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THE GROWTH OF ADDITIVE PROCESSES
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Let X; be any additive process in RY. There are finite indices 8i, Bi, i =
1, 2 and a function u, all of which are defined in terms of the characteristics

of X;, such that
. —1/nyx _ [0 it >or.
htm_)l(r)lfu(t) X; = {oo, if n <6,

limsupu(l)_l/"X;k =
t—0

{0, ifn> B, as..
0,

if n < By,

where X/ = supg<,<; |Xs|. When X; is a Lévy process with Xo = 0,
81 =8, B = By and u(t) =¢. This is a special case obtained by Pruitt.
When X; is not a Lévy process, its characteristics are complicated functions
of t. However, there are interesting conditions under which u# becomes sharp
to achieve 61 =62, B1 = Ba.

1. Introduction. A process X; with independent increments, rcll (right-
continous with left limits) paths and values in R4 is called additive if X, is continu-
ous in probability and X¢ = 0. Additive processes represent a large family of non-
homogeneous processes and intersect the entirety of Feller processes at the class of
Lévy processes. Pruitt [6] defined an index § for each Lévy process X; with Xo =0
and showed that X, satisfies the Holder conditions: liminf;_.q7~1/7X F=0o0roo
a.s. according as n > 8§ or n < §, where X; = supy—,-, | Xs|. Its limsup analogue
was obtained by Blumenthal and Getoor [1] with an index B. Both results have
their additive process counterparts. We define in terms of the characteristics of an
additive process X; a nondecreasing continuous function u# with u(0) = 0 and four
finite indices §;, B;,i = 1, 2 such that

liminfu(t)_l/”X;" _ 10 ¥fn > 81,
t—0 o0, 1f;7 < 82’
(1.1) ; ) .
i —nyx _ 1Y if n > po,
lll;n—fg)lpu(t) X[ - {OO, lfn < ﬁ], a.s.

In the case of Lévy processes, u(t) =1, §; = 8> =6, B1 = 2 = B. Schilling [7]
studied form (1.1) with u(¢) = ¢ for a class of Feller processes. The issue of defin-
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ing u other than the indices arises when X; is nonhomogeneous. We cannot define
u to be “t” or any particular function holding for all additive processes. For exam-
ple, continuous maps B; :R; — R4 are additive processes (deterministic) but it is
obvious that u(t) = B = maxo<s< | Bs|. Thus, u depends on X;. We can also de-
fine two finite indices 8, § and four functions v, v, &, u (not necessarily monotone)
in terms of the characteristics of an additive process X; such that with probabil-
ity 1

zh_%t_l/nxé(r) = 0, ifn <9,
(1.2a) li}Il)iélfl‘_l/UXZ(t) =0, if n > é,
lims(l)lpl‘_l/nX;(t) = 00, ifn<p,
t—
(1.2b) ZIE;%t_l/nxzm =0, if n > B.

In many cases v/v < 1,u/u < 1 hold automatically. Otherwise we can always
define two functions v(n, t), u(n, t) in terms of the characteristics of X; such that
with probability 1

liminfz~
t—0

Uny* = _ 0, ifnAn >8,
vl T oo, ifnvi <8,
(1.2¢)

limsups~ /"X
t—0

" o, ifnAn > B,
uln'.0) | oo, ifnvny <8B.

Equation (1.2c) is a simple consequence implied by (1.2a), (1.2b). Are there func-
tions v;, vy (not necessarily monotone) and indices 8, 8 € (0, co) such that

0, if n > 8,

sinfr—1/ny*
liminf¢ X {oo, if n <8,

t—0 i@ =

(1.3)

* {0’ ifn > p, a.s.?

; —1/n _

P o = oo, itn<p,

That is the question we are trying to get into. If §; = 82, f1 = B2 in (1.1), (1.3)
follows with v; = vy = u~! the inverse of u. If v/v<1,u/u <1, (1.3) holds for
any functions v;, vs satisfying v < v; <v,u < vy < u. Equation (1.3) is an accurate
statement that increases the degree of technicality in defining desired quantities.
Refer to the information in Section 5 for Schilling’s work on (1.3).

This paper is organized as follows. Section 2 contains the background on addi-
tive processes and some technical results needed later on. In Section 3 we begin
with the proof of (1.1) and then turn to the issue that §; = &>, 1 = B2. In Section 4
we establish (1.2a), (1.2b) and find the cases in which v/v < 1,u/u < 1 hold. In
Section 5 we show that « in (1.1) can be represented as Ee(X]) for some bounded
function e. (e can be characterized as the benchmark function up to a loglog term
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for the law of the iterated logarithm.) Finally, Section 6 leaves some existence
questions in check toward the settlement of (1.3).

Some terminology. Two positive functions f; and f> are said to be com-
parable, written as f1 & f>, if f1/f> is trapped inside a finite positive inter-
val. A nondecreasing right-continuous function ¢ with ¢(¢) > 0,¢ > 0,¢(0) =0
is called quasiconvex (resp. moderate) if there are two constants p,o € (0, 00)
such that ¢ (12)/¢(11) = p(t2/11)7 [resp. ¢(t2)/¢(t1) < p(t2/11)7 ] whenever 0 <
11 < t. The exponent o is not unique. In this paper the term inverse refers
to the right-continuous inverse. ¢ is quasiconvex (moderate) if and only if its
inverse is moderate (quasiconvex). Typically, 7 (log(1/t))*, t? (loglog(1/t))",
tP(logloglog(1/1))*, p > 0,k € R, and so on, along with their inverses are
both quasiconvex and moderate. (log(1/¢))™", (loglog(1/1))™*, x > 0, and so on
(their inverses) are moderate (quasiconvex) but, however, not quasiconvex (mod-
erate). A function c¢:(0,1) — (0, 1) is called slow if liminf, _oc(r)r~" > 0 for
all n > 0, equivalently lim;—qt7/c(t) = 0 for all n > 0. Moderate functions
(log(1/1t))~?, (loglog(1/t))~?, p > 0, and so on, as well as constant functions
are slow.

2. Characteristics of additive processes. Let X; be an additive process
in RY. There are two measures and two kernels: (the jump measure) pu =
>0 1(AXy # 0)8¢,ax,) on Ry x R?, where 8, is the Dirac point mass at
a € Ry x R¥; (the intensity measure) v(B) = Eu(B), B € 8R4 x RY); u; (A) =
u(0,1] x A) =3 1(AX; € A,AXs #0), A€ BRY); vi(A) = v([0,1] x
A) = Eus(A). vy is a Lévy measure for fixed 7. If A€ contains an open ball
with center at 0, v;(A) is a nondecreasing continuous function in ¢. Thus, v; is
a nondecreasing continuous Lévy kernel. Conversely, any nondecreasing contin-
uous Lévy kernel v; gives rise to a unique additive process X; up to an inde-
pendent continuous additive process. The characteristic function for X; takes the
form Eexpli (A, X;)} = V"™, A € R, where W, (1) =i (B, &) — 271 (A, O/A) +
[lei®*) — 1 — i, x)1(x] < Dv(dx). B, = B, B?, ..., B“)) e RY is con-
tinuous with By =0. Q; = (g;j(t))axa 1 a nonnegative definite symmetric d x d
matrix, which defines a centered Gaussian process. For fixed A, (A, Q;A) is a non-
decreasing continuous function in ¢ with (A, QgA) = 0. Thus, the C,(’) = q;i (1)
are nondecreasing continuous functions with g;; (0) = 0. g;;(t),i # j, the ele-
ments off the diagonal are continuous functions of bounded variation null at O be-
cause they are the predictable quadratic covariation processes of a d-dimensional
continuous Gaussian martingale. The characteristics of the ith component Xt(’)
of X; are B, = ¢;;(1), v (B) = vi({x € R%:x; € B}), B € B(R), respec-
tively. Let X; be a real-valued additive process with E exp{irX,} =¥ 1 eR
where W; (L) = iAB; — 271A%C, + [(* — 1 — iax1(]x] < 1))v;(dx). Define



776 M. YANG
forr >0,t>0

(2.1)

K:(r)= r_2[Ct + xzvt(dx)},

lx|<r

M, (r)=r""

B; + xv(dx) —/ xve(dx)],
I<|x|<rvl ral<|x|<1

2.2)
M} (r) = Omax M),
<s<t

(2.3) yi(r) = Gi(r) + K, (r) + M/ (r).

For any process X; in R? with additive components, define

d .
2.4) () =Yy,

i=1

where the yt(i) (r) are given by (2.3) for their respective components Xt(i) of X;.
Since each X ,(’) is continuous in probability, y;(r) is nondecreasing continuous in
t for each fixed r > 0 with yo(r) = 0. While every additive process in R? must
have additive components, a process with additive components does not necessar-
ily have independent increments. There are an infinite number of processes with
additive components having identical marginals (B,(i), C,(i), vt(i)), 1 <i<d, some
of which are additive in R? including the one whose components are indepen-
dent of one another. If X; is a Lévy process in R, v:(r) = th(r) where h is the
same function as defined in [6]. y;(r) has a doubling property. That is, for all
6>1,r>0,tr>0,

(2.5) (361 Ly (r) < yi(0r) < 2y,(r).

The proof goes as follows: If M, (r) in (2.2) is nondecreasing in ¢, M, (r) = M;(r)
in which case by (2.3) of [6] in continuous time, for all & > 1,r > 0,7 > 0,
(20%)~1 i (r) < y;(0r) <2y;(r). In the matter of a few lines one covers the general
case for arbitrary M, (r) with a left-side constant to decrease by one-sixth.

LEMMA 2.1. Let X; be a process in RY with additive components and y;(r)
the function in (2.4). Then forallr > 0,t > 0,

P(X}=r)<may(r),  P(XF<r)<Au(d)y ()™~
k=1,2,...,

where tg =aK(d),a=2""G+5),K(d)=3d*d>1,K(1)=1and Ax(d) =
(18+/2dk)*.

(2.6)
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PROOF. The proof is essentially one dimensional and similar to that of (3.2)
of [6]. Let X; be a real additive process with the Lévy-Itd decomposition
X; = X] 4+ Y/ at the level r where Y/ is the step process constituted by only
those jumps of X; with size bigger than r. The number of such jumps up to
time ¢ follows a Poisson distribution with mean G;(r). Decompose X; fur-
ther into an independent sum of two martingales, one continuous, one purely
discontinuous, as X! = EX! + X;¢ + Xtr’d. The quadratic variation informa-
tion shows E(X;)? = [, x?v(dx) and E(X[°)? = C,. Thus, VarX] = C; +
Jixi<r x2v;(dx) = r2K,(r). Subtracting the exponents for ¥”, X/*¢, X7*¢ collec-
tively from W, (r) gives EXy = B + [ _|yj<pv1 XVe(dX) — [, |<1 XV (dx), or
|[EXT| =rM(r).

Al<|x

The first inequality in (2.6). Define A = (Y] # 0 for some s € (0, 7]), the event
that there is at least one jump with size greater than r up to time ¢. Then P(A) =
1 — =61, Obviously, A° N (X} >r) C (XI* > r). It follows that

P(X{zr)=P((X7zr)NA) + P((X7 =) N A)
<PA)+ P(X;* >r)=1 — ¢ G + P(X;* > r)
<G/ +PX*=r).

By the continuous version of Kolmogorov’s inequality (a special case of Doob’s
maximal inequality),

P( sup |X' —EX"|>(1 —a_l)r> <ar?VarX! =akK,(r),
O<s<t

where (1 —a™ D)2 =a=2"13+ 5. If Mj(r) >a™!, P(X; >r) <1<
aM;(r) 5 ay_,(r).' If Mj¥(r) < al, |EX{|=rMs(r) <rM;(r) < alrforallse
[0, ¢], which implies that P(X}* >r) < P(supg<s<, | Xy — EXg| > (1 —aHr) <
akK;(r). Thus, P(X} > 1) < G,(r) + aK,(r) < ay,(r) =71y, (r).

The second inequality in (2.6). Let D, = P(X} <r). We show that Dy, <
18«/§y, (r)~1/2 first. The concentration function for a real-valued r.v. X is defined
as Q(X;r) =sup,cg P(x <X <x+r),r > 0. Let X be an infinitely divisible ran-
dom variable having characteristic function E exp{iAX} = exp{iAb — 27 11%c? +
[(e* —1 —irx1(]x| < 1))v(dx)}, 2 € R and define ¢(r) =r 202+ [(x/r)> A
lv(dx),r > 0. Then Q(X;r) < \/ﬂq(r)_l/z. This inequality can be found
in [4], Chapter 15, page 408. Suppose that K, (2r) > 2(G;(2r) + M;(2r)). Then
Ki(2r) > 271K, (2r)+ G, (2r)+ M} (2r) = 271y, (2r). Thus, D, < P(IX/| <r) <
Q(X;;2r) < N2mq2r)7"2 = V2m(G,(2r) + K, 2r)™'? < 2wy, (2r) 712
Suppose that K;(2r) < 2(G;(2r) + M} (2r)). Consider the Lévy-Itd6 decomposi-
tion X, = thr + YtZr at the level 2r as well as the three events: A| = (Yszr =0,5€
0,1]), Ap = (X,z“k <r), A3 = (X <r). Suppose that A{ occurs and let 7 € (0, ¢]
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be the first jump time of Yszr. Then X, = str,s € [0, 7). If supg<,, | Xs| > 1,
A§ occurs. If supg;_, |Xs| <7, |X;—| <r. Therefore, |X;| = X_ + AX,| >
|AX¢| —|X:—| >2r —r =r and hence A§ occurs again. Suppose that A5 occurs
and A{ does not. Then XSZ’ = X;,s €[0,¢] and hence A5\A{ C A5. We have
shown that A{ U A§ C A, that is, A3 C A1 N Ay. Therefore, D, = P(A3) <
P(A)) A P(X¥* <r). [In fact A3 = A; N Ay and P(A3) = P(A;)P(A) but
neither of them is needed in the proof.] If G;(2r) > cM;(2r) for some number
>0, y,(2r) <3(1 4+ ¢ HG,(2r). It follows that D, < P(A;) = e~ %) < (1 +
Gi(2r)~' < G2 =300 + ¢y @) T I Gi@2r) < eMF(2r), yi(2r) <
31 + )M (2r) and K;(2r) < 2(1 + c)M;(2r). If M;(2r) < a for some num-
bera>1, D, <1 <aM}Q2r)~! <3(1 +c)ay,2r)~ 1. If MF(2r) > a, |[EXZ| =
2rM«(2r) > 2ra for some t* € [0, t] satisfying M;+(2r) = M (2r). [Note that
M, (2r) is continuous in ¢.] Thus,

Dy < P(Xj<r) < P(XZ* <) < P(X{ | <7)
<P(X¥ —EXX|>(1-Qa) Y EXZ])

- Var X2 B K= (2r)
== (2a)_1)2|EXt2*r|2 - (1 — 2a)~"H2M(2r)2
K:(2r)

= 0= Qa) D)2M;r)?
_ 2 +omen
= 0= Qa2 Mr@r)?

<6(1+0)(1 — Q)" 2y 2n 7"

Here we have used Chebyshev’s inequality and inequality D, < P(thr *<r)
which implies P(X}i <r) < P(thl* < r). Next we minimize 3(1 + ¢~1),
3(1 + ¢)a, 6(1 + )*(1 — (2a)~1H 2. Just set 3(1 + ¢~ =31 + c)a = 6(1 +
c)*’(1 — 2a)™H™2. We find a = 7/2,¢ = 2/7 and 3(1 + ¢~') = 13.5. Thus,
D, < 13.5y,(2r)~L. Of course, D, < +/13.5y,(2r)~1/? since D, < 1. That also
covers the first case since 2./ < +/13.5. Applying (2.5) to y;(4r)~'/? yields
Dy <182y, ()12,

Y; = X4+ — Xy, with 11 € [0, 00) fixed is also an additive process for which the
function in (2.3) equals G4, (r) + Ki44(r) — (G4 (r) + K, (r)) + M;I,t+t1 (r),
where

=2(14+¢)(1—Qa)~" ) *MF2r)~!

k
M; (r) = ,max, My, 5(r),

Mn,t(”) = ”_1

Bl‘ — Bt] + xvtl,t(dx) —/ XUtl,t(dX) s

I<|x|<rvl ral<|x|<1

for ty <t and v, ; = v, — v;,. Since M;ﬁ’tz > M;;(r) - M;‘I(r) for 11 < 1o,

P(supy, <5<, | X5 — X1y | < 2r) < 18V2(y1,(r) — y1, ()12 for 11 < 1 by the re-
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sult that Dy, < 18ﬁyt (r)_l/ 2 Since v¢(r) is nondecreasing continuous in ¢, there
are points 0 <] <t <--- <fx_1 <t suchthat y,(r)/k =y, () — y,(r) =---=
y:(r) — ys_,(r). By independence, P(X] <r) < P(X[*l < r)P(supt1 <s<ty | X, —
Xyl < 2r)---P(sup,_ <o 1Xs — Xy il < 2r) < (8V2DF (i (0 (i (r) —
Yy (1) -+ (1) = vy, ()T = (18V2k)* y, (1) /2. Equation (2.6) in d = 1
has been proved.

Ford > 1, we have P(X} >r) < Y4_ | P(X/" > r/d) <a YI_, 3" (r/d) <
aBd®) Y4, 3" (r) = may,(r) by (2.5) and P(X; <7) < P(max<j={X,”*} <
r) < minj<j={PX,”* < 1)} < mini<j<e{(18V2055 ()2} < (18 x
V2d (4 3y )T = A@y(nTH2 O

Let X; be an additive process in R?. There exists 7 € [0, c0] such that
f|x|§1 |x|v:(dx) < oo for ¢ € [0, 7] and flxlsl |x|v (dx) = oo for t > 1. (E.g.,
v = f(t)vy for t €[0,¢] and v, = f(t)vy + (f () — f(t))v2 for t >t where
Jixj<1 [xIvi(dx) < 00, [y <p Ix[v2(dx) = oo and f is strictly increasing.)
lel <1 |x|v(dx) is a nondecreasing continuous function on [0, 7]. The continu-
ous function yy(¢) = B; — f|x|§1x”t (dx),t € [0,1], is called the drift of X,. If
vo(t) =0, M;(r) = r_1|f|x|§rxv,(dx)|. Let y5 (1) = maxo<s<; [yo(s)]. If X; is a
process with additive components, the drift and its maximum for the jth compo-
nent X ,(j ) are denoted by yo(j )(t) and yo(j )*(t), respectively. If Xl(j ) is monotone
on [0, €], |y0(j)(t)| is nondecreasing on [0, ] and hence )/O(j)*(t) = |y0(j)(t)|. X; is
said to be drift-free initially if whenever fl |x|v§j )(dx) < oo for some ¢ > 0,
there exists €1 € (0, &) such that yo(j)*(sl) =0. pt) = (R?) is also a nonde-
creasing continuous function whenever it is finite, and there exists 7 € [0, co] such
that p(t) < oo for t € [0,7] and p(t) = oo for ¢t > f. Recall that X, is a step

process on [0, €], & < f, so are its components, if and only if Z?:] Céj ) = 0 and
Y5 (¢) = 0. In that case for 7 € [0,¢],7 > 0, y,(r) < Z?:l(f\)ds;' |§|vt(j)(dx) +
Sz (2 A Dy (dx)) < 2p() where p(t) = X4_; p9 (1), p(0) = v (®).
Define G;(r) = X_, G (r) and G,(r) = v ({x € R?: |x| > r}) if X, is additive
in R?. Note that v;({x e R?: |x| > r}) ~ Zflzl Gt(i)(r) where the constants in &
depend only on d.

x|<1

LEMMA 2.2.  Let X; be any process with additive components.

1) If X; is a step process on an interval [0, ¢], then for all t € [0, ¢],
lim, ¢ y;(r) = p(t). Otherwise, lir'nrﬁo v (r) =o00 forall t > 0.

(i) Tim,—or2y (1) = Y4, ¢,
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(iii) If for some e > 0, Y4_; € =0, Y9_| [i,\<1 [x v (dx) < oo, then for

every 1 € (0, €], lim.—ory () = X9_; v/ ().

(v) If X; is drift-free initially and Z?:l Céj) = 0 for some ¢ > 0, then there
exists b > 0 such that for every t € (0,b],n > 0,lim,_or"G,(r) = 0 implies
lim, o r"y;(r) =0.

Lemma 2.2 is standard. We omit the proof. There are also results for r 1 co anal-
ogous to (i), (ii), (iii) of Lemma 2.2: (a) lim,_, o, y;(r) =0 for all £ > 0. Assume
d = 1 below. (b) If X, € L?, equivalently [lxblxzv,(dx) < o0, and EX,; =0,
s € [0, ], that is, X, is in L? and centered up to time ¢, then lim,_morzy, (r)=
EXI2 =C, + [x%v,(dx). (c) If X, € L', equivalently f|x|>1 |x|vs (dx) < oo, then
lim, o0 7y (r) = maxo<g<; | Bs + f|x‘>1 xvg(dx)| = maxg<s<s | E Xl

If X; is increasing on [0,¢], then C; = 0, v; has no mass on (—oo, 0]
with [, _; xv;(dx) < oo, and B; — [, xv,(dx) is nondecreasing in ¢ € [0, ].
Thus, M, (r) =r~ (B, — fx<1xvt(dx) + fx<rxvt(dx)) is nondecreasing in ¢ and
G,(r) + M;(r) =r (B, — Je<1xvi(dx)) + [(x/r) A 1v(dx). Tt follows that
yi(r) < 20y,(Or) for 6 > 1, M;(r) = M;(r), M;(r) > K,(r), G,(r) + M;(r) <
yi(r) <2(G4(r) + My (r)), and G;(r) + M,(r) is nondecreasing in ¢ and nonin-
creasing continuous in r. For the obvious reason, we use G;(r) + M, (r) instead of
v;(r). For the Laplace transform of X;, we have Ee Mt ==V (M) 3~ 0, where
Y, A) =) + &), &) = [§°(1 — e ) (dx). Clearly G, (r) + M;(r) =
r~lyo@) + [(x/r) A lv(dx). Since e '(x A1) <1 —e* <x Alx>0,
e 1 520 /r) A lv(dx) < g(r~1) < [5°(x/r) A 1v(dx). Therefore, y,(r) ~
G/(r)+ M;(r) ~ r_lyo(t) + g,(r_l). The same can be said for a decreasing
process as well as any process with monotone components. If a real X; is sym-
metric on [0, ], that is, Eexp{iAX;} is real, then B = 0 and v; is symmet-
ric for ¢ € [0, ], in which case M;(r) vanishes, y;(r) = G;(r) + K;(r) and
yi(r) < Ozyt(ér) for 6 > 1.

v:(r) is comparable to a function that is jointly continuous and strictly decreas-
ing in r. Let

It(r)=r—1/ v ldx, B =L, 150, >0,
0

By (2.5), yi(x) = 271y (r) for x € (0,r] and L(r) = r=" [[ yi(x)"'dx >
r v (r/2) " dx =47y, (r/2)7! = 4871y, (r) 7!, which shows that for 7 > 0,
r>0,

4871 <y () /3 (r) <2

and by (2.5), for 8 > 1, > 0,r > 0, klé_zy',(r) < v%(0r) < kay,(r), where
ki = 28871, kp = 192. By (2.5), 27 'y (r) < infoyx<, y:(x) < y,;(r). If we use
info<x<, ¥ (x) instead of y;(r), y;(r) is strictly decreasing in r.
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LEMMA 2.3.  y;(r) is jointly continuous.

PROOF. [I;(r) is well defined since y;(r) is rcll in r, nonincreasing in ¢ since
y;(r) is nondecreasing in ¢, continuous in ¢ by the dominated convergence the-
orem since y;(x) > Z_Iyt(r) for x € (0,r] by (2.5), and absolutely continu-
ous in r because of the way it is defined. [Hence, y;(r) is nondecreasing con-
tinuous in ¢ and absolutely continuous in r.] It is enough to show that I;(r)
is jointly continuous in d = 1. First we claim that given ' > 0,7 > 0,¢& > 0,
there exists 6 > 0 not depending on r, 1, ; such that y, (r) — y;, (r) < & when-
ever r >r', tp — t) <4, 11,1, € [0,1']. The definition of v; and an approxi-
mation argument show that for any A € 8(R?) and Borel function f satisfy-
ing [, 1 £ (0 (dx) < 00, [y FVdx) = fig 1xa fV(ds,dx). Let Q;(r) =
Gi(r) + Ki(r). Then Q4 (r) — Qu(r) = r 2(Cp, — Ci)) + Jiy, 1w /1) A
lv(ds,dx) < r'""2(Cp, — C) + [y xr@®/T)? A lv(ds,dx) = Qp,(r') —
Oy, (r") < & since Q;(r') is uniformly continuous on [0, ¢']. It remains to show
that M;; (r) — M;’; r) < M;;,zz (r) < €. Since B, is uniformly continuous on [0, ¢'],
r_llB,2 — B| < r/_l|Bt2 — By| <e. Forr <1, r_lfr<|x‘51 |x vy, .1, (dX) <

r/_lfr’<|x\§1 |x[ver, (dx) < ! |x|>r" Vi (dx) = r/_l(vtz({x:|x| > '} -

vy, ({x :|x| > r’})) < e since ve({x:|x| > r’}) is uniformly continuous on [0, 7'].
Similarly, for r > 1, 71 [ <, [X]viy 1, (dX) < [ 21 V., (dX) < &. The claim

is proved. For 0 <t” <t 1) <tp, 11,1 € [t", 1], (r~1 = y,z(r)_1 = (y, (r) x
Yo ()T 3y (r) = v, (1) < @y (7)) iy (1) — 31, () by (2.5). It follows from
the claim above that given ' > 0,0 < t” < t’,& > 0, there exists § > 0 not de-
pending on r, t, t such that y;, (r~! — Vi, (r)_1 < & whenever r >r',th — 1] <
8,t1,1p € [t”,1']. Next fix a point (7, r9) € (0, 00) x (0, 00). Since I;,(r) is (ab-
solutely) continuous in r, there is ; > 0 such that |I;,(r) — I;,(ro)| < ¢ for
r € (ro — 81, ro + 81) with r{ =rgp — §1 > 0. On the other hand, by the fact that
I;(r1) is continuous in ¢ and by the result following the claim, there exists 4, > 0
such that when t — 19 < 82,10 <1, 11y (r1) — I;(r1) < &, y,o(s)*1 — y,(s)*1 < ¢ for
all s > ry. Thus, for r € (ro — 81,70 +81),t —t9 < é2,t0 < t, [1;(r) — I1,(ro)| <
|1y (r) — T (r)| + 11 () — I ()| < & + Ly (r) — I;(r) and

Ito(”) — I (r)

= [ 0@ =3 ds
< ’"1_1/0 l(yto(s)_1 —yi () Nds +r7! /1 (Vo (8) ™ =y ()" ds

=It0("1)—1t(”1)+"_1/ ()" = yi(s) ™) s
r1
<e4+r'(r—re <2e.

The treatment for o — t < &3, ¢ < fg is completely analogous. [J
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3. The quasiconvex function method. A sequence o, | 0 is called the
Y.-sequence if Ug—;l -0,y — 0 as n — oo for all n > 0, which implies that

(U;—")S .o, — 0 and (U’(’I—;‘)S . 0,2771 — 0 for all £ > 0. Some of the X-sequences
are constructed from continuous slow functions c. If o,,4+1/0, > c(0y41), 01 1 O
is a X -sequence since (0,_1/0,) - o5 < oy /c(0,) — 0. [For any s,, € (0, 1), there
iS §p+1 < S, such that s,,41/c(sy+1) = s, because s,/c(s,) > s, and t/c(t) — O.
lim,,_, o0 5, = 0 holds also.] Let X, be a process in R? continuous in probability

with Xo = 0 and v a nondecreasing function. Define
8 =inf{n>0:P(X;, < t1/1.0.) = 1 for some sequence 7, | 0},
§=sup{n>0:P(X}, )< /7 i.0.) = 0 for some T-sequence o, | 0}.

(Both the sequence #, | 0 and the X-sequence o, |, 0 in braces depend on 7.) If
n > 8, the stronger result that liminf,_ oo 2, I/ x :([n) =0 a.s. for some sequence

tn | 0 holds (which implies that liminf, o7~ '/7X} ) =0as.). If n <3§, there ex-

ists n1 > n such that X:(Un) > a,z/m for all large n. Therefore, for ¢ € [0},11, 0u],

1 1 1 1/n—1
X /11 = X Jon"" > 0, [0, = (g fon) M fo 1T oo,

which implies that lim,_,oz~1/7X*

o(r) =00 as. If we define

§ = inf{n > 0:liminf P(X},, > r'/") = o},
r—0

$y = supln >0:) P(X},,) < o /M) < oo for some X-sequence o, | O},

v

the Borel-Cantelli lemma and Fatou’s lemma imply that 82 <g§and§ < ) 1.(6<8.)
By the same token, if we define

B =sup{n>0:P(X;,, > t1/M1.0.) = 1 for some sequence #, | 0},

B =inf{n>0:P(X}, > o/ i.0.) =0 for some X-sequence o, | 0},

B = sup{n > O:li;n_)i(r)lfP(X:(r) < rl/”) = O},

o= inf{n >0:Y  P(X}q, =0,'") < oo for some E-sequence oy, | 0],
we have lim suptﬁot_l/”Xl"j(t) =00 a.s. for n < B and lim,ﬁot_l/”Xj(t) =0a.s.
for n > B while 81 < 8 < B8 < B,. Clearly, §» < 1,81 < B>. To define v with
B> < 0o, we fix a number k € (0, o0) along with a X-sequence o, | 0. There is
always a sequence v, | 0 such that 3° P(X} > 6,11 / ) < 0o. Let v be a nonde-
creasing function with values v, at 6;,. Then B < k.

We cannot get anything better than §, §, B, B if vis fixed. If liminf,_, o0 t,, o

X:‘(tn) = 0 a.s. for some sequence f, | 0, n > 4§. If liminftﬁot_l/”X:‘(t) =0
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a.s., then with respect to each w € 2, there is a sequence t;’ | 0 such that

ng;w) /@)1 < 1 for large n except for @ in a P-null set. The sequences
n

can be extracted technically from a fixed deterministic sequence #, | O, that is,

P(Xj(tn) < t,}/” 1.0.) = 1. Thus, n > §. If limtﬁot_l/”X:(t) = 00 a.s., then for all

sequences sy | 0, Xj(xn)/s,i/” > 1 for large n a.s., that is, P(X:(sn) < s,i/"i.o.) =0.
Hence, n < §. Same goes for 8, B.

Let X; be any process with additive components. Define
81 = inf{n > 0:liminf yy () (r1/") = o},
r—0
= sup{n > O:X:yv(an)(a,}/”)_1 < oo for some X-sequence oy |, 0},
B = sup{n > 0:liminf y, () (r/M ! = 0},
r—0
B2 = inf{n > O:Zyv(gn)(onl/”) < oo for some X-sequence oy, | 0}.

Clearly, 8 < B1,81 < f>. By Lemma 2.1, 8, < 8, 8; < 81, B1 < B1, P2 < Bo.
Similarly, to define v with B8, < 0o, we can preselect a number « € (0, o0) and a
Y -sequence g, | 0. Since y.(r) | 0 as € | 0, there is a sequence v, | 0 such that
> Yo, (6,11 / “V<oo. Ifvisa nondecreasing function taking values v, at ¢,, then
B2 < k. Of course, if B2 < 00, v has to be defined in this way. We wish the defini-
tion of v given above to be more specific. v should have the information about the
case §1 = 82, 1 = P2 and should be able to equal  when X, is a Lévy process. We
define v as follows. Select a quasiconvex function ¢ and a constant b € (0, 00).
Equation y,()(b) = ¢(7) defines a nondecreasing function v with continuous in-
verse u since y;(r) is nondecreasing continuous in ¢ with yg(r) = 0. For exam-
ple, u(t) = y,;(b)'/P for ¢ (t) = t?, p > 0 while v(r) = u(t) =t for ¢(t) = h(b)t
in the case of Lévy processes. By (2.5) and quasiconvexity of ¢, yv(r)(rl/ <
cyv(,)(b)r_z/” =cop(r)r 2" < cr°r~?Mr <1 A b. Taking a X-sequence such
as o, = 27" shows that 8> < 2/o0. The result in (1.1) remains unchanged when
u(t)~1/nX* is replaced by t‘l/”X;f(t). We have proved

THEOREM 3.1. Let X; be any process in R? with additive components and
81, 82, B1, Ba, u as given above. Then (1.1) holds.

Vo) (b) = ¢ (t) is quasiconvex. In fact, for all € (0, b), yy()(r) is quasicon-
vex as well with Yy (r)/Yui) () = pr(f2/11)° 11 < ta, where p, > 671 (r/b)*p
by (2.5). But 6~ L(r / b)?p is not a slow function. Yu(r)(r) is called quasiconvex with
respect to a nondecreasing function v > 0 if

G Vo) )/ Yo (r) = c(r)(t2/1)7, 0<ti <n=<t1,re(0,Db],
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with a slow function c(r) and a constant o > 0. Equation (3.1) means p, > c(r).

Conversely, any v satisfying (3.1) is valid for Theorem 3.1 since y, ) (b) is quasi-
convex. Define

n(r)y =inf{t > 0: y,;)(r) > m}

with m € (0,27 y, ) (P) A (@K (d))~") held fixed. Equation (2.5) implies that
n(r) is a finitely determined function. Let

§ = inf{n > O:limi(r)lfr"n(r)_1 = 0},
r—
B = inf{n >0: lirr(l)r”n(r)_1 = O}
r—
and for any fixed constant / € (0, #o],

!
8p =sup nZO:limsupr"’/ P(X:(,)Sr)dt<oo},
0

r—0

!
Bp =supin > O:Iimi(t)lfr”’_/(; P(X;,) <r)dt < oo},

r—
!

S = sup 77201_/ E( :(I))_"dt<oo}.
0

Note that fj P(X%,, < r)dt = E(T? Al) where T =inf{t > 0:|Xy(| > r}. In

the case of Lévy processes (v(t) =1t), n(r) = mh(r)~'. n(r)isan h(r)~! analogy.

THEOREM 3.2. In Theorem 3.1 if yy)(r) is quasiconvex, then §; = 8 =
§=bp=0bp.p1=Pr=P=Pp. B =10 if TI_, [y IxIv (dx) < 00 and
Z?:l ng) = 0 for some t > 0. If X; is drift-free initially, Z?Zl Cij) =0 for
some T > 0, and Gy(1,)(r)/ Gy (r) < c’(r)_l(tz/tl)", for 0 <1 <t <t
r € (0,r9) with a constant ¢’ < o and a slow function ¢’, then B = inf{n >
0:lim,_or"a(r)~! =0} where i(r) = inf{r > 0: Gy (r) > m}. If X; is drift-free
initially with increasing components, then § = sup{n > 0:1im,_, o r"n(r) = 0},
B =inf{n > 0:lim,_, o 7" (r) = 00}, where fi(r) = inf{t > 0: gy (r) > m} with
g =X 8" ().

PROOF. (i) 8 = 8,81 = Bo: Define g.(r) = r°¢/?, §, = inf{n > 0:
liminfr_>ogg(r)yv(,)(rl/”) = 0}, and B = sup{n > O:liminf,,og.(r) X
Yoy (r1/M) =1 = 0}. Notice that §; 1 §* < 8, Be | B* > B2, as & | 0. If §* < &y,
pick n € (6%,681) and ¢ € (0,8;/n — 1). Since 8, < n, there exists an n; < n
such that g (r;) yv(rn)(r,{/ My — 0 for some sequence r,, | 0. Let ¢, = r,}+8. Then

1/(1 1 . . . . _ _
t,,/( reom _ rn/m. Since yy(;)(r) is quasiconvex and since c(rt/m-1 < cpr oe/2
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+
yv(t,,)(tn/( 8))71)/)’v(rn)(’”n/m) = yv(r1+8)(”n )/YU(r,,)(rn/m) = C(rn/m) l(rH—g/

) < cptn "8 = ¢y o (ra). Since (14 &)1 < 81, Yo (' Ty > ¢ > 0.

Thus, g¢(r,) yv(r”)(rn /m N>¢/ ¢y, > 0. We have a contradiction. The argument for
B* = B is similar.

(i) 61 =6,B81 =8: If 6 < 8, r"n(r)~1 > ¢ > 0 for any n € (61,6) and
hence r"' > n(r) for n1 € (61,n) and r small. Since §; < 71, there exists an
2 € (81, m1) such that liminf,_, o yy,) (r'/72) = 0. Since r™ > n(r) as well, by
quasiconvexity and the facts that c¢(r) > r® for all ¢ > 0 and yyu () (r) = m,
yv(r”Z)(r)/m = yv(r”Z)(r)/yv(n(r)) (r) = c(r)(r™/n(r))°, which implies that
liminf,orMn(r)~' =0 contradicting n; < 4. If § < 61, ran(ry,)~! = 0 for some
n € (8,81) and a sequence r, | 0, which implies that r, < n(r,) and r,' <
n(ra) for n1 € (n,81). By quasiconvexity, m/y, m, () > c(rp)(m(ry)/ri"° >
(n(rp)/rm)?. Thus, y o) (r,) = 0 and §; < 1. That is a contradiction. If
ﬂl < B, then for any n e (B1, B) there exists a sequence r, | O such that
rp 'n(ry) = 0. So, rp > n(r,) and r,;' > n(ry) for n1 € (B1,n). By quasiconvex—
ity, y v(r:l]])(rn)/m = C(rn)(rlgl/n(rn))a = (rn/n(rn))a Thus, Yoy (rn)
and 11 < B; contradicting n; > ;. Lastly, if 8 < B, then for any n € (8, ﬂl)
rn(r)~' = 0; that is, n(r) > r". Since n < Bi, there is an n; € (n, B1) and a
sequence r, |, 0 such that y, (r,?l)(r")_] — 0. Butn(r) > r™, so by quasiconvexity
we have y,n)(r) <m(r"/n(r))® — 0. That is a contradiction.

(iii) § =d8p,B = Bp and B < 1/o with the condition as stated: First we
prove that if X; is a step process initially, then inf,..gn(r) > 0 and other-
wise lim,_on(r) = 0. Let X; be a step process up to time f. Fix r > 0.
If yoo(r) < m, then n(r) = oo. Suppose that y,+ (r) > m for some t* > 0.
Then n(r) < oo. If v(n(r)) < f, p(n(r)) > 27 yyue)(r) = 27'm where
p) = 2?21 p(j)(t), p(j)(t) = v,(])(]R). Thus, there exists a positive constant K
such that n(r) > K for all » > 0. In the second case, since lim,_.¢yy)(r) =
oo for any ¢t € (0,00) by Lemma 2.2(i), there exists rop > 0 depending on ¢
such that yy)(ro) > 2m. Therefore, for r < ro, yy)(r) > 2_1yv(t)(ro) > m and
n(r) <t. If lim,_,on(r) = 0 fails, there is a sequence r, | 0,r, € (0,r9) such
that n(r,) > & for some 6 > 0 and hence yy(s)(r1) < Yvu(r,)) (rn) =m < 00 con-
tradicting lim, .0 yy(5)(r) = 00 according to Lemma 2.2(i). Let us move on to
prove (iii) in this case. Choose rg as above such that n(r) <[ for all r € (0, rg).
Note that for ¢ € (0,n(r)], yu(r)(r) < m and hence by the first bound in (2.6),
P(Xv(t) >r) <aK(d)yys)(r) < aK(d)m. It follows that fo P(Xv([) <r)dt>

Jo " P(XE, < de = {00 = P(Xi,, > m)dt = (1 — aK (dym)n(r). For
t € [n(r), 1], you(r)/m > c(r)(t/n(r))° by quasiconvexity. Choose an integer
k> 2/o and let & = ko /2 — 1 > 0. By the second bound in (2.6), P(Xv(t)

r) < o) < cm™le(r) ™2 nr) /0 = e1 ()T () /)T where
c1(r) is also a slow function. Thus, fol P(X:(t) <r)dt = "(r) —i—fn(r) <n(r)+
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f,f<,)61(r)_l(n(r)/t)l+9 dit = (1 + (Bc1(r) " Hn@r) — %0ci(r) " 'n()!? <
c2(r) " 'n(r) where c¢a(r) is another slow function. Hence § = ép,B = Bp.
Choose t < 1y such that v(¢) < t and then choose ry such that n(r) <t for all
r € (0, rp). By quasiconvexity, r'/n(r)~! <t~ 'm=Voc(r)~l/° (ryv(,)(r))l/" and
by Lemma 2.2(iii), lim, .o yu( (r) = X9, 15" (v(1)) < 00. Thus, B < 1/0. As-
sume that X; is a step process initially. Then 8 =0 (< 1/0) since inf,~gn(r) > 0.
By choosing m € (0,27 1y, (ro) A (@K (d))~") for any ry > 0, we redefine n(r).
Then n(r) <1 for all r € (0,79) and [y P(X},, < r)dt = (1 — aK(d)m)n(r),
which shows that inf,~¢ fy P(X},, <r)dt > 0. Thus, §p < fp =0.

(iv) 8p = 6g: Let ¢ be a process taking nonnegative values. Define for [ >
0,r0 > 0,g(r) = fé P(¢ <r)dt,r € (0,r9],8" = sup{n > O:fé E¢ dt < o0},
8" = sup{n > 0:supy_,<,, 7 "g(r) < oo} = sup{n > 0:limsup,_,,r~"g(r) <
0o}. Then & = §”. This is not difficult to prove. Clearly g(r) is nondecreas-
ing and bounded by I. For n > 0, E¢; " =n [5°x "7 'P(& < x)dx. There-
fore, fé E¢ dt = r]fomx_”_lg(x) dx + nfrzo x_”_l(fé P(¢; < x)dt)dx, which
shows that fé E¢ "dt < oo if and only if [;°x 7" !g(x)dx < co. For r <
r0/2, [od x 1 g(x)dx > frzrx_”_lg(x)dx > g(r)f,zrx_"_ldx = kr=g(r),
k=n""(1—27"). It follows that 8’ <8”.If n < 8", supy_,,, r " g(r) < oo for
some n; > 7. Thus [§°x ™"~ g(x)dx = [" xM ™1~ 1x ™M g(x) dx < ki supy_ <, r~ ™
g(r) < oo where k| = forox’“_”_ldx < 00, which implies that §” < §'. Take
&= X:(I) to finish.

(v) The last two statements in the theorem: Let B =inf{n > 0:lim, o r" x
A~ = 0}. Since G;(r) < y:(r), B <pB. We prove the opposite. We may as-
sume that o’ = o and yet we may also assume that X, is not a step process ini-
tially, for otherwise 8 = 8 = 0. Let b be the constant in Lemma 2.2(iv). Choose
t <ty A t(’) such that v(f) < b and then choose ry such that n(r) <t for all
r € (0, rp). Note that Gv(ﬁ(r))(r) =m = Yy(n(r)) (r). It follows that (;v(t)(l’)l/(7 <
c1(r)~!/ii(r) by the condition on Gy (r) and y,o(r)'/7 > ca(r)/n(r) by
quasiconvexity, where cy,cy are both slow functions. By Lemma 2.2(iv), if
lim, o r"(r)~! = 0, then lim,_or"n(r)~! = 0 for all n1 > n. Thus, g < 5
Let n'(r) = inf{t > O:gv(t)(r_l) > m}. Since X; does not have the drift initially,
that is, Zflzl y()(i)(e) =0 for some ¢ > 0, y;(r) & G,(r) + M, (r) =~ g;(r~1). Write
c1yi(r) < g,(r_l) < cayi(r) where c; < 1,c¢2 > 1. Fix r and let y_1 be the inverse
of yy@)(r). Then n(r) = y_l(m) and y_l(cz_lm) <n'(r) < y_l(cl_lm). Replac-
ing #; by y~1(;) in (3.1) yields y~!(r2)/y~1(t1) < c(r)~V/7 (t2/11)"/° . Applying
this inequality, we find that (cz_lc(r))l/"n(r) <n'(r) < (cie(r))~Yon(r). 1t fol-
lows from n'(r) = A(r~") that § = sup{n > 0:lim,_, oo "7 (r) = 0}, B = inf{n >
0:1lim, oo r"n(r) =o00}. O
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Equation (3.1) is equivalent to yy,)(r)/t2 > ¢(r) yu(,) (r)/t1 with v(z) replaced
by vy, [If ¢p(1) =1, Yoa)(b)/t = 1.] yyu)(r) is nearly convex in ¢ since
Vo)) /12 = prYuay)(r)/t1. Chances are p, will drop too fast as r approaches 0.
(pr depends on v.) X; is said to be of class {:

if for some v, yy,(;)(r) is convex in ¢ for all  small,
thatis, c(r) =o = 11n (3.1).

(So, B < 2.) Clearly, X; is of class { if and only if there exist functions /s (r)
nondecreasing in s and u(s) nondecreasing continuous with #(0) = 0 such that
y,(r) fo hg(r)u(ds). In that case v =u"", yv(,)(r) fo v(s)(r)ds and u(r) =
fo hs (D)~ y(b)(ds) for all b small. Here fo y(b)(ds) = y; (D).

Class { is very large. Let y/ (r) = dt v; (7). One of the conditions that y; (r) is dif-
ferentiable in ¢ a.e. is that B;, Q; (or C;), v; each are absolutely continuous. X; is of
class [ if and only if there exists a function g such that g(s)y;(r) is nondecreasing
in s a.e. forall 7, in which case u(t) = fj g(s) ' ds and y,(r) = [§ g(s)y.(r)u(ds).
Let X; be a continuous process with additive components. Then (1.3) holds.
The function u in the general case will be given in Section 5. For X ,, v (r) =
Br=' 4 C;r=2 where B = Y°¢_ | (maxo<s< 1BP|) and C, = Y4, ¢ @ Assume
that dtB* >0, tht > 0 exist. X, is of class { if dtC’/dtB* or dtB*/dt C; is non-
decreasing. u(t) = B/ in the first case while u(t) = C; in the second. If B} ~ C;
orif Bf =0, y; (r) Ctr_2 for r € (0, 1), in which case (3.1) holds Vacuously.
Hence, lim,_,o Cl =0or oo as. accordlng asa<1/2ora>1/2.

Let X; 3= f o + X B where X/ . ¢ 2 are independent Lévy processes in RY
and fi, fz are nondecreasing continuous functlons with f1(0) = f>(0) = 0. (Lo-
cally, every additive process can be characterized as X; 3) (a) Suppose for each
r small, in vector terms either m(r) > 0,my(r) = 0 or m(r) < 0,my(r) <0,
where m;(r) = r~'(B; — fr<|x|<1xvi(dx)),r € (0,1),i = 1,2. Then y;(r) =
fi®h1(r) + f2(t)ha(r) for Xl3 which is of class { if fl/(t) > 0, fz/(t) > (0 exist
and one of the quotients f,(¢)/f;(t), f,(t)/f{(t) is nondecreasing. (b) If fi ~ f>,
then y,(r) = f1(¢)z(r) for X,3 and (3.1) holds.

An additive process (X¢; By, Q¢, v¢) in RY is a semimartingale if and only
if B; is of bounded variation. Fix a nondecreasing continuous function u with
u(0) = 0, a Lévy kernel x;(dx), and two R9-valued functions b, o (s), where
ks(dx), bs, o (s) are locally bounded left-continuous each. Define

v(ds,dx) = ks(dx)u(ds),
3.2)

B,:ftbsu(ds), Ctzfota(s)zu(ds),

where o (s)? = (01(5)2, 02(s)%, ..., 04(s)?). Choose any quadratic covariation
matrix Q; with C; as diagonal for a d-dimensional continuous Gaussian mar-
tingale. One can verify that v;(A) = v([0,¢] x A) = fot ks(A)u(ds) is a non-
decreasing continuous Lévy kernel and that By, C; are continuous of bounded
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variation. Thus, a semimartingale additive process (X;; Bt, Oy, v¢) is defined. Here
Mz(l)(”) =1/ %gl)(r)u(ds)l where

mg(r) = rl <bs —/ xxs(dx)>, s>0,r <1,
r<|x|<1

with components nﬁgi)(r),l <i <d and Ggi)(r) + K,(i)(r) = fé(r_zo*i(s)2 +
[xi/r)? A1 (dxi))u(ds), where k) (B) = ks({x e RY:x; € B}), B € B(R).
Let

HOe) =267 + [[Gifr? Atk @) + 7 o))

and pu, the Lebesgue—Stieltjes measure induced by u. Suppose that for every r €
(0, 7r9], s €10, t0], y-a.e. with 1o, ro small, the two conditions hold:

(1) each n"1§i)(r) has no sign change in s;
(ii) Zflzl hgl) (r) is nondecreasing in s.

Condition (i) implies that | [§ i (u(ds)| = f& | (r)|u(ds). Consequently,
M,(i)(r) = M,(i)*(r) [i.e., Mt(i)(r) is nondecreasing in ¢] and y,(i)(r) =
JERP (ryu(ds). X, is of class & since y,(r) = [i(X, AP (r)u(ds) with
Zld: 1 hgl)(r) nondecreasing in s thanks to condition (ii).

Semimartingale additive processes can only be defined in that way. Given any
semimartingale additive process (X;; By, Q¢, ;) in R4, there exist a nondecreas-
ing continuous function u with #(0) =0, a Lévy kernel «,(dx), a vector by and
a nonnegative definite symmetric d x d matrix (c;;(s)), all of which are locally
bounded left-continuous, such that (3.2) holds with g;; () = fé cij(s)u(ds), thatis,
Cii = oiz. This property is better known as disintegration. By the Radon—-Nikodym
theorem, one can take u(1) = ;<4 Vi Bi + Xi j<a V{aij + [ 1x1* A v (dx), V] f
denoting the total variation of f over [0,1]. k;, by, cjj(s), u(s) are not unique.
For example, if u is absolutely continuous [which implies that y;(r) exists], any
absolutely continuous nondecreasing function u#; with #1(0) = 0 can replace u
since u(ds) = (du/ds)(duy/ds)~'ui(ds). For an extensive account on the general
semimartingale case, see [3], Proposition 2.9, Chapter II, page 77. The same holds
true for processes with semimartingale additive components for which disintegra-
tion holds as well, that is, there exists a common function u for all components.
The components form an additive process in R? with components independent of
one another. Disintegration gives the representation of the characteristics of each
component with a common function . In special cases when uy, us, ..., ug are all
absolutely continuous, the u;’s can be replaced by a single absolutely continuous
nondecreasing function u with u(0) = 0.

Given a semimartingale additive process X; with M,(’)(r) nondecreasing in f,
one way to argue that X is of class { is to look for a combination of «y, by, ¢;;(s)
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satisfying condition (ii). [Condition (i) is equivalent to M\”(r) = M"*(r).] Note
that the proof of disintegration does not include the techniques to do that. Let X,
be a Lévy process with characteristics (B, O, v). There are many ways to repre-
sent (B, Q,v) as (3.2); here, for instance, «;(dx) = v(dx), by = B, o; (s)2= qgii,
u(t) = t, or ks(dx) = 2/sv(dx), by = 2/sB,0i(s)> = 2./5qii, u(t) = /1.
Clearly, conditions (i), (ii) hold.

We provide examples of «;, by, ¢;j(s) typically satisfying conditions (i), (ii).
Let Y, be a rcll process with independent increments in R? not necessarily contin-
uous in probability. Then the Lévy kernel «;(dx) induced by Y; is nondecreasing
left-continuous. Take a vector o (s) = (o1 (s), az(s), ...,04q(s)) with |o;(s)| each
nondecreasing left-continuous and let ¢;; = o . Conditions (1), (ii) follow if for

eachr, m s’) (r) is a nonnegative nondecreasing or nonpositive nonincreasing func-
tion of s € (0, 7p]. To make by match up fr<|x|51 xks(dx) for all r, we need k;(dx)
to be more specific. There are a great many examples where b, can be determined
but a big majority of them are rather complicated and highly irregular except for
the three as follows. (Their sums are also tractable. We will see that in a mo-
ment.) (a) /cs(i) is symmetric for every s € (0, fp]. (b) /cs(i) is concentrated on (0, c0)
or (—oo, 0) for every s € (0, tp]. (Since K() is nondecreasing, either (0, co) or
(—00,0) must be held fixed for all s € (0,%].) () ) = FO()HWD, 5 € (0, 1]
where f@ is a nondecreasing function and v(*) is a Lévy measure. In case (a),

El)(r) _lb(’) Thus, b( D can be any nonnegative nondecreasing Or Nonposi-

tive nonincreasing function. In case (b), i\’ (r) = r‘l(b(l) /! xx?(dx)), where

@ is concentrated on (0, 00). Thus, b can be any nonpositive

(&)

we assume that i
nonincreasing function. We can also take b(l) fo xKS')(dx) + a(’) where ag
is a positive nondecreasing function if fo x/g’)(a’x) < 00. In case (¢), mél)(r)
P B8 = FD() [, -y<1 ¥ @ (dx)) and we let b = b; f O (s) where b; € R.

Alternatively, we can take «; = vy, by = By, (cij(s)) = Qs where X; is any
additive process in R? with characteristics (B, Q;, v;) for which each Mt(i)(r)
is nondecreasing in t € [0, fg] for every r € (0,r9] [ro € (0,1)]. [Consider
MO (r) as [l (r)].] X; with D(ds, dx) = vy(dx)u(ds), B; = [} Bu(ds), Q(t) =
fot Q,u(ds) as in (3.2) is of class 4. Since for )A(,, Mt(i)(r) remains nondecreasing

in ¢, we can take kg = Vg, by = ég, (cij(s)) = QS and obtain another process of
class 1 with the same or new function u.

M (r) is nondecreasing in ¢ in the three cases: (a) X; @ s symmetric on
[0, to]. (M (r) =0, ¢ € [0, o], 7 > 0.) (b) X'? is monotone on [0, 7o]. [M " (r) =
r_l(Bl(i) — frl xv,(i)(dx)) r € (0, 1), is nondecreasing in ¢t when X(i) is increas-
ing.] (c) X,(i) Eﬁzt) where (X(') BD, c® vy is a Lévy process and f is
a nondecreasing continuous function with f(0) =0. [M m(r) f Hr~-1B® —
[r<|x‘<1xv(’)(dx)| ] Given additive processes (X B‘ C’ vt) i=1,2,31in R,

where X/, X? are independent and X; = X! + X,z, let mi(r) = r~ (B! —
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Jr<ixj<1 XVi(dx)), r € (0,1). Then M;(r) = |m}(r)| [the function M, (r) in (2.2)],
m}(r) = m!(r) + m?(r),B} = B + B}, C} = C! + C?,v} =v! +2. If
m! (r), m?(r) are both nondecreasing or both nonincreasing in ¢ for each r, then
M,3 (r)y= M,1 r)+ Mtz(r) and M,3 (r) is nondecreasing in ¢. For example, the fol-
lowing processes have gone beyond aforementioned three types: (a)+(b), (a)+(c),
(2)+(b)+(c), (b)+(c), (c)+(c), and so on. If X? is (c), m>(r) = f(t)r ' (B —
fr<|x|51xv(dx)) = f(@)m(r). In (b)+(c), if m(r) > 0 for all small r, le needs
to be increasing while if m(r) <0 for all small r, X! needs to be decreasing. In
(c)+(c) m1(r) and m(r) have to have identical signs for each r.

M (r) is nondecreasmg in ¢t in many unfamiliar cases, each of which shows
its own way vt charges the area {x:r < |x| < 1} in order to match up the
swing of B,(i). Since M,(i)(r) is continuous in ¢, we can expect for a small in-
terval [0, 19], Mt(i)(r) is nondecreasing in ¢ [if %M,(i)(r) is continuous, say] but
the interval depends on r. Here is a more general case. Let «;(dx) be a Lévy
kernel (locally bounded left-continuous) in R. Assume that there is rg € (0, 1)
such that fr<|x|§1xlcs(dx) > fro<|x|§1x/cs(dx), r € (0, rg], for every s € [0, fg].
For a well-behaved Lévy measure «, very often [, <|x|<1 Xk (dx) shows a ten-
dency to increase as r | 0. Let by be any locally bounded left-continuous func-
tion satisfying b; — fro<|x|51 xks(dx) < 0 for every s € [0, rg]. It follows that
mg(r) = r_'(bs — f,<|x‘§1x/<s(dx)) < 0 for every r € (0,r9],s € [0, tp], which
is condition (i), and that M;(r) = — [, m,(r)u(ds) is nondecreasing in ¢ € [0, 1]
for all » € (0, rg).

We also offer an example where y;(r) ~ f(t)z(r). Assume d = 1 first.
Since condition (i) implies that y,(r) = fot hy(ryu(ds),r € (0,ro],t € [0, 1o], if
hs(r) & csz(r), y:(r) & f(0)z(r) where f(t) = [ csu(ds). Let (by, o (5)*, k5) be
the characteristics of a centered Lévy process in L?; that is, Jix|>1 x2is(dx) <
oo and by = — [ Xks(dx). Then rs(r) = r= by — [, < XKs(dx)) =
—r_1f|x|>,x1<s(dx) and hy(r) < 2(o(s)> + [x%ks(dx))r=2. Thus, hy(r) ~
o (s)2r =2 if [x%ky(dx) < ¢o(s)?. Define ky(dx) = ch2 — ap)x~ ) gy x e
(0, 11, ks (dx) = /2 — ag) x|~ H%) dx, x € [—1,0), and ks =0 on {x:|x| > 1}
where «y, ¢, ¢/ are continuous functions on [0, 79] satisfying «; € [0, 2], ¢, >
cy > 0. Then fl xKs(dx) = fr<‘x|§1x/<s(dx) = (¢, — ¢)B(r, o) > 0 (non-
increasing in r) where B(r,a;) = (2 — o) |os — 1= Yri=% — 1| or B(r,ay) =
log(1/r) according as oy # 1 or g = 1. Thus, for each r, m(r) < 0 as s varies. Let
bs =0 and o (s) a continuous function on [0, 1] satisfying o (s)? > Cley — ) =
¢f x%ks(dx) for some fixed constant ¢ € (0, 00). The reader can verify that
ve([r, 17) = v([0, ] x [r, 1]) = f(f ks([r, 1])u(ds) is continuous in ¢ for every fixed
r €(0,1). Thus, v(ds,dx) = ks(dx)u(ds), B, =0, C; = fé o (s)%u(ds) determine
an additive process X; (a martingale with the jump size bounded by 1) for which
yi(r) = Cir=2,re(0,1),1 €0, 1] Clearly § = 8 =2 in this example. One can

x|>r
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easily make a similar example in the case d > 1 and even an example where X;
has large jumps. The interested reader would probably demand a more interesting
example where f‘ x|=r XKs(dx) takes both positive and negative values as r varies,
Gaussian part is not so prominent, z(r) is sophisticated enough to force § < B,
and so on, or even M,(r) fails to be nondecreasing in ¢. Unfortunately, the new
technique for that is at present unavailable.

Let e~ ! be the inverse of a continuous moderate function e. If Yu(r) (1) 1s quasi-
convex, s0 100 is ¥, .1 (r). Thus, Theorem 3.2 holds for all functions in the form
e ou. Same goes here: If y,)(r) is not quasiconvex for v satisfying yy,)(b) =1,
that is, v is the inverse of y;(b), then y,()(r) cannot be quasiconvex for any v sat-
isfying y,(1)(b) = ¢(¢t) where ¢ is moderate. [tP(log(1/1))*, t?(loglog(1/1))",
p > 0,k € R, etc. are both quasiconvex and moderate but it is not so easy to
give an example of nonmoderate nonexponential-type quasiconvex functions. If
¢ is exponential, §; = 8 = 1 = B> = 0 since o can be arbitrarily large.] In the
case that y;(r) =~ f(t)z(r) where f is some nondecreasing continuous function
with £(0) = 0 and z is a positive function, if we let v = f~! the inverse of
f (u=f), then yyu,)(r)/yv)(r) = t2/t1. Equation (3.1) holds tautologically.
Thus, in Theorem 3.2, u = ¢ o f with § = inf{n > 0:liminf,_ r”/e(z(r)_l) =
0}, B =inf{n = 0:lim,_.¢ r”/e(z(r)_l) = (0} <20 where o is an exponent for e.
(8, B do not depend on f.) Particularly, for a Lévy process X;, Pruitt’s result
is extended from the case t~!/7X* to the general case e(t)~!/1X* with § =
inf{n > 0:liminf,_or"/e(h(r)~') =0}, B = inf{n > 0:lim,_.qr"/e(h(r)~}) =
0}. A lower function for a Lévy process X; is a moderate function e satisfy-
ing liminf,_, ¢ e(t)*lX;" = c € (0,00) a.s. Assume that X; is not a compound
Poisson process. Then h(r)~! ~ k(r) = r=! [} supy_,, h(s)~'dt which is a
strictly increasing absolutely continuous moderate function with k(co) = oo.
If the inverse k~! is moderate, § = 8 = 1 with e = k™!, which implies that
lim;_, ¢ kfl(t)*"‘X;k =0 or oo a.s. according as o < 1 or o > 1. We suspect the
lower function exists only when k! is moderate, in which case e(¢) =k~ (¢) g()
is a lower function where g is moderate satisfying lim,_,o k™! (#)?g(t)4 = 0 for all
p>0,geR.

There are also results for + — oo analogous to Theorems 3.1, 3.2 as long
as lim;, o0 X; = 00 a.s., for if 7, =inf{t > 0:|X;| > r},r > 0, is infinite for
large r, the probability that lim sup,_)oot_l/ X :’j(t) = oo will be less than 1 for
any function v and power 7. For additive processes, that can happen. For example,
P (T, = 00) > 0, r being large for the process th = X f(s) with f bounded and in
the case y;(r) = f(t)z(r), if f is bounded, P(T, < oo) < 1 for large r. Techni-
cally, we need to reverse the symbols used for # — 0 to get the results for t — oo,
including such changes as t - 0tot — oo, r - 0tor — o0, “>" to “<” and
vice versa, and “inf” to sup > and vice versa. Accordingly, a sequence o, 1 00
is called the ©-sequence if 2= -0, — 00 as n — oo for all n > 0 and Yoy (1)
is called quasiconvex if (3.1) holds for tg < t1 < 12, ro < r with c(r) replaced by
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c(r~1). For Theorem 3.1, we assume that there is a sequence v, 1 oo and some
k € (0, 00) such that } y,, (6,} / “3=1 < 0o (which guarantees that 7, < oo for all
r > 0). That holds if and only if y.,(r1) = oo for some rq, which is equivalent to
Yoo(r) = oo for all r by (2.5). [That also implies that v satisfying y,)(b) = ¢ (1)
is finitely determined for all quasiconvex functions ¢ with ¢(c0) = 0o.] The or-
der of the indices is reversed as 61 < §» <2/0o, B2 < B1, B2 < 41, B1 < 8. As far
as Theorem 3.2 goes, we assume that y,(,)(r) is quasiconvex in the  — o0 sense
with v(c0) = co. Analogously, § = 8p =8, B = Bp with fé replaced by [ in
addition.

4. The semicontinuous function method. For b € (0, c0) fixed, define
5= inf{n > 0:liminfr7y,(r) = O}, B = inf{n >0:1mr"y,(r) = 0}.
r—0 r—0

By (2.5), yp(r) < 3r_2yb(1) for r € (0, 1). Thus, § < 8 < 2. Define for ¢ small,
() = inf{s > 0: ys(t'/7) > c()typ (V") forall n € [ — ¢, 8)},
v(@) =supfs > 0: ys ¢/ < c(®) Lty t'/") for all n € (8, 8 + &},
u(r) =1inf{s > 0: y; t"/") > c()ty, (t'/") forall n € [B — &, B)},
u(t) = sup{s > 0:y;(t'/") < c(t) 1y, (t'/") for all n € (B, B + £1},

where ¢ is a small positive constant and c(¢) is a continuous slow function.
v, v, u, u are finitely determined positive (but not necessarily monotone) functions.

THEOREM 4.1. Let X; be any process with additive components and §, B, v,
v, U, u as given above. Then with probability 1 (1.2a), (1.2b) hold.

PROOF. Let 0(¢) = inf{s > 0: y,(t'/") > c(t)ty,(t'/") forall n € [ — ¢, 8)}.
Suppose that lim,_, ~ U(s,) = x for a sequence s, — f. Since j}g(sn)(s,]l/ Ty >
c($n)8n )'zb(s,l,/ 7y and since y,(r) is jointly continuous by Lemma 2.3 and c(¢) is
continuous, y, (/) > c(¢)ty,(t'/"). Thus, x > d(¢), which shows that 9 is lower
semicontinuous. Since ys(t1/7) > ¢(t)tyy (t'/") implies ys(t1/7) > ke(t)typ(t1/7)
where k € (0, 00) is a constant, v > v. [The slow function for v is kc(¢) not
c(t) now.] Since ¥ is lower semicontinuous, there is o, € [2=(+D 211 such
that 9(o,) < 0(¢) for all r € [2~®+D 27" Suppose that n < n; < < 8
with n1 > 6§ — . Since ny < 4, y;,(rl/”')_1 < c1r™/M for all small r. Since
Yoy (VM) > c(®)typ(t1/M) for all n € [8 — &, 8) and y,(r) ~ y(r), by the second
bound in (2.6) with k =2, for small 7, P(X}, < tYmy < ey /M) <
c3e() My (1)) < cqe(t) T Hem /M=l < qpm/M=170 with gy /np —1—6 > 0.

Hence, ZP(Xg(Un) < cr,:/'“) < oo and Xlif(gn) > O',:/m for large n a.s. by the

Borel-Cantelli lemma. Thus, for small  with r € [2~®*D 277] x 3(;) >X S(Un) >
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onl/m > 2= 1/m¢l/m  which yields lim,ﬁotfl/”Xg(z) = 00 a.s. We obtain the
first half of (1.2a) since v > 0. For the latter half of (1.2a), let v(¢) = sup{s >
O:j}s(tl/”) < c(t)_lt)'/b(tl/”) for all n € (8, 8 + ¢]}. Note that ¥ is upper semicon-
tinuous and v < v. The rest follows the first lead as always. []

Very often v/v < 1, u/u < 1 over a small interval (0, tp), which will be justified
below. If that is the case, (1.3) holds for v;, vy satisfying v <v; <v,u < vy < u.
v(t)/v(t), u(t)/u(t) are bounded by t~* where o | 0 as ¢ | 0. Let vp(t) =
inf{s > 0:y,(t'/%) = c)?Pyp1')}6 < 8), (1) = sup{s > 0:y,(t'/%) <
c() 1Py (110)}0 > 8), ug (1) = infls > 0: y,(t1/P) = ()P y, (t1/P)}(6 <
B) and uy(t) = sup{s > 0:y;(t'/P) < c(t)=11%Py,(t'/)}(0 > B). If s satisfies
ys(t1/%) > ()12 y, (t1/%) for 6 < 8,t < 1, then by (2.5) for all n € [§ — &, §) and
& small enough, ys(tl/”) > kc(t)t9/5+2(1/’7_1/5)yb(tl/”) > kc(t)tyb(tl/”) where
k € (0,1) is some constant. Thus, b > vy > v > 0. Similarly, b > v > vy > 0,
b>upg>u>0, b>u>uy>0. Equation (1.2¢c) follows with v(n,t) =
infls > 02y, (t1/%) > (V0 y, (1)) . 1) = infls > 02y, (11/F) > /8y, (1P,
te0,1),n>0.

PROPOSITION 4.2. Any of the three conditions below implies that v < v,
u <u in Theorem 4.1.

(@) ys(r2)/yp(r2) < c1(r) " Lea(r) " Lys(r) [y (r1) for all ry < ry small and

s €(0,b).

() ys(r)/ys(r) — yp(r)/yp(r) <logc(r)/logr for all small r and s € (0, b).

(iii) For some continuous function v > 0 with values v(s,) = inf{s > 0:
¥s(sn") = clsm)syn(sn’ )} at a sequence s, 4 0, F(t,0) = [$uen (t1/M) /e()t x
I MIAT 1> 0,1 >0 (f(2,7) = [c@type'/")/Fuy (11 A1) is uniformly
continuous on (0, t*] x [§ — g, 8] (0, t*]1 x [8, 8 +¢€]). (There is a similar statement
foru,u as well.)

[Here c1(t), c2(t), c(t) are continuous slow functions.)

PROOF. ys(r)/yp(r) (s < b) and y;(r)/y;(r) are two interesting functions.
Neither is monotone in r. The former takes values in (0, 1] while the latter
vacillates between 48! and 2. Since y;(r) is jointly continuous, f is continu-
ous (and bounded by 1) but not necessarily uniformly continuous in the region
0,1*] x [6 — &, 8]

(i) For t € (0, 1), let s < b be such that ys(t'/%)/y,(t'/%) = ¢. With the
condition in (i) we have both y,(t'/")/yp(t'/") > c1(tV/M)er (/)¢ for all
n € . 8)(m =38 —¢) and y,(t'/")/yp(t'/7) < (c1(t"/")car(2'/7))~ 1 for all
n € (8,212 = 8 + €), where both ¢1(r'/™M)cr (/M) and ¢y (r1/72)co (r1/2) are
slow functions. Thus, v < v.



794 M. YANG

(i) Let g(n) = log(ys(tl/”)/yb(tl/”)) for n > 0 with s > 0,7 > 0,b > 0
all fixed. Thanks to —It(r) =r" (y, (r)~! — I,(r)) and the mean value the-
orem, Yy (/) /3y (t1/1) = 8" @O 5 (V) 133,17 for n < ', where 6 €
. 1), &) = Co0~ log(1/1"17)(y,(t1/9) /35" /%) — ypt1%)/3p(2'/%)), and
Co = (y'b(tW)y's<r1/9>>/<yb<t1/9>ys(rl/e)) €[272,48%]. For 1 € (0, 1), let s <b
be such that y;(z'/%)/y,(t'/%) = t. The assumption of (ii) implies that e8 @19 >
(e /My e/ for all n € [n1,8) (1 = 8 — &) and €8 OG-0 > c(t1/5)48 ¢/5 for
all n € (8,8 + e]. It follows that ys(t'/7)/yp(t1/7) > pe(r!/My*%e/my for all
nels—e 8) andt > pe(t!/8)¥e/y (11/m) )y, (¢1/7) for all 5 € (8, 8 + ], where
p € (0, 1) is a constant and c(rl/'“)4828/’7' , c(r1/5)4828/5 each are slow functions.
Thus, v < v.

(iii) The assumption here implies that f has a continuous extension to [0, *] x
[6 — &, 8]. In particular, 7 is continuous at point (0, §). By the definition of v(s;,),
f(s,,8) = 1. Hence, f(0,8) =1 and there is a neighborhood @ = (0,1") x (§ —
&', 8) of (0, 8) such that f(t, 1) > ¢’ > 0, thatis, Yy (/") /c@)typt/T) > 1AL,
for all points (¢, n) € @, which yields v < v. Same goes for f and v < v follows.
The proof that # < u in each case (i), (ii), (iii) proceeds analo_gously. U

Here, for instance, in the case y;(r) & f(t)z(r) including the Lévy process
case y;(r) = th(r), we can assume y;(r) = f(t)z(r). All the three conditions in
Proposition 4.2 hold, where slow functions are constants in (0, 1). We see that
v< f_1 <v,u< f_1 < u, where f‘l is the inverse of f.

There seems no way to know the sign of limsup,_ g (ys(r)/ys(r) — yp(r)/
yp(r)). Part (ii) of Proposition 4.2 implies that limsup, _, o(ys(r)/ys(r) — yp(r)/
yp(r)) < 0. Replacing y;(r) by y,(r) if necessary, we can assume y;(r) is con-
tinuous in r. For each r € (0, 1) there is L, € (0, 0c0) such that y;(r)/ys(x) —

yu(r)/yp(x) < (log(1/r)~" for x € [rlr' 1 7). Since rP < —(ep)~! (logr)™!
for p > 0,r € (0, 1), 1ys(r)/y's(r) — v () /3p(r) = fg (s () /ys (x) — y(r)/
yp(x))dx = r~! 0” “ r—lf’Lr_l+1 < —Qe 'L, + 1)/logr. Thus, (ii) of
Proposition 4.2 holds if L, < —rlog c(r) for some slow function c(r). Part (ii)
of Proposition 4.2 holds on a number of occasions and yet our calculations just
came up short. We are unable to pass a judgment on L,.

Since Vg > v, v > vy, U, v can be replaced by vy, vy, respectively, in (1.2a),
which remains valid as 6 — 6 while Vg | Us = limgy5 Vg, vy 1 vs = limg s vy,
vs < v < v;s since c(r) € (0,1) where v(¢t) = inf{s > O:ys(t1/5) > tyb(tl/‘s)}.
Thus, Theorem 4.1 is asymptotically optimal. But we are just unable to push
the argument more, that is, taking limits under (1.2a) to obtain the exact re-
sult. There is another way to obtain an asymptotically optimal result. Define
for ¢ € (0,1/2), 8¢ = inf{n > 0:liminf,_or"1+ 2y, (r) = 0}, 8, = inf{n >
0:liminf,_or"1=28y,(r) = 0}, v8(r) = inf{s > 0:y,&Y/%) > 1y, /%)),
Ve (1) = inf{s > 0:ys(t1/%) > ty,(¢t1/%)}. Then 8 = 8°(1 + 2¢) = 8,(1 — 2¢). In
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the proofofProposmon4 2 we derived y, (£1/7) /y,, (£1/7) = (' =mO~*Cray Vs (2 1 )/
(1) forn <y where 6 € (n. 1), Ci.9 = yb(tl/e)/yb(tl/g) ys(tl/e)/y (/%)
with |C; | < 47.5. 1t follows that lim,_ o ¢~ 1/ x* ve(r) = 00 a.s. if n < §° while
liminf; o1~ /Xv(t)_O as. if n>68,. Butif n <6 (n >398), n <8 <34
(n > 8 > §) for all small & while both v® and v, converge to v. The exact re-
sult follows if the,re is a function that can replace both v® and v, for a sequence
en 4 0. But v, v%, ve, v (e # €'), v, U, v just do not have a < or > relationship
between any two of them.

3, B are due for simplification. By _(ii), (ii1) of Lemma 2.2, § = B =2if
> clﬁf) >0and g < 1if 29, C;” =0 and T9_, /i, - IxIv” (dx) < o0
while § = g =1 if Z -1 y(;J )*(b) > (. It remains to consider initially drift-free
processes X, with Zd | C(j) = 0 for some ¢ > 0. By Lemma 2.2(iv), 8 = inf{n >

0:lim,—or"Gy(r) = 0} = inf(n > 0: 29, [, <1 [ (dx) < oo}. The same
does not hold for §. Nonetheless under the sector condition |ImW¥,; (1) /ReW;(A)| <
co (which is not a sample-path type condition), § can be defined in terms
of ReW,(A); see [7], Example 5.5(1), page 595. If X; is a process with in-
creasing additive components and no drift on [0, ], we have § = sup{n > 0:
lim, 0o 7 "gp(r) = o0}, B =inf{n > 0:1im, oo r 7gp(r) = 0} < 1. To obtain
the result for t+ — oo analogous to Theorem 4.1, in addition to symbol reversal
we need to assume that for some constant « € (0, c0) and each large ¢ there is
s € (0,00) such that y; V% > t1+°‘yb(t1/5) and the same holds when § is re-
placed by B. The assumption holds vacuously if y.,(r;) = oo for some r; > 0.
v, v, U, u remain the same as before except for a position switch between [§ — ¢, §)
and (8, § + €] as well as between [8 — ¢, B) and (B, B + €]. B, § satisfy B <5 <2
by (2.5). To simplify 8, § we follow the note for r 1 oo to Lemma 2.2. Assume
that d = 1 for simplicity. If X;, € L', or equivalently f‘ x|>11X[vp(dx) < oo, then
1 <p<68while p=38=1if EX, #0 for some s € (0, b] by (c). If X, is in L?
and centered on [0, b], or equivalently fl X|>1 x2vp (dx) < 00, and EX; = 0 for all
s € (0, b], then B8 =6 =2 by (b). Obviously, in any event if Cp >0, § =6 = 2.
Finally, assuming Cp, = 0, if E|X| = oo for all s € (0, b], or if E|Xp| < 00
and EX; =0 for all s € (0, b], then 8 = sup{n € [0, 2] :lim, o r"Gp(r) =0} =
sup{n € [0, 2]:f|x|>1 |x|Tvp(dx) < 00}.

5. The moment method. This method is not that far away from the frame-
work of the law of the iterated logarithm for the sum of arbitrary independent r.v.’s
where the growth function u up to a loglog term is chosen from the moments of
the process. Let X; be any process in R? with Xo = 0 and let e be a bounded
nondecreasing function with e(0) = 0. Define

a.(t)=Ee(X}),  Hr) =e(r)™',  h()=(Ea(T)) ",

where 7, = inf{r > 0:|X,| > r},r > 0. By Markov’s inequality, P(X; > r) <
ac(OHr), P(X*<r)< P(T, > 1) < (a,(t)h(r))~ . If e is absolutely continuous
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and X; is rcll and continuous in probability, a, is a continuous function and hence

P(X}, =r) <tH(r), P(X}, <r) < (th(r))~!, where v is the inverse of a,. If

we define
81 =infin > 0:liminfr"H (r) :O},
r—0
8y =infin > 0:liminfr"h(r) = O},
r—0

81 =infln > 0: lim r"h(r) :o},
r—0

B> = inf nzO:limr”H(r):O}, U=d,,
r—0

we obtain (1.1). Clearly, if H(r) < c(r)~'h(r) for some slow function c(r),
then §; = &2, B1 = B2. In the case of additive processes, & can be worked out
explicitly. If e is moderate, so too is e A e(1). The latter is bounded. On top
of that, the strictly increasing absolutely continuous moderate function é(z) =
11 fé e(x)dx,t > 0,e(0) =0, satisfies ¢ ~ e where the constants in &~ depend
only on p,o. So, e will be considered as bounded [e(r) = e(1) for r > 1] ab-
solutely continuous for the time being. Clearly, for e moderate, 8y < 0. de la Pefia
and Eisenbaum [5] showed that for any rcll process X; in R? with independent in-
crements and any moderate function e, Ee(X7) ~ Ea.(T) over all stopping times
T with the constants in &~ depending on e only. That being said, for stopping times
T, we have Ea.(T,) ~ Ee(X *}r) = Ee(|Xt,|). The complete result on the growth

behavior of a continuous additive process X; in R4 is now available. Since T, < 00
a.s. for r small and | X7, | =7, Ee(|X7,|) = e(r) for any function e. Thus, h ~ H
and &1 = 2, f1 = P for all moderate functions e. In particular, §; = 8; = p,
i =1,2, for e(r) =r”,p >0 and for a,(t) = EX;", lim—a,(t) X} =0
or 0o a.s. according as « < 1/p or a > 1/p. The order of a, is known in spe-
cial cases. Next we relate Ee(| X7, |) to the moments of 7. Pruitt [6] showed that
c1 £ Eyr.(r) = ET,h(r) < c for Lévy processes. We extend the result to the
present additive process setting. Define for » > 0, n(r) = inf{t > 0: y;(r) > m}
where m = 2my) 1.

LEMMA 5.1. Let X; be a process in R? with additive components. Then for
any nondecreasing right-continuous function ¥ with 1 (0) =0,

(5.1) Ev(T,)>2""on(r), r>0.

PROOF. By the first bound in (2.6) and the definition of n(r), P(X} >r) <
way:(r) <mgm = 1/2 for t € [0,n(r)]. Thus, EY(T,) = fooo P(T, = )y (dr) =

JEPXF<ryd) = 77 PXF <r)ydn =27 17 yd) =27 o n(r).
O]
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LEMMA 5.2. Let X; be any process in R? with additive components and let e
be any moderate function. Then there are two universal constants cy, ¢z € (0, 00)
depending on e and d only such that

(5.2) c1 < Ee(yr,(r)) <c2, r>0.

PROOF. Let ¥ (¢) = e(y:(r)) with r fixed. By Lemma 5.1, Ee(yr, (r)) =
EY(T,) = 27" on(r) = 27 e(m) since yu)(r) = m. Since ¥ (1)/¥ (n(r)) <
P (r)/ynry(r)° for t > n(r), that is, ¥ (1) /e(m) < p(yi(r)/m)°, y(r)** >
o~ WD mk/2(yr (1)) e(m))!+® where § = k/20 — 1 for some integer k > 20. The
second bound in (2.6) yields

n(r)

Ee(yr,(r) = Ey(T,) = /O P(XF <) + / ,, P =rpan

<e(m)+C / RCONTORSTCR

=1+ C'87He(m) — C's 7 e(m) Py (00)™ < (1 +C'8™ He(m)

where C' = Ap(d)p'HPm=*2. O

PROPOSITION 5.3. Under the assumptions of Lemma 5.1, if there exists a
nondecreasing continuous function J with J(0) =0, J(t) > 0,1 > 0, J(00) = o0
such that yj,)(r)/yiu)(r) = p(t2/t1)° whenever 0 < t| < tp for two constants
p,0 € (0,00) not depending on ty,ty,r and W o J is moderate, then there is a
constant ¢ € (0, 00) depending only on p, o,y o J and d such that

(5.3) EY(T,) <cyon(r), r>0.

PROOF. Denote by J~! the inverse of J. Note that J(J~'(r)) = r. Since Yol
is moderate, Yo J (t3) /o J(t1) < y(tz/tl)g, 0 < t; <t with two constants v, 6 €
(0, 00). As always,

o0

J N ()

Ey(T)) =f0 P(X% 0 <) o J(dt) +/J (X% < 7)Y o J(dD)

@)
o0

J=1n(r))
Let § = ko /20 — 1 for an integer k > 20/o. The assumptions on y;)(r) and
¥ o J imply that y];/(tz) r)=ci(Yod@t)/v on(r))1+5, where ¢] = (pmy_“/e)k/z,
fort > J~Y(n(r)). Thus, by the second bound in (2.6), f}’fl(n(r)) P(Xj(l) <ryo
J(dt) <28 "W on(r), where ¢y = Ax(d)y ' (pm)~*/2. O
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PROPOSITION 5.4. Let X; be any additive process in R? and let e be any
moderate function. Then

(5.4) Ee(|X1|) ~e(r) + foo EGr.(Me(dr),  r>0,

where the constants in =~ depend on e and d only.

PROOF. First we show that
(5.5) P(|AXT,|>A+2r)=EGp,(A+2r), A>0.
We have

P(|AX7,|>A+2rt <T, <t+di)
= P(|AXs| > 1+ 2r forsome s € (1,1 +dt], X[ <r, |Xs| >r)
= P(|AXs| > 1+ 2r forsome s € (1,1 +dt], X] <r)
(f | Xs5—| <rand |AX| > A+ 2r, then | X| > r
by the definition of AX; = X5 — X5-)
= P(|AXs| > A+ 2r for some s € (t,1 +dt]) - P(X] <r)
(X5 — X; is independent of F;, s > t)
= (1 —exp{—(Gr4+ar (A +2r) = G/ (A +2r))}) - P(T; = 1)
(the probability that X has at least one jump of size larger than
A+ 2r on (¢,t + dt] equals
1 —exp{—(Giyar(A +2r) — G/ (L +2r)) };
the quasi-left-continuity of X, especially AX; =0 a.s.
implies that P(X; <r) = P(T, > 1))
=(Gryat(A+2r) — G;(A+2r)) - P(T, > 1) (I1—e*~xasx|O0).
Taking integration yields (5.5). Observe that |X7,| + r > |AX7|. Hence,
(IAX7 | >2r+A) C (| X7, | =7 >A) C (|]AXT,| > A) forr > 0,1 > 0. Also note

that Ee(k|X7,|) ~ Ee(|XT,]|) for k € (0, 00) where the constants in &~ depend only
on e and k.

Lower bound.:

Ee(3|X1|) = /Ooo P(3|X7,| > X)e(dr) =e(Br)+ I
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[since |X7.| >r, P(3|Xrt | >A) =1 if A <3r] where I} = f3°r° P(Xr,| >
A/3)e(d))

> /oo P(|X1|>A/3+r)e(dr) > /OO P(|AXT,| > 1/3 +2r)e(dA)
3r 3r
- /3 T EGLOJ342redh) by (5.5)]

o0
> / EGrt,(Me(dr) (A/3 4+ 2r < A because A > 3r).
3r

By Lemma 5.2, Eyr,(r) < c’. Thus, [ EG1,(\e(d)) < ¢ [>" Eyr,(Me(dr) <
2cEyr (1) ff'e(d)») < 2cc’e(3r). Tt follows that e(Br) + I} > c1(e(3r) +
[® EGr,(Me(dhr)).

Upper bound:
Ee(4~"|X1 |) = f P Xg | = M)edh) + b <e(r) + I
0
where I = [ P(|X7,| > 40)e(d))

< fw P(|X1,| > A +3r)e(dr) < /OO P(|AXT,| > A +2r)e(d))
= /Oo EGr. (A42r)e(dAr) [by (5.5)]

< /;oo EGr.(Me(dAr). 0
We can define
h(r)= [e(r) + /rl EGT,,()\)e(d)L)}_l, re(0,1)
now. H(r) < c¢(r)~'h(r) if and only if there exists some ¢ moderate such that

1
(5.6) ] EGr,(Me(dhr) < c(r) " te(r), re(,1),

i
which is also equivalent to Ee(|X7,|) < c(r)"'e(r). Note that (5.6) has trivial
solutions because many slow functions are moderate. Since frl EGr. (Me(dr) <
2cEyr (1) frl e(d)) < 2cc’e(l), (5.6) holds for e(r) = ci(r),c(r) =
(2cc’c1(1))"Leq (r) where ¢ (r) is any slow moderate function [(log(1/7)) ™!, say],
which leads to §; = §» = 1 = B2 = 0. We rephrase all the above in one theorem.

THEOREM 5.5. Let X, be any additive process in R? and let e be any mod-
erate function. Define u = ar, h, H as above. Then (1.1) holds. If EGt,(A) <
c(r)_lA(r)/A(A), 0 <r <A <1 for a moderate function A, then (5.6) holds with
e=Al4, q > 1, and hence 51 = 67, B1 = B».



800 M. YANG

The latter part holds because [ EGr,(Me(dr) < c(r)~'e(r)? ['e(r)™? x
e(dr) =cie(r)le(r)? (e(r)' =9 —e(1)!79).

If X; is not a step process initially, (2.5) implies that y, ' (E T, (r))~! with
fixed constants b € (0, co) are comparable to moderate functions. Thus, we can
take e(r) = yp(r)~" or e(r) = (Eyr, (r))~!. For e(r) = yp(r) "', 81 =8, 2= B
where 8, B are the indices in Theorem 4.1. If EG7, (1) < c(r)~! Eyr, W)/ Eyr, (r)
[resp. EGT, (1) < c(r)_lyb(k)/yb(r)], 0<r <A<1forsome b e (0,0), then
81 =062, B1 = Pa withe(r) = (Eyr, (r)) =14 [resp. e(r) = yp(r)~1/4],q > 1.In the
case of Lévy processes, EGrt,(A) = ET,G(A) < ET, h(A) =~ h(A)/h(r). Assume
that X; is not a compound Poisson process and let e = h~!/4, ¢ > 1. To obtain
Pruitt’s result, we only need to prove that a,(r) ~ t'/¢ where e = k'/4. Yang [8]
showed that a, (1) ~ e o k~1(r) + tfffl(t) G(M\)e(d)) for all moderate e. For e =

1/q © © ~t [ -1 = ¢tV
k'/4, tfk_l(l)G()L)e(dA) < tfk_l(t)h(k)e(dk) t'fk_l(t) k(L) " e(dr) = ct'/4.

Thus, a.(z) ~ t'/4. In the more general case that y;(r) =~ f(t)z(r), Ef(T;) =~
z(r)~! by Lemma 5.2. Thus, EGr, (M) <c1z(A)/z(r) with z(r)~! comparable to
a moderate function.

Revisit the example of X} = X}lm + X}N) with y,(r) = fiOh1(r) +
fr(t)ha(r) for X,3 in Section 3: By Lemma 5.2, Eyr, (r) = Efi(T,)hi(r) +
Efr(Ty)ha(r) = ¢ € (0,00). EGt, () < c1yp(X)/yp(r) if Efi(T,)ha(r) +
Efr(T,)h(r) < C < oo for all small r.

Let X; be any additive process in R, Disintegrating v into v(ds,dx) =
ks(dx)g(ds) with a Lévy kernel k;(dx) and a function g yields Q;(r) =
Jiepr vi(@dx) + 172 [l o 11 vi(dx) = [(xI/r)? A Tudx) = o [(1x1/r)? A
leg(dx)g(ds). If ks satisfies c10(s)k < ks < c20(s)x for a Lévy measure «
and a function 6,c1,cy € (0,00) being two constants, that is, v(ds,dx) =
O(s)k(dx)g(ds), then Q;(r) ~ g1(t)Q(r) where Q(r) = f(|x|/r)2 A lk(dx) and
g1(t)= fé 0(s)g(ds). Lemma 5.2 implies that EG1, (1) < c30(1)/Q(r). o)~}
is continuous satisfying Q(r) < C>Q(Cr) for C > 1 and is moderate if « is not a
finite measure.

Take e(r) =r?, p > 0 in Theorem 5.5. Then 6; = B> = p. Note that Eyr, (1) >
371 2Eyr, (r) &~ r? for r € (0, 1). If Eyr,. (1) < cr?, that is, Eyr, (1) ~r?, §; =
S =pr=pr=pforall pe(0,2).If Eyr,(1) <cr?,q €(0,2), 6 > g for all
p > 2. The above can be derived from the crude estimate f,l EGt.(Me(dr) <
c1 [} Eyr,(We(d)) < c2Eyr, (1) [ A72e(dh).

EGrt,(A) can be replaced by a function of y;(r). We have EGr (1) =
f¢C P(T, > 1)G(A)(dt) while P(T, > t) = P(X} < r) < cy(r)~*2. Let
v(ds,dx) = ks(dx)g(ds). If g is absolutely continuous, G(A)(dt) = g’(t)ét()\) dt
where G, (1) =f| k:(dx). Hence f,l EGr,(Me(d)r) = [¢° P(T, > 1)g'(t) x

( frl G,(k)e(k)) dt. But there is only minuscule gain in information on the struc-
ture of e in (5.6) with that change. Constructing moderate functions e satisfy-
ing Ee(|X7,|) < c(r)~te(r) for small r, equivalently (5.6), remains open despite

X|>A
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its enormous applications. [Obviously Ee(|X7,|) > e(r).] A discrete construc-
tion method seems to be needed to tackle the problem. The case that X; is a
step process initially can be shrugged off since infj/2>,~0 frl EGt (M)e(dr) > 0.
One can also solve frl EGrt,(A)e(dr) < e(r) or simply the integral-differential
equation frl EGr,())e'(\)dr = e(r) for a moderate function e € C'. Here we
have an unbounded kernel EGr. (). Since Ee(|X7,|) < C; + Cae(r) implies
Ee(|X1,|) < Cse(r) for large r, the situation of (5.6) for large r (with frl replaced
by [>°) is slightly better where some results are available under the moment con-
ditions.

Separately, given an additive process X;, can we find the fully decomposed
bounds

(5.7 PXF=r)<cr)'fOh@r),  PXI<r)<(fORG)

for some functions f, h with a slow function c(r)? This is another important ques-
tion yet to be answered. Equation (1.3) follows from (5.7) immediately. Equa-
tion (5.6) implies (5.7). Lemma 2.1 gives no information about (5.7) although
v;(r) = f(t)z(r) holds in individual cases.

Schilling [7] deals with a class of Feller processes whose generators have the
Lévy—Khintchine representation similar to the one used in additive processes with
B:, Oy, v, Wy (M) replaced by By, Qx, vy, ¥, ()), respectively, where x = X and
is mainly about the result that P(X} > r) < citH(r), P(X} <r) < ca(th(r))~!
at Xo = x with H, h defined in terms of W, (1) but the second bound requires the
sector condition |ImW, (A)/ReW,(A)| < cp, which probably can be removed if &
is defined by the characteristics not by the exponent. Schilling listed four possible
cases of W, (A) ([7], Example 5.5 (4), (a)—(d), page 598) in which (1.3) holds.
These cases are made with the common assumption that W, (1) can be decomposed
into two elements, a Lévy exponent W (1), and independently a function of x.

6. Problem (1.3). In the case of Lévy processes, W, (A) = tW()\) and we know
the order of the function in the law of the iterated logarithm. We take u () = ¢ in
(1.1) and have 6, = 81, B1 = B2. But for a general additive process, as changes
occur at any given point in time, W, (1) shows no signs of the function « in (1.1).
Since y;(b) and Ee(X}) do not miss any of these instantaneous changes as ¢ — 0,
y:(b) and Ee(X]) are two of the most likely benchmark functions for u. For X; of
class £, u(t) = fé hs (D)~ y(b)(ds) with fé y(b)(ds) = y;(b). We discuss below
only the §-indices. B-indices follow suit.

Let v be the function determined by equation y,)(b) = ¢ (¢) with b € (0, 00)
and ¢ quasiconvex. Which combination of b and ¢ is the best? What we have is
either 8, < 81 or 2 = 1. ¢ is probably more important than anything else but we
do not know what kind of ¢ can make a change from &, < 81 to 6, = §; since we
are unable to calculate §1, 6, in general. If §; < 81, §1 — 8>, big or small, makes
no difference as long as §, > 0. Here, for instance, u(t) = y; BVP for ¢(1) =
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t?, p > 0. In this case, if 6 < §; (resp. §2 = 81) for some p, then 8, < &1 (resp.
8y = 81) for all p. We consider ¢ as acceptable if 67 > 0. Again, this is a technical
matter. It is not easy to show that §, > 0. We have §; 1 §* < &, [see (i), proof of
Theorem 3.2] and §, > 0 for some ¢ if and only if there exist o1, oz € (0, 00) such
that y,(r*') > r~*2,r € (0, r1). One can replace é, by 6* in Theorem 3.1. &
and 81 look similar without X-sequences and infinite sums in their definitions.

It is almost impossible to work on infinitely often events directly. We do not
know how to do the following: Given a nondecreasing function v, decide whether
8 <8 or § = 4. If any, find an example where § < § for all nondecreasing func-
tions v. (The case § = 0 is excluded.) Other possible cases include 8, < § = §,
8r=686<8,8 = 82 < 8§ =34, and so on. The only tool available is still the classical
Borel-Cantelli-Fatou argument. There are some possible ways to construct v such
that § = 4.

(a) At this juncture, it is unclear whether or not (1.3) has anything to do with
y¢(r). What is clear, though, is that (1.3) holds if y;(r) has a good structure.
Consider a function g.(r) > 0 with the two properties: For each & there is a
¥-sequence oy | 0 such that Y g.(0,) < 00; limg_.qg.(r) = 1 for every r; for
example, g.(r) =r°, ¢ > 0. Define 8§, = inf{n > 0:liminf, o g¢ () yy(r) (r'/") =
0}, where v is a nondecreasing function. The first property of g. () implies that
8¢ < 6. With the second property, to get §; = 62, we need to construct the
function v and the function g.(r) from y;(r) such that lim,_, 8., = inf{n >
0:liminf, ,olim,— 00 g¢, (1) yv(r)(rl/ ) = 0} for some sequence &, | 0. Quasicon-
vex condition (3.1) makes one such case.

(b) Like the fully decomposed bounds in (5.7), the following types of bounds
also lead to 8 = 8. Type I: P(X} >r) <u(t)e(r)'w,(r), P(X* <r) <w,(r)"',
where u is a nondecreasing continuous function with #(0) = 0. Let v be the inverse
of u and define § = inf{n > 0:liminf, .o réwy) (/") =0}, & € (0, 1). Type II:
P(X¥<r)<gr)e) 'w, ()", P(X¥ >r) < w,(r), where g is a function sat-
isfying Y g(0;,) < oo for some X-sequence o, | 0. Let v be any nondecreasing
function satisfying wy,) (tn1 / “y — 0 for some sequence t, | 0 and k € (0, co) and
define § = inf{n > O:liminf,_ ¢ wv(r)(rl/”) = 0}. c¢(r) stands for slow functions
as always. If the bounds of the above types are obtainable, the reader can check
that liminftéot_l/”X:‘(t) =0 or co a.s. according as > § or n < §. The above

holds true for any appropriate process in R¢. Normally, the result of de la Pefia
and Eisenbaum is relatively sharp in the case of additive processes. We wonder if
it can be used to obtain the bounds in Type I with u(¢) = a.(¢) where e is not a slow
function. To do so, it is necessary to have a new mechanism of getting around the
point where Markov’s inequality enters. The proposed bounds can be called skew
sub-decomposable. We have been unable to find a convincing number of their ex-
amples. Even in the case of Lévy processes, it is still a question that such bounds
can exist.
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(c) Again the following holds true for any process X, in R? continuous in prob-
ability with Xo = 0. Both P(X* > r) and P(X <r) diverge as ¢, r move in tan-
dem toward 0. This is a useful fact. The more we know about P(X; > r) and
P (X} <r), the more likely to construct v such that 8 =4. Fix § € (0, 00). (i) We

can construct two sequences oy, | 0,v, | 0 such that 3 P(X} o< on] /8

and P(Xv o = O_'n] / 5) — 0. (ii) For any sequence v, | 0 selected, we can con-
struct a X-sequence G, | O such that ) P(X;kn < 6,} / 6) < 00. (This time, v, | 0
is the one fixed first.) Although we have assumed in (ii) that P(X; <¢) | 0
as € | 0, there is no loss of generality because the assumption fails only when
X; =0 as. for a length of time at first, in which case (1.3) is uninteresting.
Part (ii) has also proved that there is always a strictly increasing continuous
function v with v(0) = 0 such that 8, > § although there is no guarantee for
8 < oo. If we can in (i) make {6,} a X-sequence or in (ii) make {v,, 5,} con-
za,,k/)—>0askToo then

) < 00

tain subsequences {vy,, 0y, } such that P(X} -

liminf;,o¢~ /”Xj;(t) =0 or oo a.s. according as n > § or n < § for any nonde-
creasing function v with v(o,) = v,. The first result follows from the fact that

Un —(xx aM%y . (2 ng =1y () > §) where the first fac-

vnk+1/ ng+1 7 YUy 4 T +1
tor is bounded by 1 for infinitely many & and the second tends to O since {6,} is
a X-sequence. It is also clear from here that § < 8. The second result is obvious
because n < 8 < 8,. Hence §, =8 =8 = 6.

As this paper draws to a close, we say a few words about changing mea-
sures. It is a technique used to identify more processes for which (1.3) holds.
Let (X;; B;, v;) be an additive process in R¢ and (X;; B/, v;) another. X, (resp.
X)) induces a probability measure P; (resp. P/) on the canonical space. P/ < P,
that is, P/ is absolutely continuous with respect to P;, if and only if there ex-
ists a Borel function f:[0, ] x R? — R satisfying Jio.xre (1 = V)dv <
oo such that v/(ds,dx) = f(s,x)v(ds,dx) and B, = Bs + [3 Jej<1 (f (T, %) =
Dxv(dt,dx),s € (0,¢]. This result can be found in [3], Chapter IV, and [2],
Chapter XIV. We did not take Q; into account in order to simplify the formula.
If f>0,P < P/ as well with f replaced by 1/f, that is, P/ ~ P;. Here, for
instance, f[o’t]XRd(l — ﬁ)zdv < oo for f = e? with ¢:[0,1] x RY - [—C, C]
satisfying |¢ (s, x)| & |x| near x = 0. Normally, one relates B;, v; to ¢. If P/ < Py,
X, has the sample-path behavior of X, up to time ¢ at least even though X; and
X; are totally different in law. If P/ < P;, yé(t) = yo(¢) and monotonicity of the
sample-path is preserved, that is, the drift remains nondecreasing. There are also
some other invariant properties that we omit. Therefore, P, < P; cannot occur
unless and until the two additive processes in consideration belong to the same
category. Let y/(r) denote the function in (2.4) for X;. Componentwise, y;(r) =

G, (r)+K](r)+ M (r) with G;(r) + K[ (r) = fig 1xm(*/1)2 ALf (s, )v(ds, dx),
M[(r) = |mj(r)| where m}(r) = m;(r) + = [ [< (f (z,x) — Dxv(dt, dx)
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and M,(r) = |m;(r)|. Usually, there are no similarities between y,(r) and y;(r).
If X, satisfies (1.3), so does X; while v;, v, 8, B need no change, but y;(r)
may not satisfy any condition for (1.3) so far developed in this paper. [In other
words, the shape of the function in (2.4) is only one piece of the puzzle.] Sim-
ilarly, if X, is a semimartingale additive process of class {, then (1.3) holds for
X, where v'(ds, dx) = «/(dx)u(ds), k,(dx) = f(s,x)ks(dx), B; = fé biu(ds),
by = by + fiyy<1 (f(5,2) — Daxrg(dx), () = iig(r) + r=" fiy o (f(s,2) —
1)xks(dx). Conditions (i) and (ii) may fail to hold for X;. Still, if X, = X ¢(1)
where (X; B,v) is a Lévy process in R? and g is a nondecreasing continu-
ous function with g(0) = 0, then (1.3) holds for X; (as well as for X;) with
Vi (t) = vs(t) = g_l(t) = inf{s > 0:g(s) > t} since y;(r) = g(¢)h(r). X, having
characteristics v'(ds, dx) = f(s,x)g(ds)v(dx), B, = g(t)B +f(§ f|x|51 (f(s,x)—
1)xv(dx)g(ds) is a genuine nonhomogeneous process. Perhaps X satisfying (1.3)
can only be recognized through changing measures. The same occurs for Lévy
processes. Let (X;, v) be a strictly a-stable process in RY. For d = 1, v takes
the form v(dx) = s(x)dx with B determined by v for o # 1. Any Borel func-
tion 6 > 0 satisfying [(v/B(x) — /s(x))>dx < oo defines a Lévy process X,
with V/(dx) = f(x)v(dx) =0(x)dx,B'= B + f|x\§1(9(x) — s(x))x dx, where
f(x) =60(x)/s(x). X; nowhere near stable has exactly the same local sample-path
behavior as X; does while many fine results on the sample paths hold for stable
processes. X, becomes nonhomogeneous if f(x) is replaced by f (s, x).

The measure change formula also opens up a way to prove (1.3) for X;, that is,
to find a function f > 0 in the formula such that one of the conditions for (1.3)
can hold for y/(r). Take, for example, a symmetric additive process X; in R with
Y1) = flo.xr@&/1)* A lv(ds,dx) = [y [(x/r)? A lig(dx)u(ds). Let f=e?,
¢(s,x) =6(s)(|x| A1) where 0(s) =6(s, vy, ks, u(s)) is any bounded Borel func-
tion. Then X, is also symmetric with y;(r) = fé k(s, Pu(ds) where k(s,r) =
f(x/ r)2 A 1e?OWEIAD e (dx). There are several options in constructing 6. Here,
for instance, if k(s,r) = [(s)z(r), y/(r) =~ g(t)z(r) with g(r) = fél(s)u(ds); if
k(s, r) is nondecreasing in s, X, is of class {; if k(¢, r)/k(t,r1) > y/(r)/y,(r1) for
r1 < r with u differentiable, y/(r)/y;(r1) is nondecreasing in ¢ for r; <r, so (i) of
Proposition 4.2 holds.
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