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FREE EXTREME VALUES

BY GERARD BEN AROUS AND DAN VIRGIL VOICULESCU!
New York University and University of California at Berkeley

Free probability analogs of the basics of extreme-value theory are ob-
tained, based on Ando’s spectral order. This includes classification of freely
max-stable laws and their domains of attraction, using “free extremal convo-
lutions” on the distributions. These laws coincide with the limit laws in the
classical peaks-over-threshold approach. A free extremal projection-valued
process over a measure-space is constructed, which is related to the free Pois-
son point process.

1. Introduction. Free probability theory [17, 18] is a highly noncommutative
parallel to a large part of basic classical probability theory. The aim of this paper is
to add a somewhat unexpected new entry to the classical-free dictionary: extreme-
value theory.

Classical probability theory has constructed a complete picture for the behav-
ior of extreme values of i.i.d. samples (see [7, 14]). This has been motivated by
the huge importance of this question for statistics (catastrophic events, insurance,
reliability and, more recently, finance and risk theory). The results provide an ex-
haustive description of the possible limits of normalized extreme values as being
the extreme value distribution of their domain of attraction. In this note we de-
velop a free analog to classical extreme-value theory. Also, surprisingly, the free
extreme-value distributions turn out to have classical realizations already used by
statisticians.

Addition and multiplication of free noncommutative random variables give rise
to additive and multiplicative free convolution operations on probability measures
on R. With respect to the so-called spectral order [1] there are also analogs of the
min and max operations for self-adjoint operators. Passing to the distributions, this
gives rise in the case of free random variables to the “extremal free convolution”
operation that we consider here. These turn out to be quite easy to express using
distribution functions, without the analytic function machinery necessary for the
other free convolutions. This can also be viewed as applying the limiting process
that leads to idempotent analysis [8, 10] to additive free convolution.

The natural processes in this context are noncommutative extremal processes
over an ordered set. In particular, we show there are some remarkable such
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processes indexed by the measurable sets of a measure space: the projection-valued
and the triangular free extremal processes over a set. We show that the projection-
valued free extremal process over a set can be realized via the free Poisson process
and therefore has a natural asymptotic random matrix realization.

The analytical aspect of proving the analog of the classical results of Frechet,
Fisher-Tippet and Gnedenko has as a main step establishing that the classical and
free domains of attraction are actually the same. This is similar to the situation
that occurs for the additive domains of attraction [3]. After finding the domains
of attraction, obtaining limit laws with the same normalization constants as in the
classical case is rather direct. The laws we find are called generalized Pareto laws
in the statistics literature. More precisely, the Frechet law, the Gumbel law and
the Weibull law have as free correspondents the Pareto law, the exponential law
and the Beta law. Note that, reminiscent of the additive case [4], there is a certain
shrinking of supports for the Gumbel and Weibull distributions.

These generalized Pareto distributions, which appear as the only free max-stable
distributions, have played a role in statistics for a long time in the P.O.T. (peaks-
over-threshold) approach to extreme value theory [2, 12].

After some preliminaries on spectral order in Section 2, we discuss extremal
free convolution operations in Section 3. Then in Section 4 we introduce extremal
noncommutative processes and in Section 5 we consider extremal free processes
over a set. Section 6 is devoted to the study of the iteration of free extremal convo-
lution and to the description of free max-stable distributions and their domain of
attraction. In Section 7 we recall the classical P.O.T. context where the same laws
appear.

2. Preliminaries on A and v. We shall work in a tracial W*-probability
space (M, t), that is, M is a von Neumann algebra with an ultraweakly contin-
uous faithful tracial state 7. For the basic von Neumann algebra facts we will use,
the reader may consult [9] or [16]; for the basic free probability, references are
[17] and [18]. It will be convenient to assume M acts on a Hilbert space #. For
definiteness we may take # = L?(M, t), which is naturally a left M-module since
the L?-space is the completion of M viewed as a pre-Hilbert space with respect to
the scalar product (a, b) = t(b*a).

By Proj(M) we shall denote the set of self-adjoint projections P = P? =
P* e M.If P, Q € Proj(M), the self-adjoint projections defined by (P VvV Q)H =
PH + QF and (P A Q)H = PFH N QFH are in Proj(M). On Proj(M) the order
relation P < Q, thatis, Q — P is a positive operator, coincides with PFH C QF,
and P Vv Q and P A Q are the max and min with respect to this order.

Let My, = {m € M|m = m™} denote the self-adjoint elements. If a € M}, and
o C R is a Borel set, then E(a; ) € Proj(M) will denote the corresponding spec-
tral projection. By definition, the spectral order relation [1] on M} is a < b if
E(a;[t,0)) < E(b;[t,00)) for all t € R. Since a = fooo E(a;[t,00))dt if a >0,
it is easy to see that a < b = a < b in case a > 0, b > 0 and, from here, also
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for general a, b € My. Alsoa <b = f(a) < f(b) if f:R — R is an increasing
Borel function. All this also extends to self-adjoint unbounded operators affiliated
with M.

The operations A and V have a natural extension to M), (and even to affiliated
self-adjoint operators). It is given in [1] in the case where M is a matrix algebra, but
the extension to the case of a general von Neumann algebra is quite straightforward
and must have occurred to many people. If a, b € M}, then a A b is defined by
E(a ADb;[t,00)) = E(a; [t,00)) A E(b; [t,o0)) for all ¢t € R. To see that a A b is
well defined, observe that the right-hand side is projection-valued, decreasing and
left-continuous in the strong operator topology as a function of ¢. Similarly one
defines a v b by E(a Vv b; (t,00)) = E(a; (¢, 00)) VvV E(b; (¢, 00)). Here, checking
that a Vv b is well defined boils down to checking right continuity in . Note that
these definitions work in an arbitrary von Neumann algebra, that is, we did not use
the tracial state 7.

In the tracial context we also have E(a Vv b;[t,o0)) = E(a; [t, 00)) V E(b;
[, 00)). Since E(c; (t — e,00)) | E(c; [t,00)) as € | 0, it is immediate that the
left-hand side is greater than or equal the right-hand side, while the fact that this
must be an equality follows from the following inequalities that involving the tra-
cial state:

0<t(E(aVb;(t—eg 00))— E(a;[t,00)) V E(b; [t, 00)))
<t(E(a; (t —&,1)) + E(b; (t — &, 1))).

Using (—a) Vv (—b) = —(a A b) we also get E(a A b; (t,00)) = E(a; (t,00)) A
E(b; (¢, 00)). Passing to orthocomplements also gives in the tracial case that

E(a Ab; (—00,1)) = E(a; (—00,1)) V E(b; (—00, 1)),
E(a Ab; (—00,t]) = E(a; (—00,1]) V E(b; (=00, t]),
E(aV b; (—00,t]) = E(a; (—00,1]) A E(b; (=00, t]),
Ala v b; (—00, 1)) = E(a; (=00, 1)) A E(b; (=00, 1)).

Note, that since only spectral projections are involved, the definitions and prop-
erties of A and Vv also extend to unbounded self-adjoint operators affiliated
with (M, 7). Note also that if f:R — R is an increasing Borel function, then

f@) A fb)= f(anb)and f(a) A f(b) = f(aV D).
LEMMA 2.1. If P, Q € Proj(M) are freely independent in (M, t), then
T(PV Q) =min(t(P)+1(Q),1) and t(PAQ)=max(0,7(P)+71(Q)—1).
This is not a new result. It can be obtained using free convolution, additive

or multiplicative. Indeed, P A Q = E(P + 0,{2}) = E(PQP, {1}). Since the
Cauchy transforms of the distributions of P Q P and P + Q are algebraic, T(P A Q)
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is given by the residue at 1 or, respectively, at 2 of the corresponding Cauchy trans-
form (see 3.4.1in [17] or 3.6.7 in [18]).

The free independence of two projections of given trace completely determines
the trace on the algebra they generate. Since in this paper we focus on P A Q and
P v Q, it will be convenient to also have at hand a more relaxed concept.

DEFINITION 2.2. Two projections P, Q € Proj(M) are in general position
if the equivalent conditions 7(P VvV Q) = min(z(P) + 7(Q), 1) and t(P A Q) =
max(0, T(P) 4+ 7(Q) — 1) are satisfied. We will also say that two unbounded self-
adjoint operators a, b affiliated with M are in general spectral position if, for each
t € R, the projections E(a; [t, 00)) and E (b; [t, 00)) are in general position.

The preceding definition for self-adjoint operators may seem to depend on
choosing [¢, co) instead of (¢, 00), but this is actually inessential.

LEMMA 2.3. If the unbounded self-adjoint operators a,b affiliated with
(M, t) are in general position, then E (a; (t, 00)) and E (b; (t, 00)) are in general
position. In particular, —a and —b are in general position.

The preceding lemma follows from the inequalities
0 <t(E(a; (t,00)) Vv E(b; (t,00)) — E(a; [t +&,00)) vV E(b; [t + &, 00)))
<t(E(a; (t,t +¢))+ E(b; (1,1 + ¢))).

Returning to the spectral order we have the following lemma.

LEMMA 2.4. Ifa,beM,a>0,b>0, then 27 (a? + b"?)H)Y/? +a v b as
p — +00.

With the superfluous condition that M be finite-dimensional, this is Lemma 6.15
in [1]. The proof in [1] that 2P (gP PP is increasing, works in general and
the rest of the proof also works with minor adjustments. If X denotes the limit, then
271 (a? +bP) < (a Vv b)? gives X < a Vb since t — 1/P is operator-increasing for
p > 1. On the other hand, if k > 1, X% =5 — lim_, o 27%/P(a? + bP)/P =5 —
lim,_, 00 2717 (kP +-b¥P)1/P > gk sothatif &€ € E(X; (—oo, ])H, then £¥||€ |2 >
(X", &) = (akg,f) for all k € N, so that £ € E(a; (—oo, t])#. Similarly, & €
E(b; (—oo,t])#H, so that E(X; (—oo,t]) < E(a; (—oo, t]) A E(b; (—o0,t]). This
easily gives X >a Vv b.

COROLLARY 2.5. Ifa,be My, then

N F -1
avb=s pll)néop log(exp(pa) + exp(pb)).

Indeed this follows from log(exp(a Vv b)) =a Vv b, 2~/P — 1 and the preceding
lemma applied to expa, exp b.
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3. Extremal free convolutions. By Prob(R) we shall denote the probabil-
ity measures on R and by Prob.(R) denote those with compact support. If u €
Prob(R), then F(t) = u((—o0, t]) is its distribution function.

DEFINITION 3.1. If u, v € Prob(R) have distribution functions F, G, then the
upper and the lower extremal free convolutions © Mv and, respectively, u A v are
given by the distribution functions H () = max(0, F(¢) + G(¢t) — 1) and, respec-
tively, K (¢) = min(F (¢) + G(¢), 1).

PROPOSITION 3.2.  Ifa, b are self-adjoint unbounded operators affiliated with
(M, 7) that are in general spectral position and if (1, ity € Prob(R) are their dis-
tributions, then g, Mup and g Ny are the distributions of a v b and, respec-
tively, a A\ b.

The preceding proposition is immediate from the definitions. Using Lemma 2.1,
Definition 2.2 and the adaptation of free independence to unbounded operators
affiliated with (M, 7) [5] we have the following consequence.

COROLLARY 3.3. Ifa, b are freely independent unbounded self-adjoint oper-
ators daffiliated with (M, t), then the distributions of a vV b and a N\ b are equal to
wa My and, respectively, to g, [N wp where g, 1y are the distributions of a, b.

The extremal free convolution operations also have natural descriptions without
invoking the distribution functions.

PROPOSITION 3.4. Let u,v € Prob(R) and let t = inf{x € R|(u + v) X
((x,00)) <1} and s = sup{y € R|(n + v)((—00, y)) < 1}. Then
PV = X(1,00) - (0 +) + (1 = (1 +v)((1, 00)))8
and

LAY = X(—o0,) - (W +v) + (1 = (1 +v)((—00,1)))s.

PROOF. Given that the map x — —x interchanges the two operations, it will
suffice to check the first equality. If ', G and H are the distribution functions of
w, v and the right-hand side of the equality we are checking, respectively, it is
immediate that

1 —H(x)=min((1 - F(x))+ (1 — G(x)), 1),
which gives
H(x) =max(F(x) + G(x) — 1,0). O

Translating Corollary 2.5 into free convolutions language, we obtain the follow-
ing result.
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PROPOSITION 3.5. Let u, v € Prob.(R). Then uMv is the weak limit of
(k™" og)«((expke). s B (expke).v)

as k — +o0.

Note that the preceding proposition can be given additional precision using
Lemma 2.4 with the 2~ 1/? factor.

REMARK 3.6. It is interesting to note that in the classical context [7, 14], the
operation on probability measures, analogous to M, corresponds to the multiplica-
tion of the distribution functions. Thus, viewing distribution functions as functions
with values in [0, 1], the passage from classical to free probability means replac-
ing the multiplicative semigroup ([0, 1], e) by the semigroup on [0, 1] that results
from the binary operation (s, t) — max(0,s +1¢ — 1).

4. Extremal noncommutative processes indexed by an ordered set.

DEFRINITION 4.1. Let (¢, <) be an ordered set and let (M, ) be a tracial
W*-probability space. An M -valued upper extremal process indexed by & is a fam-
ily (Y(i))ieg of self-adjoint unbounded operators affiliated with M such that if
a € & is the least upper bound of a set w C &, then

Y (@) = V{Y(i)|i € w)

[for sets, V is defined like for pairs on the spectral projections E(-; (¢, 00))]. The
process is projection-valued if Y (i) € Proj(M), i € .

REMARK 4.2. The extension of the supremum V to infinite families no
longer has the property that spectral projections for (¢, co) may be replaced by
spectral projections for [z, 00). For instance, \/,cn(1 — 1/n)I =1, but E((1 —
1/n)I;[1,00)) =0 while E(/;[1,00)) = 1.

REMARK 4.3. The preceding definition implies that if o, 8 € §, o < B, then
Y (o) < Y (B) with respect to the spectral order. Indeed, it suffices to apply the
definition to w = {«, B}.

If Y1, Y», are M-valued upper extremal processes indexed by the same ordered
set ¢, then we may define Y1 v Y by (Y1 V Y2)(«) = Y1(@) V Ya(«), which is
also an upper extremal process indexed by §. Clearly the construction extends to
families of processes.

If Y;, j = 1,2, are upper extremal processes indexed by g with values in
von Neumann algebras (M, 7;), j = 1,2, we may construct their free sup as the
process o1(Y1) V 02(Y2), where o : Mj — M * M are the canonical inclusions
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into (M1 % M, T1 * T2). Again, more generally we may take the free sup of a family
of processes.

Consistent with these considerations is the spectral order on processes Y1 < Y»
defined as Y1 («) < Y2 () forall o € 4.

REMARK 4.4. If Y is an M-valued upper extremal process indexed by ¢,
then § > o - E(Y(x); (t,00)) € Proj(M) is a projection-valued upper extremal
process indexed by 4.

EXAMPLE 4.5 (Spectral measures). If a is an unbounded self-adjoint operator
affiliated with (M, t), then

R>t— E(a; (—00,1)) € Proj(M)

is a projection-valued upper extremal process indexed by R.

REMARK 4.6. Note that @ < b is equivalent to E(a; (—o0o,t)) < E(b;
(—00,1)), t € R. Thus, Ando’s definition of the spectral order [1] can be inter-
preted as replacing the operator by the projection-valued process of Example 4.5
and using the natural order on such processes derived from the order on projec-
tions.

REMARK 4.7. The definition of upper extremal processes can be extended to
processes where the Y («) are self-adjoint unbounded operators affiliated with M.
Note also that if f:R — R is an increasing function that is lower semicontinuous,
then

Foa— f(Y(a))

transforms an upper extremal process into another upper extremal process. We
denote this process by f.Y.

5. Free extremal processes over a set. Let (X, 8B, 1) be a measure space
with @ a positive o-finite measure. The free projection-valued upper extremal
process over (X, 8, u) will be a projection-valued upper extremal process B/~ >
w — Y (w), where 8B/~ denotes 8 modulo null sets with values in some (M, t)
so that if {w }xek are pairwise disjoint (modulo null sets), then the Y (wy), k € K,
are freely independent and 7 (Y (w)) = min(u(w), 1).

It is easy to see that it is sufficient to construct such a process when X is a fi-
nite set; the general case then is roughly the result of viewing X as arising from
an inverse limit using finite partitions, while M would be constructed as a di-
rect limit (we leave the details to the reader). If X is finite and X6 = {x1, ..., x,},
{x;} € B, then let P,..., P, € Proj(M) be freely independent with t(P;) =
min(u({x;}), 1). We then define, for w C X,

Y= \/ P

{jlxjew}
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That (Y (w)) = min(u(w), 1) is then a consequence of Lemma 2.1.

It is easily seen that under the additional requirement that M be generated by
{Y (w)|w € B}, the free projection-valued upper extremal process over (X, B, )
is unique up to isomorphism.

The free projection-valued upper extremal process over (X, 8B, ) is related to
the free Poisson process over (X, 8B, w). To explain this, we start by recalling some
facts about the free Poisson process. Based on realizations of free Poisson variables
using semicircular or circular elements (see [11], Remark 1.7, Corollary 1.8 in
the main text and Lemma 1.4, Remark 1.5, Theorem 1.6 in the Appendix), there
are constructions of free Poisson processes over a set (see Section 6.2 and 1° in
Section 6.6 of [17]). We will use the construction that involves circular elements,
which we summarize in the following theorem.

THEOREM 5.1 ([11, 17]). Let (C,),e1 be *-freely independent circular vari-
ables and let (2,),c1 be spaces of events with o -algebras %, and probability mea-
sures v,. Let further (2, X, u) be the disjoint union of (2, X,,v,). Let (A, 7))
denote the W*-probability space L*°(R2,, 2, v,) with 1, the expectation functional
given by v,. Assume (A,),c; and ({C,, C}}) 1 are freely independent and con-
tained in (M, 7). If o € 2, v(a) < 00, let

M) =) Cixare,C;,

el

where xoung, € A, is the indicator function of o N ;. Then:

(1) IT(a) has free Poisson distribution with parameters a = v(a), b =1 in
(M, 7).
(ii) If « is the disjoint union of o € X, v(ar) < 00, then IT(a) =y ey [T (k).
(i) If ax € X, v(ag) < oo are pairwise disjoint, k € N, then (IT(ag))keN are
freely independent.

Using the facts on freeness of Gaussian and deterministic diagonal matrices,
it was also noted (see [17], the end of Section 7.3) that one obtains asymptotic
random matrix realizations of the free Poisson processes.

To avoid complicating notation, we gave in Theorem 5.1 a construction of the
process for €2, which can be represented as a disjoint union of probability measure
spaces. Clearly if (X, 8, 1) is a o-finite measure space, we can realize the free
Poisson process over (X, 8B, n) by finding 2 as above so that 2 D X, 8 C ¥ and
v| X extends L.

Let (X, 8B, u) be a o-finite measure space and let I1: By — My, where B¢
are the sets in B with finite measure, be the free Poisson process, that is, I1(x)
is a free Poisson noncommutative random variable with parameters w (o) and 1,
and for disjoint a1, o2, ... so that Y, (o) < 0o, we have Y TT(ag) = IT(U k)
and the IT(wog) are freely independent in (M, t). The following theorem gives the
connection between the two kinds of processes.
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THEOREM 5.2. IfY (@) denotes the range projection of I1(«), then Y (@) is the
free projection-valued upper extremal process over (X, B, u). Moreover, if i has
no atoms, then the von Neumann algebras {I1(x)|o € B} and {Y (a)|ax € B} are
equal.

PROOF. In view of the formula for the distribution of a free Poisson random
variable (Section 2.7 in [17]), we have 7(¥Y(¢)) = min(u(x), 1). Also, clearly
[T(r) depends on o only up to null sets and if oj,a,... are disjoint, then
Y(ayp), Y(a2), ... are freely independent, since IT(ay), [1(e2), ... are freely in-
dependent. Further, if a1, ay, ... are disjoint and a = | J; ax € By, then Y (a) =
V1 Y (k). Indeed, Y () is the projection onto (ker I (a))T and it suffices to show
that ker IT(a) = A\ ker IT(ay), that is, = () ker IT(ox). We have

£ ekerT(a) & & € ker () !/
& (M@E, &) =0 Y (M(ap)E. &) =0
k

< (M(ap)é,8) =0, keN

& & e \kerM(ap)'/? = (ker IT (o).
k k

Our use of N as an index set is no loss of generality since I1(«) depends on
« only up to null sets and p is o-finite. Thus we have checked that Y is the free
projection-valued upper extremal process.

In view of the formula for the free Poisson distribution (Section 2.7 in [17]) we
have that if j(o) = a < 1, the spectrum of IT(a) is {0} U[(1 —a'/?)?, (1 4+a'/?)?]
and Y () is the spectral projection of I1(«) for [(1 — a'/?)%, (1 + a'/?)?]. This
gives [|Y (@) — TI(@)|| < (1 +a'?)? =1 <3a'/? and |Y (@) — () |1 < [|Y (@) —
()|t (Y (@) <3al/?-a=3a3"2.

To prove that the von Neumann algebras generated by {Y(«)|a € B} and
{IT(a)|a € B} coincide, it suffices to show their Ll—spaces coincide, and hence
it suffices to show IT(«) is in the L!-closure of the linear span of the Y ().
Given a € By, if u is diffuse, there are pairwise disjoint a1, ..., a;y € B so that
ajU---Uag =a and u(a;) < . Then we have

M) — (Y(o) + - + Y ()|, < Y IT(erj) — Y (o))l
J
<32 ((ar) + -+ + ()

<3¢ (),

which proves our assertion. [

REMARK 5.3. Note that in the realization of the free Poisson process via cir-
cular elements, Y (o) being the range projection of Xc¢, x (¢ N )¢ is the same
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as being the range projection of Cx(c), where C is a column matrix with en-
tries C, and x () is a diagonal matrix with entries x (o N €2,) on the diagonal.
This can also be translated into the asymptotic random matrix realization (see Sec-
tion 7.3 in [17]): the Y («) are the large N limit of I"'y Dy () [or equivalently of
'y Dy (a)T'y ], where 'y is an appropriate N x [t N] matrix with i.i.d. Gaussian
entries and Dy () are deterministic [N#] x [Nt] projection matrices with joint
limit distribution the same as the x («)’s in L (22, X, t~1v) [here t = V() < oo;
we leave to the reader the easy adaptation to v(£2) = 00].

REMARK 5.4. By relaxing the condition Y (w) € Proj(M) to Y (w) € My, we
may consider more general free upper extremal process over a set, that is, in addi-
tion to the condition that w — Y (w) be an upper extremal process over B/~, we
also require that, for pairwise disjoint {wg }xek , the (Y (wg))rek be freely indepen-
dent. Note that in view of Remark 4.4, E(Y (w); (¢, o0)) will then be a projection-
valued upper extremal process indexed by B/~ and the freeness requirement for
disjoint {wg }reg also carries over to the E (Y (wg); (¢, 00)).

An example of such a more general free upper extremal process over (X, 8B, i)
is the free triangular upper extremal process Z(w) over (X, B, ). It is character-
ized by the fact that E(Z(w); (¢, 00)) = R;(w) has the properties

t<0= R(w)=1,
t>1= R (w)=0,
0<t<1=1(R(w)) =min((l —)p(w), 1).

The kind of argument that we used for the existence of the projection-valued
free process over (X, B, i) also works for the triangular process (we leave the
easy details to the reader).

Note also that, in addition to the triangular process, free upper extremal
processes over (X, 8B, () can be obtained applying Remark 4.7 to Z(w), that is,
processes f.Z, where f is an increasing lower semicontinuous function R — R.

6. Free max-stable distributions and free max-domains of attraction. It
will be convenient to work with distribution functions and to adapt some of the
notation and definitions of Section 3.

DEFINITION 6.1. If F and G are two distribution functions on the real line,
we define the distribution function F MG to be (F 4+ G — 1) and we define the
n-fold iterate of this operation to be

FY"=FM..-MF=@nF—-n-1),.

n times
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We want to study the possible asymptotic behavior of F™”" when n tends to
infinity. Let us start with some trivial properties of the tail and the support of F Mn
If F =1 — F denotes the tail of the distribution function F', then

FMG=(F+G)Al
and
FMn—pF Al

If [w(F), w(F)] denotes the support in [—00, oo] of the probability distribution
defined by F, then for alln > 2 and F,

a(F¥") > —c0
and
o(F¥") = w(F).

More precisely,
Mn 1
a(F¥"y=supjx e R|IF(x) <1 — —
n

and
nli)ngooz(FM") = w(F).
In case there is u,, such that
Flup)=1-n"",
then
a(F¥") = uy,

and one can easily interpret F" as a conditioned (or thresholded) distribution.
Indeed, if F is the distribution function of a random variable X, then

FY(x) = P(X <x|X > up),
that is, F™" is the distribution function of the random variable X conditioned to
be larger than the threshold u,, (cf. Proposition 3.4).
DEFINITION 6.2. A distribution function F is freely max-stable iff for every
n > 1, there exist a,, b, € R, a,, > 0, such that
F (ax + by) = F(x).

REMARK 6.3. If F is freely max-stable, then its support is bounded from
below, since a(F¥2) > —co.
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DEFINITION 6.4. A distribution function F is in the free max-domain of at-
traction of the distribution function G if there exist a,, b, € R, a, > 0, such that,
asn — 00,

FY"(ayx +by) 5 G(x)
(i.e., convergence at every point of continuity of G). The free max-domain of at-
traction of G will be denoted by Domgee (G).
THEOREM 6.5. The following statements are equivalent:

(1) G is freely max-stable;
(ii) Domyee(G) # @,
(iii) G € Domgee(G).

PROOF. Clearly (i) = (iii) = (ii) and we are left with proving that (ii) = (i).
If F € Domgee(G), then there are a,, b, € R, a, > 0, so that at every continuity
point x of G, we have

lim nF(anx + by) A1 =G(x).
n—oo
Hence, if k£ > 1 is an integer, then
lim nF(apx + b)) Ak =Gx) Ak™!
n— oo
and
lim nF (anex + b)) Ak~ =k G (x).
n— oo

Thus, by a slight generalization of Khintchine’s law of types, which we give in
Lemma 6.6, we infer the existence of oy, Bx € R, ax > 0, such that

Glaxx + ) Ak =k 1G(x)
or, equivalently,
kG(awx + By A1 =G ),
which is the same as
G (ax + B) = G(x).

So, modulo Lemma 6.6 we have proved G is max-stable.

To formulate the extension of Khintchine’s law of types, let us call G a
c-defective distribution function (here 0 < ¢ < 1) if G is a nondecreasing, right
continuous function on R so that

lim G(x)=1

X—+00
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and

lim G(x)=c.
X—>—00

Then G can be viewed a the distribution function of a random variable that takes
the value —oo with probability c.

LEMMA 6.6. If F, is a sequence of c-defective distribution functions and if G
and G, are c-defective, nondegenerate distribution functions such that, as n — 00,
we have

Fy(anx +by) = G(x),
Fu(anx + Bn) = Gy(x)

for real constants a,, > 0, b,, a, > 0, B, then

. an . ,Bn - bn
Iim — =a and lim
n—>oo n—-oo  q,

=b

for some a >0, b € R and

G«(x) =G(ax + D).

This lemma is a trivial consequence of Khintchine’s law of types. Indeed one
reduces it to the usual result by defining
~ G(x)— ~ G —
G =297 1 Gy =W =€
1—c
To conclude the proof of the theorem, we apply the lemma to the se-
quence of (1 — k~1)-defective distribution functions 1 — (nF /\_k‘l) and to the
(1 — k~1)-defective distribution functions 1 — G Ak~ !land 1 — Gk~!. O

DEFINITION 6.7. We will say that a distribution function F is of free extreme-
value type if F is of the same type as one of the following classes of distributions:

Type 1: The exponential distribution F(x) = (1 —e ™).

Type 11: The Pareto distribution F'(x) = (1 — x~%), for some o > 0.

Type I1I: The Betalaw F(x) =1 — |x|¥ for —1 < x <0 and some « > 0.

THEOREM 6.8. G is freely max-stable iff G is of free extreme-value type li.e.,
there exist a > 0 and b real constants so that G(ax + b) is one of the distributions
listed in Definition 6.7).

PROOF. Each of the distributions in Definition 6.7 is freely max-stable by a
straightforward computation. To prove the converse statement, we need the fol-
lowing lemma.
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LEMMA 6.9. If G is freely max-stable, then there exist measurable functions
a(s) >0, b(s), where s € [1, 00), so that

G (a(s)x + b(s)) = G(x)
with GYS defined for s € [1, 00) by
GT())) = SW AL
PROOF. Whereas G is freely max-stable, there exist real numbers a, > 0 and
b, such that
G(x) =nG(anx +by) A L.
If us(x) = agns)x + byus), then
G(x) = [ns]1G (us(x)) A 1.
This easily gives
nli)ngon(_}(us(x)) As = C_}(x)s_l.
Thus, we have
nGapx +b) As ' =Gx) As™!
and
lim nG(aps)x + b)) As~ =G (x)s L

By the extension of Khintchine’s law of types in Lemma 6.6, we conclude that
there exist measurable functions a(s) > 0 and b(s) such that

571G (a(s)x +b(s)) = G(x) As™!
or, equivalently,
G(a(s)x +b(s)) =sGx) A,
that is,
G(a(s)x +b(s)) = G (x). m

By applying Lemma 6.9 to G**', one easily gets that
a(st) =a(t)a(s),
b(st) =a(t)b(s) + b(1)

if 5,1 € (1, 00).
It is easily seen that if one extends a(s) to (0,00) by a(1) =1 and a(s) =
(a(s~H)71 if s < 1, then the equation a(st) = a(t)a(s) holds for all s > 0 and
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t > 0. Since a(s) is measurable, it is known that there exists # € R such that
a(s) =s’.

_ Case 1. If6=0, that is, a(s) =1, then b(st) = b(s) + b(1) for s,t > 1 and
b(s) = ¢’ satisfies b(st) = b(s)b(z). Thus again, there exists ¢ € R such that

b(s) = —clIns and
GY¥(x) = G(x —Ins)

for s > 1. It is easy to see that this implies that G is of the same type as the
exponential distribution. Indeed, we just check that ¢ > 0, since

G(x —clns) :ﬁ(x) =sGX)A1l>G(x),

which implies that x — clns < x and thus ¢ > 0. If G is nondegenerate, we
cannot have ¢ = 0. Then we see that G(x) < 1 for all x. Indeed, if G(x) =1,
then G(x) =0, so that GM5(x) = 0; that is, G¥*(x) = 1 for all s > 1. Hence
G(x —clns) =1 for all s > 1, which gives G(y) =1 for all y < x, which is
not possible.

Now, if a = G(x) > 0 and y=Xx —clns, then

Gy)=sanl=(ae*’e ) A1

so that (G) = x + cIna. This shows that
InG(x) = (a(G) —)c)c_l for x > a(G),

that is

G(x) = e@@=0c"!
and G (x(G) + cx) is exponentially distributed.

CaseIl. If 6 > 0, then a(s) = s > 1fors > 1. From
b(st) =a(t)b(s) + b(t) = a(s)b(t) + b(s)

we see that b(s)(1 — a(s))~! is a constant ¢. We infer that b(s) = c¢(1 — s~%) and
G (xX)=Gs ?(x —c)+¢).If Hx) =G (x + ¢), then

HYS (x) = H(s x),

that is, sH(x) A 1 = H(s %x). If xg < 0 is such that 0 < H(xg) < 1, then this
shows that H (s ?xq) is an increasing function on some interval (1, 1 4 ¢), since
it is equal to s H (xg) for s close to 1. However, this function is nonincreasing if
xo < 0. Thus for every xog < 0 we see that H(xp) € {0, 1}. Since H is nondegener-
ate, it is then impossible that H(0)=0. Choosing s > 1 such that s~ < H(0), we
have

1=sHO)A1=H(s?-0)=H(0).
Hence H(0) = 1. This proves that «(H) > 0.
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Let xo > 0 be such that 0 < H(xg) < 1. Then if y = s %xq, one sees that
H(y) = sH(xo) A 1. Hence H(y) = 1 iff s > so = (H(xp))~!, that is, iff
y < so_exo. This proves that «(H) > 0 and a(H) = so_gxo. This is valid for every
xo such that 0 < H (xp) < 1, so that «(H) = (H (x))?x for x > «(H) and

H(x) = (a(H)Yox=1/°,

that is, H is a Pareto distribution.
Case I11. If 6 < 0, this is completely similar to Case Il and G is of the type of a
Betalaw. [J

In particular we have also proved the following fact:

THEOREM 6.10 (Free extremal type theorem). The following statements are
equivalent:

(1) There exists a distribution F and constants a,, b, € R, a,, > 0, such that
FM (g, x + by,) X G(x) as n — oo.
(i1) Distribution G is of the type of a free extreme-value distribution.

This result in the free probability setting is the equivalent of the classical ex-
tremal type theorem. One can introduce a natural mapping that relates the two
statements.

Given ¢ > 0, we define a function on [0, 1] by

Je) = (1+clnu)y.

Then f. is nondecreasing and f.(u) =0 iff u < e~ 1/¢. Moreover fe(1)=1. We
have

fewv) =1 +clnu+clnv)4
= (fe) + fe(w) = 1),.

We can endow the set [0, 1] with two semigroup structures: one that arises from
usual multiplication and the other that arises from the operation related to free
convolution:

uxv=w+v—1),.

Then f. (for any ¢ > 0) is a homomorphism between these two semigroups on
0, 1].

This homomorphism gives rise to a homomorphism between the semigroups of
probability distribution functions endowed with either pointwise multiplication or
the operation M, which coincides with performing the operation * pointwise. It
follows that

Je(FG) = f(F)M fo(G)
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so that

fe(F™) = fo(F)M".

It is clear that the free extreme-value distribution functions are obtained from the
classical ones by the map fi. It is also clear that if F is classically max-stable,
then f.(F) is freely max-stable. If one could prove the converse directly, that is,
that if G is freely max-stable, it is the image by f. of a max-stable distribution-
function F', then we could derive the free extremal type theorem directly from the
classical one. We were able to obtain this result via a different route.

We will now prove that free max-domains of attraction and classical max-
domains of attraction coincide for corresponding laws and that the normalizing
constants are also equal.

We begin with Type 1.

THEOREM 6.11. The free max-domain of attraction of the exponential distri-
bution coincides with the classical max-domain of attraction of the Gumbel distri-
bution and the normalizing constants are equal.

PROOF. F isin the free max-domain of attraction of the exponential distribu-
tion iff there exist b(s) and a(s) > O for s > 1 such that for all x > 0, we have

ETOOSF(Z)(S) +xa(s))=e".

(This is clear for s running over N and we can take a(s) = a([s]), b(s) = b([s]).)
In particular, lims_, 400 S F(b(s)) = 1. Hence we may assume b(s) < o (F) and
that b(s) is nondecreasing. It is easy to see that this implies that F is in the domain
of attraction of the exponential distribution iff there exists a function g(#) > 0 such
that, for all x > 0, we have
F(t+xg(t) _,
im ————=¢ ",
tto(F)  F(t)

If t < w(F), let us denote by U the function U (t) = 1/F () so that

U(t+xg(t)) .
m —— =
1w (F) Ut)

and U is I'-varying (see [14], the definition in 0.4.3, page 26) on (¢ (F), o (F)).
By [14], Proposition 0.10, page 28, this is equivalent to F' being in the classical
max-domain of attraction of the Gumbel law A. [

We now turn to the free max-domains of attraction of the Pareto distribution.

THEOREM 6.12. The following statements are equivalent for a > 0:
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(1) F is in the free max-domain of attraction of the Pareto distribution with
exponent o.
(ii) F is in the max-domain of attraction of the Frechet distribution ®,,.
(iii) F is —a-regularly varying at 0o.

Moreover the normalization constants in (1) and (ii) can be chosen of the form
a, =uy, b, =0.

PROOF. The equivalence of (ii) and (iii) is a classical fact due to Gnedenko
(see [14], the definition in 0.4.1 on page 13 and Proposition 1.11 on page 54).
To prove (iii) = (i), assume F is —«-regularly varying at oo, that is,

. F(tx)
Iim — =Xx
t—00 F(l‘)

—

for all x > 0. Then u,, = inf{r € R|F(¢) < n~'} will be such that
lim nF(u,) =1
n—oo
and hence
lim nF(upx) =x"%
n—>oo
for all x > 0. It follows that

o

lim F¥"(upx) = lim Fupx) Al=x"% A1
n—>oo n—oo

if x > 0, and since FM"(u,x) is decreasing and less than or equal to 1, the limit
will be 1 if x € (—oo, 1). This proves (i).

To conclude the proof we will show that (i) = (iii). If for some choice of con-
stants a,,, b, € R, a, > 0, we have

lim FMn(g,x +b,) =x"“ A1
n—o0
for x > 0, then if U = 1/F,
lim n~'U(ayx + by) =x%  whenx > 1.
n—o0
Then if V(y) = U (y) = inf{s: U(s) > y}, we have
. _ -1 _ 1/« :
nll)ngo(V(y) bp)a, =y if y>1.
With a(t) = ajs) and b(t) = by;, we then have
lim (V(ty) — b(1))a@) "' = yl/®
—>00
and

lim (V(ty1) = Vyp))a@®) ™' =y =y
—00
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when y, yi, y2 > 1.
This implies

lim a(tx)a()”"
=00

= lim ((V(txyn) = V(txy2)a) ™) /(V (txy) = V @xya(e) ™)

= (D — ey V) /(3 = 3,/ = 21V

Then, for any fixed y; > y» > 1, the function V (ty;) — V (¢y2) is 1/a-regularly
varying at oo as a function of ¢. Since a function W(¢) is 1/a-regularly varying
at oo iff W(¢z) for some fixed z > 0 is 1/«-regularly varying at oo as a function
of ¢, we infer that V (ty) — V(¢) is 1/a-regularly varying at co as a function of ¢
for all y > 0, y # 1. Thus we can use the last part of the proof of Proposition 1.11
in 1.2 of [14] (starting with the last two paragraphs of page 55 and continuing on
pages 56 and 57) and conclude that F is regularly varying of index —a at co. [J

We finally turn to the domain of attraction of the Beta law (Type III).

THEOREM 6.13. The following statements are equivalent:

(1) F is in the free max-domain of attraction of G(x) =1 — |x|* for —1 <x <
0and a > 0.

(i1) F is in the classical max-domain of attraction of the Weibull distribution
Wy, .

(iii) w(F) < oo and F(w(F) —u) is regularly varying of exponent o at 0, that
F(w(F)—xh)
F(w(F)—h)
chosen to be

is, limy, o = x% if x > 0. Moreover, the normalization constants can be

ap=w(F)—u, and b,=w(F).

PROOF. The equivalence of (ii) and (iii) is a classical fact due to Gnedenko
(see [14], Proposition 1.13 in 1.3).
To prove that (iii) implies (i), note that if a, = o (F) — u, and b, = w(F'), then

F¥n(a,x + by) =nF(o(F) + x(0(F) — uy)) A L.

Since u, = inf{t: F(r) <n™'}, we get that if h = w(F) — u,, then as n — oo we
have

F(w(F)—h) = F(u,) ~n"".
It follows that if x < 0, then

Jim nF ((F) +x((F) = uy)) = lim (F((F) - )" F(w(F) +xh) = [x|*.
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Hence
lim FY¥n(q,x +b,) = |x|* A1
n—oo

if x < 0, which proves (i).

To prove the converse, that (i) implies (iii), we mimic the proof of the same
statement in the Type I case, this time using the proof of Proposition 1.13 in [14],
pages 59-62.

Assume that for some choice of a,,, b, € R, a,, > 0, we have

Jim FY" (anx + by) = G (x)

for x € R. Thenif U = 1/F and —1 < x <0, we have

lim n~'U(apx + by) = |x|7%.

n—oo

Hence if V(y) = U~ (y) =inf{s: U(s) > y}, we infer
: _ -1_ _  —1/a
Jim (V(ny) —by)a,” =—y= /%,

where 0 <y < 1.
With a(t) = aj;) and b(t) = by}, we have for O < y < 1,

lim (V(ty) = b(@)(@@) ™" =1—y~

andforO <y, <y <1,
. — -1 -1
Tlim (V(ty) = V)@@~ =y; o =y
This implies in turn that for x > 0,if 0 < xy; < 1and 0 < y, < y; < 1, then
Vtxy1) — V(txy2) lim a(tx)
a(r) 1= V(txy1) — V(txy2)
_ - -1 —1/a— _
= (v ™ = )Ty =y T =
and thus a(¢) is regularly varying at oo of index —1/«.
Next we show that @ (F) < 00. Note that w (F) = V(00) = limyy V (y). Since
a(-) is regularly varying of index —1/a, we infer that if 271/ < A < 1, then for
some constant A > (0 we have

a(2h) < AM? forn e N.

Jim a(tx)(a() ™' = Jlim

On the other hand, using

Tim (V(2"2) = V)@@ =y, =y

with y; = 1/2 and y, = 1/4 gives that for some B > 0 and some ng € N, we have,
for n > ny,

v —v@Y < Ba(2'?) < ABM'? forn eN.
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Clearly, since 0 < A < 1, this implies

lim V(2") - V(2") = vEerth —ve"
Tim V(2") <>n§0(( )—vh)
< Y ABA'T? < oo,
nzng
that is, w (F) < o0.

Since V (ty1) — V(ty»), like a(t), is regularly varying of index —1/«, we infer
as in the Type II case that V (ty) — V (¢) is also regularly varying of index —1/«
forally >0,y #1.

With these preparations the next step is to prove that (o (F) — ve) s reg-
ularly varying of index 1/« and thus that F(w(F) —s~!) as a function of s is
regularly varying of index « [this means F(w(F) — u) is regularly varying of ex-
ponent « at 0]. The proof can now be completed using the last part of the proof of
Proposition 1.13 in 1.3 of [14], pages 61 and 62. [J

7. Peaks over threshold. The probability distributions we found as possible
limits of free extremal convolutions are well known in statistics. They come under
the name generalized Pareto distributions (see [7], Section 3.4, and [13], Sec-
tion 1.4, for a textbook treatment of this subject). Statisticians have introduced a
convenient parametrization of these distributions.

DEFINITION 7.1. For y € R the standard generalized Pareto distribution is
defined by its distribution function G, given by
G,(x)=1-(1+yx)"'¥
for
{x >0, ify >0,
0<x<|y|_1, if y <0,
andif y =0, Go(x) =1 — e * for x > 0.

These distributions appear as limits in the peaks-over-threshold approach to
extreme-value theory, which we sketch briefly.

DEFINITION 7.2. If X is a random variable with distribution function F', for
u < w(F) the exceedance (or excess) distribution function at threshold « is given
by
Fll)y=P(X <u+x|X >u)
_ Fu+x)—F(u)
B 1 — F(u)

for x > 0.
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The main result of P.O.T. theory due to Balkema and De Haan [2]:

If F W aux + b,) has a continuous limiting distribution function as u 1 w(F),
then
X

F"x) -G, <0—>‘ =0

u

lim
utw(F)

for some shape and scale parameters y and o,.

If Xq,..., X, are n 1.i.d. random variables with common distribution function
Fand if XM > X@ > ... > X® are the order statistics, that is, the values of
the variables ordered from largest to smallest, the traditional approach to extreme-
value theory studies the distribution of the maximum X or of the first kX maxima
xW . X® properly normalized, when n — oco. The P.O.T. approach considers
the distribution of the variables conditioned on being larger than a large threshold,
which is very close to the free extremal convolution studied here (see the paragraph
preceding Definition 6.2).

The only (technical) difference between the P.O.T. approach and the free prob-
ability extreme-value theory is that the latter does not fix a threshold u for the
random variable but rather for the value of the tail of the distribution function.
A more serious difference is that the free approach introduces a binary operation
on distribution functions and in some sense exhibits the P.O.T. theory as a result of
the iteration of this operation.

The P.O.T. theory is very useful in various fields of statistics (insurance, relia-
bility among others) and has been developed by R. L. Smith [15], A. C. Davison
and R. L. Smith [6] and J. Pickands [12].

One should also notice that another (related) classical occurrence of the gener-
alized Pareto distributions is as intensities of limiting Poisson point processes of
extreme-value theory (see [14], page 210, Corollary 4.19). More precisely, F is in
the free domain of attraction of G,, iff the point measure

n
D 8(Xi—an) /b

i=l

converges to a Poisson point process with intensity G, .
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