) <h(Lj) <hj(L;i —1). (6.10)

The first and third inequalities follow from the fact that hy,, hy; are strictly decreasing functions and the relations
K; < L;, Lj < K;j — 1; while the second and fourth inequalities follow from the property of K, L. This proves the
first property of K, L.
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To prove the second property of K, L, consider a path from K to L: K= MO, .. MY=L,foreach0<i <,
Mt =M +0; — 0 for some j = j (i), k = k(7). Itis not difficult to show that there exists such a path with £ < d /2,
M’ solving (6.7) for all .

Fix i and let M' = M, M't! = M +0; — 0, M', M'*! solving (6.7). Since M solves (6.7), hy;(M;) <
hy, (M —1). Using now that M +0; — 9y, solves (6.7), we obtain the reverse inequality so that hlj (M) =hp(M—1).
In particular, in view of (6.8), ﬁAM’i(M") = DAM’i(Mi“). This concludes the proof of the lemma. [l

7. Equivalence of ensembles

We prove in this section the equivalence of ensembles for the stochastic lattice gas introduced in Section 2. Recall the
definition of the set 20, and of the canonical measures v 4, j. Notice that for every A in R4+

vaLi() = pyt (I =i).

For (p, p) in 2 the expectation of the one site random variable I(7,) under the product measure ,uﬁfp . is equal

to (p, p). It defines a map from 2 to the set of probability measures on ({0, 1}Y)4L. Since this map is uniformly
continuous, it may be extended continuously to the closure of 2. For each i € U denote by ,uf‘ ) the corresponding
product measure by this map. Hence, we have a one-to-one correspondence between the canonical measures {v,4, j: i €
01} and the so-called grand canonical measures {“X(if ieUr}.

Let {(g; f), stand for the covariance of g, f with respectto u: (g; /), = E,[fgl — Eu[f1E,[g] and (f, g}, for
the inner product in Lz(,u).

Proposition 7.1. Fixa cube Ay C Ay. For eachi € Uy denote by v* the projection of the canonical measure VALioOn
Ay and by ut the projection of the grand canonical measure Mfl(i) on Ayg. Then there exists a finite constant C(£, V),
depending only on £ and V, such that

ce, v
1E,elf1— Byl fl] < SE D p, 12

ALl 8
for every f:({0, 1}V)4¢ > R.

Proof. Since v’ is absolutely continuous with respect to u¢, by Schwarz inequality,

d 4
|E,e[f]1— E el f]| = ‘Euf[<d—;g>(f - Eﬂe[f])”

B CLNCUR R pa:
— dl,l,e, leLe Mg ’ MZ .
Since 'U“ft(i) is a product measure, for any £ in ({0, 1}V)Ae,
dv? 1 e apa, 10m) = 1ALl — | AT (9)]

— (&)=
dut : /L/Li(i)[erAL I(ny) =[ALIi]

where I &)= |A(|_1 erA[; I(&;). Under [L[L‘(i), I(ny) are i.i.d. random variables taking a finite number of values.
By Theorem VII.12 in [4], there exists a finite constant Cy(€, V), depending only on £ and V, such that,

1
=Co(t,V)——

o=
[ALl

d—M(E)_I

uniformly in £. This concludes the proof of the lemma. O
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