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SIMULTANEOUS ADAPTATION TO THE MARGIN AND TO
COMPLEXITY IN CLASSIFICATION
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Université Paris VI

We consider the problem of adaptation to the margin and to complex-
ity in binary classification. We suggest an exponential weighting aggre-
gation scheme. We use this aggregation procedure to construct classifiers
which adapt automatically to margin and complexity. Two main examples
are worked out in which adaptivity is achieved in frameworks proposed by
Steinwart and Scovel [Learning Theory. Lecture Notes in Comput. Sci. 3559
(2005) 279-294. Springer, Berlin; Ann. Statist. 35 (2007) 575-607] and Tsy-
bakov [Ann. Statist. 32 (2004) 135-166]. Adaptive schemes, like ERM or
penalized ERM, usually involve a minimization step. This is not the case for
our procedure.

1. Introduction. Let (X, ) be a measurable space. Denote by D,, a sample
((Xi, Yi))i=1,...n of i.i.d. random pairs of observations where X; € X and Y; €
{—1, 1}. Denote by m the joint distribution of (X;, Y;) on X x {—1, 1}, and PX
the marginal distribution of X;. Let (X, Y) be a random pair distributed according
to w and independent of the data, and let the component X of the pair be observed.
The problem of statistical learning in classification (pattern recognition) consists
of predicting the corresponding value Y € {—1, 1}.

A prediction rule is a measurable function f: X —— {—1, 1}. The misclassifi-
cation error associated with f is

R(f) =P # f(X)).
It is well known (see, e.g., Devroye, Gyorfi and Lugosi [15]) that
m}nR(f):R(f*):R*, where f*(x) =sign(2n(x) — 1)

and 7 is the a posteriori probability defined by
n(x) =PY =1|X =x),

for all x € X [where sign(y) denotes the sign of y € R with the convention
sign(0) = 1]. The prediction rule f* is called the Bayes rule and R* is called the
Bayes risk. A classifier is a function, f, = f,(X, D,), measurable with respect to
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D, and X with values in {—1, 1} that assigns to every sample D, a prediction rule
fn( Dy): X +— {—1, 1}. A key characteristic of fn is the generalization error
E[R(fn) ], where

R(f) =P(Y # fu(X)|Dy).

The aim of statistical learning is to construct a classifier fn such that E[R( fn)] is
as close to R* as possible. Accuracy of a classifier fn is measured by the value
E[R( fn — R*, called the excess risk of fn

The classical approach due to Vapnik and Chervonenkis (see, e.g., [15]) consists
of searching for a classifier that minimizes the empirical risk

1 n
(1.1) Ri(f) = ;Z]l(yif(xi)fo)’
i=1

over all prediction rules f in a source class ¥, where 14 denotes the indicator
of the set A. Minimizing the empirical risk (1.1) is computationally intractable
for many sets & of classifiers, because this functional is neither convex nor con-
tinuous. Nevertheless, we might base a tractable estimation procedure on mini-
mization of a convex surrogate ¢ for the loss (Cortes and Vapnik [13], Freund and
Schapire [17], Lugosi and Vayatis [28], Friedman, Hastie and Tibshirani [18] and
Biihlmann and Yu [7]). It has recently been shown that these classification meth-
ods often give classifiers with small Bayes risk (Blanchard, Lugosi and Vayatis [5]
and Steinwart and Scovel [38, 39]). The main idea is that the sign of the mini-
mizer of A®)( ) =Elp(Yf(X))], the ¢-risk, where ¢ is a convex loss function
and f a real-valued function, is in many cases equal to the Bayes classifier f*.

Therefore, minimizing Aﬁ,d))( )= Z _19(Y; f(X})), the empirical ¢-risk, and

taking fn = sign(ﬁn) where 13,, € Arg min ey A,(;p) (f), leads to an approximation
for f*. Here, Argminysc# P(f), for a functional P, denotes the set of all f € ¥
such that P(f) =minycs P(f). Schapire, Freund, Bartlett and Lee [36], Lugosi
and Vayatis [28], Blanchard, Lugosi and Vayatis [5], Zhang [48], Steinwart and
Scovel [38, 39] and Bartlett, Jordan and McAuliffe [2] give results on statistical
properties of classifiers obtained by minimization of such a convex risk. A wide
variety of classification methods in machine learning are based on this idea, in par-
ticular, on using the convex loss associated with support vector machines (Cortes
and Vapnik [13] and Schélkopf and Smola [37]),

$(x)=(1—x),

called the hinge-loss, where z4 = max(0, z) denotes the positive part of z € R.
Denote by

AN =E[(1-Yf(X0),]
the hinge risk of f: X —— R and set
(1.2) A* :ir}fA(f),
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where the infimum is taken over all measurable functions f. We will call A* the
optimal hinge risk. One may verify that the Bayes rule f* attains the infimum
in (1.2) and Lin [27] and Zhang [48] have shown that

(1.3) R(f)— R* < A(f) — A%,

for all measurable functions f with values in R. Thus, minimization of A(f) — A*,
the excess hinge risk, provides a reasonable alternative for minimization of excess
risk.

The difficulty of classification is closely related to the behavior of the a poste-
riori probability 7. Mammen and Tsybakov [31], for the problem of discriminant
analysis which is close to our classification problem, and Tsybakov [42] have in-
troduced an assumption on the closeness of 5 to 1/2, called the margin assump-
tion (or low noise assumption). Under this assumption, the risk of a minimizer of
the empirical risk over some fixed class  converges to the minimum risk over the
class with a fast rate, namely, faster than n~1/2 In fact, with no assumption on the
joint distribution 7, the convergence rate of the excess risk is not faster than n~!/2
(cf. Devroye, Gyorfi and Lugosi [15]). However, under the margin assumption,
it can be as fast as n~!. Minimizing a penalized empirical hinge risk, under this
assumption, also leads to fast convergence rates (Blanchard, Bousquet and Mas-
sart [4], Steinwart and Scovel [38, 39]). Massart [32], Massart and Nédélec [34]
and Massart [33] also obtain results that can lead to fast rates in classification using
penalized empirical risk in the special case of a low noise assumption. Audibert
and Tsybakov [1] show that fast rates can be achieved for plug-in classifiers.

In this paper we consider the problem of adaptive classification. Mammen and
Tsybakov [31] have shown that fast rates depend on both the margin parameter
k and complexity p of the class of candidate sets for {x € X :n(x) > 1/2}. Their
results were nonadaptive, supposing that ¥ and p are known. Tsybakov [42] sug-
gested an adaptive classifier that attains fast optimal rates, up to a logarithmic fac-
tor, without knowing « and p. Tsybakov and van de Geer [43] suggest a penalized
empirical risk minimization classifier that adaptively attains, up to a logarithmic
factor, the same fast optimal rates of convergence. Tarigan and van de Geer [40] ex-
tend this result to /{1 -penalized empirical hinge risk minimization. Koltchinskii [23]
uses Rademacher averages to get a similar result without the logarithmic factor.
Related work is that of Koltchinskii [22], Koltchinskii and Panchenko [24] and
Lugosi and Wegkamp [29].

Note that the existing papers on fast rates either suggest classifiers that can be
easily implemented but are nonadaptive, or adaptive schemes that are hard to apply
in practice and/or do not achieve the minimax rates (they pay a price for adaptiv-
ity). The aim of the present paper is to suggest and to analyze an exponential
weighting aggregation scheme which does not require a minimization step, unlike
other adaptation schemes such as ERM (Empirical Risk Minimization) and penal-
ized ERM, and which does not pay a price for adaptivity. This scheme is used first
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to construct minimax adaptive classifiers (cf. Theorem 3.1) and second to construct
easily implemented classifiers that are adaptive simultaneously to complexity and
to the margin parameters and which achieve the fast rates.

The paper is organized as follows. In Section 2 we prove an oracle inequality
which corresponds to the adaptation step of the procedure that we suggest. In Sec-
tion 3 we apply the oracle inequality to two types of classifiers, one of which is
constructed by minimization on sieves (as in Tsybakov [42]), and which gives an
adaptive classifier which attains fast optimal rates without a logarithmic factor, and
the other which is based on support vector machines (SVM), following Steinwart
and Scovel [38, 39]. The latter is realized as a computationally feasible proce-
dure and it adaptively attains fast rates of convergence. In particular, we suggest a
method of adaptive choice of the parameter of L1-SVM classifiers with Gaussian
RBF kernels. Proofs are given in Section 4.

2. Oracle inequalities. In this section we give an oracle inequality showing
that a specifically defined convex combination of classifiers mimics the best clas-
sifier in a given finite set. R

Suppose that we have M > 2 different classifiers fl, ..., fu taking values
in {—1, 1}. The problem of model selection type aggregation, as studied in Ne-
mirovski [35], Yang [46, 47], Catoni [11] and Tsybakov [41], consists in construc-
tion of a new classifier f, (called aggregate) which is approximatively at least as
good, with respect to the excess risk, as the best among f1, ..., fas. In most of
these papers the aggregation is based on a splitting of the sample into two inde-
pendent subsamples D! and D[ of sizes m and I, respectively, where m > [ and

m + [ = n. The first subsample D1 is used to construct the classifiers fl, .. fM
and the second subsample Dl is used to aggregate them, that is, to construct a
new classifier that mimics in a certain sense the behavior of the best among the
classifiers f;.

In this section we will not consider the sample splitting and will concen-
trate only on the construction of aggregates (following Nemirovski [35], Judit-
sky and Nemirovski [20], Tsybakov [41], Birgé [3] and Bunea, Tsybakov and
Wegkamp [10]). Thus, the first subsample is fixed, and instead of classifiers

f1, .. fM, we have fixed prediction rules fi, ..., fy. Rather than work with a
part of the initial sample, we will suppose, for notational simplicity, that the whole
sample D, of size n is used for the aggregation step instead of a subsample Dl2.

Our procedure uses exponential weights. The idea of exponential weights is
well known; see, for example, Buckland, Burnham and Augustin [8], Yang [47],
Catoni [11], Hartigan [19] and Leung and Barron [26]. This procedure has been
widely used in on-line prediction; see, for example, Vovk [45] and Cesa-Bianchi
and Lugosi [12]. We consider the following aggregate which is a convex combina-
tion with exponential weights of M classifiers:

M
@.1) Fo=wl" £,
Jj=1
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where

w _ exp(Xi_y Yifj(Xi))

TR exp () Vi fi(X0))

Since fi, ..., fu take their values in {—1, 1}, we have

2.3) w§n) _ ;Xp(—nAn(fj)) ’
2 k=1Xp(—nA,(fk))

forall j € {l1,..., M}, where

(2.2) Vi=1,..., M.

1 n
(2.4) An(f) =~ Y (1 =Yif(Xn),
i=1
is the empirical analog of the hinge risk. Since A,(f;) = 2R,(f;) for all
j=1,..., M, these weights can be written in terms of the empirical risks of the
fi’ss

w® — _ SXP(=2nRa(f;))
J T M
> i=1xp(—2n R, (fx))

The aggregation procedure defined by (2.1) with weights (2.3) does not need
any minimization algorithm in contrast to the ERM procedure. Moreover, the fol-
lowing proposition shows that this exponential weighting aggregation scheme has
theoretical properties similar to those of the ERM procedure, up to the resid-
ual (log M)/n. In what follows, the aggregation procedure defined by (2.1) with
exponential weights (2.3) is called the Aggregation procedure with Exponential
Weights and is denoted by AEW.

Vi=1,...,M.

PROPOSITION 2.1. Let M > 2 be an integer and f1, ..., fu be M prediction
rules on X. For any integers n, the AEW procedure fn satisfies
= . log(M)
(2.5) An(fa) = min An(fi) +— —-

Obviously, inequality (2.5) is satisfied when f, is the ERM aggregate defined by
f, € Ar min R .
Jnefrg  oin .y FrlD)

Itis a convex combination of f;’s with weights w; = 1 for one j € Argmin; R, (f;)
and O otherwise.

We will use the following assumption (cf. Mammen and Tsybakov [31] and
Tsybakov [42]) that will allow us to get fast learning rates for the classifiers that
we aggregate.
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ASSUMPTION (MA1) [Margin (or low noise) assumption]. The probability
distribution 7 on the space X x {—1, 1} satisfies the margin assumption (MA1)(x)
with margin parameter 1 < k < +oo if there exists ¢ > 0 such that

2.6) E{|f(X) — f*(X)|} < c(R(f) — R*)'*,

for all measurable functions f with values in {—1, 1}.

We first give the following proposition which is valid not necessarily for the
particular choice of weights given in (2.2).

PROPOSITION 2.2. Let Assumption (MA1)(k) hold with some 1 < k < +o00.
Assume that there exist two positive numbers a > 1,b such that M > an®. Let

w1, ..., wy be M statistics measurable w.r.t. the sample Dy, such that w; > 0, for
. M = M

all j=1,...,M, and ijl w; =1 (7®"-a.s.). Define f, = ijl w; fj, where

f1, ..., fm are prediction rules. There exists a constant Co > 0 such that

(1 — (log M) VHE[A(f,) — A*]
<E[A(fn) — An(f*)] + Con™/ =D (log M)"/4,

where f* is the Bayes rule. For instance, we can take Co = 10 + ca="/ b 4
a='/?expl(b(8c/6)%) v (((8¢/3) Vv 1)/b)?].

As a consequence, we obtain the following oracle inequality.

THEOREM 2.3.  Let Assumption (MA1)(k) hold with some 1 < k < +00. As-
sume that there exist two positive numbers a > 1, b such that M > an®. Let fn
satisfy (2.5), for instance, the AEW or the ERM procedure. Then f, satisfies

E[R(fn) — R*]
2.7

2 | o 4 o Jog? )
= (1+ g |2 in (R = R + 60 i |

.....

for all integers n > 1, where Co > 0 appears in Proposition 2.2.

REMARK 2.1. The factor 2 multiplying min—;,_ p(R(f;) — R*) in (2.7) is
due to the relation between the hinge excess risk and the usual excess risk [cf.
inequality (1.3)]. The hinge-loss is more adapted for our convex aggregate, since
we have the same statement without this factor, namely,

= 2 loo?/*(M
BAG) - a2 (14— ) min (aGp - 49+ Coe 0 L
j=1

log/*(Mm) /) Li=t1.... M e/ 2ie=T)
Moreover, linearity of the hinge-loss on [—1, 1] leads to
in (A(fj) —A*)= min (A(f)— A"
j:r}}}gM( (fj) —AY) fgggnv( (f) — A¥),
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where Conv is the convex hull of the set { fj: j =1, ..., M}. Therefore, the excess

hinge risk of f, is approximately the same as one of the best convex combinations
of fj’s.

REMARK 2.2. For a convex loss function ¢, consider the empirical ¢-risk
Affb) (f). Our proof implies that the aggregate

M @)
- | AP
FO =Y wlf)  withw? = — P P vi=1,..., M,
= TSN exp(—n AP (fo)

satisfies the inequality (2.5) with Af,d’) in place of A,,.

We consider next a recursive analog of the aggregate (2.1). It is close to the
one suggested by Yang [46] for density aggregation under Kullback loss and by
Catoni [11] and Bunea and Nobel [9] for the regression model with squared loss.
It can be also viewed as a particular case of the mirror descent algorithm suggested
in Juditsky, Nazin, Tsybakov and Vayatis [21]. We consider

1. M
28 Ja= 2 2 Je=2 Wi fi.
= j=1
where
29) By = Lyt 2 Ly expCRA)

niz 7 nim XM exp(—kA(f)

forall j=1,..., M, where Ay (f) = (1/k) Zle(l —Y; f(X;))+ is the empirical
hinge risk of f and wﬁ.k) is the weight defined in (2.2) for the first & observations.
This aggregate is especially useful for the on-line framework. The following theo-
rem says that it has the same theoretical properties as the aggregate (2.1).

THEOREM 2.4. Let Assumption (MA1)(k) hold with some 1 < k < +00. As-
sume that there exi:vt two positive numbers a > 1, b such that M > an®. Then the
convex aggregate f, defined by (2.8) satisfies

E[R(f,) — R*] < (1 2 minM(R(fj) — R

2
+ -
10g1/4(M)){ j=l.....
+ Coy(n. /c)log7/4(M)},

for all integers n > 1, where Co > 0 appears in Proposition 2.2 and y(n, k) is
equal to (2k — 1)/ (k — 1)n=/C=D if i > 1 and to (logn)/n ifk = 1.
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REMARK 2.3. Forall k € {1,. — 1}, less observations are used to con-
struct fk than to construct fn, thus, 1ntu1tlvely, we expect that fn will learn better
than fi. In view of (2.8), f; is an average of aggregates whose performances are,
a priori, worse than those of fn, therefore, its expected learning properties are pre-
sumably worse than those of fu. An advantage of the aggregate f), is its recursive
construction, but the risk behavior of f, seems to be better than that of f,,. In fact,
it is easy to see that Theorem 2.4 is satisfied for any aggregate f, = D ke Wk fe,
where wy > 0 and YF_; wy = 1 with y(n, k) = Y 7_; wek /=D "and the re-
mainder term is minimized for w; = 1 when j =n and 0 elsewhere, that is, for

fn:ﬁl-

REMARK 2.4. In this section we have dealt only with the aggregation step.
But the construction of classifiers has to take place prior to this step. This requires a
split of the sample as discussed at the beginning of this section. The main drawback
of this method is that only a part of the sample is used for the initial estimation.
However, by using different splits of the sample and taking the average of the
aggregates associated with each of them, we get a more balanced classifier which
does not depend on a particular split. Since the hinge loss is linear on [—1, 1],
we have the same result as in Theorem 2.3 and Theorem 2.4 for an average of
aggregates of the form (2.1) and (2.8), respectively, for averaging over different
splits of the sample.

3. Adaptation to the margin and to complexity. In Steinwart and Scovel [38,
39] and Tsybakov [42] two concepts of complexity are used. In this section we
show that combining classifiers used by Tsybakov [42] or the L1-SVM classifiers
of Steinwart and Scovel [38, 39] with our aggregation method leads to classifiers
that are adaptive both to the margin parameter and to the complexity in the two
cases. Results are established for the first method of aggregation defined in (2.1),
but they are also valid for the recursive aggregate defined in (2.8).

We use a sample splitting to construct our aggregate. The first subsample
D,L =((X1,Y1),..., Xm,Yn)), where m =n — [ and [ = [an/logn] for a con-
stant a > 0, is implemented to construct classifiers and the second subsample
D12 = ((Xm+1> Ym+1)s - .., (Xn, Yy)) is implemented to aggregate them by the pro-
cedure (2.1).

3.1. Adaptation in the framework of Tsybakov. Here we take X = R¢. Intro-
duce the following pseudo-distance, and its empirical analogue, between the sets
G, G CX:

da(G,Gy = PX(GAG'),  dp.(G,G)=~— Z]l(x cGAG)»
i=1

where GAG’ is the symmetric difference between the sets G and G'. If Y is a
class of subsets of X, denote by Fp (Y, 8, da) the §-entropy with bracketing of Y
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for the pseudo-distance da (cf. van de Geer [44], page 16). We say that Y has a
complexity bound p > 0 if there exists a constant A > 0 such that

Hp(Y,8,dp) < AP VO<§<1.

Various examples of classes Y having this property can be found in Dudley [16],
Korostelév and Tsybakov [25] and Mammen and Tsybakov [30].

Let (%) pmin<p<pmax D€ @ collection of classes of subsets of X, where §, has
a complexity bound p, for all ppin < p < pPmax- This collection corresponds to
a priori knowledge on 7 that the set G* = {x € X :n(x) > 1/2} lies in one of
these classes (typically we have §, C 9 o if p < p’). The aim of adaptation to the

margin and complexity is to propose fn, a classifier free of « and p such that, if =
satisfies (MA1)(«) and G* € G, then fn learns with the optimal rate n—*/(2<+,=1)
(optimality has been established in Mammen and Tsybakov [31]), and this property
holds for all values of ¥ > 1 and ppmin < 0 < Pmax- Following Tsybakov [42], we
introduce the following assumption on the collection ($ ) pin<p<pmax -

ASSUMPTION (A1) (Complexity assumption). Assume that 0 < ppin <
Ppmax < 1 and the §,’s are classes of subsets of X such that §, C G, for
Pmin < 0 < p' < pmax and the class § p has complexity bound p. For any inte-

ger n, we define p,, j = Pmin + W(pmax — Pmin)s ] =0, ..., N(n), where N (n)
satisfies Aé)nb, < N(n) < Agn?, for some finite b > b’ > 0 and Ao, A > 0. As-
sume that for all n € N:

(i) forall j =0,..., N(n), there exists Nnj ,an g-neton G, ; for the pseudo-
distance da or da ., where ¢ = ajn_l/(1+p"~f'), aj > 0and max;a; < +00;

(i1) eN,,j has complexity bound py, ;, for j =0, ..., N(n).

The first subsample D,ln is used to construct the ERM classifiers fnﬁ (x) =
2]16,,- (x) — 1, where (A}{n € ArgminGeNj R,Q21g —1) forall j =0,..., N(m),

and the second subsample D12 is used to construct the exponential weights of the
aggregation procedure,

WO Sxp(= LAWY fTy)
J N(m)
D ok—1 exp(— lAU](fk))

where A[l](f) = (1/1) er'l:mﬂ(l — Yi f(X;))+ is the empirical hinge risk of
f : X +— R based on the subsample Dlz. We consider

Vji=0,...,N(m),

N(m)

3.1) o)=Y wlfic)  Vrex.

j=0

The construction of the fm ’s does not depend on the margin parameter «.
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THEOREM 3.1.  Let ($p) pmin<p<pmax D€ @ collection of classes satisfying As-
sumption (A1). Then the aggregate defined in (3.1) satisfies

sup E[R(f,) — R*] < Cn~¥/&+,=D vy > 1,
TEPyp
forall 1 <k < +ooandall p €[ Pmin, Pmax], where C > 0 is a constant depending
onlyona,b,b', A, Ay, Ay, Pmins Pmax and k, and Py , is the set of all probability
measures T on X x {—1, 1} such that Assumption MA1)(r) is satisfied and G* €

G-
3.2. Adaptation in the framework of Steinwart and Scovel.

3.2.1. The case of a continuous kernel. Steinwart and Scovel [38] have ob-
tained fast learning rates for SVM classifiers depending on three parameters, the
margin parameter 0 < o < 400, the complexity exponent 0 < p <2 and the ap-
proximation exponent 0 < 8 < 1. The margin assumption was first introduced in
Mammen and Tsybakov [31] for the problem of discriminant analysis and in Tsy-
bakov [42] for the classification problem, in the following way:

ASSUMPTION (MA2) [Margin (or low noise) assumption]. The probability
distribution 7t on the space X x {—1, 1} satisfies the margin assumption (MA2)(«)
with margin parameter 0 < o < 400 if there exists co > 0 such that

(3.2) P(12n(X) — 1| <1) < cot® vt > 0.

As shown in Boucheron, Bousquet and Lugosi [6], the margin Assumptions
(MA1)(x) and (MA2)(«) are equivalent with k = 1%" for a > 0.

Let X be a compact metric space. Let H be a reproducing kernel Hilbert space
(RKHS) over X (see, e.g., Cristianini and Shawe-Taylor [14] and Scholkopf
and Smola [37]) and Bpy its closed unit ball. Denote by N (B, ¢, Lz(PnX)) the
g-covering number of By w.r.t. the canonical distance of L2(PnX ), the Ly-space
w.r.t. the empirical measure, PnX ,on Xy, ..., X;,. Introduce the following assump-
tions as in Steinwart and Scovel [38]:

ASSUMPTION (A2). There exist ag > 0 and 0 < p < 2 such that, for any
integer n,

sup log N (BH, ¢, Lz(PnX)) <ape P Ve > 0.
Dpe(Xx{—1,1})"

Note that the supremum is taken over all samples of size n and the bound
is assuming for any n. Every RKHS satisfies (A2) with p = 2 (cf. Steinwart
and Scovel [38]). We define the approximation error function of the L1-SVM as

a() Einfren QI3 + ACH)) — A*.
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ASSUMPTION (A3). The RKHS H approximates 7 with exponent0 < g <1,
if there exists a constant Cy > 0 such that a(1) < CoA?, VA > 0.

Note that every RKHS approximates every probability measure with exponent
B =0 and the other extremal case f = 1 is equivalent to the fact that the Bayes
classifier f* belongs to the RKHS (cf. Steinwart and Scovel [38]). Furthermore,
B > 1 only for probability measures such that P(n(X) = 1/2) = 1 (cf. Steinwart
and Scovel [38]). If (A2) and (A3) hold, the parameter (p, 8) can be considered as
a complexity parameter characterizing 7w and H.

Let H be an RKHS with a continuous kernel on X satisfying (A2) with para-
meter 0 < p < 2. Define the L1-SVM classifier by

(3.3) f} =sign(F), where F* € Arg %i[r}(xnfn%, + Au(f));

A > 0 is called the regularization parameter. Assume that the probability measure
7 belongs to the set @, g of all probability measures on X x {—1, 1} satisfying As-
sumption (MA2)(«) with & > 0 and (A3) with complexity parameter (p, 8), where
0 < B < 1. It has been shown in Steinwart and Scovel [38] that the L1-SVM classi-

~y OB
fier, f,f\ ", where the regularization parameter is AZ”S = p~4e+D)/Qatpatd)(1+p)
satisfies the following excess risk bound: for any € > 0, there exists C > 0 depend-
ing only on e, p, B and ¢ such that

(34) ]E[R(fr?z‘ﬂ) _ R*] < Cn—4/3(Ol+1)/((20(+p0l+4)(1+,3))+£ Vn > 1.

We remark that if 8 =1, that is, f* € H, then the learning rate in (3.4) is (up to
an g) n~2@+tD/Qatpatd) “which is a fast rate since 2(a + 1)/Qa + pa +4) €
[1/2,1).

0B
To construct the classifier fnk ", we need to know parameters « and g that are
not available in practice. Thus, it is important to construct a classifier, free from

these parameters, which has the same behavior as fnk ”’ﬂ, if the underlying distrib-
ution 7 belongs to &, g. Below we give such a construction.

Since the RKHS H is given, the implementation of the L1-SVM classifier f:f‘
requires only knowledge of the regularization parameter A. Thus, to provide an
easily implemented procedure, using our aggregation method, it is natural to com-
bine L1-SVM classifiers constructed for different values of A in a finite grid. We
now define such a procedure.

We consider the L1-SVM classifiers £, defined in (3.3) for the subsample D,
where A lies in the grid

() ={x=1"" ¢ =1/24+kA""  k=0,...,[3A/2]},

where we set A = /%0 with some by > 0. The subsample D12 is used to aggregate
these classifiers by the procedure (2.1), namely,

(3.5) o= wl fh
1§ 0)
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where
exp(Ci, i Yifa (X)) exp(~lA(f1))
Yegn) Pt Yif (X0)  Xiegay exp(—1AU (1)

and AYN(f) =1/ X0, (1= Y fF(X)+.

w =

THEOREM 3.2. Let H be an RKHS with a continuous kernel on a compact
metric space X satisfying (A2) with parameter 0 < p < 2. Let K be a compact
subset of (0, +00) x (0, 1]. The classifier f,, defined in (3.5), satisfies

sup E[R(]Fn) — R¥] < Cn—2B+D)/(Qatpatd)(1+8))+e
ﬂe(ﬂa’ﬂ

forall (a, B) € K and & > 0, where Qg is the set of all probability measures on
X x {—1, 1} satisfying (MA2)(«) and (A2) with complexity parameter (p, B) and
C > 0 is a constant depending only on ¢, p, K, a and by.

3.2.2. The case of the Gaussian RBF kernel. In this subsection we apply our
aggregation procedure to L1-SVM classifiers using the Gaussian RBF kernel. Let
X be the closed unit ball of the space R% endowed with the Euclidean norm || x || =
(Zfil xiz)l/z, Vx = (x1,...,Xq) € R% . The Gaussian RBF kernel is defined as
Ky (x,x") = exp(—o?|lx —x'||?) for x, x’ € X, where o is a parameter and o~ is
called the width of the Gaussian kernel. The RKHS associated with K, is denoted
by H,.

Steinwart and Scovel [39] introduced the following assumption.

ASSUMPTION (GNA) (Geometric noise assumption). There exist C; > 0 and
y > 0 such that

7(X)?

E[|2n(X) —1] exp(— )] <Ct¥h/2 > 0.

Here 7 is a function on X with values in R which measures the distance between
a given point x and the decision boundary, namely,

dx,GoUGy), ifxeG_q,
t(x)=1dkx,GoUG_)), ifx € Gy,
0, otherwise,

for all x € X, where Go={x € X:n(x)=1/2}, Gy ={x € X:n(x) > 1/2} and
G_1={x e X:n(x) < 1/2}. Here d(x, A) denotes the Euclidean distance from a
point x to the set A. If & satisfies Assumption (GNA) for a y > 0, we say that &
has a geometric noise exponent y.

The L1-SVM classifier associated to the Gaussian RBF kernel with width o !
and regularization parameter A is defined by fn(a’)‘) = sign(ﬁ,ﬁa’)‘)), where £V
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is given by (3.3) with H = H,;. Using the standard development related to SVM
(cf. Scholkopf and Smola [37]), we may write £ (x) = Y1, Ci Ky (X;, x),
Vx € X, where 6‘1, e, é‘n are solutions of the maximization problem

n n
max 2 CY; — CiCiKs(Xi, X)) ¢,
OSZACiYiSnl{ ; i1 in=:1 IAd a( 1 j)}
which can be obtained using standard quadratic programming software. According
to Steinwart and Scovel [39], if the probability measure 7 on X x {—1, 1} satisfies

the margin Assumption (MA2)(«) with margin parameter 0 < o < +o00 and As-

ALY Y
sumption (GNA) with a geometric noise exponent y > 0, the classifier fn(g" n ),

where the regularization parameter and width are defined by

) oa+2
Ay — n~(+D/Qy+D) ify < ra
n=2(r+D@+D)/Q2y (@+2)+3a+4) otherwise
and
o = (AZ,V)—I/(V+1)d(>’
satisfies
E[R(/7H7) — ']
(3.6) +2
—y/Qy+D+e i «
~cln , ify < a
n=2r(@+D)/Qya+d)+3a+b+e  otherwise,

for all ¢ > 0, where C > 0 is a constant which depends only on «, y and . We
remark that fast rates are obtained only for y > B +4)/(2x).

To construct the classifier fA,,(U’(‘X ’y’)”%y), we need to know parameters « and y,
which are not available in practice. As in Section 3.2.1, we use our procedure to
obtain a classifier which is adaptive to the margin and to the geometric noise para-
meters. Our aim is to provide an easily computed adaptive classifier. We propose

the following method based on a grid for (o, ). We consider the finite sets

p1 p2 1
M(D) = {(w,pl, Viopy) = (ﬂ, 2y 5) pr=1.... 21Al;

p2=1,...,|_A/2J},

where we let A = /% for some by > 0, and

N (1) = (01,9, M) = AP 17V (9, ) € M(D)).
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We construct the family of classifiers ( fnﬁ"’“ : (0, A) € N(])) using the observa-

tions of the subsample D,L and we aggregate them by the procedure (2.1) using
Dlz, namely,

~ l A
(3.7) o= 2w e,
(o,A)eN (1)
where
F(o,1)
exp(Q_ Y; X;
38 wl = PQioms Yifm ™ (X)) Vo, 1) € N (D).

A /’)"/
Sorwen XDy gy Yid (X))
Denote by Ry, the set of all probability measures on X x {—1, 1} satisfying
both the margin Assumption (MA2)(«) with a margin parameter « > 0 and As-
sumption (GNA) with a geometric noise exponent y > 0. Define U = {(«, y) €
(0, +00)?:y > %St} and U = {(a, ) € (0, +00) 1y < 52}

THEOREM 3.3.  Let K be a compact subset of U and K' a compact subset
of W. The aggregate f,, defined in (3.7), satisfies

n~v/Gribte, if (. y) €K',

3 *
sup E[R(f,) —R"]=C { n2r @D/ Qrasd+datdte e ) e K,

TERa,y

forall (a,y) € KUK’ and ¢ > 0, where C > 0 depends onlyone, K, K', a and by.
4. Proofs.
LEMMA 4.1. For all positive v, t and all k > 1,t +v > p =121/ Qi)

PROOF. Since log is concave, we have log(ab) = (1/x)log(a*) + (1/y) X
log(b?) <log(a*/x + b?/y) for all positive numbers a, b and x, y such that 1 /x +
1/y =1; thus ab < a*/x 4+ b?/y. Lemma 4.1 follows by applying this relation
witha =11/@) x =2k and b= v~ D/ O

PROOF OF PROPOSITION 2.1. Observe that (I —x); =1 —x for x < 1.
Since Y; fu(X;) <1l and Y;f;(X;) <1foralli=1,...,nand j=1,..., M, we

have A,(f) = X1, w4, (f)). We have A,(f}) = Aa(f) + Logw®) —

log(wl.(n))), for any j, jo=1,..., M, where the weights w§") are defined in (2.3)
by

(n) CXP(—nAn(fj))
W == ,
2_k=1exp(—=nA,(f))
and by multiplying the last equation by w§”) and summing over j, we get

@.1) A< min Au(f) +22M
' = n

.....
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)
W

Indeed, we have log(wﬁg)) <0, Vj=1,...,M, and Z?i] w;n) log(l/M) =
K (wlu) > 0, where K (w|u) denotes the Kullback-Leiber divergence between the

..........

PROOF OF PROPOSITION 2.2. Denote y = (log M)~ /%, u = 2yn =</ =1
log> M and Wy, = (1 — y)(A(fy) — A*) = (Au(fu) — Au(f*)). We have
E[Wal = E[Wa(Lw,<uw) +Lw,>u))]
<u-+ IE[anjl(W,,>u)]

+00
=u+uIP’(Wn>u)+/ P(W, > t)dt
u

—+00
<2u +/ P(W,, > t)dt.
u

On the other hand, (f;);=1,.,m are prediction rules, so we have A(f;) =
2R(fj)and A, (f;) =2R,(f;) (recall that A* =2R*). Moreover, we work in the
linear part of the hinge-loss; thus

M
P(W, > 1) = P(Z wi((ACf) — A¥) (1 = y) — (Au(f)) — An(f5))) > z)

Jj=1

<p( max ((AG) = A1) = ) = (4,0 — A1) = 1)
M
<Y P(Zj>y(R(f)) — R*)+1/2)

forall t > u, where Z; = R(fj) — R* — (R, (fj) — R,(f*)) forall j=1,.... M
[recall that R, (f) is the empirical risk defined in (1.1)].

Let je{l,...,M}. Wecanwrite Z; = (1/n) }_i_(E[¢; j1—¢;,j), where ¢; ; =
1y, £ (Xi)<0) — L(y; r(x;)<0)- We have [g; j| < 1 and, under the margin assumption,
we have V(& ;) < E(G?) =ElI f;(X) = f*(X)I < e(R(fj) — R")'/*, where V
is the symbol of the variance. By applying Bernstein’s inequality and Lemma 4.1
respectively, we get

P[Z; >¢] <ex (— e’ )
17 =P R — ROVE +2¢/3

- <_ ne? ) n (_ 3ne
<exp 4e(R(f) = R/ exp T)
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forall ¢ > 0. Denote u; =u/2 4 y (R(f;) — R*). After a standard calculation we
get

+00 +00
/ ]P’(Zj>y(R(fj)—R*)+t/2)dt=2/ P(Z; > ¢)de < B| + B,
u Mj

where
2

g, YR —RIVE (_ nu; )
' nu P\T4eR(f) — RV

and

B 8 ( 3nuj>
= —exp|— .
: n P 4

Since R(fj) > R*,Lemma4.1 yields u; > y (R(f;) — R*)!/ <) (log M) =D/x x
n~=12. For any a > 0, the mapping x — (ax)~'exp(—ax?) is decreasing on
(0, +00); thus we have

4 2
B < C (log M)—(ZK—I)/K exp(—y—(log(M))“"_z)/").
yv/n 4c

The mapping x — (2/a) exp(—ax) is decreasing on (0, 4-00) for any a > 0 and
uj > y (log M)?n="/¢=D; thus

By < iexp(—3—)/71("_1)/(2"_1)(10g M)Z).
n 4

Since y = (log M)~'/*, we have E(W,) < 4n~/C=DdogM)"/* + T\ + T»,
where

4Mc

Jn

T) =

(log M)~ Te—4)/40) exp(_i(log M)<7x—4)/<2x>>
4c
and
8M
= exp(—(3/4)n® =D/ =D 109 p)7/4).
n

We have 7, < 6(log M)7/4/n for any integer M > 1. Moreover, k/(2xk — 1) <1
for all 1 <k < 400, so we get T < 6n~</@<=D(log M)7/* for any integers n > 1
and M > 2.

Let B be a positive number. The inequality 77 < Bn ™%/~ (log M)7/* is
equivalent to

Tk —2
2K

3
22 — 1) [4—(10g M) Te=H/) _ 109 M + log(log M)]
C

> 10g((4c/B)2(2K_1)n).
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Since we have 7’5;4 > % > 1forall 1 <k < +oo and M > an® for some positive
numbers a and b, there exists a constant B which depends only on a, b and ¢ [for
instance, B = 4ca~'/??) when n satisfies log(an®) > (b*(8¢/6)%) v ((8¢/3) Vv 1)?]
such that T) < Bn—*/@=D(1og M)7/*. O

PROOF OF THEOREM 2.3. Let y = (log M)~'/#. Using (4.1), we have
E[(A(fn) — A*)(1 = )] = (A(f)p) — AY)

=E[(A() = A0 = p) = (An(f) = A (/)] + ELA () = An(fio)]
£ = log M
< E[(A() = A1 =) = (An(f) = An(F)] + ——.

For W,, defined at the beginning of the proof of Proposition 2.2 and f* the Bayes
rule, we have

F * . " log M
“42) (1= (EA(f)] - A") < jzrlrl}}}M(A(fj) — A%) + E[W,] + —

According to Proposition 2.2, E[W,] < Con_"/(z"_l)(log M)"/*, where Cy > 0 is
given in Proposition 2.2. Using (4.2) and (1 —y)~! <142y forany 0 <y < 1/2,
we get

2 ) i log7/4(M)
WNF@EMMUJ’) — A+ CW}-

We complete the proof by using inequality (1.3) and equality 2(R(f) — R*) =
A(f) — A*, which holds for any prediction rule f. [

E[A(f,) — A*] < (1 +

PROOF OF THEOREM 2.4. Since the fk’s take their values in [—1, 1] and
x > (1 —x)4 is linear on [—1, 1], we obtain A(f,) — A* = 131 (A(f) —
A*). Applying Theorem 2.3 to every fxfork=1,...,n,then taking the average
of the n oracle inequalities satisfied by the fe fork=1,...,n and seeing that
(1/n) Y p_ k=</@=D < (n, k), we obtain

E[A(f,) — A*]

<<1+#>{ min (A(f;) — A*) 4+ Cy(n K)10g7/4(M)}
=T g ) =Tt A v '

We complete the proof by the same argument as at the end of the previous proof.
|

PROOF OF THEOREM 3.1. Let pmin < p < pmax and « > 1. Let pp j, =
min(pop, j : Pm,j > p). Since N(m) > Aé)mb/ > Clb/, where C > 0, using the or-
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acle inequality, stated in Theorem 2.3, we have, for 7 satisfying (MA1)(k),
E[R(f,) — R*|D),]

log”/* N (m) }

. Ry *
< min )(R(f,{l)—R )+C7p«/(2x—1)

2
<(1+ )2
< log!/* N (m) j=1,...,N(m
where C is a positive number depending only on 5, a, Aj, and c¢. Taking the ex-
pectation with respect to the subsample D,L, we have

E[R(f,) — R*]

<

) N i log’/* N (m)
(1+ e R = K11+ €S|

It follows from Tsybakov [42] that the excess risk of fn{o satisfies
sup E[R(fJ0) — R*] < Cm ™/ +rip=D),

TEP, Pjo

where C is a positive number depending only on A, ¢, k, Pmin and pmax (note that
C does not depend on pj,).

Moreover, we have m > n(1 —a/log3 — 1/3), N(m) < Aomb < Aonb and [ >
an/logn, so that there exists a constant C depending only on a, Ao, A6, b, bk,
Pmin and pmax such that
(43) sup E[R(f,) — R*] < C{n </ Cctpig=l) | jy=x/Qk=1) (1o ) 11/4},

neﬂ’,(_%

Since pj, < p + N@m)™' < o+ (Aé))_l[n(l —a/log3 — 1/3)]_1’/, there exists
a constant C depending only on a, Ay, b', k, Pmin and pmax such that, for all inte-
gers n, n /@ FPip=1) < Cp=*/@k+p=1) Theorem 2.4 follows directly from (4.3),
seeing that p > pmin > 0 and P , < J’K’% since pj, > p. U

PROOF OF THEOREM 3.2. Define 0 < &pi5 < @max < +00 and 0 < Bin < 1
such that K C [0min, ®max] X [Bmin, 11. Let (ag, Bo) € K. We consider the function
on (0, +00) x (0, 1] with values in (1/2,2), ¢(a, B) =4(x + 1)/(Ca 4+ pa +
4)(1 + B)). We take kg € {0, ..., [3A /2] — 1} such that

Griy =1/2+koA™" < (a0, Bo) < 1/2+ (ko + DA™

For n greater than a constant depending only on K, p,by and a, there ex-
ists g € [min/2, @max] such that ¢ (ao, Bo) = P1,k,- Since o — ¢(c, Bo) in-
creases on R™, we have ag < ag. Moreover, we have |¢ (a1, Bo) — ¢ (a2, Bo)| >
Alay — an|, Yai, a2 € [@min/2, ¢max], where A > 0 depends only on p and opax.
Thus, |ag — ag| < (AA)*I. Since ap < g, we have @y g, € @gy, 4y SO

sup E[R(f,) —R*]< sup E[R(f,) — R*].

ne@“()vﬂ() ne@&oqlgo
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Since [3A /27 > (3/ 2)I%, for satisfying the margin Assumption (MA2)(ag),
Theorem 2.3 leads to

E[R(f,) — R*|D}]

2 . B log”*(13A/27)
= (1 * 10g1/4([3A/21)>{Zxrgglg)(R(ﬁ") = R+ Co~ Goiny@o }
for all integers n > 1, where Cp > 0 depends only on K, a and by. Therefore, tak-
ing the expectation w.r.t. the subsample D,}W we get

E[R(f,) — R*] < C1(E[R(f,""0) — R*] + 1C0+D/@0+2) 1657/4 (1))

where A; x, =1 Pk and C; > 0 depends only on K, a and by.

Set I': (0, +00) x (0,1] —> R* defined by I'(a, B) = B (a, B), V(a, B) €
(0, +00) x (0, I]. According to Steinwart and Scovel [38], if m € Qg g,, then
for all € > 0, there exists C > 0, a constant depending only on K, p and ¢, such
that

AN B
]E[R(fml,k()) _ R*] < Cm—r‘(olo,ﬁo)-}—g.

We remark that C does not depend on &g and By since (@g, Bo) € [¢min/2, ¥max] X
[Bmin, 1] and that the constant multiplying the rate of convergence, stated in Stein-
wart and Scovel [38], is uniformly bounded over (o, 8) belonging to a compact
subset of (0, +00) x (0, 1].

Let & > 0. Assume that w € @ g,- Wehaven(l —a/log3—1/3) <m <n,l >
an/logn and T' (@, Bo) < (@o+1)/(@0+2) < 1. Therefore, there exist C2, C5 > 0
depending only on a, by, K, p and ¢ such that, for any n greater than a constant
depending only on Bp;in, a and by,

E[R(fn) — R¥] < Cz(n—l“(&o,ﬁo)—i-s +n—(&0+1)/(&0+2)(10gn)11/4)
< Cén—r(&ovﬂo)ﬂs.

Moreover, I' satisfies |I"(ag, Bo) — " (xo, Bo)| < BA~! where B depends only on
p and &y, and (nB At )neN is upper bounded. This completes the proof. [J

PROOF OF THEOREM 3.3. Let (ag, y9) € K U K’. First assume that (ag, o)
belongs to K C U. We consider the set

8=1{(g,¥) e (0,1/2) x (1/2,1):2 = 2% — ¢ > O}.

Each point of 4 is associated with a margin parameter (3.2) and with a geometric
noise exponent by the following functions on 4 with values in (0, +00):
4y

- -2 _ v
a(fp’w):m and V(gﬂ,lﬂ):;—l
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We take (¢, ) € § N M(I) such that a (¢, V) < ag, Y (@, ¥) <y, a(e, V) is
close enough to @y, 7(p,¥) is close enough to y and y(p,¥) >
(a(p,¥) +2)/Qa(p,¥)). Since yg > (o + 2)/(2ap), there exists a solution
(¢0, Yo) € 4 of the system of equations

a(p, ¥) = ao,
4.4 _
@b A,
For all integers n greater than a constant depending only on K, a and by, there
exists (p1,0, p2.0) €{1,...,2[A]} x{2,..., LA /2]} defined by
@lpro =min(@y p:@1p = 9o) and Yy p, o =max(Yy, p, 1 Vi, p, < Y0) — AL

We have 2 — 24y, o — @1, p, o > 0. Therefore, (¢, p, o, Vi, p, ) € 8 N M(I). Define

a0 = (@1, py o i, pro) a0d Yo = V(@1 py o> Vi, pao)- Since (go, Yo) satisfies (4.4),
we have

1 —o 1+ ap —o ( 1 ) 1+ap
— < = < —_—
Vipo S V0= T e = 2o+ 4\ T 28 ) T e
and (ag/ oo + 4))2A)~1 < A1 thus
oo 14+ g _
wl,pzo < _ZOl() +4(Pl,p1’0 + 5 +—O[0 SO g < Q.

With a similar argument, we have v , , < (a0 + Doy p, ,, that is, yo < 0. Now
we show that Y > (g + 2)/(2agp). Since (o, yo) belongs to a compact, (¢g, Vo)
and (@1, p, o> Y1, p, o) belong to a compact subset of (0, 1/2) x (1/2, 1) for n greater
than a constant depending only on K, a, by. Thus, there exists A > 0, depending
only on K, such that, for n large enough, we have

lag — @l < AA™' and  |yo — ol < AATL

Denote dx = d(0U, K), where 0 U is the boundary of U and d(A, B) denotes the
Euclidean distance between sets A and B. We have dg > 0 since K is a compact,
dU is closed and K N dU = &. Set 0 < dmin < Omax < +00 and 0 < Ypin <
Ymax < +00 such that K C [amin, ®max] X [Vmin, Ymax]. Define U, = {(a, y) €
(0, +00)?:a > 2pand y > (& — p +2)/(2( — p))} for p = min(amin/2, d).
We have K C U, s0 yo > (o — 0 +2)/(2(ag — w)). Since a — (o +2)/(2a) is
decreasing, yp > Yo — AAVand g <@+ AA™!, we have Y0 > B(ag) — AATL
where B is a positive function on (0, 2amax ] defined by B(oz) =(a—(u— AAH+
2)/ Q2 — (= AA™Y)). We have [B(a1) — B(a2)| = (20tmax) 2lar — 2] for all
ap, o € (0, 20max]. Therefore, B(@g) — AA™! > B(ap + 4Aa’, A™"). Thus, for
n greater than a constant depending only on K, a and by, we have yp > (xg +
2)/2&0).
Since ap < ap and yp < yp, we have Ry ), C Ra,, 7, and

sup E[R(fy) —R*1< sup E[R(f,) — R*].

/4 E‘RO‘O-VO b4 GR&OJ;O
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If 7 satisfies (MA2)(«p), then we get from Theorem 2.3
E[R(fa) — R*|D,,]

2
45 < <1 + 7)
() log!/* M (1)
2 log"*(M (1))
. (o,1)) _ p*
X{Zw,{?elrfwz)(R(fm ) - R )+C21<&o+1>/<&o+2>}’

for all integers n > 1, where C»> > 0 depends only on K, a and by and M (I) is the
cardinality of A (). We remark that M (1) > 1?20 /2, so we can apply Theorem 2.3.

Let ¢ > 0. Since M (I) < n%b0 and 10 > (o + 2)/(2ap), taking expectations in
(4.5) and using the result (3.6) of Steinwart and Scovel [39], for o = OLg1.py and
A= )Ll,l/,l_m, we obtain

HE‘R&OJ;O

where ® : U +— R is defined for all (¢, y) € U by O(a, y) = Ly (ae+1))/Qy (x+
2) 4+ 3a 4+ 4) and C > 0 depends only on a, by, K and . We remark that the
constant before the rate of convergence in (3.6) is uniformly bounded on every
compact of U. We have O (g, }o) < O(ag, o) < O(agp, o) + 2AA"Y, m >
n(l —a/log3 —1/3) and (mZAA_l)neN is upper bounded, so there exists C; > 0
depending only on K, a, by such that m~©@.%0) < Cip= @10 vy > 1.

A similar argument as at the end of the proof of Theorem 3.2 and the fact that
O(a,y) < (@ +1)/(a +2) for all (o, y) € U lead to the result of the first part of
Theorem 3.3.

Let now (xo, y0) € K'. Let o, > 0 be such that V(o, ¥) € K', o0 < ] -
Take p1o € {1,...,2[A]} such that ¢; p, , = min(¢; p: 91, > 2yo + 1)~! and
p € 4N), where 4N is the set of all integer multiples of 4. For large values of n,
p1,0 exists and pj o € 4N. Denoting yp € (0, +-00) such that ¢; p, , = 2y0 + 1)_1 R
we have Yy < yo; thus Ry, € Ray, 5, and

sup E[R(f,) — R*1< sup E[R(f) — R*].

TER,y, TER, 7

If 7 satisfies the margin assumption (3.2) with the margin parameter g, then,
using Theorem 2.3, we obtain, for any integer n > 1,

E[R(f,) — R*|D},]

2
46 < <1 + 7)
*0 log"/*(M (1))
. log”/* M (1)
. (0,0 _ p*
X{z(a,{?enﬁ(Z)(R(fm )—R )+C01(ao+1)/(ao+2)}’
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where C > 0 appears in Proposition 2.2 and M (/) is the cardinality of N (/).
Let e >0 and pyo € {1,...,[A/2]} be defined by p2o = p1,0/4 (note that
p1.0 € 4N). We have
—1/(do(0+1
0-17(/71.1)1’0 = ()\'l!wkpz’o) /(do(yo+ ))'
Since yp < (a0 + 2)/(2ep), using (3.6) of Steinwart and Scovel [39], we have, for
0 =0lg,, and A = )\1,1/,“]2,0,

E[R(fn(fo,)\o)) _ R*] < Cm_l:();OH'g,

where T': (0, +00) —> R is the function defined by f‘(y) =y/Q2y + 1) for all
y € (0, +00) and C > 0 depends only on a, by, K’ and ¢. We remark that, as in
the first part of the proof, we can uniformly bound the constant before the rate of
convergence in (3.6) on every compact subset of U’. Since M (I) < n??, taking the
expectation in (4.6), we find

sup E[R(fn) — R*]< C(m—T(J?OH-s + ]~ (@+1)/(«0+2) 10g7/4(n)),

TER, 7

where C > 0 depends only on a, by, K "and e. Moreover, |yo — 70| < 2o« +
1)2A71, 50 [T (70) — T(v0)| < 2(2amax + 1) A~L. To achieve the proof, we use the
same argument as for the first part of the proof. [

Acknowledgments. I want to thank my advisor, Alexandre Tsybakov, for
spending many hours to help me with this work, giving me many ideas, much
advice and many interesting papers.

REFERENCES

[1] AUDIBERT, J.-Y. and TSYBAKOV, A. B. (2005). Fast learning rates for plug-in classifiers un-
der the margin condition. Preprint PMA-998. Available at www.proba.jussieu.fr/mathdoc/
preprints/index.html#2005.

[2] BARTLETT, P., JORDAN, M. and MCAULIFFE, J. (2006). Convexity, classification and risk
bounds. J. Amer. Statist. Assoc. 101 138-156. MR2268032

[3] BIRGE, L. (2006). Model selection via testing: An alternative to (penalized) maximum likeli-
hood estimators. Ann. Inst. H. Poincaré Probab. Statist. 42 273-325. MR2219712

[4] BLANCHARD, G., BOUSQUET, O. and MASSART, P. (2004). Statistical performance of sup-
port vector machines. Available at ida.first.fraunhofer.de/~blanchard/publi/index.html.

[S] BLANCHARD, G., LUGOSI, G. and VAYATIS, N. (2004). On the rate of convergence of regu-
larized boosting classifiers. J. Mach. Learn. Res. 4 861-894. MR2076000

[6] BOUCHERON, S., BOUSQUET, O. and LUGOSI, G. (2005). Theory of classification: A survey
of some recent advances. ESAIM Probab. Stat. 9 323-375. MR2182250

[7] BUHLMANN, P. and YU, B. (2002). Analyzing bagging. Ann. Statist. 30 927-961. MR1926165

[8] BUCKLAND, S. T., BURNHAM, K. P. and AUGUSTIN, N. H. (1997). Model selection: An
integral part of inference. Biometrics 53 603-618.

[9] BUNEA, F. and NOBEL, A. (2005). Sequential procedures for aggregating arbitrary estimators
of a conditional mean. Technical Report M984, Dept. Statistics, Florida State Univ.


www.proba.jussieu.fr/mathdoc/preprints/index.html#2005
http://www.ams.org/mathscinet-getitem?mr=2268032
http://www.ams.org/mathscinet-getitem?mr=2219712
ida.first.fraunhofer.de/~blanchard/publi/index.html
http://www.ams.org/mathscinet-getitem?mr=2076000
http://www.ams.org/mathscinet-getitem?mr=2182250
http://www.ams.org/mathscinet-getitem?mr=1926165
www.proba.jussieu.fr/mathdoc/preprints/index.html#2005

1720 G. LECUE

(10]

[11]

[12]

[13]
(14]

[15]
[16]
[17]
(18]
[19]
(20]

(21]

[22]
(23]

[24]

[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]

(33]

BUNEA, F., TSYBAKOV, A. B. and WEGKAMP, M. (2007). Aggregation for Gaussian regres-
sion. Ann. Statist. 35 1674-1697.

CATONI, O. (2004). Statistical Learning Theory and Stochastic Optimization. Ecole d’Eté
de Probabilités de Saint-Flour 2001. Lecture Notes in Math. 1851. Springer, Berlin.
MR2163920

CESA-BIANCHI, N. and LuGosi, G. (2006). Prediction, Learning and Games. Cambridge
Univ. Press.

CORTES, C. and VAPNIK, V. (1995). Support-vector networks. Machine Learning 20 273-297.

CRISTIANINI, N. and SHAWE-TAYLOR, J. (2000). An Introduction to Support Vector Ma-
chines and Other Kernel-Based Learning Methods. Cambridge Univ. Press.

DEVROYE, L., GYORFI, L. and LUGOSI, G. (1996). A Probabilistic Theory of Pattern Recog-
nition. Springer, New York. MR1383093

DUDLEY, R. M. (1974). Metric entropy of some classes of sets with differentible boundaries.
J. Approximation Theory 10 227-236. MR0358165

FREUND, Y. and SCHAPIRE, R. E. (1997). A decision-theoretic generalization of on-line learn-
ing and an application to boosting. J. Comput. System Sci. 55 119-139. MR1473055

FRIEDMAN, J., HASTIE, T. and TIBSHIRANI, R. (2000). Additive logistic regression: A sta-
tistical view of boosting (with discussion). Ann. Statist. 28 337-407. MR1790002

HARTIGAN, J. A. (2002). Bayesian regression using Akaike priors. Preprint, Dept. Statistics,
Yale Univ.

JUDITSKY, A. B. and NEMIROVSKI, A. (2000). Functional aggregation for nonparametric
regression. Ann. Statist. 28 681-712. MR1792783

JUDITSKY, A. B., NAZIN, A. V., TSYBAKOV, A. B. and VAYATIS, N. (2005). Recursive
aggregation of estimators by the mirror descent method with averaging. Problems Inform.
Transmission 41 368-384. MR2198228

KOLTCHINSKII, V. (2001). Rademacher penalties and structural risk minimization. IEEE
Trans. Inform. Theory 47 1902-1914. MR1842526

KOLTCHINSKII, V. (2006). Local Rademacher complexities and oracle inequalities in risk min-
imization (with discussion). Ann. Statist. 36 2593-2706.

KOLTCHINSKII, V. and PANCHENKO, D. (2000). Rademacher penalties and bounding the risk
of function learning. In High Dimensional Probability II (E. Giné, D. M. Mason and
J. A. Wellner, eds.) 443-457. Birkhauser, Boston. MR1857339

KOROSTELEV, A. P. and TSYBAKOV, A. B. (1993). Minimax Theory of Image Reconstruction.
Lecture Notes in Statist. 82. Springer, New York. MR1226450

LEUNG, G. and BARRON, A. (2006). Information theory and mixing least-squares regressions.
IEEE Trans. Inform. Theory 52 3396-3410. MR2242356

LIN, Y. (1999). A note on margin-based loss functions in classification. Technical Report 1029r,
Dept. Statistics, Univ. Wisconsin-Madison.

LucGosi, G. and VAYATIS, N. (2004). On the Bayes-risk consistency of regularized boosting
methods. Ann. Statist. 32 30-55. MR2051000

Lucosi, G. and WEGKAMP, M. (2004). Complexity regularization via localized random
penalties. Ann. Statist. 32 1679-1697. MR2089138

MAMMEN, E. and TSYBAKOV, A. B. (1995). Asymptotical minimax recovery of sets with
smooth boundaries. Ann. Statist. 23 502-524. MR1332579

MAMMEN, E. and TSYBAKOV, A. B. (1999). Smooth discrimination analysis. Ann. Statist. 27
1808-1829. MR1765618

MASSART, P. (2000). Some applications of concentration inequalities to statistics. Probability
theory. Ann. Fac. Sci. Toulouse Math. (6) 9 245-303. MR1813803

MASSART, P. (2007). Concentration Inequalities and Model Selection. Lectures Notes in Math.
1896. Springer, Berlin.


http://www.ams.org/mathscinet-getitem?mr=2163920
http://www.ams.org/mathscinet-getitem?mr=1383093
http://www.ams.org/mathscinet-getitem?mr=0358165
http://www.ams.org/mathscinet-getitem?mr=1473055
http://www.ams.org/mathscinet-getitem?mr=1790002
http://www.ams.org/mathscinet-getitem?mr=1792783
http://www.ams.org/mathscinet-getitem?mr=2198228
http://www.ams.org/mathscinet-getitem?mr=1842526
http://www.ams.org/mathscinet-getitem?mr=1857339
http://www.ams.org/mathscinet-getitem?mr=1226450
http://www.ams.org/mathscinet-getitem?mr=2242356
http://www.ams.org/mathscinet-getitem?mr=2051000
http://www.ams.org/mathscinet-getitem?mr=2089138
http://www.ams.org/mathscinet-getitem?mr=1332579
http://www.ams.org/mathscinet-getitem?mr=1765618
http://www.ams.org/mathscinet-getitem?mr=1813803

(34]
(35]

(36]

(371

(38]

(391

[40]

[41]

(42]

[43]

[44]

[45]

[46]

[47]
(48]

AGGREGATION OF CLASSIFIERS 1721

MASSART, P. and NEDELEC, E. (2006). Risk bounds for statistical learning. Ann. Statist. 34
2326-2366. MR2291502

NEMIROVSKI, A. (2000). Topics in non-parametric statistics. Lectures on Probability Theory
and Statistics (Saint-Flour, 1998). Lecture Notes in Math. 1738 85-277. Springer, Berlin.
MR1775640

SCHAPIRE, R. E., FREUND, Y., BARTLETT, P. and LEE, W. S. (1998). Boosting the margin:
A new explanation for the effectiveness of voting methods. Ann. Statist. 26 1651-1686.
MR1673273

SCHOLKOPF, B. and SMOLA, A. (2002). Learning with Kernels. MIT Press, Cambridge.

STEINWART, 1. and SCOVEL, C. (2005). Fast rates for support vector machines. Learning
Theory. Lecture Notes in Comput. Sci. 3559 279-294. Springer, Berlin. MR2203268

STEINWART, I. and SCOVEL, C. (2007). Fast rates for support vector machines using Gaussian
kernels. Ann. Statist. 35 575-607.

TARIGAN, B. and VAN DE GEER, S. A. (2006). Classifiers of support vector machine type
with /; complexity regularization. Bernoulli 12 1045-1076. MR2274857

TSYBAKOV, A. B. (2003). Optimal rates of aggregation. Learning Theory and Kernel Ma-
chines. Lecture Notes in Artificial Intelligence 2777 303-313. Springer, Heidelberg.

TSYBAKOV, A. B. (2004). Optimal aggregation of classifiers in statistical learning. Ann. Sta-
tist. 32 135-166. MR2051002

TSYBAKOV, A. B. and VAN DE GEER, S. A. (2005). Square root penalty: Adaptation to the
margin in classification and in edge estimation. Ann. Statist. 33 1203—-1224. MR2195633

VAN DE GEER, S. (2000). Applications of Empirical Process Theory. Cambridge Univ. Press.
MR1739079

VOVK, V. (1990). Aggregating strategies. In Proc. Third Annual Workshop on Computational
Learning Theory (Mark Fulk and John Case, eds.) 371-383. Morgan Kaufmann. San Ma-
teo, CA.

YANG, Y. (2000). Combining different procedures for adaptive regression. J. Multivariate Anal.
74 135-161. MR1790617

YANG, Y. (2000). Mixing strategies for density estimation. Ann. Statist. 28 75-87. MR1762904

ZHANG, T. (2004). Statistical behavior and consistency of classification methods based on con-
vex risk minimization. Ann. Statist. 32 56-85. MR2051001

LABORATOIRE DE PROBABILITES ET MODELES
ALEATOIRES (UMR CNRS 7599)

UNIVERSITE PARIS VI

4, PL. JUSSIEU, BOITE COURRIER 188

75252 PARIS CEDEX 05

FRANCE

E-MAIL: lecue@ccr.jussieu.fr


http://www.ams.org/mathscinet-getitem?mr=2291502
http://www.ams.org/mathscinet-getitem?mr=1775640
http://www.ams.org/mathscinet-getitem?mr=1673273
http://www.ams.org/mathscinet-getitem?mr=2203268
http://www.ams.org/mathscinet-getitem?mr=2274857
http://www.ams.org/mathscinet-getitem?mr=2051002
http://www.ams.org/mathscinet-getitem?mr=2195633
http://www.ams.org/mathscinet-getitem?mr=1739079
http://www.ams.org/mathscinet-getitem?mr=1790617
http://www.ams.org/mathscinet-getitem?mr=1762904
http://www.ams.org/mathscinet-getitem?mr=2051001
mailto:lecue@ccr.jussieu.fr

	Introduction
	Oracle inequalities
	Adaptation to the margin and to complexity
	Adaptation in the framework of Tsybakov
	Adaptation in the framework of Steinwart and Scovel
	The case of a continuous kernel
	The case of the Gaussian RBF kernel


	Proofs
	Acknowledgments
	References
	Author's Addresses

