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The efficiency of two Bayesian order estimators is studied. By using
nonparametric techniques, we prove new underestimation and overestima-
tion bounds. The results apply to various models, including mixture mod-
els. In this case, the errors are shown to be O(e™%") and 0((logn)b/ﬁ)
(a, b > 0), respectively.

1. Introduction. Order identification deals with the estimation and test of a
structural parameter which indexes the complexity of a model. In other words, the
most economical representation of a random phenomenon is sought. This problem
is encountered in many situations, including: mixture models [13, 19] with an un-
known number of components; cluster analysis [9], when the number of clusters is
unknown; autoregressive models [1], when the process memory is not known.

This paper is devoted to the study of two Bayesian estimators of the order of a
model. Frequentist properties of efficiency are particularly investigated. We obtain
new efficiency bounds under mild assumptions, providing a theoretical answer to
the questions raised, for instance, in [7] (see their Section 4).

1.1. Description of the problem. We observe n i.i.d. random variables (r.v.)
(Z1, ..., Zy) = Z" with values in a measured sample space (Z, ¥, u).

Let (®x)k>1 be an increasing family of nested parametric sets and d the Euclid-
ean distance on each. The dimension of ®j is denoted by D(k). Let Oy =
Uk>1 Ok and for every 0 € ®, let fy be the density of the probability measure
Pg with respect to the measure .

The order of any distribution Py, is the unique integer k such that Py, € {Py:6 €
O \ Ok—1} (with convention @y = @). It is assumed that the distribution P* of
Z1 belongs to {Py:0 € Oy }. The density of P* is denoted by f* = fp+ (0* €
O+ \ Og«—1). The order of P* is denoted by k*, and is the quantity of interest
here.

We are interested in frequentist properties of two Bayesian estimates of k*. In
that perspective, the problem can be restated as an issue of composite hypotheses
testing (see [4]), where the quantities of interest are P*{%n < k*} and P*{IZ, >
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k*}, the under- and over-estimation errors, respectively. In this paper we determine
upper-bounds on both errors on k, defined as follows.

Let IT be a prior on O« that writes as dI1(0) = w (k)7 (0) d9, for all 6 € O
and k£ > 1. We denote by IT(k|Z") the posterior probability of each k > 1. In a
Bayesian decision theoretic perspective, the Bayes estimator associated with the
0-1 loss function is the mode of the posterior distribution of the order &:

75,? = argmax{I1(k|Z")}.
k>1
It is a global estimator. Following a more local and sequential approach, we pro-
pose another estimator:

kL =inflk > 1:TI(k|Z") > TI(k 4 1]1Z")} <kS.

If the posterior distribution on k is unimodal, then obviously both estimators are
equal. The advantage of % over 75,? is that ’k} does not require the computation
of the whole posterior distribution on k. It can also be slightly modified into the
smallest integer k such that the Bayes factor comparing Oy to Oy is less than
one. When considering a model comparison point of view, Bayes factors are often
used to compare two models; see [11]. In the following, we shall focus on kS and

n
7%, since the sequential Bayes factor estimator shares the same properties as 75,%

1.2. Results in perspective. 1In this paper we prove that the underestimation
errors are O (e~ ") (some a > 0); see Theorem 1. We also show that the overesti-
mation errors are O ((log n)b/nc) (some b > 0, ¢ > 0); see Theorems 2 and 3. All
constants can be expressed explicitly, even though they are quite complicated. We
apply these results in a regression model and in a change points problem. Finally,
we show that our results apply to the important class of mixture models. Mixture
models have interesting nonregularity properties and, in particular, even though
the mixing distribution is identifiable, testing on the order of the model has proved
to be difficult; see, for instance, [6]. There, we obtain an underestimation error of
order O(e~%") and an overestimation error of order O ((log n)? /a/n) (b > 0); see
Theorem 4.

Efficiency issues in the order estimation problem have been studied mainly in
the frequentist literature; see [4] for a review on these results. There is an extensive
literature on Bayesian estimation of mixture models and, in particular, on the or-
der selection in mixture models. However, this literature is essentially devoted to
determining coherent noninformative priors (see, e.g., [15]) and to implementation
(see, e.g., [14]). To the best of our knowledge, there is hardly any work on frequen-
tist properties of Bayesian estimators such as ?,? and E; outside the regular case.
In the case of mixture models, Ishwaran, James and San [10] suggest a Bayesian
estimator of the mixing distribution when the number of components is unknown
and bounded and study the asymptotic properties of the mixing distribution. It is
to be noted that deriving rates of convergence for the order of the model from
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those of the mixing distribution would be suboptimal since the mixing distribution
converges at a rate at most equal to n~ /4 to be compared to our O ((logn)?//n)
(b > 0) in Theorem 4.

1.3. Organization of the paper. In Section 2 we state our main results. General
bounds are presented in Sections 2.1 (underestimation) and 2.2 (overestimation).
The regression and change points examples are treated in Section 2.3. We deal
with mixture models in Section 2.4. The main proofs are gathered in Section 3
(underestimation), Section 4 (overestimation) and Section 5 (examples). Section C
in the Appendix is devoted to an aspect of mixture models which might be of
interest in its own.

2. Efficiency bounds. Hereafter, the integral | f d of a function f with re-
spect to a measure A is written as Af .

Let L ﬂr(u) be the subset of all nonnegative functions in L'(u). For every f €
Llr(,u) \ {0}, the measure Py is defined by its derivative f with respect to pu.
Forevery f, f' € L1 (w), we set V(f, f') = Py(log f —log f')? [with convention
V(f, f') = oo whenever necessary].

Let £* =log f*. For all 0,0’ € O, we set £y =log fy and define H(0,0) =
Py(Lg — £y/) when Py K Py (00 otherwise), the Kullback—Leibler divergence be-
tween Py and Py. We also set H(0) = H(6*,0) (each 6 € Oy).

Let us define, forevery k > 1, o, § > 0 and 1 € O, 0 € O,

l;s =inf{fo :0 € O, d(t,0") < 8}, u;.s = sup{ for 10 € O, d(t,0") <8},
H =inf{H(0'):6' € O}, Sk(8)={0" € Or:H(®') < H} +6§/2},
g0, a) = P*(€* — £9)2e™ =) 1 v (£*, ) € [0, co].

Throughout this paper we suppose that the following standard conditions are sat-
isfied: for every k > 1, (O, d) is compact and 6 — £g(z) from ®f to R is con-
tinuous for every z € Z. By definition of k*, we have H; =0 for all kK > k* and
H} > 0 otherwise.

We consider now two assumptions that are useful for controlling the underesti-
mation and overestimation errors.

A1l. For each k > 1, there exist «, 69 > 0, M > 1 such that, for all § € (0, dg],
sup{g(@,a):60 € Sk (8)} < M.
A2. Forevery k > 1 and 6 € ®y, there exists ng > 0 such that
V(o )+ V(o) + V(¥ uon) + V(e . fo) < oo.

Assumption Al states the existence of some (rather than any) exponential mo-
ment for log ratios of densities (£* — £y) for 6 ranging over some neighborhood of
6* and was also considered in [4].
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2.1. Underestimation. We first deal with the underestimation errors.

THEOREM 1. Assume that A1 and A2 are satisfied and that wi{Sx(5)} > O for
all§ >0andk=1,... k"

(i) There exist ¢, ¢, > 0 such that, for every n > 1,

(1) P (kS < k*} < c/le_"C/Z.

(ii) If, in addition, H; > H,:_Hfork =1,...,k*—1, then there exist ¢, ¢y > 0
such that, for everyn > 1,
2) Pt {EI; <k*} <cre "2,

The proof of Theorem 1 is postponed to Section 3.

According to (1) and (2), both underestimation probabilities decay exponen-
tially quickly. This is the best achievable rate. This comes from a variant of the
Stein lemma (see Theorem 2.1 in [2] and Lemma 3 in [4]).

Values of constants ¢y, c’l, c, c/2 can be found in the proof of Theorem 1. Eval-
uating them is difficult [see (9) for a lower bound on ¢; in the regression model].
However, we think that they shed some light on the underestimation phenomenon.
It is natural to compare our underestimation exponents ¢y and c’2 to the constant
that appears in Stein’s lemma, namely, infpce,. , H (0, 0*). The constants do not
kg and ky

match, which does not necessarily mean that &, and

to [4] for a discussion about optimality.

are not optimal. We refer

2.2. Overestimation. Let the largest integer which is strictly smaller than a €
R be denoted by |a]. For simplicity, let a V b and a A b be the maximum and mini-
mumofa,beR,and V(O) =V (f*, fo) VV(fs, f*) (6 € Ox). Itis crucial in our
study of overestimation errors that, if A1 is satisfied and C; = 5(1 +1log?® M) /2a?,
then (following Lemma 5 and Theorem 5 in [20]) for all k > k* and 6 € O,
H () < e? yields

3) V() < C1H(0)log? H(6).

Let us now introduce further notions and assumptions. Given § > 0 and two
functions / < u, the bracket [/, u] is the set of all functions f with [ < f <u. We
say that [/, u] is a §-bracket if /, u € LL(M) and

w(u —1) <38, P*(logu —logl)? < 82,
P,_;(logu —log f*)> <8log?8 and Pi(logu —logl)? < §log?s.

For C a class of functions, the §-entropy with bracketing of C is the logarithm
& (€, §) of the minimum number of §-brackets needed to cover C. A set of cardi-
nality exp(&(C, 8)) of é-brackets which covers C is written as #(C, §).
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For all § € ®«, we introduce the following quantities: £,(0) = >, £o(Z;),
€ =Y1_; £*(Z;) and, for every k > 1, B, (k) = 7 (k) [g, e @~ dmy (6). Obvi-
ously, if k < k" are two integers, then 75,]; =k yields B,,(k) > B, (k+ 1) and 75,? =k
implies that B,, (k) > B, (k).

Let K > k* be an integer. We consider the following three assumptions:

O1(K). There exist C>, D1(k) >0 (k =k*+ 1, ..., K) such that, for every se-
quence {3,} decreasing to 0, foralln > 1,and all k € {k* + 1, ..., K},

{0 € Ot H(O) < 8,) < C28,”1 /2,

02(K). There exists C3z > 0 such that, for each k € {k* + 1, ..., K}, there exists
a sequence {F X}, F¥ C @, such that, forall n > 1,

T {(F)) < Can~ D102,
03. There exist By, L, Dy(k*) > 0, and > > 0 such that, for all n > 1,

3Dy (k*+1)/24+8>
an N B2, Dy(k*)/2\~1 (logn)
P {En(k ) < (IBI(logn) n ) } =< L n[Dl(k*—F])—Dz(k*)]/z .

When O3 holds, let ng be the smallest integer n such that
4) 80 = 4m§x{m_1 log[B1 (log m)P2mP2*)/2]} < =22,
m>n

When O1(K) and O3 hold with D;(k*) < ming+x<g Dj(k), given any s > 0, we
set 8;.n =8k n"ogin foralln > 2, ke {k* 4+ 1,..., K}, with
(5) k1= 128(1 4 5)(C1 +2)[D1 (k) — Da(k*)] v 128C1 Dy (k) V log ™2 ny.

We control the overestimation error for E?
known.

when a prior bound kp,x on k* is

THEOREM 2. [f the prior T1 puts mass 1 on Ug<, Ok and if k* <
kmax> if Al, A2, Ol(kmax), O2kmax) and O3 are satisfied with Dy (k*) <
Ming* <k <k P1(k), if, in addition, for every k € {k* + 1, ..., kmax}, for all in-
tegers n > nq such that 8 , < 8o and for every j < |80/ nl,
j8k,n) - s/(L+8$)njdg.n

4 )7 64(C1+2)log*(jkn)

©) 8(?‘”" OISk 048 \ SkGisen)],

then there exists ¢ > 0 such that, for all n > no,

/ (logn)3maxk Dy (k)/2+B>
3, ming[Dy (k) —Dy(k)1/2

(7 P*{kS > k*} <c
In the formula above index k ranges between k* + 1 and kyax.

On the contrary, the following result on the overestimation error of 75,]; does not

rely on a prior bound on k*.
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THEOREM 3. Letk = k* + 1. Let us suppose that assumptions A1, A2, O1(k),
02(k) and O3 are satisfied with D2 (k*) < D1(k). If, in addition, for all integers
n > ng such that 8 , < 8o and for every j < |80/6k.nl, equation (6) is satisfied,
then there exists c3 > 0 such that, for all n > ny,

(logn)3D1(k*+l)/2+/32
nlD1(k*+1) =Dy (k*)]/2 *

8) PL > k) <3

Proofs of Theorems 2 and 3 rely on tests of P* versus complements {Py:6 €
O, H(®) > ¢} of Kullback-Leibler balls around P* for k > k*, in the spirit of
[8]. They are postponed to Section 4. The upper bounds we get in the proofs are
actually tighter than the one stated in the theorems. Each time, we actually chose
the largest of several terms to make the formulas more readable. Besides, the pos-
sibility in Theorem 3 to tune the value of §; ; makes it easier to apply the theorem
to the mixture model example. Naturally, the larger 4 1, the larger c3 and the less
accurate the overestimation bound.

Concerning condition (6), it warrants that (a critical region of) ®; is not too
large, since the entropy is known to quantify the complexity of a model.

Assumption O1 is concerned with the decay to O of the prior mass of shrinking
Kullback-Leibler neighborhoods of 8*. Verifying this assumption in the mixture
setting is a demanding task; see Section 2.4. Note that dimensional indices D1 (k)
(k > k*) are introduced, which might be different from the usual dimensions D (k).
They should be understood as effective dimensions of ® relative to ®g+. In models
of mixtures of g, densities (y € I' C R?), for instance, D1 (k* + 1) = D(k*) + 1,
while D(k*+1) = D(k*) 4+ (d + 1). It is to be noted that this assumption is crucial.
In particular, in the different context of [16], it is proved that if such a condition is
not satisfied, then some inconsistency occurs for the Bayes factor.

Finally, O3 is milder than the existence of a Laplace expansion of the marginal
likelihood (which holds in “regular models” as described in [18]), since in such
cases (see [18]), for ¢ as large as need be, denoting by J, the Jacobian matrix,
there exist §, C > 0 such that

Bk = [

10—611<8
and P*{|J,| +|0p(1/n)| > C} < n™ ¢, implying O3 with §; > 0, 8> =0 and
D> (k*) = D(k*). In some cases however, dimensional index D,(k*) may differ
from D (k*); see, for instance, Lemma 1.

According to (7) and (8), both overestimation errors decay as a negative power
of the sample size n (up to a power of a logn factor). Note that the overestimation
rate is necessarily slower than exponential, as stated in another variant of the Stein
Lemma (see Lemma 3 in [4]).

We want to emphasize that the overestimation rates obtained in Theorems 2
and 3 depend on intrinsic quantities [such as dimensions D (k) and D, (k*), power
B2]. On the contrary, the rates obtained in Theorems 10 and 11 of [4] depend
directly on the choice of a penalty term.

- >D(k*)/2

e O~® g (6) = (7 a7V 2(1+ 0p(1/m)),
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2.3. Regression and change points models. Theorems 1,2 and 3 (resp. 1 and 3)
apply to the following regression (resp. change points) model. In the rest of
this section, o > 0 is given, g, is the density of the Gaussian distribution with
mean y and variance 0% Xi,..., X, are i.i.d. and uniformly distributed on [0, 1],
el,...,e, are i.i.d. with density go and independent from X1, ..., X,. Moreover,
one observes Z; = (X;, Y;) with Y; = g+ (X;) +¢; (i =1, ..., n), where the defi-
nition of py+ depends on the example.

Regression (see also Section 5.3 of [4]). Let {#x}x>1 be a uniformly bounded sys-
tem of continuous functions on [0, 1] forming an orthonormal system in Lz([O, 1D
(for the Lebesgue measure). Let ' be a compact subset of R that contains 0
and ©; = I'f (each k > 1). For every 0 € Oy, set gy = lezl 0;t;j and fy(z) =
8o () [all 2= (x,y) € [0, 1] x R.

Change points. For each k > 1, let 7 be the set of (k+1)-tuples (7;)o< j<k, with
t0=0,1; <tj11(all j <k),and fp = 1. Let I" be a compact subset of R and ©; =
Ti x Tk (each k > 1). For every 0 = (o, 1) € O, set gg(x) = Zl;zlaj]l{tj_l <
x < tj},and f5(2) = ggy0) () (@ll 2 = (x, y) € [0, 1] x R).

In both examples there exists 6* € @+ \ O»_1 such that f* = fy«. The stan-
dard conditions of compactness and continuous parameterization are fulfilled, and
Al and A2 are satisfied. Besides, 202H (0) = |l¢g — <p*||% (all 6 € O®y), so the
additional condition stated in Theorem 1(ii) holds. Consequently, if 7y is positive
on Oy for each k > 1, then Theorem 1 applies. In particular, using Fourier basis in
the regression model, we get

1 Ak+1
) 12¢2 > 1/max<2(72 + o
where A1 = (07,) 2 X5 20D if k+ 1 <k* and Ag= =0.

Also, it can be shown that there exists T > 1 such that [lg s/¢; ug s/c] is a
8-bracket for all 6 € ® and § sufficiently small. Consequently, with the notation
of Theorems 2 and 3, and with f’-'k O (02 is then trivial), & (O, jéx.n/4) <
—blog(jdk.n) + c for positive b, ¢, and we show in Appendix D how this implies
the desired condition on entropy.

The regression model is regular (as described in [18]), so O3 holds with
D, (k*) = D(k*). Moreover, the form of H () makes it easy to verify that O1(K) is
satisfied for any K > k* with D = D. Thus, Theorems 2 and 3 apply too. Further-
more, Theorem 3 applies in the change points model because, for any t € (0, %)
(see Appendix A for a proof),

+—(1+Ak+1) )

LEMMA 1. Inthe change points model, O1(k* + 1) and O3 hold with D (k* +
1) =D(k*) +k*, Day(k*) = D(k*) +k* — 1 4+ 2t and B, = 0.

Actually, the proof of Lemma 1 can easily be adapted to yield that O1(K) holds
for any K > k* with D{(K) = D(k*) + K — 1 (we omit the details for the sake of
conciseness). So Theorem 2 also applies in that model.
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2.4. Mixture models. We prove that Theorems 1 and 3 apply here with
Di(k* +1) = D(k*) + 1 and D,(k*) = D(k*), yielding an overestimation rate
of order O((logn)¢/+/n) for some positive c.

We denote by | - |1 and | - |» the ¢! and ¢% norms on R?. Let I be a compact
subset of R? and A = {g = (g1,..., &) € Fk:minj<j/ lgj — gjrl2 = 0}. For all
y €T, let g, be a density. In this section mixtures of g, ’s are studied. Formally,
®1 =T and for every k > 2,

k—1
O = {9=(P,)’)ip=(1?1,-~,pk—1)ERli1, Y pj<lyerty
j:l
Every 0 € © (k > 2) is associated with fy = Z]]‘.;ll Pjgy; + (1 — Z’;;} Pj)&w-

Note that D(k) =k(d + 1) — 1 for each k > 1. Also, the standard conditions of
compactness and continuous parameterization are fulfilled.

We consider the following six assumptions which will be used in the mixture
case. The first-, second- and third-order differentiation (with respect to y) opera-
tors are denoted by V, D? and D3, and | - | stands for any norm on the space of
second and third-order derivatives. We say that a function is CX if it is k times
continuously differentiable:

M1. For each k > 1, prior m; writes as dmi(0) = n,f(p)n,g' (p)dpdy [all 6 =

(p,y) € O] Itis C! over ®. Moreover, there exist &, C > 0 such that,
setting A, = {y € I':infgea [y — gl1 > ¢}, y € A, yields n,g'(y) > C, and

whend =1, n,f(y) o [[j<jlvj — vjrl2 upon Ag.
M2. Forall y € ', n > 0, let us define 8, = inf{g, :ly —y'h <n}and g, , =

sup{g, |y — v'|1 < n}. There exist n;, M > 0 such that, for every y1, y» €
I', there exists 12 > 0 such that

) 2 2= 2
Pg, =g, (1 1087 8y,) = M1, Py, 10878y, .0, /8, ) = M7,

I logzg}/l,m = M’?llogz ni

v "8y
and
Py (log’3, . +log’g,)+ P, (log’g, . + log? Y<M
ng'"l Y1.11 V2 8vy g ngq’]l g g}’lﬂ?l —
Ma3. For every y1, y» € I', there exists o > 0 such that
sup{ Py, (gy,/8y)* 1y €'} < o0.

M4. The parameterization y + g, (z) is @2 for p-almost every z € Z. Moreover,

ulsup, - (IVgy 1 + 1D?gy )] is finite.

The parameterization y +— log g, (z) is @3 for ju-almost every z € Z and

for every y € I', the Fisher information matrix 7 (y) is positive definite. Be-
sides, for all y1, y» € I, there exists 1 > 0 for which

Py, |D*1og gy, |* + Py, sup{|D*log gy |1*: |y — y2l1 <} < o0.
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MS. Let 4 = {(r,s):1 <r <s < d}. There exist a nonempty subset +4 of {
and two constants 1o, a > 0 such that, for every k > 2, for every k-tuple
(v1, ..., Yx) of pairwise distinct elements of I":

(a) functions 8y (Vgyi (j = k,l < d) are linearly independent;

(b) for every j <k, functions 8y;» (Vgyi, (ng,,j)rs @all I <d, (r,s) €
) are linearly independent;

(c) for each j <k, (r,s) € 4 \ s, there exist 7, ..., Aj7 € R such that
(D2gy))rs = Mi gy, + X4 WA (V gy

(d) forall n <ngandall u,v € R4, for each j <k,if

37 (urugl +vevsD 4| Y AY (wrus + vpvg)| <,
(r,s)EA (r,8)¢A
then |u|§ + |v|% <an.

These assumptions suffice to guarantee the bounds below.

THEOREM 4. If M1-MS are satisfied, then there exists n1 > 1 and c4 > 0
such that, foralln > ny,

(10) P*{E; <k*} <cre™"?,
log 1) 3@+Dk/2]
a1 PHE > 1) < ¢, 1087

Jn

The positive constants c1, ¢z are defined in Theorem 1.

Note that all assumptions involve the mixed densities g, (y € I') rather than
the resulting mixture densities fp (0 € Oy ). Assumption M2 implies A2 and M3
implies Al. Assumption M4 is a usual regularity condition. Assumption M35
is a weaker version of the strong identifiability condition defined by [5], which is
assumed in most paper dealing with asymptotic properties of mixtures. In particu-
lar, strong identifiability does not hold in location-scale mixtures of Gaussian r.v.,
but M5 does (with A = 4 \ {(1, 1)}). In fact, Theorem 4 applies, and we have the
following:

COROLLARY 1. Set A, B>0and I' = {(u,az) e[—A, A] x [%, B1}. For
every y = (u, 0%) €T, let us denote by gy the Gaussian density with mean p and
variance o%. Then (10) and (11) hold with d = 2 for all n > ny.

Other examples include, for instance, mixtures of Gamma(a, b) in @ or in b [but
not in (a, b)], of Beta(a, b) in (a, b), of GIG(a, b, ¢) in (b, ¢) (another example
where strong identifiability does not hold, but M5 does).
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3. Underestimation proofs. Let us start with new notation. For f, f' €
LY () \ {0}, we set H(f, ') = Py(log f — log f') when it is defined (oo other-
wise), H(f) =H(f*, f),and V() =V (f*, /) vV V(f, f*). For every 6 € O,
the following shortcuts will be used (W stands for H or V): W(f, fo) = W(f,9),
W(fo, f) =W, f), W(fy) = W(8). For every probability density f € L'(u),
RJ@” is denoted by P)’} and the expectation with respect to Py (resp. P)'}) by E
(resp. E’]’p).

Theorem 1 relies on the following lower bound on B, (k).

LEMMA 2. Letk <k*and § € (0,aM A &g). Under the assumptions of Theo-
rem 1, with probability at least 1 — 2exp{—ns>/8M},

By = 7O e
PROOF. Letl <k <k*,0<d8 <aM A &y and define
B={(0,2") €O x Z":£,(0) — £ > —n[H} + §]}.
Then, using the same calculations as in Lemma 1 of [17], we obtain
mr{Sk(8)} 2P {B}
2 } /Sk(a) 7 { Sk (8)}

Set s € [0, ] and 6 € Sk (8) and let gy (r) = P*e' ) (every t € R). By virtue
of Al, function ¢y is € over [0, «] and (pg is bounded by ¢ (0, ®) < M on that
interval. Moreover, a Taylor expansion implies that

<

12) P*”{nk{Sk(é) N B¢} > dmi(0).

1
po(s)=1+sH(O)+ s2/ (1 =1y (st)ydt <1+ sH(O)+ %szM.
0
Applying the Chernoff method and inequality logs <t —1 (¢ > 0) implies that, for
all 6 € Si(6),
P {B“} <exp{—ns[H} + 8]+ nlogs(s)}
<exp{—ns[H} + 8 — H(®)] 4 ns*>M/2}.

We choose s = [H + 38 — H(0)]/M € [§/2, «] so that the above probability is
bounded by exp{—n8>/8M} and Lemma 2 is proved. [J

To prove Theorem 1, we construct nets of upper bounds for the fy’s (6 € ®,
k=1,...,k* —1). Similar nets have been first introduced in a context of nonpara-
metric Bayesian estimation in [3]. We focus on /k}; the proof for 75,(,} is a straight-
forward adaptation.

PROOF OF THEOREM 1.  Since P** (kL < k*} = Yk 21 (kL = k), it i suf-
ficient to study P*" {A,I; =k} for k between 1 and k* — 1.
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Let § <aM A 8o A [HE — HE /2, ¢ = 3 (0)mi{Sk(8)} € (0,1] and & =
28/[H — H,:H] € (0, 1). Lemma 2 yields
P*"{loy =k} < P*"{B, (k) > B, (k + 1)}
(13)
< ze—ngz/(8M) + P*H{Bn(k) > Ce_n[H]:+1+8]}.

We now study the rightmost term of (13). Let 6, 0” € ©. The dominated con-
vergence theorem and A2 ensure that there exists ng > 0 such that d(6,0’) <
no yields H(ug,,) < H(®') < H(ug,y) + 8, V(6*.up,y) < (1+£)V(6*.6) and
V(ug,y,0%) < (1+e)V(0',0%). Let BB, n9) =1{0" € Or:d(0,0") < np} for all
0 € O. The collection of open sets {B (6, ng)}oco, covers Ok, which is a com-
pact set. So, there exist 01, ...,6y, € © such that O = U;-Vi] B0, ngj). For
Jj=1,...,Ng,letting u; = U, o, »

Tij = {0 € O : g <logu;, HO) < H(u;)+3,
V(O uj)) <(1+)V(©O*,0),V(u;,0*) <(1+e)V(QO, 0"},

then Toy = Ty and Tij = Ty N (U< Ti)¢ (j = 2,....Ne). The family
{Tk1, ..., Tkn,} is a partition of O.

Accordingly, with £, ,,; = >7_logu;(Z;) (j =1,..., Ne), the rightmost term
of (13) is smaller than

Ne
P*H{Z/ O~ g (0) Zce—n[Hk+1+8]}
. Tk

j=1

o — 00 (O) =l Al
<y P*”{e i /Tk O A (0) = ce ”[H"+'+6]7Tk+l{Tkj}}

J

Ne
<Y P"{lnu; — £y = —nlHf,, + 8] +logc}
j=1

N
<> P"{lnu, — Ly +nHu;)>npj+logc
j=1

for pj =[H(u;) — H{ | — 8]. Note that p; > (1 —e)[H(0;) — H} ;1> 0 for j =
1,..., N¢ by construction. Applying (29) of Proposition B.1 (whose assumptions
are satisfied) finally implies that

P (B, (k) > ce "HE 18] }

Ne { (1—¢)?
< —exp|—h———
c 2(1+¢)

We conclude, since N, does not depend on n. [

H@)—H, 1
[H,;—H,;+1]min( ing 710~ His +8)}.
0e®y V() 1—e¢
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4. Overestimation proofs. We choose again to focus on 75,';, the proof for 75,?
being very similar.

PROOF OF THEOREM 3. Set ng and §g as in (4), then note that u — u log2 u

increases on interval (0, e~2). By definition of 7%,

P& > k*) < P*(B,(k*) < B, (k* + 1)}
(14) < P*"{B, (k") < (B1 (logn)2nP2*)/2)~1)
+ P{B, (K + 1) > (B1 (logn)P2n P260/2) =1y

Assumption O3 deals with the first term of the right-hand side of (14). Let us focus
on the second one. To this end, ®;+11 is decomposed into the following three sets:
letting 8; satisfy (5) and 8, = 81n~'log’ n,
Sk41(280) = {0 € Opy1: H(O) > o},
Sn = Skr+1(280) N Sir41(28,) = {0 € Ops1: 8, < H(O) < o},
Sk +1(28,) = {0 € Opey 1 : H(O) < 6}
Note that S,, can be empty. According to this decomposition, the quantity of inter-

est is bounded by the sum of three terms (the second one is 0 when S, is empty):
if w, = 3w (k* + 1)1 (logn)P2nP2(K)/2 then

P B, (k* + 1) > (B1 (logm)P2nP26)/2) =1}

< P*”{/ O~ A 1(6) > 1/wn}
Sk*+1 (250)('.
(15)
+ Pm{/s D=6 A (0) = l/wn}

+ P [/ e O~6 A 1 (9) > 1/wn}-
Sgr1(28,)

The Markov inequality, Fubini theorem and O1 yield (as in the proof of
Lemma 2) the following bound on the third term, pj 3, of (15):

Pn3 < WpTtke 41 (St 1(28,)} < Cow,, 8, 1K +D/2

(logn)3D1 k*+1) /2482
DD DD

(16)
<3B1Com (k* + 1)§, P& +D/2

The first term of (15), pp 1, is like P*"*{B, (k) > ce_”[H/:+1+5]}, already bounded
in the proof of Theorem 1. Indeed, the infima for 6 € Six41(280)¢ of H(0),
V(0*,0) and V (0, 0*) are positive and the scheme of proof of Theorem 1 also
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applies here: there exist c4,c5 > 0 which do not depend on n and guarantee
that

(17) Pn,1 < cqe” O,

When §,, < §p, bounding the second term of (15), p, 2, goes in four steps.

Let Ay, = [80/8,]. For all j =1,...,A,, let S, ; ={0 € F, N S,:jdy <
H(©®) < (j + Dd,}. Consider [l;,u;] € H(Sy,j, jon/4), define u; = u;/puu; and
introduce the local tests

" _ Jo
¢i,j = ﬂ-{en,ﬁi - En +I’lH(Lti) = nTn} :¢n,f,p,c‘

for f =u;, p = jé,/2 and ¢ = 1 in the perspective of Proposition B.1.
Step 1. Set 0 € S, ; such that fy € [l;, u;], g = fp and p’ =log pu;. Then ug =
1, V(g) =V(®) >0and H®@;) — (p + p') = P*(£* —logu;) —loguu; — p =
P*(¢* —logu;) — p = H(O) + P*(€g —logu;) — p = H(6) — P*(logu; —logl;) —
o> % > 0. Thus, according to (30) of Proposition B.1,
n[H@w;) — (p+ p')] (H(ﬁi) —(p+p') A 1) }
2 V(©) '
Since H(®) < (j + 1)8, < 280 < e~ 2, then log?$, > log?(j8,) and (3) yield

V(0) < C1H@®)log? H(®) < C1(j + 1)8,log?(j8,). Consequently, j/(j + 1) >
1/2 and 8C log?(j8,) > 1 imply

Ej (1 — ¢ j) <exp{—

5
(18) EN(L— i) < exp{— Y }

64C1 log?(j8,)
Step 2. Proposition B.1 and (29) ensure that
8 8
E"¢; §exp{—nj n( J T A 1)}
' 4 \2V(u;)
The point is now to bound V (u;). Let again 6 € S, ; be such that fy € [[;, u;].
Using repeatedly (a + b)> < 2(a® + b?) (a, b € R), the definition of a §-bracket
and (3) yield
V(0™ ;) = P*(¢* —logu; + log juu;)?
<2P*(£* —log ui)? + 210g2 e

(19) < 4P*(€* — €9)> + 4P*(bg — logu;)® +2(u(u; — 1))
< 4V(0) +4P* (logu; — logl)? + 2(uu; — 1))’
<2Q2C1 +3)(j + 18, 10g>(j ),

and similarly,

(20) V (i@, 0%) <4(C1+2)(j + 18, log?(jsn).
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A bound on V (u;) is derived from (19) and (20), which yields in turn

njén }
64(Cy +2)1og?(jé,) )

(21) E"¢; ; < eXP{—
Step 3. Now, consider the global test
n = maX{¢i,_i =< eXp{g(Sn,ja Jon /M), J = An}-
Equation (18) implies that, for every j < A, and 0 € S, ;,
njén
22 Ej(1 — <ex {——}
(22) B =) S|~
Furthermore, if we set p,, = né, /[64(1 4+s)(C1 4+ 2) log2 dn], then bounding ¢, by
the sum of all ¢; ;, invoking (21) and (6) yield

Ap

B, = 3 expl8(.5. j0u/4) - 20|
T I Lo T A €+ 2) log (o)
o exp{—pn)
< —ip )< bt Pl
= Yot = 20

Since 81 > 128(1 4+ )(C1 + 2)[D1(k* + 1) — Dy(k*)] v log_3(no), one has
log2 Sy < 410g2n, and p, > %[Dl(k* + 1) — Dy (k*)]1logn. Thus, the final bound
is

1
plD1(*+1D) =Dy (k*)]/2 _ 1°

(23) E* ¢y <

Step 4. We now bound pj, »:

pr2=E" (0 + (1= )i [ Ot dme10) 2 1/w, |

n

SE*H¢H+P*H{A

O~ i 1(0) > 1/2wn}
JNFS

B —gif [ O e 10) 2 1/2u,
nNFn

The first term of the right-hand side is bounded according to (23). Moreover, ap-

plying the Markov inequality and Fubini theorem to the second term above, p, 2 2,

ensures that

(logn)”

(24) pl’l,2,2 S 6ﬂ1c3n[D](k*—i-])—Dz(k*)]/z .
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As for the third term, p, 23, invoking again the Markov inequality and Fubini
theorem, then (22), yields

Ap
Puas<2w, Y /S EL(1 — ) drpe 1 (0)
j=175n)

njén
<2w, ;exp{_m}nk*-i-l{sﬂ,j}
<2w, exp{—an} <2w, exp{—5—1 logn}
64C1log= 5, 256C,
(logn)P2

<6Bim(k*+1)

nlD1(k*+1)—Da(k*)]/2 "
Combining inequalities (23), (24) and (25) yields

1 N (logn)P?
Pr2 = i -pateiz — 7 T oM D+ O) s

Inequalities (16), (17) and the one above conclude the proof. [J

5. Mixtures proofs. In the sequel we use the notation 6* = (p*, y*), p* =
(P}. -2 Pla_y) and pl =1 — Y551 p. Also, if 6 = (p. y) € O, then 1 —
Z?;% pj is denoted by py.

The standard conditions hold. Assumption A1 is verified by proving (with usual
regularity and convexity arguments) the existence of « > 0 such that the function
6 — P*e®("~4) js bounded on @+. Assumption A2 follows from M2. Lemma 3
in [12] guarantees that H > H}" , (every k < k*). So, the underestimation error
bound (10) in Theorem 4 is a consequence of Theorem 1.

The overestimation error bound (11) in Theorem 4 is a consequence of Theo-
rem 3. Let us verify that O1(k* + 1), O2(k* 4 1) and O3 are satisfied.

PROPOSITION 1. There exists Co» > 0 such that, in the setting of mixture mod-
els, for every sequence {8, } that decreases to 0, for alln > 1,

T4 110 € Opeir 1 H(B) < 8,) < C8,[PEOTI2,

PROPOSITION 2. Ifff"nkq'1 ={(p,y) € Opry1:minj<4»41 pj > e "} approx-
imates the set Oy, then O2(k* + 1) is fulfilled. Furthermore, the entropy condi-
tion (6) holds as soon as 81 is chosen large enough.

The technical proofs of Propositions 1 and 2 are postponed to Appendix C
and D, respectively. Assumption O3 is obtained (with 8, = 0) from the Laplace
expansion under P*, which is regular (see also the comment after Theorem 3).
Finally, Theorem 3 applies and Theorem 4 is proven.
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APPENDIX A: PROOF OF LEMMA 1

Let 6* = (a*,t*) and 6 € Oy« satisfy H(0) < §,. For every j < k* (resp.
Jj < k), we denote by ‘L';-‘ (resp. 7;) the interval [tj*._l, t/*-[ (resp. [tj—1,¢;[) [hence,
H®) =3 < Zj’fk*ﬂ(“; - ajr)z,u(r; N t;)], and set s(j) such that M(r; N
Ty(j)) = max;<x w(tF N 7). So, (T} N Ty(jy) = w(T))/k, and (@ — a5(j))* < c8y
for all j < k*. If s(j) = s(j’) for j/ > j, then necessarily j' > (j + 2) and
s(j4+ 1) =s(j), while a; #+ a;H, so we do get k* conditions on 6. Suppose now
without loss of generality that s(j) = j for all j < k*. Then (o) — a,:*)z(l —tr) <
on, another condition on 6. Moreover, for all j < k*, /L(‘E}') — /L(‘I:]’-’ Ntj)=
(TN i) + (T N, ul(ry) — ;N =p(r N ) +u(ty Nt
(with convention 7_| = 7*| = @) and oz’;- #* a;_H imply |u(t) — ,u(t} Nt;)| <cdy
for T € {‘L’;-‘, 7;}. So, |(t; —tj) — (t]*-_1 —tj—1)| < 2c$,. Using successively these
inequalities from j =1 to j = (k* — 1), we get (k* — 1) conditions on 6 of
the form |t]*- — tj| < ¢d,. Combining those conditions yields O1(k* + 1) with
Di(k*+1)=D(k*) +k*.

Let S, ={t*+u/n:uce R’i“,uo =up =0, Ju|; < Floglogn} C Ti». For
large n, there exists an event of probability 1 — (1 — ming [t} — #;_;]/2)" upon
which the model is regular in « for any fixed ¢ € §,, hence, there exists C > 0
(independent of ¢) such that, on that event,

" C . " C x "
Ln (0)—125 Ln(ay,1)—L; Ln (o™, 0)—L}
@5) [, €O e aln) = e @ 2 et
where @; is the maximum likelihood estimator for fixed ¢. Denote n;(t) =
S Xi € 15,17 + uj/nl} and v2(1) = 0> X5 (@ — of_)?n;(t) for any
teS,. Then&(t) =L, (a*, 1) - + %vz(t) is, conditionally on X1, ..., X,, acen-
tered Gaussian r.v. with variance v2(¢). Because each n j(t) is Binomial(n, u j/n)
distributed, the Chernoff method implies, for any ¢ € §,,,

(26) P {v*(1) = tlogn} = O(1//n).

Moreover, since £ (¢) is conditionally Gaussian, it is easily seen by using (26) that,
forany t € S,, setting B ={Z" : {,,(a*, 1) — £} > —%(vz(t) + tlogn)},

27) P (B} = 0(1/v/n),
too. Now, the same technique as in the proof of Lemma 2 yields
* * * 2P*n BC
(28) P*”{ / @ D=6 drp () <n* +1—f} < / 2P dmps (1)
Sn Sn T[k"(SI’l)

whenever m+{S,} = c(loglogn/n)K" =1 = 2n=K"+1_ By combining (25), (27) and
(28), we obtain that O3 holds with D, (k*) = 3k* +2(7 — 1).
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APPENDIX B: CONSTRUCTION OF TESTS

PROPOSITION B.1. Let (p,c) belong to Ri x (0,1] and f € Li_(u) \ {0}.
Assume that V (f) is positive and finite. Let £, y =) i, log f(Z;) and

On, fp.c =Wy r — €, +nH(f) > np+logc}.
The following bound holds:
1 np( p }
29 E" b .p.c < — ——|—=A1)}t.
@) Prfipe = ceXp{ 2 <V(f) )

Let p' e Ry and g € L1+(u) be such that ug =1, g < e, f and V (g) is finite.
If, in addition, (p + p') < H(f), then the following bound holds true:

n[H(f)—(p+p)] (H(f) —(p+0) N 1)}
2 V(g) '

PROOF. H(f) is also finite. Let us denote log f by £¢, logg by £, and set
s € (0,1]. Then

cE" ¢y fpc=cP™{ly y—L; >np—nH(f)+logc}
< e—nS(p—H(f))(P*es(ﬂf—ﬁ*))”‘

(30) Eo(1 —én,fp,c) < GXP{—

A Taylor expansion of the function 7 — P*e! ¢/ =t") implies that
. 1
P =1 —sH(f) +s2/ (1 —t)/(f*)‘—”f”(z* — L)’ dpdt
0

<1—sH()+s2V(f* OV £9%)2
<1—sH(f)+s*V(f)/2,

by a Holder inequality with parameters 1/st and 1/(1 — st). Moreover, since
logt <t —1(t > 0), we have

CE" $n. .p.c < expl—nsp +ns*V(f)/2].
The choice s =1 A %},) yields (29). Similarly, for all s € (0, 1],
(L= . f.pic) < PLCL — Ly > n[H(f) — p)
< P{ly — Ly g >n[H(f) — (p+p)]}
< e—ns[H(f)—(,O-hO/)] (Pges(ﬁ*—ég))n‘
The same arguments as before lead to Pye’ =t <1452V (g)/2 and
Ep (1 — ¢ f.p.c) <exp{—ns[H(f) — (p+ p))] +ns°V(g)/2}.

The choice s = 1 A £ H0) vields (30). O
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APPENDIX C: PROOF OF PROPOSITION 1

Let {5,} be a decreasing sequence of positive numbers which tend to 0. Let us
denote by || - || the L' () norm. Because /H (@) > || f* — f5/2, M1 ensures that
Proposition 1 holds if

D(k*)+1
(31) T 41{0 € Opegr | f* = foll <V8n} < Cav/6n

for some C; > 0 which does not depend on {5,}. We use a new parameterization
for translating || f* — fy|l < +/3, in terms of parameters p and . It is a variant of
the locally conic parameterization [6], using the L! norm instead of the L? norm.
In the sequel, ¢, C will be generic positive constants.

L' locally conic parameterization. For each 6 = (p, y) € int(®y«4 1), we de-
fine iteratively the permutation og upon {1, ..., k* + 1} as follows:

e (j1,00(j1)) =ming; ;1) argmin{|yj’.' —yjli:j <k*, j <k*+1}, where the first
minimum is for the lexicographic ranking;

o if (j1,00(j1)),...,(Ji—1,09(ji—1)) with [ < k* have been defined, then (j,
op(j1)) = ming;, argmin{|yj* — yjrl1}, where in the argmin, index j < k*
does not belong to {ji,..., j;—1} and index j’ < k* + 1 does not belong to
{oo(j1), -, 09 (i1}

e once (j1,09(J1)), ..., (Ji*,09(jrr)) are defined, the value of og(k* 4+ 1) is
uniquely determined.

We can assume without loss of generality that oy = id, the identity permutation
over {1, ..., k*+1}. Indeed, for every 8 = (p, ¥) € O+41 and each permutation ¢
onto {1,...,k*+ 1},let 65 = (p¢, y°) € O+ be the parameter with coordinates
P} = Pe(iy» Vi = Ve (@l j <k*+1) and set 8. , 1 (0) = mpe 11 (69).

Since for all 6 and ¢, || f* — foll = I/ — fosl,

T 1{0 € Opir 1 f* — fall <6}

(32)
=Y 7o {0 € Opeyriog =id, | f* = foll <V/6u},
S
where the sum above is on all possible permutations.

We show below that the term in the sum above associated with ¢ = id is
bounded by a constant times /8, DET The proof involves only properties that
all n,f* 41 share. Studying the latter term is therefore sufficient to conclude that
Proposition 1 holds.

Set @* = {6 € Op+y1:09 =id}. For all 0 € ©*, let Y9 = yx*+1, po = prr+1 and

Ro=(01,..., Pk*~1,71, ..., Tk*), Where
pj—Pj vi—Vi
,ojzij . and rj=—J / (j <k").

Po Po



956 A. CHAMBAZ AND J. ROUSSEAU

Note that 34+ pj = —1. Now, define

k*

k*
T
gy + D pir] Vgyr + > Pj8yr
j=1 j=1

N(yp, Rg) =

’

then 29 = poN (y9, Ry).

LEMMA C.1. For all 6 € ©*, let W (0) = (t9, Vo, Rg). The function ¥ is a
bijection between ®* and W (©*). Furthermore, T = supycg«tp is finite, so that
the projection of V(®*) along its first coordinate is included in [0, T). Finally,
for all € > 0, there exists n > 0 such that, for every 0 € O, || f* — fy|l < n yields
g < €.

PROOF. It is readily seen that W is a bijection. We point out that N (y, R) is
necessarily positive for all (¢, y, R) € W(®*), by virtue of M5. As for the finiteness
of T, note that, for any 6 € ®*,

k* k*
to = | pogy, + ) Pj(vi — v Ve + D (pj — P8y
j=1 j=1
(33)
k*
<2+ Pl —v) Vgl
j=1

The right-hand side term above is finite because I" is bounded and || (Vg},jg)l G <

k*,1 < d) are finite thanks to M4. Hence, T is finite.
The last part of the lemma is a straightforward consequence of the compactness
of I' and continuity of 8 — fs(z). U

Proof of (31). For any t > 0, define the sets
Bf = {0 €@ min |y —yil > 7. I/ = fol sm}
and
By = {6 €O minlys — yl <711/ = fol sm}.
Inequality (31) is a consequence of the following:
LEMMA C.2. Given t > 0, there exists C > 0 such that, for alln > 1,
(34) mee1 (Bf) < €5, .
LEMMA C.3. There exist T, C > 0 such that, for alln > 1,

k*(d+1
(35) e (B3 < €5, TV,
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Because I' is compact, continuity arguments on the norm in finite dimensional
spaces yield the following useful property: Under M5, if g1, ..., gx € L' (1) are k

functions such that, for every y € I', g, g1. ..., g are linearly independent, then
there exists C > 0 such that, for all a = (ag, ..., ax) € RFH1 and yel,
k k
(36) aogy +»_a;gi|=CY  lajl.
j=1 J=0

PROOF OF LEMMA C.2. Lett >0,let (¢,y,R) € ¥(®*) and 0 = (p,y) =
WLz, y, R) satisfy |yp —yfli > tforall j <k*and || f*— fyll < +/8,. Given any
7 € Z, a Taylor-Lagrange expansion (in ¢) of [ f*(z) — fo(z)] yields the existence
of t? € (0, t) (depending on z) such that

. .
@ = fo@] 2 {8y @+ X P Ve @+ Y pigy @
Jj=1

j=1
t2
N2

k* k*

I
> pjr] Veye @+ 5 3 pirf D2gy(ar;
j=1 j=1

9’

where y/‘.’ = y/.* +1°rj/N and p‘; = p’/f +1°p;/N (all j <k*). Therefore, by virtue
of M4, there exists C > 0 such that

i
(37) ||f*_f9||Zt<1_C$|:Z(|Pj||7’j|l+|”j|%)j|>-
j=1

Furthermore, MS and (36) imply that, for some C > 0 (depending on 1),

k*
(38) NzC<1+Z<|pj|+p;|rj|1>>,

j=1

so the following lower bound on || f* — f3| is deduced from (37):

Sk (pi = pillyi — v+ v —vi1d)
69 1= pollz (1 - e SEE A U L,
Zj:1(|Pj_Pj|+Pj|Vj_Vj|l)

By mimicking the last part of the proof of Lemma C.1, we obtain that the right-
hand term in (39) is larger than ¢ /2 for n large enough (independently of 6). Be-
cause t = pg N and (38) holds, there exists ¢ > 0 such that

k*
T4 1{Bf} < nkﬁﬂie €0 : Y (Ipj—pil+pilyi — v < C\/g},
j=1

leading to (34) by virtue of M1. [
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PROOF OF LEMMA C.3. Let 7 > 0 and 8 = (p, y) € ©O* satisfying || f* —
foll < +/8,. Assume that |y — yl-*|1 <t for some j < k*, say, j = 1. By construc-
tion of ®*, |y1 — ¥{'l1 < lys — ¥;'l1 < 7, and T can be chosen small enough so that
¥p must be different from y}* for every j =2,..., k*. We consider without loss of
generality that yp ¢ {yj‘-* 1 j <k*}L

Lemma C.1 implies that |y; — y}‘|1 and |p; — p;| go to 0 as n 1 oo for every
J=2,...,k*. This yields that |[p; + ps — pj| goes to 0 as n 1 oo. Therefore, by
virtue of MS and (36), there exist ¢, C > 0 such that, for n large enough,

k* k*
If* = fall = C(Z pi =P+ Py — i
+|(p1+ po — p?)

+ > 2peve — vOr (e — ¥Ds
(r,s)¢A

+ pl(Vl - Vl*)r(yl - Vl*)s]

+ > oo — v)r(ve — ¥s|

(r,s)eA
(40)
+ Pl = ¥ (vt — ¥l
d
+ > | pin — v+ po(ve — vi
I=1
+ > Mpo(re — v)r(ve — vi)s
(r,s)¢A
+ P11 = v (1 = ¥1)s]
k*
— c(pela/e —yii+pin =+ vy — V}I%)
j=2
=CA| — cAj.
Since |y; — y}‘|1 goesto O for j =2,...,k%, Z'j‘;z lyj — y;|% can be neglected

compared to ZIJ‘-;Q p;|yj — y/-*|1 when n is large enough. If CA| < 2cA», then
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ZIJ‘-;Z lpj — p;I <2cAj, so that |p1 + pg — p}| < 2cA3, which yields in turn

> Ao (e — vi)r (o — vP)s + 1y — ¥ (1 — v)s]
(r,s)¢A

+ D Ipolvo —v)rvo — vDsl + pilrt — ¥)r(n — ¥1s1] < 4cAa.
(r,s)€A

Consequently, M5 guarantees the existence of C’ > 0 such that
polve —¥il3+ pilni — v
< C'(palye = ¥i I3 + prly — vi' ),

which is impossible when 7 is chosen small enough. Therefore, CA| > 2cA, and
(40) together with M5 give

k* k*
If* = foll = C(Z Ipj = pil+ Y pilvi—vihi+1p1+ pe — pil
j=2 j=2

+ polve — {13+ pilvi — v 13

-y

=1

Pt =y +pe(ve —Yin

+ Y Milpee —vDr(ve — ¥s

(r,s)¢A
+ P11 = v (1 = ¥1)s] )
for some C > 0. Finally,
k*
P14 po— pil+ Y 1pj — P+ pilvi — v+ polve — vi'13
j=2
(1) '
k*
+prn =y + petve — Dl + Y pilyi — v < CVon.
j=2

Therefore, for T small enough and n large enough,
Tt 1{B3 } < mi+41{0 € ©*: (41) holds}.

The conditions on p; and y; (j =2,...,k*) and a symmetry argument imply
that the right-hand side term above is bounded by a constant times /4, [@+héE -1l
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times w,, where
W =/Jl{pe > pi}i{lp1 + po — Pl + pilvi — ¥{13

+polve — vil3 + 1Pt — v
+ povo — vyl <CVo,}dnle () drf, (P).

Note that the conditions in the integrand imply that |y — y1 |% <4C./5,/p1 and
po > pt/4 as soon as C/3, < p?/2. Simple calculus (based on M1) yields the
result.

APPENDIX D: PROOF OF PROPOSITION 2

It is readily seen that O2(k* 4 1) holds for the chosen approximating set. Let us
focus now on the entropy condition (6).

Constructing §-brackets. Let 81 satisfy (5). A convenient value will be chosen
later on. Set j' < [80/8n], & = j'8,/4 and T > 1.

Let 6 = (p,y) € O+ be arbitrarily chosen. Let n € (0, 1) be small enough
so that, for every j <k*+ 1, u; =g, , and v; = 8y (as defined in M2) sat-

isfy, forall y € T, Py, (1 +log?g,) <&/, Py, (logu; —logv;)? < (¢/7)* and
Py, log2 uj < (8/‘[)10g2(8/1’).

If we define vy = (1 — &/T)(Z52! pjvj) and ug = (1 + &/7) (T84 pjuj),
then there exists v > 1 (which depends only on £* and the constant M of M2)
such that the bracket [vg, ug] is an e-bracket. The repeated use of (3 jpjuj/
2_jPjvj) <max;u;/vj is the core of the proof we omit.

Control of the entropy. The rule x1(1 —¢/1) =™ and x;11(1 — ¢/7) =
xj(1+ &/1) is used for defining a net for the interval (¢™", 1). Such a net has
at most [1 +n/log(l1 +¢/7)/(1 —¢/t) <14 2nt/e] support points. Using re-
peatedly this construction on each dimension of the (k* 4+ 1)-dimensional sim-
plex yields a net for {p € le: minj<pr pj > e ", 1 =3 i e pj > 7"} with at
most O((n/e)* +1) support points. We can choose a net for I¥" ! with at most
0 (e~4®*+Dy support points such that each y € I'*"*1 is within | - |-distance & of
some element of the net.

Consequently, the minimum number of e-brackets needed to cover 37”"*“ is
O (n*"+D @+ DE 1)) 56 there exist constants a, b, ¢ > 0 for which

1)
(42) 8(}‘”" + %) <alogn — blog(j'8y) + c.
nj'8y néy,

nd,
o2 (j'5y) = (ogbn10g(7’8,) = logs,
of the right-hand side of (42) in turn. It is readily seen that alogn < ns,/log?$,

Now, let us note that and consider each term
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is equivalent to

(43)

Now, —blog(j’'s,) < Tozs,

log?
(44)

31 > [(log3 n)n(‘s‘/“)l/z_l]_l.

Ty if and only if —blogs, < 8 log’n. Since
o < 410g2 n, both are valid as soon as

81> 2b/log’n.

Finally, using again log® 8, < 4log” n yields that ¢ < né,/log? 8, when

(45)

81 >4c/logn.

When §; > a, the largest values of the right-hand sides of (43), (44) and (45) are
achieved at ng. So, 8; can be chosen large enough (independently of j” and n) so

that

(5), (43), (44) and (45) hold for all n > ng and j' < [80/8,]. This completes

the proof of Proposition 2, because 8(37,1"*“, J'8,/4) is larger than the left-hand

side

of (6) (with j’ substituted to j). [
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