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NORMAL APPROXIMATION UNDER LOCAL DEPENDENCE

BY Louis H. Y. CHEN! AND QI-MAN SHAO?
National University of Sngapore and University of Oregon

We establish both uniform and nonuniform error bounds of the Berry—
Esseen type in normal approximation under local dependence. These results
are of an order close to the best possible if not best possible. They are more
general or sharper than many existing ones in the literature. The proofs couple
Stein’s method with the concentration inequality approach.

1. Introduction. Since the work of Berry and Esseen in the 1940s, much
has been done in the normal approximation for independent random variables.
The standard tool has been the Fourier analytic method as developed by Esseen
(1945). However, without independence, the Fourier analytic method becomes
difficult to apply and bounds on the accuracy of approximation correspondingly
difficult to find. In such situations, a method of Stein (1972) provides a much more
viable alternative to the Fourier analytic method. Corresponding to calculating a
Fourier transform and applying the inversion formula, it involves deriving a direct
identity and solving a differential equation. As dependence is the rule rather than
the exception in applications, Stein’s method has become increasingly useful and
important.

A crucial step in the Fourier analytic method for normal approximation is the
use of a smoothing inequality originally due to Esseen (1945). The smoothing
inequality is used to overcome the difficulty resulting from the nonsmoothness
of the indicator function whose expectation is the distribution function. There
is a correspondence of this in Stein’s method, which is called the concentration
inequality. It is originally due to Stein. Its simplest form is used in Ho and
Chen (1978). More elaborate versions are proved in Chen (1986, 1998) and Chen
and Shao (2001). In Chen and Shao (2001), it is developed also for obtaining
nonuniform error bounds.

This paper is concerned with normal approximation under local dependence
using Stein’s method. Local dependence roughly means that certain subsets
of the random variables are independent of those outside their respective
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“neighborhoods.” No structure on the index set is assumed. Both uniform and
nonuniform error bounds of the Berry—Esseen type are obtained and shown to
be more general or sharper than many existing results in the literature. These
include those of Shergin (1979), Prakasa Rao (1981), Baldi and Rinott (1989),
Baldi, Rinott and Stein (1989), Rinott (1994) and Dembo and Rinott (1996).

The approach used in the paper is that of the concentration inequality. It is
based on the ideas of Chen (1986) where the concentration inequality is derived
differently from those in Chen and Shao (2001), due to the nonpositivity of the
“covariance function.” The uniform bounds obtained are improvements of those
in Chen (1986), and the nonuniform bounds, which are proved by following
the techniques in Chen and Shao (2001), are new in the literature. In proving
the bounds, an attempt is made to achieve the best possible order for them. For
example, the nonuniform bounds obtained are best possible as functions of the
variables.

The forms of the bounds obtained are inspired by the results in Chen (1978),
where necessary and sufficient conditions are proved for asymptotic normality of
locally dependent random variables (termed finitely dependentin that paper). Such
bounds deal successfully with those cases where the variance of a suanoiom
variables grows at a different rate from An example due to Erickson (1974) is
used to illustrate this point.

This paper is organized as follows. The main results and their applications are
given in Section 2. Two uniform and one nonuniform conditional concentration
inequalities are proved in Section 3nd proofs of the uniform bounds are given
in Section 4 and those of the nonuniform bounds in Section 5.

2. Main results. Throughout this paper lef be an index set and I€iX;,
i € §} be a random field with zero means and finite variances. Défine:
> icg Xi and assume that Vi) = 1. Letn be the cardinality off, let F be the
distribution function of#W and let® be the standard normal distribution function.
ForA C ¢, let X4 denote{X;,i € A}, A={j € 4:j ¢ A}, and let|A| denote
the cardinality ofd. Adopt the notationa A b = min(a, b) anda v b = max(a, b).
We first introduce dependence assumptions and define notation that will be used
throughout the paper.

(LD1) Foreach € g, there existsi; C g such thatX; andX 4¢ are independent.

(LD2) For eachi € 4, there existA; C B; C ¢ such thatX; is independent of
X ac andX 4, is independent oXBc

(LD3) For each e 4, there exist4; C B; C C; C g such thatX; is independent
of X 4¢, X4, is independent ok p- andX 5, is independent OKC;

(LD4*) For eachi € 7, there existA; C B; C B C C/ C D] C ¢ such thatX;
is independent oiXAic, X4, Is independent oKBic, X4, Is independent
of {X4a,,j € B}, {Xa,,l € Bf'} is independent ofX,,, j € C;} and
{Xa,,1 € C}}isindependent ofX 4, j € D;}.
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It is clear that (LD4) implies (LD3), (LD3) yields (LD2) and (LD1) is the
weakest assumption. Roughly speaking, (EP# a version of (LD3) for{X 4;,
i € g}. Onthe other hand, in many cases (LD1) implies (LD2), (LD3) and (LD4%*)
with B;, C;, Bf, C; and D defined asB; = Ujca, Aj, Ci = Ujep Aj, B =
Ujea, Bj: € =Ujepr Bj andD} = U< cx B;. Other forms of local dependence
have also been used in the literature, suctiependency neighborhoodsin Rinott
and Rotar (1996), where convergence rates of multivariate central limit theorem
were obtained. Some of their results may not be covered by our theorems.
Foreach € ¢, letY; = 3" ;c4, X;. We define

Ki)=X{I(=Yi<t<0)—1(0<r<-Y;)}), Ki@t)=EK@),

@D k=Y ko, KO=EROH=Y K.
ied ied

Since VatW) =1, we have

2.2) /Oo K(t)dt=EW?2=1.

2.1. Uniform Berry—Esseen bounds. The Berry—Esseen theorem [Berry
(1941) and Esseen (1945); see, e.g., Petrov (1995)] states {3t ifc ¢} are
independent with finite third moments, then there exists an absolute codstant
such that

SUPIF(2) — ®(2)| < C Y EIXi .

ZER ieﬂ
Here and throughout the papé€r,denotes an absolute constant which may have
different values at different places. If, in additioX;,i € g, are identically
distributed, then the bound is of the orderl/2, which is known to be the best
possible.

The main objective of this section is to obtain general uniform Berry—Esseen
bounds under various dependence assumptions with an aim to achieve the best
possible orders. We first present a result under assumption (LD1).

THEOREM2.1. Under (LD1), we have

(2.3) S;JplF(Z) —®@)|<r1+4rp+8rz3+ras+ 4.5r5+ 1.5,
where
ri=E|Y (X;Yi —EX;Y)|,  r2=)_ E|X;Yi|I(Y;|> D),
ied ied
(2.4) r3=Y E[X;]|(Y7AD), ra=Yy_ E{IWX;|(Y? A1)},
ied ied

A . 1/2
rg = Var(K (1)) dt, re = (/ 7| Var(K (1)) dt) )
[t]<1

lt]<1
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Sincery, rp, r3 andrs depend on the moments ¢X;, Y;, W}, they can be
easily estimated (see Remark 2.1). The following alternative formulasaridrg
may be useful. LetX},i € g} be an independent copy ¢X;,i € ¢} and define
Y =3 jea, X;. Then

Var(K () = Y E{X;X;{I(-Y; <t <0)—I1(0<t<-Y))}
Ljed
x{I(=Y;j<t<0)—-I10=<t=<-Y))}
= XiX;{I(=Y;i<t<0)—1(0=<t=<-Yp}

x{I(=Y;<t<0)—10=1=-Y)}}
and hence
rs= Y E{X;X;I(Y;Y; =0)(Yi| AlY;| A1)
i,jed
= XiXG1(Y; Y] =0 (Y| AYF A D)
Similarly, we have
re=1 3 E(XiX;1(Y;Y; 201V, A Y2 A D)
Ljed
— Xi X3 (VY =0 (VP A YT A D).
In particular, under assumption (LD2),
rs< Y. EUXiXj(Yi AV IAD +IX XY A YA D}

i,jed.B; Bj#®
and
<3 Y. EUXiX;I(YPAIYPAD 4 IX XY P AYFEA D)
i,ng,BiBj#Q

Thus, we have a much neater result under (LD2).
THEOREM 2.2. Let N(B;) ={j € §:B;B; # @} and 2 < p < 4. Assume
that (LD2) is satisfied with | N (B;)| < «. Then

SUP|F(z) — @(2)| < (134 116) Y (E|X;[*'7 + E|Y;|>"P)
< iegd

(2.5) 1/2
+ 2.5</< > (EIXi|P + E|Y,-|”)> .
ied
In particular, if E|X;|? + E|Y;|? < 6P for some6 > 0 andfor eachi € ¢, then
(2.6) SUP|F(z) — ®(2)| < (134 116)n03"P + 2.597/2 /i,
Z

wheren = |g|.
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Note that in many casasis bounded and is of order ofn~1/2. In those cases
kn3P 4 0P/2 ficn = O0(n=?=2/%), which is of the best possible orderof/2
when p = 4. However, the cost is the existence of fourth moments. To reduce the
assumption on moments, we need a stronger condition.

THEOREM 2.3. Suppose that (LD3) is satisfied. Let N(C;) = {j € 4:
CiB; # 7},

Wi= Y X, o?=Var(W;) and A=1vmaxl/o;).
JEN(Ci)E id
Then
(2.7) SUPIF(2) — ®(2)| < 4¥2(rp +r3+r7+rg+ro+rio+ri1+r12),
Z
WhereZl = ZjEB,‘ X],

r7= Y E{X;YilI(|Xi] > D},

icd
rg= Y E{IX;[1(1X;| < D(Y;| ADIZ]},
icd
ro= Y E{IWX;|I(1X;| <D(Yi|AD(Zi| A D},
ied
(2.8) ) .
rio= Y. E{XiX;|(\Vil AV IAD 4 X XY A YA D,
i.jed.BiB;#0
rin=Y P(Xi|> DE|X;|(|]Yi| A D),
icd
riz= Y E{(W|+D(Z|ADIEIX;|(|Yi| A D),
icd

and (X}, Y;*) isanindependent copy of (X;, Y;).
In particular, we have:

THEOREM 2.4. Let 2 < p < 3. Assume that (LD3) is satisfied with
max(|N(Cp)l, {j:i € C;}|) <«.Then

(2.9) SUPIF(2) — ®(2)| < 757 1) E|X;|P.
z ied

Rinott (1994) and Dembo and Rinott (1996) obtained uniform bounds of
order n~Y2 when X; is bounded with order of:~%/2 under a different local
dependence assumption which appears to be weaker than (LD2). However, their
approach does not seem to be extendable to random variables which are not
necessarily bounded.
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REMARK 2.1. Althoughrs involves W, there are several ways to bound it.
When there is no additional assumption besides (LD1), we can use the following
estimate:

E\WX;|(Y? A1)
< E|le-|(|A,-| > (X,ZAl))
JEA;

<|Ail Y. EIWX: (X5 ADI(X] < 1X;)
JEA;

+14;] Y EIWXi (X2 ADI(X;] > |X;1)

JEA;
<14l Y EIWIIX;I(XEAD + Al Y. EIWIXi[(XZAD)
JEA; JEA;
<|Ail Y EIW —Y|EIX;|(X5AD) +|Ai] Y EIY;X;|(1X;| A1)
JEA; JEA;

+|AIPEIW — Y E|Xi|(XZ A D) + | A PE|Y: Xi|(1Xi| A D)
<14l Y A+ EIY;DEIX; (X3 AL + Al Y. EIY;X; (X1 A D)
JEA; JEA;

+ AP+ E|YiDE|IX; (X2 A D) + |APENY X (X | A D).

2.2. Nonuniform Berry—Esseen bound. Nonuniform bounds were first ob-
tained by Esseen (1945) for independent and identically distributed random
variables{X;,i € g}. These were improved t6nE|X1|3/(1 + |x|3) by Nagaev

(1965). Bikelis (1966) generalized Nagaev'’s result to
CYicg EIXil?
F(7)—®d@)|<—<~2 _

|F(z) (@) = 1+ 23

for independent and not necessarily identically distributed random variables.
In this section we present a general nonuniform bound for locally dependent
random fieldq X;, i € ¢} under (LD4).

THEOREM 2.5. Assumethat E|X;|” < oo for 2 < p < 3 and that (LD4%) is
satisfied. Let k = maxcg max(|Df|, [{j:i € D;f}|). Then

(2.10) |F(2) — ®@)| < CkP(A+ 2P Y E|X;|”.
iegd
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2.3. m-dependent random fields. Let 4 > 1 and let 74 denote the
d-dimensional space of positive integers. The distance between two paints
(i1,...,ig) andj = (j1i, ..., ja) in Z¢ is defined byli — j| = maXi</<q lir — Jil
and the distance between two subsétand B of Z¢ is defined byp(A, B) =
inf(li — j|:i € A, j € B}. For a given subsef of Z¢, a set of random vari-
ables{X;,i € 4} is said to be amn-dependent random field {fX;,i € A} and
{X;,j € B} are independent whenevpe(A, B) > m, for any subsetst and B
of 4.

Thus choosingA; = {j:|j — il <m}N g, B ={j:|j —i|l <2m}n g,
Ci={j:lj—il<3m}ng.Bf ={j:j —il <3m}n g.Cr=1{j:lj—il <
6myNg andD; ={j:|j —il <9m}N g in Theorems 2.4 and 2.5 yields a uniform
and a nonuniform bound.

THEOREM 2.6. Let {X;,i € §} be an m-dependent random field with zero
means and finite E|X;|? < oo for 2 < p < 3. Then

(2.11) SUp|F(z) — ®(2)| < 75(10m + )P~ DS E|X; |7
z ied
and
(212) |FR)—®@)|<CA+1zD A9 (m+ P~ VY E|1X;P.
icd

Here we have reduced the-dependent random field to a one-dependent
random field by taking blocks and then applied (2.10) to get (2.12). The
result (2.11) was previously obtained by Shergin (1979) without specifying the
absolute constant. For nonuniform bounds, results weaker than (2.12) have been
obtained in the literature. See, for example, Prakasa Rao (1981) and Heinrich
(1984). However, the result in Prakasa Rao (1981) is far from best possible even
for independent random fields, while Heinrich (1984) is the best possible only
for the i.i.d. case. For other uniform and nonuniform Berry—Esseen bounds for
m-dependent and weakly dependent random variables, see Tihomirov (1980),
Dasgupta (1992) and Sunklodas (1999). In Sunklodas (1999) a lower bound is
also given.

2.4. Examples. In this section we give three examples discussed in literature
to illustrate the usefulness of our general results.

2.4.1. Graph dependency. This example was discussed in Baldi and Rinott
(1989) and Rinott (1994), where some results on uniform bound were obtained.
Consider a set of random variable¥;,i € V} indexed by the vertices of a
graphg = (v, €). § is said to be a dependency graph if, for any pair of disjoint sets

I'1 andI'2 in 'V such that no edge i@ has one endpoint ifi; and the other i,
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the sets of random variabl¢X;,i € I'1} and{X;,i € I'>} are independent. Ldd
denote the maximal degree 6f, that is, the maximal number of edges incident
to a single vertex. Led; = {j € V:there is an edge connectifigandi}, B; =
Ujea; Aj Ci =Ujen Aji B =Ujen, Bjy Cf =Ujepr Bj andD; = Ujecy Bj-

An application of Theorems 2.4 and 2.5 yields the following theorem.

THEOREM 2.7. Let {X;,i € V} berandom variables indexed by the vertices
of a dependency graph. Put W =}, .y X;. Assume that EW?=1,EX; =0and
E|X;|P < 0P for i € V and for some6 > 0. Then

(2.13) Sup|P(W <z) — ®(z)| < 75D P~V |y|9P
Z
and for z € R,
(2.14) |P(W <z)— ®(2)] < C(L+ |z))"? D |V|6P.

While (2.13) compares favorably with those of Baldi and Rinott (1989), (2.14)
is new.

2.4.2. The number of local maxima ona graph. Consider a grapg = (V, &)
(which is not necessarily a dependency graph) and independently identically
distributed continuous random variablgs,i € V}. Fori € V, define the 0-1
indicator variable

. L if Y;>Y;forall jeN;,
! 0, otherwise,

whereN; = {j € V:d(i, j) = 1} andd(i, j) denotes the shortest path distance
between the verticesand j. Note thatd (i, j) = 1 iff i andj are neighbors, so
X; = 1 indicates that’; is a local maximum. LeW = }",.y X; be the number

of local maxima. If('V, &) is a regular graph, that is, all vertices have the same
degreed, then by Baldi, Rinott and Stein (198HW = |V|/(d + 1),

o?=VarW)= Y s, )2d+2—-sG, ) d+D72
i,jev.di,j)=2

and

SUBP(W <z) — ®((z — EW)/o)| < Ca Y2,

wheres(i, j) = |N; N N;|.

Theorem 2.8 is obtained by applying Theorem 2.2. The uniform bound, which
improveso —1/2 of Baldi, Rinott and Stein (1989) te—1, is similar to that of
Dembo and Rinott (1996). However, the nonuniform bound is new.
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THEOREM2.8. Wehave
(2.15) sugP(W <z) — ®((z — EW)/o)| < Cd?|V| /o3
Z

and

(2.16)  |P(W <2)— ®((z — EW)/o)| < CA+ |z)~3d%V|/o°.

THEOREM2.9. Wehave
Cr?
(z—np)/o)| = .
) 1+ 1213 /np(d = p)

2.4.3. One-dependence with o(n) variance. This example was discussed in
Erickson (1974). Define a sequence of bounded, symmetric and identically
distributed random variableg,, . .., X,, with EXZ.2 =1 as follows. LetX1 and X2
be independent bounded and symmetric random variables with variance 1 and put
B2 =Var(>*_, X;). Fork > 2, defineX1 = — X if B? > k*/? and defineX;;1
to be independent oK1, ..., Xy if B2 < kY2, Itis clear thatXy,..., X, is a
one-dependent sequend¢B? — n%/?| <2 and Y7, X; is a sum of B2 ~ n/2
terms of independent and identically distributed random variables. By the Berry—
Esseen theorem,

SUP|P(W < z) — ®(z/By)| < Cn Y4E| X4
Z

(2.17) |P(W <2)— ®(

and the orden~1/% is correct. While the bound in (2.11) generalizes and improves
many others, it is asymptoticalgn/4E|X1|3, which goes taco. On the other
hand, Theorem 2.3 gives the correct ordet/4. To see this, we observe that if
X; is independent of all other random variables, then we can chépseB; =

C; ={i} andX; =Y; = Z;. On the other hand, iX; = —X;_1 or —X;,1, then

Ai =B, =C; ={i —1,i} or {i,i 4+ 1}, respectively. In this cas§; = Z; =0
identically. Consequently, the right-hand side of (2.7) is bounded by

CE|X1/B,|® x number ofX; which is independent
of all the other random variables
< CE|X1/B,®B} = CE|X11°B, " < Cn 4E| X1,
as desired.
3. Concentration inequalities. The concentration inequality in normal
approximation using Stein’s method plays a role corresponding to that of the
smoothing inequality of Esseen (1945) in the Fourier analytic method. It is used

to overcome the difficulty caused by the nonsmoothness of the indicator function
whose expectation is the distribution function. In this section we establish two
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uniform and one nonuniform conditional concentration inequalities. We first prove
Propositions 3.1, 3.2 and 3.3, which will be used in the proofs of Theorems 2.1,
2.2 and 2.5, respectively. Esseen (1968), Petrov (1995) and others have obtained
many uniform concentration inequalities for sums of independent random vari-
ables. Our uniform concentration inequalities are different from theirs except in
the i.i.d. case.

Let {X;,i € g} be a random field withEX; = 0 and EX? < co. Put W =
Y ieg Xi. Assume thaE W2 = 1.

PrOPOSITION3.1. Assume(LD1). Thenfor any real numbersa < b,
(3.2) P(a<W<b)<0.625b — a) + 4rp + 2.1253 + 4rs,
wherers, r3 and rs areas defined in (2.4).

PROOFR Leta =r3and define

b—a+a
—— for w<a—a,
1 b—
—(w—a—i—a)z—ﬂ, for a —a<w<a,
2a 2
b
B2 f(w)= W—a_'z_ ; for a<w<b,
1 b—
——(w—b—a)2+ﬂ, for b<w<b+a,
2u 2
b —
aT—l—a’ for w>b+o.
Then f’ is a continuous function given by
1, for a <w <b,
f'(w)y=10, for w<a—aorw>b+a,
linear, fora—a<w<aorb<w<b+a.

Clearly,| f (w)| < (b — a + «)/2. With this f, Y;, andK (t) and K (¢) as defined
in (2.1), we have

(b—a+a)/2 = EWf(W) =) E{X;(f(W)— f(W—Y))}
icd

= %E{Xi /_Oy,. (W + t)dt}
(3.3)

- %E{/_w f/(W+t)13i(t)dt}

oo A
:E/ /(W + 1)K (t)dt := Hy + Hy + H3 + Ha,
—00
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where

Hi=Ef/(W) /t|<1K(t)dt,

m= e[ (50— Fn)K@ar,
<1

H3=E 1f/(W+t)1€(t)dt},
|t]>

Hy=E ’ lf’(W +1)(K(t) — K(t))dt}.
1=

Clearly, by (2.2),

H1=Ef/(W){1— K(t)dt}

(3.4) |t]>1
>Ef'(W)1—r2)>Pa<W=<b)—r

and

(3.5) |H3| <Y EIX;Yi[I(1Y;| > 1) =r2.

ied
By the Cauchy inequality,

1 ’ 2 A - 2
|Hy| < éE—/t|<l[f (W +1)] dt+2E/;|<1(K(t) K (1)) dt

(3.6)
b—a+2a
< _ -

- 8
To boundHy, let

+ 2rs.

L(a)=SupP(x <W <x+ ).
xXeR
Then by writing
1 ,t 0 p0
szE/ / f”(W~|—s)dsK(t)dt—E/l/ FUW +)ds K (1) dt
0 JoO —-1Jt

1 pt
=a—1/ /{p(a_agW+s§a)—P(bsW—l—sSb—l-a)}dsK(t)df
o Jo

0 0
—oe_l/ /{P(a—a§W+s§a)
—1Jt

—P(b<W+s<b+a)ldsK@)dt,
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we have

1 0 ,0
|H2|5a—1/ /ZL(oz)dle(t)ldt—i—oz_l/ /L(a)dle(t)ldt
:a_lL(a)/ 1|tK(t)|dt <0.5¢ L(a)r3=0.5L(a).
1|

It follows from (3.3)—(3.7) that
(3.8) P(a<W <b)<0.625b—a)+0.75x + 2r» + 2r5 + 0.5L ().
Substitutinga = x andb = x + « in (3.8), we obtain
L(o) < 1.375x + 2rp + 2r5 + 0.5L ()
and hence
(3.9) L(x) <2.750 + 4rp + 4rs.

Finally, combining (3.8) and (3.9), we obtain (3.1).]

PrROPOSITION 3.2. Assume (LD3). Let &£ = ¢ = (X;,Y;, Z;), where ¥; =
Yjea, Xjand Z; =3 ;cp X;. For Borel measurable functions az and bg of &
such that a; < bg, we have

P5(ag < W < bg)

(3.10) 1 S 3 3
<0.62%; “(bg —ag) +4o0; “r2+2.12%; “r3+40; “rio as.,

whereo; and r1g are as defined in Theorem2.3,and P4 (-) denotes the conditional
probability given &.

PROOF We use the same notation as in Theorem 2.3 and follow the same line
of the proof as that of Proposition 3.1. Lt be defined similarly as in (3.2) such
that fz ((ag + bg)/2) =0 andfg is a continuous function given by

1, for ag fwfbg,
fiw) =10, for w <as —a orw > be +a,
linear, for as —a <w <ag orbs <w < bg +«,

wherea = o, 2r3. Then,| fz (w)| < (b — ag + @) /2. Put

M= > Kjo) and M= Y  K;®.

JEN(C)© JEN(Cy)*
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Observe thatX; and {{, W — Y;} are independent foj € N(C;)“. Similarly
to (3.3),

0.5(bg — ag + a)o;
> E{W; fe (W)}

= ESIX i (fs(W) — (W —Y;
(3.11) jeNX(;,»)C {](fS( ) fs( ]))}

:Eﬂ[Z/gw+and4

:=H1¢+ Hye + Hze+ Hyg,

whereE? () denotes the conditional expectation given

Hyig = Eéfg(W) /t|<lM(t)dt,
Hpg = E° /lzﬂ(fg(W +1) — fg(W))M(t)dt},

Hge = E* 1fg(W+z)M(z)dz},

l71>

Hye = Ef .&W+MM@—MmM+

lrl<1
Note thatt andM (¢) are independent. Analogously to (3.4)—(3.6),
(3.12)  Hig = PS(as < W <bg)of? —ra,

|Hzel < Y ES{IX;Y|1(Y;] > D)

(3.13) JEN(Ci)¢
= Y E(X;YI(Y|> D} <r,
JEN(Ci)¢
|Hye| < 0.125; (bs — ag + 20) + 20, *E <1(M(z) — M) dt
(3.14) 1=

= 0.1255;(bs — ag + 2a) + 20, 2p,

wherep = [, -1 Var(M (1)) dr.
To boundH; ¢, define
Le(a) = lim supPs(x —1/k<W <x +1/k +a),
k—)OOXEQ

where Q is the set of rational numbers and, with a little abuse of notation, we
regardP¢ as a regular conditional probability givénFollowing the proof of (3.7)
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yields
(3.15) |Hogl < oz_ng () /;|<1 [tM(2)|dt < 0.5a_ng (a)r3= 0.50,-2L5 ().

Thus by (3.12)—(3.15),
P (ag < W <by)
(3.16) 1 . . s
<0.62%; “(bg —ag) +0.75x0; =+ 20; “ro+20; “p + 0.5L¢ ().

Now substituteas = x — 1/k andbg = x + 1/k + « in (3.16). By taking the
supremum over € Q and then lettinge — oo, we obtain

Le(@) < 137500, 1+ 20,720+ 206,3p + 0.5L¢ (@)
and hence
(3.17) Le (@) < 27500, + 40,72 + 40, 3p.
Combining (3.16) and (3.17), we obtain
ey [=VE ") S o,
<0.62%; “(bs — az) +4o0; “ro+2.12%; °r3+ 40, "p.

It remains to prove that <ryo. Let (Xj‘, YJ*) be an independent copy X ;, Y;).
Note thatK j(t) and K (t) are independent fare N(B;)“. Direct computations

yield

p= > > Cov(K; (1), K (1)) dt
JeEN(C)e leN(Cyye  111=1
> > e Cov(K (1), Ki(1)) dt

JEN(C))€leN(Bj)N(Ci)¢

= > Y EXX; (Y =0V AlYjIAD
JEN(Ci)¢ leN(Bj)N(C))*°

= XiXGI (VY7 =0V A YA D)
<D0 D EUXiX I A YA D + X X5V A YT A D)
je;’leN(Bj)

=7r10.

This completes the proof of the propositior.]

For obtaining a nonuniform conditional concentration inequality, we need two
lemmas on moment inequalities for locally dependent random fields.
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LEMMA 3.1. Let {X;,i € ¢} be a random field satisfying (LD3) and let &;
be a measurable function of X; with E&; = 0 and Esi"’ < oo for eachi € 4. Let
T =Y;cq& ando? = E(T?). Then

(3.19) o= >N Egg;
ieg jeA;
and, for a > 0,
(3.20) ET*=30"—6Y E(&&a)E(Enéc,) +3Y E(6ika)EES
ied ied
—3) E(&&5 &5) + Y E(&£3)
ied ied
+6Y E(5itatntc,) — 3 E(ia,E5)
ied ied
(3.21) <30% +55% (a®EE} +a EES +a EE) +a 1EEL),
ied
where

SA,‘:ZSjv SB,‘:ZE‘/V EC,:ZSJ

JEA; JEB; JjeCi

In particular, we have

(3.22) 0% <k EE?
icd
and
(3.23) ET*<30*+22¢3 Y Egl,
icd

where k1 = maxc; max(|Ci, |{j € §:i € C;}.

PROOF By (LD3),&; and{¢;, j € A{} are independentand this implies (3.19).
Note that for eaclhh € ¢, & andT — &4, are independent§;, £4,} andT — &5, are
independent antk;, £4,, £p,} andT — &¢, are independent. Therefore

ET* =Y E{&(T° - (T — )%}

iegd
=Y BE{4,T?) — 3E(&£5,T) + E{&:£5,)
iegd
(3.24) =3 E{&&a | E(T —&5,)° +3) E{&ia,(T? — (T — §5,)%))

icd icd
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~3Y Ef&&3 ep )+ Y El5iES )
ied ied
=3 E{&ka}(0® — 2EEpc, + E&)
ied
+3) E{&ika; (28p8c, — £3,))
ied
—3) E(&&] £5 )+ ) E{&&3)
iegd ied
=30"—6) E(&&a,)E(Eptc,) +3) E(5i£a,) EE],
ied ied
—3) E(&&5.E5) + ) E(5ES)
iegd ied
+6) E(&6akpéc) —3) E(5Eads).
ied ied
Now the Cauchy inequality implies that, for any- 0 and any random variables
Ui, U2, U3, U4,
(3.25) Eluiuzuzuy|
' < HPEul* + a  Elug* + a  Eugl* + a L E|ual?).
It follows that the right-hand side of (3.24) is bounded b;‘aEieg{a'sEéf +
a"*E&} +a EE} +a 1EEL ). This proves (3.21).
To prove (3.22) and (3.23), put; ' ={j e d:ic A} andC;t = {j € ¢:
i € Cj}. Thenky =maxeq(|C;| vV |Ci‘l|). By the C, inequality and (3.19),

0% <> Y 05(E&? + E&2)

ieg jeA;
<05c1 ) E&+05) Y E& <1y EE%.
icg je€iec;? i€

Similarly, by (3.21) witha = 1,

ET*<30* +55Y Vi SEe + 1553 Y Elg;
ied JEA;

-1.3 4 -13 4
iy kr Y EE [T ey Y ELE|
JEB; JjeCi

<30%+ 2233 Elg "
ied
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This completes the proof of Lemma 3.10]

LEMMA 3.2. Let{X;,i € g} bearandomfield satisfying (LD4*). Let &; bea
measurable function of X; with E&; = 0 and Egl.“ < o0 and let n; beameasurable
function of X 4, with En; =0and En} < oco. Let T =3 ;.4& and S =3 ;g 1.
Then, for any a > 0,

E(T?5%) < 3ET?ES? + 4 (a®E&] + a ™ E&}. + a*E&},
(3.26) ied
+ a_lEn%i* + a_lEn4Ci* + a_lEng[*},

where

Ecr= ) &), Epp= ) &

ject jeDf
ngr= Y 1j ner= Y njs npr= ) nj
JjEB} ject jeDf

In particular, we have
(3.27) E(T?5%) <3ET?ES? + 123 Y (E|&|* + Elni|*),
iegd
where ko = maxecg max(|Df|, [{j € §:i € D;f}|).
PrROOF By (LD4%*), the following pairs of random variables are independent:

() & and (T — £4,)(S — np2)?% (i) &&a, and (S — ngo)? (i) &npr and
(T —&c)(S —ncy)- Thus we have

E(T?S%) =) E&TS?

icd
=Y E(@E{TS? = T(S—np)” +€a,(S = ns)?))
ied
=Y 2E(&mnpTS)— Y. E(g,-n%;kT) + > E(&é&a,)E(S — "B;*)z
ied ied ied
=2 E{&np: (TS — (T —&cx)(S —ncy)))
ied
+2) E(&ng)E(T —&c2)(S —ncy)

ied

— Y E(EmGkcy) + ) E(Ea) [ E(S?) — 2Enp: S + Enj.)
ied ied
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=23 E{&np(EcxS +nesT — Ecrney))

icd
+2) E(&Emp | E(TS) — E(5c+S) — E(nc:T) + E(cincr))
ied
— Y E(&ngeécy) + ET?E(S)
ieg '
—2) E(&a)Engrncy + ) E(§i€a) Enjy
ied ied
= 2(E(TS))*+ ET?ES? + 2% E{&np:écrnpy)
iegd
+2) Elsingcrépy} —2)  E{émprécrncy )
ied ied
+2) E(Emp ) —E(Ecrnpy) — E(nerépr) + E(Ecrney) )
iegd
— Y E(Emgder) = 2) E(5ika) Engncy + Y E(§i€a,) Enjs
ied ied iegd
<3ET?ES?+ 4 |a®E&} +a E£l, + a1 EE].

ied
+ a_lEngi* + a_lEné;k + a_lEn?)i*},

where (3.25) was used to obtain the last inequality. By@henequality, (3.27)
follows directly from (3.26). O

We are now ready to state and prove a nonuniform concentration inequality.

PROPOSITION3.3. Let {X;,i € g} be arandom field satisfying (LD4*) and
put k = maxcg max(|Df|, [{j € §:i € D7}|). Let & be a measurable function
of X; satisfying E&; =0and |£;| < 1/(4«x). Define

EAJ‘ZZEZ’ EBJ*ZZgh Tzzg]

leA; leB; JjE€F

Assume that 1/2 < ET? < 2 and let ¢ = ¢& = (&, £a,,&p,). Then, for Borel
measurable functionsa, and b; of ¢ suchthat b, > a; > 0,

(3.28) ES{(A4T1)%1(ag <T <b;)} <Clb —ar +a)  as,
where o = 16:(22ng E|£;3. Inparticular, if a; > x > —1, then

(3.29) P(a; <T <b;)<C(A+x)3b; —a; +a) as
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PROOF LetC;“=¢ — C; and let
Kje(t)=8/{I(—£x, <t <0)—I(0=<t < —£4,)}.

Me(y= Y Kje(), Mg0)=EMg(1), Ti= ) &=T—é
jecse jecse

Since|¢;| < 1/(4c) and Y2 < ET? < 2, we have

(3.30) ki< EIT—éc:f <86,

and by (3.23),

(3.31) E|T - gc:|* <108+ 222 )" EJg;° < 108+ 20
jed

Consider two cases.

CAsEl (@ > 1). By (3.23),
ES{((A+T)%1(a; < T <by)}
< (ESL+ TIH¥* < (ES@+|T —gc: )
<EQ2+|T —é&c:|)*
<8(16+ E|T —&c:[")
< 8(16+ 3(E|T —&c: ) +22¢% ) EIS;I“)
jed

< 216<1+ K2y E|§,-|3) <2,
jed

This proves (3.28).

CAsell (0 <a <1). Define

0, for w <a; —«,
2
—(w —ar + )%, for af —a <w <ay,
2 ¢ +a) ¢ ¢
he(w) = w—a;—l—%, for a; <w < b,

1
—5n (w—be —a)?+b;—ar+a,  for by <w <b; +a,

bg—a;—i-oz, forw>b;+oz,
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and fr (w) = (14 w)3h§(w). Clearly,hg is a continuous function given by

1, for a; <w < by,
(3.32) hé(w): 0, for w<a; —aorw>b; +a,

linear, for a; —a <w <a;orb; <w <b; +a,
and 0< h; (w) < by — a; +a. With this f, and by the fact that for everye C;¢,
& and(¢, T —&4;) are independent,

ENT fr(T)}y= Y ESE{fi(T) — f:(T —£a,)})

jecy
= 3 ESEQ+ T — (14T —£4)°}he (T —£4)))
(3.33) Jjeci
+ Y ENE Q4T (he(T) — he (T —£4)))}
jeCre
=G1+ Go2.

Write G1 =3G1,1 —3G1.2+ G1.3, Where
Gii= Y E*(§i64,(L+T)he (T —£4,)),

jecre

Gia= Y E°(£j85, L+ The(T —&a))),
JjeCre

Giz= Y E°(53 he(T —&a)))-
jecre

Then(§;,é4;. T —&c) and¢ are independent for eaghe C“. Hence, by (3.30),

G1al < (br —ar +) Y E°{I&165, (L+ITD)
jeCre

< (b —ac+e) Y E|EjIE3 (3+|T — e )
jecye

< Clb —ag +a) ) E{I&j165 (1+|T — &)}
JjeCre

< Clbr —ar +a) ZC E(&j1€5 JE(L+|T —&c:)
jecye

< Cb; —a; +a) Z;Ens,-lsﬁ,}
JE

< Clbe —ag +ox? 3 EIg;°

<C(b; —a; +a). ]Eg



NORMAL APPROXIMATION UNDER LOCAL DEPENDENCE 2005
Similarly, by (3.30),/G1,3| < C(b; — a; + a). To boundG 1 write

Gi1= ) E(§a,)ES(1+T - SC_’}‘)ZhC(T —éc))
jecre

+ 2 ECEEa A+ Dhe(T —8a)) — (14T —£c:)’he (T — §c)})
jeCre

- E( > s,-éA_,»)Ef(aJr T)?he (T))

JjeCre
+ Y E(56a)ES(1+T - gc*) he (T — gc*)—(1+T)2h§(T))
jGC*(
+ 0 ES(EiEa L+ T)Phe(T = §a) = (L+ T —£c2)*he (T — &c2)))
jGC*C

=G111+ G112+ G113
First we have
G111l = E(T — &c2)°ES (L+ T)2h, (T))
< C(b; —ag + o) ES(1+T)?
< Clbe —ag +)(1+ E(L+T — &c)?)
<C(b; —a; +a).

Next, as in boundings1 2, we obtain

G113 <

3 B e 1+ TRUhelT — b0) s (T — 7))

JjeCre

+| Y ENE A {Q+ TP — (14T — &) Yo (T —Ec2))

jecre

< D EC(5Ea, 1@+ TH?[5a; —&ct)

jeCre

+Cby —ag+a) Y EX([§€a;6c:[(L+1TD)
JjeCre
< C Y (EIgjIES, + Elgj€a6ci)) + Cbe —ar + ) Y Elgj€a 8¢
jcd jed
<C(b; —a; +a).
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Finally, in a similar way,|G1,12| < C(b; — a; + a). Combining the above
inequalities yields

(3.34) G1| < C(b; — ag +a).
Now we boundG,. Using the definition o ; & (1), we write

Gz = ), EC(éj(1+T)3/_ZA4hg(T—l-t)dt)

jecre J

= Z EC<(1+T)3/II<lh2(T+t)13j,g(t)dt)

jecre

_ g 3 / y

—E ((1+ T) /Itslhg(TJH)Mg(t)dt)
_ g 3 /

—E ((1+ T) /ItﬂhC(T)Mg(t)dt)

+ E* ((1 + T)3/|[<1(h’§(T +1) — h;(T))Mg(r)dt>

+ E¢ ((1 +7)3 | lhg(T + 1) (Mg (1) — Mg (1)) d;)
1=
=G21+ G224+ G3.
Note that
2
ET?=E(T —§c;)*>3ET? — Eg8. > j— § =}
and hence

(835)  Ga1=ETPEY{(1+T)h,(T)} = §ES{(A+T)%I(a; < T <by)}.
By the Cauchy inequality, (3.26) and (3.31),

Gaal < £5(@+ ) [ i1+ 0ar)
l1]<1
L ES ( [ @+ TR0 - me <z>)2d;)
lr|<1
< (by —ar +20)ES(L+T)*
OB (W (T =60 [ () = M)
=

< Cb; —ag +a)(1+ E(T —&cx)*) + Gaa1
<C(b; —ar +a)+ G231,
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where
2\ (0, 2
62,3,1:/|z<lE{(1+ (T — &c)?) (M (1) — M (1)) d.
By (3.22) and (3.27) we have

E{(1+ (T — &c)) (Me (1) — Me(1))?)

<Ck Y EIK; e 0P +C3 Y Elg1* + Y EIK (0]
j<d jed jed

and hence

Ga31<Ck Y EIg;1%ea,| +C3 Y Elg1 + 3 Y Elg 14 %a, |

jed j€d jeg
< Ck Y E|giPlEa,| +Ci? Y Elg;
jed j€d
<Ck Y. > ElgPlEl+Ck* Y ElE 2
JEFIEA; jed
<Ck? Y ElgR < Ca.
jed

To boundG 2, define

Li(@)= lim sup ES{A+T)3I(x—1/k<T <x+1/k +a)},

— X0 x>0,xeQ

whereQ is the set of rational numbers aid is regarded as a regular conditional
expectation givey. Then, fora; > 1, so thatz; — o > 0, we have

1 pt
— ¢ 3 %
Goo=E ((1+T) /O /Ohg(T+s)dsMg(t)dt>
0 ,0O
+E€<(1+T)3/1/ hZ(T+s)dsMg(t)dt>
— t

1 pt
=a_1//EC{(1+T)3(I(a§—a§T+s§a§)
o Jo
—I(by <T +s <b; +a))}ds M:(t) dt
0 0
+a‘1/ / ES{QA+T)3(I(ar —a<T +s<ap)
=1Jt

—I(by =T +s<b;+a))}ds M:(t)dt
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and
1 pt
Gazl o [~ [ Lot ds Meolar
0 JoO
0 ,0
+a—1/1f Le (o) ds | Mg (1)| dt
—1Jt
=a_lL§(oz)/ |t M (1)| dt
(3.36) lr|<1
<0 Le(@) ) Elg64 |
j€d
<3<t (@) Y Elg°
j€d
<AL (o).
Therefore,
Go> §ES{(1+T)%I(a; < T < b))
(3.37) 8 ‘ ¢

— Clby —ar +a) — &L ().
Now by (3.31)
ES(Ti fr (T)) < (bg — ag + ) EX | T;(1+ T)3)
(3.38) < C(be —ag + ) E(|T;|(1+1T: %)
<C(b; —a; +a).
So combining (3.33), (3.34), (3.37) and (3.38), we haveifor 1,
(339)  EY(A+T)*I(ar <T <bp)} <C(br —ar +a) + 3L ().

For O< a; <1, it suffices to consideb; — a; < 1. Applying Proposition 3.2 to
{&,i € g}, we obtain
ES{(1+T)%1(a; < T < b +))
(3.40) ¢ ¢
= CPg(aC <T <b;+a)<C(b; —ar +a).

Now takea; = x — 1/k andb; = x + 1/k + «. By taking the supremum over
x € Q and then letting — oo, (3.39) and (3.40) imply

Le(@) < Ca+ 3L ().
Hence
(3.41) L¢(a) <Ca.
This together with (3.39) and (3.40) proves (3.28) and hence Proposition(3.3.
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4. Proofsof Theorems2.1-2.4. We first derive a Stein identity fdW. Let f
be a bounded absolutely continuous function. Then

E(WfW)} =Y E{Xi(f(W) — f(W —Y))}
iegd

0
:%E{X,-/_Yi f/(W+t)dz}

=§E{/_wf/(W+t)ki(f)dt}

= E/OO (W + 0K (1) dt

(4.1)

and hence by the fact thdf_ K (1) dt = EW? =1,
Ef'(W)—EWf(W)

:E/OO f/(W)K(z)dz—E/oo W +0R (@) dt
=E/_ F(WY(K (1) — K())dt

(4.2) +E (f (W) — f'(W + 1)K (1) dt

[t|>1

+E[ (W)= fW+D) K@) - K(@®)dt

=<1

+E (f'(W) — f'(W+0)K(t)dt

lrI<1
‘= R1+ R2+ R3+ Ry.

Now choosef to be f; ,, the unique bounded solution of the differential equation
(4.3) f(w) —wf(w)=h; q(w) — Nh; 4,
wherea > 0 is to be determined later,

1, for w <z,
(4.4) hoow)=131+@G@—w)/a, for z<w<z+a,

0, for w>z+a,

andNh,, = (27)~ Y2 [ h..(x)e=**/2dx. The solution of (4.3) is given by

w
Fraw) =2 [ [hea) = Nhzgle 2
o0

o0
= P2 / [y o () — Nhyole™ /2 dx.
w
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From Lemma 2 and arguments on pages 23 and 24 in Stein (1986), we have, for
all w andv,

(4.5) 0< fra(w) <1,
(4.6) | flqw)| <1, Ifl o) = fl (=<1
and

|fra+s) = f o (w+1)|

4.7) < (lw| + Ly min(s| +|¢], ) + ot

t
/ Iz<w4+u<z+a)du
)

(4.8) <(w|+Dmin(|s|+|t],D+I(z—sVi<w=<z—sAt+a).

PROOF OFTHEOREM2.1. By (4.6),

(4.9) IRl = |Ef' (W)Y (X;Yi — EX;Y)| <r1
iegd
and
(4.10) |R2| <Y EIX;YilI(Yi| > 1) =ra.
ieg
By (4.8),

R3] < E/|,<1('W' LD @) — K1) dr

l A
(4.11) +E/o [z—t=W<z+a)|K{)—K()|dt

0 N
+E/11(ZSsz—t—l-a)IK(f)—K(tNdl‘

<rz+rs+ R31+ Rz,

where

l A
R371:E/ I(z—t<W<=<z+a)|K()— K(1)|dt,
0

0 N
R3,2=E/ Iz=W<z—t+a)|K()—K(@)|dt.
-1

Lets =0.625%x + 4rp + 2.1253 + 4rs. Then by Poposition 3.1
Pz—t<W=<z+4+a)<45+0.62%
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for t > 0. Hence by the Cauchy inequality,

1
R31< E{/O (0.5¢(8 +0.625) I (z—t <W<z+a)
+0.5¢1(5 + 0.625)|K (1) — K(t)|2)dt}

1 . 1 A
<0.50 + 0.5a_16/ Var(K (1)) dt + 0.32a_1/ tVar(K (1)) dt.
0 0
A similar inequality holds forRz ». Thus we arrive at

(4.12) R3 <o+ 050 *r5+0.320 1§ +ra+ra.

By (4.7) and Proposition 3.1 again, we have

Ra < Ef| (WI+ DK @] dr
=<

t
(4.13) +a—1/ 1/0 Pz<W+u<z+a)du||K@)dt
[t]<

<2r3+ a_1/ t8|K ()| dt < 2r3+a ors.

lt]<1

Combining the above inequalities yields
|Ehz,a(W) — Nhz ol
<r1+r2+3r3+ra+ o +a H8(0.5r5 + r3) + 0.32¢}
<ri+r2+36253+r4+0325+«
+ a Y{(4rp + 2.1253 + 4r5) (0.5r5 + r3) + 0.323).

Using the fact thath,_ (W) < P(W <z) < Eh; (W) and that|®(z + «) —
®(2)| < (27) Y2, we have

(4.14)  sup|P(W <z) — ®(2)| < SUp|Eh; (W) — Nh_ 4| + 0.50.
Z Zz

Letting o = v/2/3((4r2 + 2.1253+ 4r5)(0.5r5 + r3) + 0.32:8) /2 yields
sup|P(W <z) — ®(2)|
Z

<ri+r2+3.6253+r4+ 0325

+V/B((4r2 + 212575 + 4r5) (055 + 1) +0.32r2)
<ri1+r2+3.6253+ra+ 0.325+ 1.5r¢

+0.5(1.5(4rp + 2.1253 + 4rs5) + 4(0.5r5 + r3))
<ri1+4rp+8r3+r4s+4.55+ 1.5r.

(4.15)
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This proves Theorem 2.1.0]

PROOF OFTHEOREM 2.2. Letpz =3 A p. Using the following well-known
inequality:Vx; > 0,o; > 0with Y «; =1,

(4.16) [Tx" =D aixi,

we have
r2< Y E|X;||Y;|P3 7t
ied
<Z{ Elx;|r 4+ B E|Y|”3}
7 p3
and

rs< Y E|X;||v;|P5t
iegd

<Z{ E|X; |p3+

icd

-1
E|Yi|"3}.

Similarly we have

rs< Y. {EIXiX;||V;|P3 2+ E| X X5||Y; P2

i,j€d.BiBj#2

P3—

1 1
<2 ¥ | SERir B
3

2
E|Yl-|P3}
i.jeg.BiBj#

-2
< ZKZ{ Elx;|7 4+ 22 E|Y,-|P3}
icd P3
and
1 _ _
f=s 2 AEIXXINGIPT + EIXXGIY )
i,j€d.BiBj#o
< KZ{ E|X;|? + —E|Y |P}
ied p
Now we estimate4. Recall that
Zi=>_ X;
JEB;
and that(X;, Y;) andW — Z; are independent.
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We have

ra <Y (E\W — Z{|E|X;|(Y2 A D) + E|Z; X; (Y2 A D))

ied
<Y HQA+EIZDEIXi|(YZ A D) + E|Z; X;]|Y; |32
ied
<N EIX|NYP 30 ST EIXGIE|X Y|P
ied ieg jeB;
+3° 3 EIX;X|| |2
ieg jeB;
<Z{ E|X;|P3+ 23 E|Y|p3}
icd P3

+2KZ{ Elx; |72+ 23 E|Y|”3}
= p3

To estimate, let§; = X;Y;1(|X;Y;] <1). We have

rn<E Z(Ei — E&) +22E|Xiyi|l(|XiYi| >1)
ied i€ed
1/2
§Var<Z§,-> +2) E|X;Y;|P%/?
ied i€ed

1/2
§Var<Z§,-> + > {E|X;|’ + E|Y;|73}.
iegd ied

Similarly to bounding,

Var(Z&)S Y. (El&&jI+EI&EIEI)

icd i,jed,BiBj#2

< Y (EIXiYIPX Y0+ ENX Y PAE XY 1P
i,jed,BiB;#o

<k Y (E|X;|P + E|Y;|").
icd

Combining the inequalities above yields (2.5).]
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PROOF OF THEOREM 2.3. The idea of the proof is similar to that of
Theorem 2.1. Noting thak; andW — Z; are independent, we rewrite (4.2) as

Ef'(W)— EWf(W)
:Z{E/OO f/(W)K,-(z)dz—E/oo f/(W+z)1€,-(z)dt}
i€d - -0

(4.17) =2Efoo (f' (W) = f{(W = Z;i + 1)K (t) dt
ied -
FXE [T Wzt f Vo)
ied -
= Q01+ Q02+ 03+ Oa,

where

01=YE /|t<1(f’(W) — (W = Zi + 0)K; (1) dr,

icd
Q=Y E[ (fN)~fW-Z+0)Kwr,
o =t

0s=%" E/ (f'(W = Zi 1) — /(W +0)Ki(1) 1,

ieg Ji=1

04=Y E /| LW =z = W )Rt dr.

ied f=1
By (4.6), similarly to (4.10),

(4.18) 102l + 103l < 2%E|X,-Y,-|I<|Y,-| > 1)=2r
To boundQ4, write Q4 = Q4.1 + Qa.2, Where
Q41 = Zg EI(X:| > 1) /|z<l(f/(W —Zi+n— W+ 0) Ry dt,
Q42 = Zﬂ EI(Xi|<D /| W =zt = S 0) it
Then by (4.6),

(4.19) 10411 <) EIXiY;[I(1Xi| > 1) =r7.

ieJ
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From (4.7), we obtain

Qa2 < Y EI(X;| < 1)/|,<1('W' 1+ DAZi ADIK; (1) dt
iegd =
+a Y EI(Xi| <)
ied
X/ 1(Z; =0)
[1]=<1
0 A
x [ 1e=WtituszradulRioldr
—Z;
+o Y EI(Xi| <)
(4.20) =

X / I(Zi <0)
l7]<1

_Zl .
X/ I(z<W+t4+u=<z+a)dulK;t)|dt
0

<D E(WI+DIXA(Xi | < DUZi| AD(Yi| A L)
icd
+05Y E|X;[(1Vi[* AL)+ Qas
icd
<rg+rg+0.5r3+ Qa3,

where

Q4,3=a—1ZE{1<|xi| <1
icd

x/ 1(Zi > 0)
[t]<1
0 ~
xf Psi(ZEW+I+M§Z+Ol)du|Ki(t)|dt}
_Zi
+a Y E{10x1 <)
iegd

X / I(Zi < 0)
l7]<1

7 A
x/ PS"(zfW+t+u§z+a)dulKi(f)|df}
0
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and¢; = (X;,Y;, Z;). By Proposition 3.2,
Qsa=a Y E{10Xi1 =D
ied
x [ (06255 + 40 %2
l1]<1

(4.21) +21265 g +40; n0| Zi IRi(0)di|
<0.625. ) E{|X;|1(1X;| < D(Y;| ADIZi]}
iegd
+ o HdN%rp + 2125033 4+ 403110}
= 0.625rg + o H4AA%rp + 2.125.3r3 + 403r10) 7.
Combining (4.19)—(4.21) yields
|Qal <r7+4rg+ 1.625urg+ 0.5r3
(4.22) 1o 3 3
+ o H{Arro 4+ 2.125.°r3 + 4X°r10}rs.

Similarly we have

1011 <Y P(IXi| > DE[X;|(1Yi| A 1)
icd
+ Y E{AWI+D(ZiII ADIEIX (Vi AD) 473
icd

-1 2 3 3
(4.23) 4+ a”{0.625.a + 41 “rp + 2.125.°r3 4+ 41.°r10}

x 10.5r3+ Z E{(IWI+DUZil ADIEIX;[(|Yi]| A D)
icd
=ri1+ri2+r3
+ " 1{0.625a + 41%rp + 2.125.3r3 + 42.3r10} (0.5r3 + r12).
Combining (4.17), (4.18), (4.22), (4.23) and (4.14), we obtain

SUp|F(z) — ®(2)|

(4.24) <05a + 2ro + 20 r3 +r7+ 1.625rg + rg + r11 + 1.625.r12
+ o Har%ry + 2.125.3r3 + 423110} (rg + 0.5r3 + r12).
Let
o = (2(402ry + 2.125.3r3 + 403r10) (rg + 0.5r3 + r12)) /2.
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Then the right-hand side of (4.24) is
=2rp+ 20 r3+r7+ 1.625rg 4+ rg + r11 + 1.6250r12
+ {2(4)%rp + 2.125.3r3 + 43.3r10) (rg + 0.5r3 + r12)} /2
<2rp+42ir3+r7+4+ 1.6250rg+rg+r11+ 1.6250r12
+0.50732(40%rp + 21250313 4 403r10) + 1¥2(rg + 0.5r3 + r12)
<4 3¥2(rp+r3+r7+rg+ro+rio+rii+rio).
This proves Theorem 2.3

PROOF OFTHEOREM 2.4. We can assume that
(4.25) kKPS E|IX|P < £
ieg
Otherwise (2.9) is trivial. Le§; =3~ jcy(c;) Xj- Then by (4.25)

1/p
VEEZ < (E|&|)M? §<|N(C,-)|P—1 3 Ellep)

jeN(C;
(4.26) JENE)

1/p
= ( > E|xj|”) < (R)Y7 < (3)° < 02372
JEF
and
o > VEW2 —VEE? > 1-0.2372=0.7628
Thus 4.%/2 < 6.01. By (4.16) and the Minkowski inequality
re <y E|X;Zi||Y;|P~2

ied
=Y E@w PP 1X;0(1Zi1 1Y PY(1Yi 1 /1M PP
ied
<Z ZkPrE X +Z E|Z| + E|Y;|
zeg ied pK
_l 1
ICil? (p G P D) 5 e

iegd iegd jeC;
5KP—1ZE|X,-|P.

iegd

Similarly we have

rotra+rr+rin <2 Y E|X)P.
ied
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Note that| N (B;)| < |N(C;)|. Following the proof forrg yields

rio< Y. {EEPT2P1X;1cPTAIPIX (Y| /¥ PP
i,jed.B;Bj#@

+ E(K(P—Z)/P|Xl.|K(P—2)/P|X;f|(|yl.|/K2/P)P—2)}
<2 ) {K
i,jed,Bi B;#2
<2%P LN EIX P
ied
Therg can be bounded ag andr4. By (4.26),
ro< Y EIW —&IEIX; (Y| AD(Zi| AD+ Y EI&]1X:]Y;1P~2

p—2

-2
(E|X;|P + E|IX;1") + E—2E v,
pK?

ied ied
<1.2372) E|X; |11 Zi|P72+ Y E|X;||& Y172
ied ied
<2.237277 1) E|X;|”.
iegd

Similarly,

ri2<3.23727 1Y E|X;|P.
icd
Theorem 2.4 follows from (2.7) and the above inequaliti€s.

5. Proof of Theorem 2.5. The basic idea of the proof of Theorem 2.5 is
similar to that of Theorem 2.3. We use the same notation as in Section 2.2 and
remind the reader thatX;,i € ¢} satisfies (LDZ) and thatE|X;|? < oo for
2<p<3.

First we need a few preliminary lemmas. Let

t=1/8k), Xi=X;I(X;/|<1), Xi=X:1(Xi|>1),
O w-yx.  v=Yx,

ied JEA;
and
BL=Y EIX:YilI(Xi|>v), 2= EXI(Xi|> 1),
iegd iegd
(5.2) 5
Ba=Y_EIXiPI(1Xi| <1).
iegd

Our first lemma shows thav is close tow.
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LEMMA 5.1. Assume 82 < t/16. Then there exists an absolute constant C
such that, for z > 0,

|P(W >2z) — P(W>2)|
(5.3) <Y P(Vil> @+ 1)/4) +Cz+ 1 %5ps
ied
+ 64K2/32{(1+z)‘3 + P(W > (z—1)/2)}.

PRooOFE Observe that

P(W=>z)= P(W >z, mz;xle-l < r) + P<W >z, m:;xle-| > r)
e e

SPW=>2+) PW=>z|Xi|>1)
ied
<PW=>2+> {P(W-Y;>3(z—1/3)/4 X > 1)
ied
+P(Yi > (z+1)/4,1Xi| > 1)}
<PW>2+> {P(W=Y; >3(z—1/3)/4)P(X| > 1)
ied
+P(Y; > (z+1)/4))
<PW=>2)+> {P(W=>@E-1/2P(Xi|>1)
ied
+P(—Yi>(z+1D/4)+PYi> (z+1)/4)}
<P(W>2)+P(W>(z—1/2)t 2> EIXAI(X;| > 1)
ied

(5.4)

+> P(IYil > (z+1)/4)

iel
= P(W > z2) 4+ 642B,P(W > (z — 1)/2)
+> P(IYil > (z+1)/4).
iel

Similarly, noting that 3" 4, X ;| <1, we have

(5.5) P(W>2)<P(W>2)+k’BP(W>z—2).
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Note thatB, < /16 implies| EW| < 1/16 and by (3.22),
|Var(W) — 1| = | Var(W) — Var(W)|

1/2
(5.6) < 2(EW2)1/2(Var<Z)?i)> +Var<Z)?,-)

icg icd
< 2(cp2)V? + kB2 < 2/3.
Applying (3.23) toW — EW yields
E|W —EW +4*
(z+2— EW)*

PWW>z-2)<

<C(z+ 1)—4<1+K3ZE|X,-|41<|X,-| < r))

(5.7) ieg

<CGz+ 1>—4<1+x3r Y EIXiPI(X;| < r))
ied
<CG+1D ML +«%B3).
By (5.4)—(5.7) and the assumption thag, < 1, (5.3) is proved and hence the
lemma. O
LEMMA 5.2. Assume E|X;|? < oo for some 2 < p < 3. Then there exists an
absolute constant C such that, for z > 0,
(5.8) PW>(z-1)/2) <CA+2) P14+« 1y)
and
Y P(1Vil> (z+1)/4) + 131+ 2) B3
ied
+ (142 3B+ 2B A+ )2+ P(W = (z - 1)/2))
<CkPA+2)Py +CA+2)"%? 12,
where y = Zieg E|X;|P.

(5.9)

PROOE If k?~1y > (1 + z)?~2, then (5.8) is trivial becaus® (W > (z —
1)/2) <4(z+ D 2EW+1)2= 8(z +1)=2. To prove (5.8) forx?~1y < (1 +
P72, let

—~

1Xil < A+2)71) - EX;I(1X;] = (1+2)7),
1Xil > A+2)7) - EX;I(|X;| > 1+ 2)7),

*

1

W= Xi, W*ZZX:F
icd icd

—~
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Then
P(W>(z—1)/2

<P(W>(z—-3)/4)+P(W*> (z+1)/4)

<CA+2)*E\W+1*+ 41+ 2) LE|W*|

<CA+ ) A+ EWH+CcA+2)HA+2)7) "y
Similarly to (5.6),k?~1y < (1+ z)?~2? implies Va(W) < 4. Hence by (3.23),

E|W|* < C(1+K32E|X,-|“I(|Xi| < <1+z>r))
icd
<C(1+«Pra+2)%Py).

By combining the above inequalities, (5.8) is proved.
We now prove (5.9). From (5.8), the Chebyshev inequality and the Holder
inequality, the left-had side of (5.9) is bounded by

(@+D/4) " E|P +k3A+2) 3% Py
ieg
+ Q4+ EIXGPTHY 4+ CA+ ) PP Ry (L kP Ty
iegd
<C(l+2)"PkPy + CA+2)"3%?P1)2
This completes the proof of the lemma]
PROOF OFTHEOREM 2.5. Without loss of generality, assume- 0. When

kP~1y > 1, (2.10) follows directly from (5.8). When?~1y < 1, then (2.10) is a
consequence of (5.9) and the following inequality:

IF(z) - @@ <> P(IVil > z+1/4+CA+2) B
iegd
+Ck?Bof{(1+2) 3+ P(W = (z—1)/2)}
+Ci®(1+2)3s.

So it suffices to prove (5.10). It is clear, that for O,

(5.10)

IP(W>2)—(1—®@)|<P(W>(z—1)/2)+16(1+2)"°.
So (5.10) holds if28, > 2—18. It remains to consider the case that

(5.11) K2B < 1s.



2022 L. H. Y. CHEN AND Q.-M. SHAO

Let W be defined as in (5.1). By Lemma 5.1, it suffices to show that
IP(W <2) - @(2)|
(5.12) -3 -3 2 -3
<CA+2)B1+Ck(A+2) B2+ Cx“(1+2)"Bs.
Leto?=Var(W), T = (W — EW)/o. Then
|P(W <2) — D(2)|
=|P(T <(z— EW)/o) — ®(2)|
<|P(T <(z—EW)/o)—®((z— EW)/o)|
+|®((z — EW)/0) — ®(2)|.

(5.13)

By the Chebyshev inequality,
(5.14) EW| <t 'Y EXZI(Xi] > 1) < £
iegd

By (5.6), we have 13 < o2 < 2, and moreover, similarly to (5.6),

ZE(X,W)’ +Var<Z)A(,-)

iegd iegd

<2Y EIX;Yi1(X;| > 1)+« > EX?I(IX;| > 1)
ied ied

= 2B1+ kpa.

Thus by (5.14) and (5.15),

o2 —1|=2

(5.15)

|®((z — EW) /o) — ®(2)|
<|®((z— EW)/0) — ®(z/0)| + |P(z/0) — D (2)]
<CA+2)3EW|+CA+2) 302 -1
<C(L+2)kp2+C1L+2) 381

(5.16)

With x = (z — EW) /o (> —1/2), we only need to show that
(5.17) |P(T <x) — ®()| < Ck*(L+x)Ba.
Put

&= (Xi— EX)))/o, Ear= D & Eg, = Y &,

JEA; JEB;

Ki(t)=&(I(—€a, <t <0)—I(0<1<—£4,)),  Ki(t)=EK;().
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By the definition ofr, we havelgs, | < § and|&g, | < 3. If (1+ x)x?B3 > 1, then
by (3.23),

|P(T > x) — (l— CI>(x))|
<A4+x)*EQ+T*+A+x)"?

<C1+ x)—“(l +63y E|§,-|4>
iegd

< C(1+x)‘4(1+x3rZEISiI3)
ieg
< CA4 )41+ 2B3) < C(1+x)"3?Bs,

which proves (5.17).

If (14 x)«2B3 <1, leta = 64«?p3. Also let h, ,(w) be as in (4.4) and let
f(w) = fr.«(w) be the unique bounded solution of the Stein equation (4.3)avith
replacingz. Then by (4.1) and similarly to (4.2),

Ef(T)— ETf(T)

—ZE/ (T — &g, +1) — f/(T 4+ 1)K, (1) dr

icg Jhst
(5.18)
+>° E/ fI(T)— f(T —&p, +1))K; () dt
iegd f=
:=R1+ Ro.
Letg(w) = (wf(w)) and let
—&B; A
Rll_ZE/ / g(T~|—u)duK,-(t)dt‘,
ieg lr|<170
—&B, A
Ripo=a" lZE/ / I(xfT—i—qu—l—a)duKi(t)dt‘.
ied lr1=1
Noting that
t
Fralw+0 = fla@+9) — [ gw-+udu
(5.19) . *
<oz_1/ Ix<w+u<x+a)dul|,
s
we have

|R1| < R11+ Ryp.
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Let¢ = (&, 84,,8B,)- By Lemma 5.3,

R11<ZE/

|K; (1)| dt

/_ Etig(T—i-u)du

=1

< C(1+x)—3ZE/ &g, ||Ki(1)| dt
icd

<CA+x)3Y E|&&a&p|
ieg

< CK®(1+x) 3B,
and by Proposition 3.3,

Rio<a™ 1ZE/

ieg It

<Cal1+x) SZE/I (B3 + o) |ep, || Ki (1)) dr
icd

< CO{_l(l +X)_3(K ﬂS + 05) Z E|$i§A,‘§B,‘|
icd

/ "PUx < T +u<x+o)dulRi(0)dt
<1

< Ck?(1+x)"3Ba.
This proves
|R1| < Ci?(1+x) 3.
Similarly we have
|Ro| < Ci®(14x) 3B
Hence we have
(5.20) |Ehyo(T) = Nhy o| < C?(14x)"3Ba.

Finally, using the fact thak’,_, (T) < P(T <x) < Ehy o(T) and that® (x +
o) — ®(x)| < C(1+ x) 3« for x > —1/2, we have (5.17). This completes the
proof of Theorem 2.5. O

It remains to prove Lemma 5.3 which was used above.

LEMMA 5.3. Leté‘:{i:(givEAi"i:Bi) and
(5.21) g(w) = gr.a(w) = (Wfr.a (W)
Thenfor x > —1/2 and |u| < 4, we have
(5.22) ESg(T +u) < CA+x)"3(1+«2B3).
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PrRoOF From the definitions oN 4, o, fr.o @andg, we have

o 1 2
Nh, , = d(x)+ —/ seFTa—as)Y2 go
X, ( ) m 0

V2 e’ 20 (w) (1 — Nhy o), w<x,
V2 e’ 12(1 — & (w))Nhy

Sraw) = - aew2/2/1+(z_w)/a se_(z+°’_as)2/2ds, x<w<x-+a,

0
«/Znewz/z(l — ®(w))Nhy g, w>x+a,
(V2r 1+ w?)e® 2 (w) + w)(1— Nhyq),  w<x,
) = | (V2T A4+ wDe (1= @) = w)Nhra + rra(w),
X<w=x-+a,
(V2r(1+ wz)ewz/z(l — d(w)) —w)Nhy g, w>x+a,
where

xX+o — —
rxva(w):—wewz/z/ <1+x S)e_sz/zds—i-(l—{—x w).

w o o

Forx < w < x + o, we have, by integration by parts,

+ — —
rx’az_ewz/z'/x as<l+x s)e_sz/zds—l-(l—l-x w)

w o o

= ew2/2 /x+a e_sz/zds >0.

w

S0 0<ryq <1lforx <w <x+«. It can be verified that & g(w) < C(1+ |x|)
for all x. Therefore, (5.22) holds whenl < x <6.

Whenx > 6, the proof of (5.22) is very similar to that of Lemma 5.2 of Chen
and Shao (2001).

A direct calculation shows that, fasr > O,

(5.23) 0< V27 (L+wde” 2(1— d(w)) — w <

1+ w3

This implies thaig > 0, g(w) < 2(1— ®(x)) for w <0 andg(w) < l+2w3 +1(x <

w < x + «) for w > x; furthermore,g is clearly increasing for & w < x.
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Therefore,
Eg(T+u)=E‘g(T+w)(T+u<x—1)
+ ESg(T +u)I(T +u>x)
+Eg(TH+uwl(x—1<T+u<x)
<21-®W) +gx —D+2(1+x3H7!
(5.24) + P x<THu<x+a)
+Eg(T+uw)l(x—1<T+u<x)
< C((A+) 3+ x20 D21 — o (x))) + C(L+ 1) 3
+ESg(T+u)l(x—1<T+u<x)
<CA+0)3A+0)+ ESgT+uw)l(x—1<T+u <x).

By Proposition 3.3 amthe factthatv —u >x —5> (x +1)/7forw>x—-1>5
and|u| <4,

ESg(T+wl(x—1<T+u<x)
X
=f —g(w)dP*(w <T +u <x)
x—1
:g(x—l)Pg(x—1<T+u<x)

+/x gW)P (w<T+u<x)dw

x=1

625  =CA+0+CA+0 7 [ gt - w)dw
sc+n ftragenr+ [ - wdgw)]

5C(1+x)_3{1+ax+/xlg(w)dw}

<CAL+0) 31+ xfr o)
<Cl+x73
Combining (5.24) and (5.25) yields (5.22). This completes the proof of Lemma 5.3.
O
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