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CRAMER-TYPE LARGE DEVIATIONS FOR SAMPLES FROM
A FINITE POPULATION!'

BY ZHISHUI HU, JOHN ROBINSON AND QIYING WANG
USTC, University of Sydney and University of Sydney

Cramér-type large deviations for means of samples from a finite popu-
lation are established under weak conditions. The results are comparable to
results for the so-called self-normalized large deviation for independent ran-
dom variables. Cramér-type large deviations for the finite population Student
t-statistic are also investigated.

1. Introduction and results. Let X, X7, ..., X, be a simple random sample
drawn without replacement from a finite population {a}y = {ay, ..., an}, where
n < N. Denote u = EX1, o2 =var(X1),

n
Sn:ZXk, p=n/N, qg=1-p, a)%V:Npq.
k=1

Under appropriate conditions, the finite central limit theorem (see [14]) states that
P(S, — nu > xowy) may be approximated by 1 — ®(x), where ®(x) is the dis-
tribution function of a standard normal variate. The absolute error of this normal
approximation, via Berry—Esseen bounds and Edgeworth expansions, has been
widely investigated in the literature. We only refer to [4] and [17] for the rates in
the Erdos and Rényi central limit theorem and to [1, 3, 26], as well as [6, 7], for the
Edgeworth expansions. Extensions to U-statistics and, more generally, symmetric
statistics can be found in [20, 21, 27, 28], as well as [9, 10].

In this paper, we shall be concerned with the relative error of P(S,, — nu >
xowy) to 1 — ®(x). In this direction, Robinson [25] derived a large deviation re-
sult that is similar to the type for sums of independent random variables in [22],
Chapter VIII. However, to make the main results in [25] applicable, it essentially
requires the assumption that 0 < p; < p < p» < 1. This kind of condition not only
takes away a major difficulty in proving large deviation results but also limits its
potential applications. The aim of this paper is to establish a Cramér-type large
deviation for samples from a finite population under weak conditions. In a reason-
ably wide range for x, we show that the relative error of P(S,, — nu > xowy)
to 1 — ®(x) is only related to E|X| — u|?/o by means of an absolute constant.
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We also obtain a similar result for the so-called finite population Student #-statistic
defined by

In= \/E(X - /,L)/(OA'\/a),

where X = S,/n and 6% = Z'J’-:l(Xj — X)?/(n — 1). It is interesting to note
that the results for both the finite population standardized mean and the Student
t-statistic are comparable to the so-called self-normalized large deviation for in-
dependent random variables which has recently been developed by Jing, Shao and
Wang [19]. Indeed, Theorems 1.1 and 1.3 below can be considered as analogous
to Theorem 2.1 of Jing, Shao and Wang [19] in the independent case. The Berry—
Esseen bounds and Edgeworth expansions for the Student ¢-statistic have been
investigated in [2], [23] and [5, 8].

We now state our main findings.

THEOREM 1.1. There exists an absolute constant A > 0 such that

P(S, —np = xowy)
1 —d(x)

< exp{A(l +x)* B3y /on)

exp{—A(l +x)* B3y /on} <
(1.1)

for 0 <x <(1/A)wyo/maxy |ax — u|, where B3y = o E|X; — ,u|3.

The following result is a direct consequence of Theorem 1.1 and provides a
Cramér-type large deviation result for samples from a finite population.

THEOREM 1.2. There exists an absolute constant A > 0 such that

P(S) —nu>xowy)

(12) e =1+ 01 +x)Bsn/wn
and
(1.3) POn =1t = ZXOON) _ 1 4 6(1)(1 4 x)° By Jeon

d(—x)

for 0 < x < (1/A) min{wyo/maxg |ax — pl, (wn/Bsn)'/3}, where O(1) is
bounded by an absolute constant. In particular, if wy/B3n — 00, then, for any
0<ny—0,

P(Sy —nu=xowy) P(Sy —nu < —xowy)

(1.4) — 1, —1
1 —d(x) D (—x)

uniformly in 0 < x < ny min{oyo/maxy lax — i1, (0n/Bin)'/3}.
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Results (1.2) and (1.3) are useful because they provide not only the relative
error, but also a Berry—Esseen rate of convergence. Indeed, by the fact that 1 —

d(x) < 2e‘x2/2/(1 + x) for x > 0, we may obtain
IP(S, —np < xown) — )| < A+ |x)2e™ By fon
for |x| < (1/A) min{wyo/ maxy |ax — |, (wy/B3n)'/3}. This provides an expo-

nential nonuniform Berry—Esseen bound for samples from a finite population.

REMARK 1.1. We do not have any restriction on the {a}y in Theorems
1.1 and 1.2. Indeed, for any {a}y,

| N ) | N , X | N .
=—Sa, or=—=Y@m-wt EXi—uP=—3la-uP.
iz N]; k N};(k ) [ X1 — N};Ik w

Removing the trivial case that all a; are the same, we always have maxy |ay —
ul>0,0%>0and E|X| — ul® < 0.

REMARK 1.2. Hidjek [15] proved that if 0 < p; < p < p» < 1, then (S, —
nu)/ocony —op N(0,1) if and only if wyo/maxy|ar — n| — oo. Theorems
1.1 and 1.2 therefore provide reasonably wide ranges for x to make the results
hold. To be more precise, as an example consider a; = k%, where « > —1/3. In
this special case, simple calculations show that

min{ onor/ max o — al @/ Ba) | = (Npa) /.
Thus, Theorem 1.2 holds for x belonging to the best range (0, o[(Npgq)'/67).

The following theorem provides a relative error of P (¢, > x) to 1 — ®(x), which
is only related to E|X| — wl? /03 by means of an absolute constant, as in The-
orem 1.1. Cramér-type large deviation results for the Student ¢-statistic may be
obtained accordingly, as in Theorem 1.2. We omit the details.

THEOREM 1.3. There exists an absolute constant A > O such that

expl—A(l +x)Bs Jooy} < L =)
p X 3NCUN_1_<D(X)

< exp{A(l +x)*Bsy /o)

forall ) < x < (1/A)wyo/maxy |ay — |, where B3y is defined as in Theorem 1.1.

(1.5)

REMARK 1.3. The finite population {a}y in Theorems 1.1-1.3 may be re-
placed by a triangular array {a}y = {ani,i =1,2,..., N}, N > 2, without essen-
tial difficulty. Theorems 1.1-1.2 give information on normal approximations for
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TABLE 1
Relative errors of tail probability to normal

Population N Np B3N x=2 x=2.5 x=3
ap =k 1000 250 1.299 1.006 1.041 1.119
100 25 1.299 1.223 1.562 2.356
ap =k?* 1000 250 1.376 0.897 0.807 0.707
100 25 1.375 0.802 0.783 0.814

permutation and rank tests, while Theorem 1.3 is applicable in survey sampling.
It is worthwhile to note that we did not introduce any restrictions on unknown
parameters or the sampled population and, by means of methods similar to those
used in the proof of Theorem 1.3, it is possible to obtain similar bounds for the
Studentized mean under stratified random sampling.

REMARK 1.4. The importance of Theorems 1.1-1.3 is based on the fact that
all bounds are based only on E|X| — wl? /03 with an absolute constant. The rel-
evance of the results lies in the fact that they give general bounds on the relative
errors of the normal approximation, in the same way as the Berry—Esseen bounds
are of use in giving uniform bounds on the absolute error. However, our theorems
are still asymptotic results, as the absolute constant A is not specified. The fol-
lowing simulations in Table 1, which provide the relative error of P(f, > x) to
1 — ®(x) based on Theorem 1.3 for ay =k and a; = k% based on 1,000,000 rep-
etitions, indicate the accuracy of the normal approximation in the large deviation
region. The simulations in Table 2 confirm that more precise results, like saddle-
point approximations, are required. Dai and Robinson [11] investigated saddle-
point approximation under very strong conditions, that is, where errors are based
on Ee! X _“)2, for ¢t > 0, with a constant. The saddle-point approximations under
the weak conditions as in Theorem 1.3 are open problems.

This paper is organized as follows. Major steps of the proofs of Theorems
1.1-1.3 are given in Section 2. Proofs of three propositions used in the main

TABLE 2
Saddle-point approximations

Population N Np B3N x=2 x=2.5 x=3
ap =k 1000 250 1.299 0.984 0.989 1.011

100 25 1.299 0.996 0.989 0.992
ay =k? 1000 250 1.376 1.010 0.987 0.966

100 25 1.375 0.991 1.007 1.009
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proofs are offered in Sections 3-5. In Section 3, as a preliminary, we establish
a Berry—Esseen bound for the associated distribution of P (S, — nu < x) related
to the conjugate method in a general setting. Throughout the paper, we shall use
A, Ay, Ay, ... to denote absolute constants whose values may differ at each occur-
rence. We also write b = x /oy, V2 = Y 1_, X,%,

n
Vin=V;—n and Vi =) [(X;—1D*—EX; -1
k=1

and, when no confusion arises, Y denotes Z,ICVZI and [] denotes ]_[,1(\':1. The sym-
bol i will be used exclusively for /—1.

2. Proofs of theorems. Without loss of generality, we assume that u = 0
and o2 = 1. Otherwise, it suffices to consider that {X1, X2,...,X,,} is a sim-
ple random sample drawn without replacement from a finite population {a'}y =
{tair —w)/o,...,(an —n)/o}, wheren < N.

PROOF OF THEOREM 1.1. When 0 < x <2, property (1.1) follows from the
Berry—Esseen bound for samples from a finite population (see, e.g., [17]),

|P(Sy = xon) — (1 = @())| < ABsn/wN.

When 2 < x < (1/A)wy/ maxg |ag|, property (1.1) follows from the following
proposition with £ =0, £, = 0 and & = 0. Proposition 2.1 will be proven in Sec-
tion 3. [J

PROPOSITION 2.1. There exists an absolute constant A > 0 such that, for all
0<&§=<1/2,[511 <36 and2 < x < (1/A)wn/ max |ak/|,

P(bS, — Eb*qV, b*q2 Vs, > x2
en St qlil;_(il) TV 220+ expl—Ax B fon)

and
P(bS, — Eb*qViy + E1b%q*Vay > x>+ h)
1 — ®(x)

<[1+9|hlx*]exp{—h + Ax* B3y /wn),

(2.2)

where h is an arbitrary constant (which may depend on x) with |h| < x*/5.
PROOF OF THEOREM 1.2. This follows immediately from Theorem 1.1. [J
PROOF OF THEOREM 1.3. When 0 < x <4, property (1.5) follows from the

Berry—Esseen bound for the finite population Student #-statistic; see, for exam-
ple, [5]. Next, assume 4 < x < (1/A)wy/ maxy |ag|. Without loss of generality,
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assume that A > 8 and n > 4. Note that maxy |ax| > 1, since Za,% = N. It is read-
ily seen that

X0

23) Y0 _ 1‘ 11+ (g — /a2 = 1) < 262/,
X

where xo = xn'/?2/(n + x2q — 1)!/2. 1t follows from (2.3) that 2 < x/2 < x¢ <
3x/2 and |xg — x| < 2x° B3y /w3 Hence, by noting 1 — ®(x) > x®'(x)/(1 + x?)
for x > 0 (see, e.g., [24], page 30), we have

11— X @t x0 1 4 2
‘logJ = / 7()07‘5 / + dt‘
1—®(x) x 1—=®@%) X t
< 2x|x — xo| < x°B3n /@y,
which yields that
3 1 — ®(x0) 3
(2.4) exp{—x"Bn/on} < ————— <exp{x’Bsn/wn}.
1— o)

We are now ready to prove Theorem 1.3. As is well known (see, e.g., [13]), for
x>0,

Pty >2x)= P(Sn/Vn EXO«/g)~

Note that boxo/qVy < (x§ + biqVi2)/2 < x§ + bjq(V? — n)/2, where by =
xo/wp . It follows from (2.1), (2.3) and (2.4) that, for4 < x < (1/A)wy/ maxg |ax/|,

P(Sp > x04/qVn) = P(boSy — b3q(V;; —n)/2 > x7)
> (1 — ®(x0)) exp{—Axg f3n/wn)
> (1 — @ (x)) exp{—A1x> B3y oy},

which implies the first inequality of (1.5).

In view of the following two propositions, the second inequality of (1.5) may
be obtained by an argument similar to that used in the proof of (5.13) in [19], so
the details are omitted. The proofs of Propositions 2.2 and 2.3 will be given in
Section 4 and Section 5, respectively. [

PROPOSITION 2.2. There exists an absolute constant A > 0 such that
P(Sy > x/qVy) < (1 — ®(x)) exp{Ax By /wn} + Ae™*
Jor2 <x < (1/A)wy/max |ak|.
PROPOSITION 2.3. There exists an absolute constant A > 0 such that

P(Sy > x/qVn) < (1 — ®(x)) explAx®Ban Jon} + A(xBan Jon)*?

for2 <x <(1/A)wy/maxy |ag|.
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3. Proof of Proposition 2.1. In Section 3.1, we derive a Berry—Esseen bound
for the associated distribution of P (S, < x) related to the conjugate method. The

result is established in a general setting and will be used in the proof of Proposi-
tion 2.1, which is given in Section 3.2.

3.1. Preliminary. Consider a sequence of constants {b}y = {by, ..., by} with
> by =0. Write K (z) =log(pe?® + ge™P%) and let Ky, K and K/ be the values
of K(x), K'(x) and K" (x) evaluated at x = ub; + ap, where ay is the solution
of the equation

(3.1) > K'(ubg +a) =0.

We continue to assume that X1, X, ..., X, is arandom sample without replace-
ment from {b}y, where n < N, and continue to use the notation S, = ZZZI Xk,
p,q and wjzv = Npq, as in Section 1. Define

H,(x;u) = Ee"S"I(S, <x)/Ee"S".

The main result in this section is as follows.

THEOREM 3.1. For any given Co > 0, if |u| < Co/ maxy, |by|, then

Hy (x5 u) — <I>(x — mN)‘ <Clpg)~'*Y" Ibkl3/(zb£)3/2

ON

(3.2) sup

and
(3)  Ee =G (X KY) exp Y Ke ]+ 01 jow),

where G (p) =21 (N) p"g¥ ™", my = Y bi K},

n

o} = Y0 k( — (L buk!) /KL

|O1]| is bounded by C| and both C and C are constants depending only on Cy.

The results (3.2) and (3.3) essentially improve Lemma 2 and Lemma 1 (with
v = 0) of [25], respectively. In [25], the constants C and C are imposed to depend
on p and q. The proof of Theorem 3.1 follows the approach of Robinson [25], but
with quite different calculations. The details can be found in [18], on which the
present paper is based.
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3.2. Proof. Roughly speaking, the proof of Proposition 2.1 is based on the
conjugate method and an application of Theorem 3.1 to the by specified in (3.4)
below.

Let0 <A <2,0<6 <1and |0 <72. Define,fork=1,..., N,

1
(3.4) by = rbay — 0b*q(ai — 1) + elb‘*qz[(a,f —1)?— ~ Y (a; - 1)2].

Since ) a; =0 and Za,% = N, it is readily seen that maxy |ag| > 1 and >_ by =0.
Also, when bmaxy |ag| < 1/128, we have that bB3y < 1/128,

3.5 m]?x |br| <1/32,
(3.6) ‘Zb,% - Azsz‘ < 5Nb3gBsw,
3.7) Y bl <INB* B .

Recalling b = x/wy, (3.5)—(3.7) hold if 0 < x < (1/128)wy/ maxy |ax|.

We establish five lemmas before proceeding to the proof of Proposition 2.1.
The first lemma summarizes some basic properties of K (z). We still use the no-
tation Ky, K; and K}/ to denote the values of K(z), K'(z) and K" (z) evaluated
at 7z = by + a, where the by are limited to (3.4) and ay is the solution of the
equation Y K'(by + o) = 0. Lemmas 3.2 and 3.3 give the properties of ay, Ky,
K} and K;'. Lemmas 3.4 and 3.5 provide the results that will be used in the proof
of Proposition 2.1.

LEMMA 3.1. We have K'(0) =0,
(3.8) —pge* < K'(-x) <0< K'(x) < pge*, for0<x <t,
(3.9) pge” <K"(x) <pge™,  forlx| <1,
(3.10) |K"(x +iy)| 523/265tpq, for |x| <tand|y| <m/2.

Furthermore, if |x| < 1/16, then

(3.11) K (x)/pg —x*/2| < (1/2)|x],
(3.12) |K'(x)/pg — x| < x?,
(3.13) IK"(x)/pg — 1 —(q — p)x| < 8x%.

PROOF. The proof of Lemma 3.1 is straightforward and the details are omit-
ted. O

LEMMA 3.2. If0<x < (1/128)wy/ maxy |ak|, then oy is unique,

(3.14) |aN|5min{1/32,(2/N)Zb,§} and o < (9/8)bB3w.
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PROOF. By virtue of (3.5), (3.8) and (3.9), Y K'(bx + «) is negative when
o < —1/32 and positive when « > 1/32, and it is strictly monotone in the range
|a| < 1/32. This implies that Y K’ (by + ) = 0 has a unique solution oy and that
lay| < 1/32. By noting |bg| + |an| < 1/16, it follows from (3.12), > K'(bx +
ay)=0and ) by =0 that

Nlan| =Y K (b +an)/pg — (b +an)]
<Y bk +an)*=)>_b; + Nay
< > b + Nlawl/2.

This yields |ay| < (2/N) Zb,% and hence the first result of (3.14) follows. Fur-
thermore, by using Holder’s inequality, |bx| < 1/32 and (3.7), we obtain

ay < (4/N) > b < (9/8)b°Bsw,

which implies the second result of (3.14). The proof of Lemma 3.2 is complete.
g

LEMMA 3.3. If0 < x < (1/128)wy/ maxy |ax|, then

(3.15) ‘Z Ki — 22x2/2| < 24x3 B3 Joow,
(3.16) \Zbkl(,g - ,\2x2\ <24x3 B3y Jwn,
(3.17) > K{ — o} | <41x?,

(3.18) > beky| < 6x2,

(3.19) > BRKY =226 <216 sy Jow.

PROOF. We prove (3.15). The other proofs are similar and hence are omitted.
Applying (3.11) with x = by 4+ o and using Holder’s inequality, we obtain

(320) YKk =27 patbe +an)| < 2pg (3 1 + Nianl?).
This, together with ) by =0, (3.6)—(3.7) and (3.14), implies that
> Kk —222%/2] < |3 (Ke = 27" pa (i + an )|
+ 2_1pq’2b,% — AszN‘ +2 e
< 24w} B3y =24x B3y Jwn.,

as required. [
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Let Y;,1 < j < n, be a random sample of size n without replacement from
{b1, ba, ..., by} defined by (3.4),

n
T =T,1.0,00=)Y Y, my=my(L,0,0)=> bKj,
k=1
2
oxt = 0% 0,0,00 = biK{ — (Y biK}) /DK
and H, (x) = Eexp(T,;))I(T,] < x)/Eexp(T)).
LEMMA 3.4. There exists an absolute constant Ay > 0 such that, for 2 < x <

rowy / maxy |ak|,

exp{A’x?/2 — Ax*B3n Jwn} < E exp(T}})
(3.21)
< exp{Ax*/2+ Ax> 3w /oy ).

PROOF. Without loss of generality, assume that Ao < min{1/128, 1/(8C +
4)}, where C is defined as in Theorem 3.1. Recall that maxy, |bg| < 1/32, by (3.5).
It follows from (3.3) (Theorem 3.1 with u = 1 and Cy = 1/32) that

—12 N
(3.22)  Eexp(T;)) = (Gu(p))™" (Z K/Q/) CXP{ > Kk}(l + RY),
j=l1

where G, (p) = /27 (N)p”qN_" and |R*| < Cy/wy. By Stirling’s formula,

n

(],f ) P'q" " = Qroy) ™21+ 020,
where |O>| < 1/6. This, together with the fact that wy > x maxy |ag|/Ag > 128
(recall that maxy |ag| > 1), implies that
(3.23) o' Gu(p) I+ R*) = 1 4+ 003,
where |O3| < 2C1 + 1. On the other hand, it follows from (3.17) that

—-1/2
(3.24) (k) Ton=1+04%
where |O4| < 82. From (3.23)—(3.24), for 2 < x < Aowy/ maxg |ak|,

-1/2
exp{—241 v fon} < (DKY) T Ga(p) TN (14 RY)
(3.25)
< exp{A1x* v /on ),

where A; = 2Cy1 + 83 and where we have used the fact that 1/wy + b2 <
x3,83N/a)N, since b = x/wy and B3y > 1. (3.21) now follows easily from (3.15),
(3.22) and (3.25). The proof of Lemma 3.4 is thus complete. [J
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LEMMA 3.5. There exists an absolute constant )1 > 0 such that, for 2 < x <
Aoy / maxy |ag/,

(3.26) Im%y — 22x2| < 24x° B3 /oo,

(3.27) o2 — 2202 < 22x3Ban Jon.

If, in addition, 1 <A <2, then

(3.28) Ay = SI;P |Hy () — @) <12CBan/on < 1/4,

where u(y) = yoy + my, and where C is defined as in (3.2). Also, for all y satis-
fying my >y + 20y, we have

(3.29) P(T;" = y) = (1/2) exp{—my — 207%) E exp(T}).

PROOF. Without loss of generality, assume that A; < min{l/128,

1/(25C)}, where C is defined as in (3.2). (3.26) and (3.27) then follow from
(3.16)—(3.19) by a simple calculation.

If 1 <X <2, then by noting that Bin/wn < xB3n/QRwy) < min{l/128,
1/(50C)}, since B3y < maxy |ag|, it follows easily from (3.5)—(3.7) that pg Zb,% >
4x2/5 and

_ 3/2
330) (o) Ykl /(Xo87) " < 1283w /on < 1/(4C).
By (3.30) and Theorem 3.1 with Co = 1/32 and u = 1 (recall that maxy |bg| <
1/32),
_ 3/2
Av=CoO Y Il /(3o5) T =12CBiv/en < 1/4,

which implies (3.28).
By (3.28) and the conjugate method, for all y satisfying my > y + 207y,

o0

P(T; = ) Eep(T)) = [ e atiw
y
* o0 *
g e dHF (u(y))
(y—my) /oy

* * 2
> e7"NTIN [ dH(u(y))
-2

> ¢ "VT2N(P(IN(O0, 1) <2) — Ay)
> (1/2) exp{—m}y — 20y},

where N (0, 1) is a standard normal random variable and where we have used the
fact that

P(IN(0,1)| <2) > 3/4.
This proves (3.29) and also completes the proof of Lemma 3.5. [
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After these preliminaries, we are now ready to prove Proposition 2.1.
In addition to the previous notation, we further let 77, = 7,,(1, €, &1),
miy=my(1.§.6),  ofy=oy(1,§6),  en=+h—my)/ow
and Hy, (t) = Eexp{Ti,} (T1, <t)/E exp{T1,}. Note that
bSy — Eb*q Vi, + E16%q* Vo = Ty
It follows from the conjugate method that
P(bSy —§0%qVin +51b°¢*Van = x> + )
= P (T = x*+h)

o0
:Eexp{Tln}/ e "dH, (1)
x2+h
(331) .
— EeXp{Tln}e_xz_h/ e "YW dH,lon(t +en) +min]
0

= Eexp({Tin}e™ "(Ly + Ry),

where

o0
Ly :/ eI dD(t + £y,
0

0,0)
Ry =/0 e "W d{Hlon(t + en) +miy] — @t +en)).

We next estimate E exp{71,}, Ln and Ry for 0 <& < 1/2, |&1] <36, |h| <
x2/5 and 2 < x < nwy/max |ax|, where we assume 7 to be sufficiently small
so that n <min{1/128, Ag, A1}, with Ag and A defined as in Lemmas 3.4 and 3.5.
This choice of n guarantees that Lemmas 3.2-3.5 hold and, since f3y < maxg |ax/,
we have

(3.32) Ban/on <xB3n/Qwn) <n/2 <1/256.
Clearly, by Lemma 3.4,

exp{x?/2 — Ax’Ban Jon} < E exp{Tin)
(3.33)
<exp{x®/2+ Ax’ By fon}.
In order to estimate £y, we note that
Ly— /°° oo t—(/D(+en)? 44
2w Jo
g2 /2
(3.34) _e / = o entoni—(1/27 4,
V2m Jo

e—En/2

= LIN-
NG
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Write (1) = {1 — ®(£)}/ D' (1) = &' /2 [* ="/ dy. It is readily seen that
3/4<ty(r) <1 (t=2),
WOl =ty =1 <t (>0).

On the other hand, ¥ {ey + on} = L1n and, by virtue of (3.26), (3.27) and (3.32),
it follows that

(3.35)

(3.36) len — hjon| < 28x% By /oy.
If, in addition, we have || < x2 /5, then
(3.37) len +on — x| <3|h|/(2x) + 41x% B3y Jwn <2x/3.

Using (3.35)—(3.37), it follows from Taylor’s expansion that, for || < x?/5 and
2 < x < nwy/max |ak|,

Ly =Y{en +on}
— () + ¥ O)eny +oy —x}  [where 8 € (x/3,5x/3)]
=Y x)(1+ 1+ OsxB3n/wn),

where || < 9|k|/x? and |Os| < 120. Therefore, taking account of (3.34), we ob-
tain for |h| < x%/5 and 2 < x < nwy/ max; |ax|,

(3.38) Ly =21 — d(x))e V21 + T + OsxBsn Jwon).
As for Ry, by (3.28) and integration by parts,

|IRN| < 2sup |Hiploint +min] — ()] <24Ch3n /wn .
t

This, together with (3.35), implies that for x > 2,
(3.39) Ry = OgxBay /one’ /{1 — o (),

where |Og| < 32+/27C.
Combining (3.31), (3.33) and (3.38)—(3.39), it is readily seen that for any |h| <
x2/5 and 2 < x < nwy/maxy |ag|,
P(bSy — £b°qVin +§1b°q*Vay = x* + h)
1—d(x)

<[1+9/hlx"*exp{—h + Ax> B3y /wn ).

This proves (2.2).
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Similarly, by letting & = 0, it follows from (3.31), (3.33), (3.36), (3.38)
and (3.39) that if, in addition, xz< wn /B3N, then
P(bSy — Eb7qVin +E1b*q*Vau = x7)
1 —d(x)

> exp{—Ax>Ban /oy — e5 /21 — {|Os| + | OgleV 2} xBay Jwon]

(3.40)
> exp{—A1x° Ban /on}[1 — AxBan /o]

> exp{—A3x>Ban /N ),

by choosing 5 sufficiently small. From (3.40), property (2.1) will follow if we
prove that, for x> wn /B3y and 2 < x < noy/ maxy |ag|,
P(bS, — Eb*qV b*q> Vs, > x?
(3.41) (bSy —Eb°qVin +85167q"Von = x7) > exp{—Ax3ﬂ3N/a)N}.
1—®(x)

We will prove (3.41) by using (3.29). Let L =1 4 28x83n/wn, 0 = A and
01 = A&;. Note that 1 <A <3/2 by (3.32),0<6 <3/4since 0 <& <1/2 and
|61] <72 since |&1] < 36. By virtue of (3.26), (3.27), (3.32) and xZ> N /B3N, We
have m}, < A2x2 4 24x3 B3y Jon, oy <2x < 2x3B3n /wy and

miy — ax? —207% = A0 — Dx? — 28x3 B3y /wn > 0.

Now, by (3.29) with y = Ax? and Lemma 3.4, for x> > wy /B3y and 2 < x <
nwy/ maxy |ag|, it follows that

P(bSy —§b%qVin +51b°¢*Vay = x?) = P(T,] = hx?)
> sexp{—my — 205} E exp{T,’}
exp{—x2/2 —2x — Ax3,83N/a)N}
— @(x)) exp{—A1x° B3y [N},

which implies (3.41). The proof of Proposition 2.1 is now complete.

(Y
NN= N =

=

4. Proof of Proposition 2.2. By the inequality (1 + y)!/?> > 1+ y/2 — y? for
any y > —1,

P(Sy = x/qVn)
V212
:P(Sana/nq(l—f— L n) >
n
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+ P(Sn >x nq(l + ﬁ — 36x° (Z(Xk - 1)2+5p2ak)>)

= R, + Ry, say.

Note that Ry, = P(bS,, — %bzq Vin + 36b%q*Vs, > x* — hg), where, whenever
2 <x <(1/128)wy/ maxy |ai|, we have
180px* Y af N 36x4 YU E(X2 — 1)? 3x3,B3N

n? n? WN

ho =

and also 0 < hg < x2/5. It follows from Proposition 2.1 with & = 1/2, & = 36 and
h = hg that there exists an absolute constant A > 128 such that, for all 2 < x <

(1/A)wy / maxy |ax|,
(4.2) Roy < (1 — ®(x)) exp{Ax> B3N jwy )

This, together with (4.1), implies that Proposition 2.2 will follow if we prove for
all x > O that

4.3) Riy <2727

Theorem 2.1 of [12] will be used to prove (4.3). To use the theorem, let
Yi=X?— 1, A=Y}_,Yeand B=Q2Y7_, Y2 +4p Y a}h)!/2. It follows from
Theorem 4 of [16] that, for any A € R,

22
Eexp{kA — 732}

exp 2A2p Zak Eexp{Z(kYk — )LZYk)}

~222p Y at|lEexp(ny — A2Y2)T"
} +EQYII(Y; = —1/2)]"

-

-

{ 2)»217261

:exp[ 22p Y at|[1l - EGriron < —1/2)]"
-
-

<exp{-22p Y a1 +222EY]Y

I/\

exp|—222p Y af + 227 EY})
:exp[—ZAsza,ﬁ—{—ZAsz(a,%—1)2]51,

where we have used the inequality o5 <1+ xI(x = —1/2). This yields that
two random variables + and 8 > 0 satisfy condition (1.4) in [12]. Now, by noting
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that (E8B)?> < EB%> <6p Za,f and applying Theorem 2.1 of [12], we have

" 1/2
P(Vln > 6x<2(x,§ —1)? +5p2a,‘j) >

k=1
< P(A S O Jery (E£)2>
- V2
< e SV Eexp(t A/ B2 + (EB)?)
<ﬁe—6xt/ﬁ+t2<ﬁe—4x2

by letting ¢ = +/2x. Similarly,

n 1/2
(4.5) P(—Vln > 6x (Z(X,% —1*+5p Za,‘j) ) < V274,

k=1

(4.4)

By virtue of (4.4) and (4.5), we obtain (4.3). The proof of Proposition 2.2 is now

complete.

S. Proof of Proposition 2.3. Throughout this section, let ¢;,1 < j < N, be
i.i.d. random variables with P(¢; =1) =1 — P(e; = 0) = p, which are also inde-
pendent of all other random variables, and By = ijzl (¢j — p). By the inequality

(14 y)'/2>1+y/2 — y? for any y > —1, we again have
P(Sy = x/qVn)

V2 _ /2
:P(S,,Zxa/nq(l—k L n) )
n

VZ_ V2_ 2
n

n
2 _
5.1 =P(Zskak2x\/n_q<l+w
(Cexaf — 1)) _
R ))BN_O)

= P(Z(sk —p)gk + ;—2 Z VkVj > X —h‘BN =0>

I<k#j<N
=P(ITy + Ay >x—h|By =0),
where h = xpq Z(a,% —1)?/n?,

X
T =) (ex — P)gk Av==5 Y wvj,
n I<k#j<N
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where,forallj:l,...,N,vjz(ej—p)(ajz.—l)and
aj  x@—1)  x(1-2p)
gj=—L —— + 2”( 212 - Z(ak—l))
Jngq 2n n

and where in the proof of (5.1) we have used the facts that )" a; = 0, Za,% =N
and

(ex — p)? =ex(1 = 2p) + p* = (ex — p)(1 —2p) + pq.

We need the following lemmas before proceeding to the proof of Proposi-
tion 2.3.

LEMMA 5.1. For any random variable Z with E|Z| < oo,

TwN

(5.2) E(Z|By =0) = ZeBNIoN gy,
B, (P) 7TwN

where B,(p) =2nwy P(By =0) and

(5.3) 1 <V21/By(p) <1+ 0y

PROOF. Note that By = Zyzl €;j —n is an integer and, for any integer k,

T 2w, ifk=0
ikt _ ’ )
/,n" ‘“—{0, if k 0.

The proof of (5.2) is now obvious. The estimate for B, (p) follows from P(By =
0) = ( )p" g™ " and Stirling’s formula. [J

LEMMA 5.2. (1) We have

(5.4) E( > w2 By =0> < An*B3y,
1<ksj<N
N 3/2
(5.5 E(Z v > vi| |Bw =0> < An’B3y,
k=11 j=1,#k
3/2
(5.6) E< > wvj|  |Bw :0) < An’B3y.
I<k#j<N

@Gi) If ng, 1 <k < N, are i.i.d. random variables with

Pip=1)=1—=POn=0)=m(@), 0=m(@) =<1,
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independent of all other random variables, then

3/2
(5.7) E( > mnjuevj| [Ba =o) < Am*(t)n*Bly,
1<kAj<N
3/2
(5.8) E< > m(—npuwy|  [By :o) < Am(t)n*B3y.
I<k#j<N

PROOF. The proof of Lemma 5.2 is based on an argument similar to that in
Theorem 4 of [16], together with the moment inequalities for i.i.d. random vari-
ables and U -statistics. The details can be found in [18], on which the present paper
is based. U

To introduce the following lemmas, we define
f@)=E@" By =0),  fi(t)=E("™|By =0),
fr(6) = E(Aye" ™| By =0)
and, fork=1,..., N,
gk(t,¥) = Eexpli(ex — p)(1gk + ¥/on)}.

We also use the notation A = x83n/wy .

LEMMA 5.3. If|t| < (1/128) A", then for any 0 < m(t) < 1 and for 2 < x <
(1/128)wy / maxy |ax|,

£ (O] < A+ exD[m ™V (@0)e O 4 e~ 1400y ]

5.9
+ AltPPm() A% 4+ Altim*3 1) A3,
PROOF. Define {n;,k=1,..., N} asin Lemma 5.2(ii). Furthermore, let
Ty =Y m(ex — p)g. Ty =Y (1 —m)(ex — p)gk,
X X
= Y mampwevs, Aby=— Y w1 —n)v;,
I<k#j<N I<k#j<N
X
Ny== Y (=) —nj)wv;.
I<k#j<N
Note that

(5.10) Tn + An =Tjy + Ty + Aly + 2055 + A3y
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It follows from (5.10), |e!’ — 1| < |¢| and |e’ — 1 — it| < 2|¢|*/? that

|f(0)] = |E (" Tint Ty HAIN 205 +A50)| By = 0)|

IA

|
|E(eif(Tl*N+T£‘N+2A§N+A’§N)|BN =0)|+ |t|E(|ATy||By =0)
|E

(eit(Tl*N+T;N+A’3‘N)|BN — 0)}

A

(5.11) I
+20t||E(Ag e Tint vt 450 | By = 0)|

+ 81 E(| A3y P2 By = 0) + [t E(JATy || By =0)
= E1(t,x) + Ba(t, x) + B3(t, x) + Ea(t, x).
We first estimate E3(¢, x) and Z4(¢, x). By Lemma 5.2(ii), we obtain that

E(IA5y 1By =0) < A Pm(nn™" B3y < Am (1) A?

and, by Holder’s inequality,
E(IAfylIBy =0) < [E(IATN 1By = 00177 < Am*P (1) A%,

These facts yield
(5.12) B3(t, x) + Zalt, x) < AltPPm@) A% + Alt|m* P @) A3,

Next we estimate 21 (¢, x). Write Bfy, = > _n(ex — p), B3y = > (1 — i) (ek —
p) and

(5.13) B={k:n,=1}, B¢ ={k:n=0).
Note that, given 1y, ..., nn,

and By = Bfy + Bj). It follows that T}y, and B}, are independent of T3}, A3y
and B;‘N, given 1y, ..., nn, and hence, by Lemma 5.1,
B, x)
1
Bu(p) Jiy|<roy

|Eexp{it(T)'y + Toy + A3y) + iy By /on} dy
(5.14)
<2 E|EyexplitTy + iy Biy/on} dy

ARS 12y

=2 [ EIE, explink(ex — p)(tgk + ¥/on)} dy,

[W|<rwy

where E), denotes the conditional expectation given ng, k=1, ..., N.
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Let &} be an independent copy of e. By Taylor’s expansion of ez,
E|Eyexplink(ex — p)(tgk + ¥/on)}I
= E(E, exp{ink(ex — e{)(tgk + ¥/wn)})
= Eexp{ink(ex — &{)(tgr + ¥/on))
< 1= (1/2)(tgx + v /wn)* EngE (ex — &)
+(1/6)|tgx + /N PEng Elex — &
<1 = pgm() (g + ¥/on)* + (pg/ImDige + ¥/on .
This, together with )" g; = 0 and the fact that for 2 < x < (1/128)wy/ maxy, |ax|,
(515) |pg Y i — 1| <2xBaw/on and Y pglail <5paw/on,

yields that for 2 < x < (1/128)wy/maxg |ak|, |t| < (1/128)A‘1 and |Y| <
(3/8)wy,

J(t, ) =] | E|Eyexplim(ex — p)(tgx + ¥/wn)}|
1/2
< ([TEIE, explink(ex — p)(tgi + v/on)) )
< exp{—3pam () Y gk + ¥/on)? + §pam®) Y ligi + v/on
<exp|—(pa/2m®) Y Pgt — m)y?/2
(5.16) +2pa/3Hm®) Y ligel + /MO /o]
< exp|—(pa/2m®) Y 28t + 2pa/3m®) Y ligkl* —m(t)y? /4]
< exp{—m)2(1 = xpan Jon — (5/3)t|Bsn fon) — m()y> /4]
< exp{—m()t* /4 — m(t)y*/4}.
To estimate J (¢, ¥) for (3/8)wy < |¥| < mwy, we first note that
E|E,explink(ex — p)(1gk + ¥/on)}I
= Eexp{ink(ex —ef)(tgk + ¥/wn)}
5.17)
=1-2pq +2pqE cos[n(tgr +v/wn)]

=1-—2pgm(t) +2pgm(t) cos(tgk + ¥ /wn).

Define D = {k:|gr| <2A} and D¢ = {k:|gk| > 2A}. It is readily seen that for
keD,|t|<(1/128)A7" and 3/8)wn < |¥| < Twy,

23 1 1 23
gtgtVv/on<mt+g or —g-—n=ig+VY/oy=<-%
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and hence cos(tgr + ¥ /wn) < cos(23/64) < 0.95. On the other hand, it follows
from (5.15) that for 2 < x < (1/128)wy / maxy |ag|,

_ 4x%p2
ANpg)'ID°| < —3N D < Y gt
Wy ke D¢
< (pq) ' (1 +2xB3n /wn) < 2(pg) ",

where | D¢| denotes the number of D¢. Thus, |D¢| < N/2 and |D| =N — |D¢| >
N /2. By virtue of (5.17) and all of the above facts, we obtain that for |¢| <
(1/128)A~", (3/8)wn < || <oy and 2 < x < (1/128)wy / maxy |ax|,

1/2
J(@, ¢¥) < (]_[ E|Eyexpfini(ex — p)(18k + 1/f/wzv)}lz)

keD

(5.18) < [ ] exp{—pgm @)1 — cos(tgr + ¥/wn)]1}
keD

< exp{—(1/40)m ()3 }.
Combining (5.14), (5.16) and (5.18), it follows that for |f| < (1/128)A‘1 and
2 <x = (1/128)wn / maxy |ak|,
(5.19) Ei1(t,x) < Am(t) " /2e O/ | Ay 1/A0mOR

Finally, we estimate (¢, x). Note that A%y = ;—2 >_jeBe Vj 2keB Vk, Where B
and B¢ are defined in (5.13). Similarly to (5.14), we have

2|t]
By (p) Jiy|<nowy

4|t|x
= 2/ E|:Z ZE'?|UJ|
¥ |<moy

n jeB¢keB

EZ(t, x) = E(A;Neit(TI*N+T2*N+A§N)+"WBN/UJN) { d‘ﬁ

(5.20) X |Ey(viexp{itT{y + inTN/wN})|:| dyr

4|t|x
=2 wamNE{ > (1—n,,-)nkE|v,-|E|vk|sz,-k<r,w>}dw

l<j#k=N

4|t|xm(t)
<TERE Y EmiEMd [ EQuedv.
[W|<mwy

n 1<j#k<N

where

Qi ¥) = [] |Eyexplimi(er — p)(tgi + ¥/wn)}.
I#£j,k
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As in the proof of (5.19), with minor modifications, we have that for |¢| <
(1/128)A~1, 2 < x < (1/128)wy/maxy |ax| and all 1 < j #k < N,

/ EQ(t, ) dy < Am(t) 12 MO/ 4 4y = (1/40m B0
Y <mwy
This, together with (5.20) and the fact that

> EiEmd = (200 Y@+ 1) = 1604,
I<k#j<N

yields that for 2 < x < (1/128)wy/ maxy |ax| and |t| < (1/128)A_1,
(5.21) BEa(t,x) < Altx|(e—m(t)t2/4 + wNe—(1/4O)m(t)a)12V)‘

Taking estimates (5.12), (5.19) and (5.21) into (5.11), we obtain (5.9). The proof
of Lemma 5.3 is now complete. [

LEMMA 5.4. Suppose that 2 < x < (1/128)wy/ maxy |ax|. Then, for |t| <
(1/128)A~1/3,

(5.22) A1) — e /2 < Amin{|r], 1A + 9™ /* + 79)
and

(523) A1) — g(t,0)] < Amin{j¢], I (AY3(1 +19e ™/ + w30),
where

g(1,0) = {14+ 3 (e, 00— 1) + 272},

LEMMA 5.5. Suppose that 2 < x < (1/128)wy/ maxy |ax|. Then, for |t| <
(1/128)A~1/3,

(5.24) A0 < AQ + A2 e + w7,

(525 10— fit)] < AA2 P2 + Al (1 + ) A2 4 wyf).

The proofs of Lemmas 5.4 and 5.5 are omitted. The details can be found in [18],
on which the present paper is based.

LEMMA 5.6. Suppose that 2 < x < (1/128)wy/ maxg |ax|. Then there exists
an absolute constant A such that, for all |y| < 4x,

P(Ty+ Ay = y|By =0) < (1 — ®(y)) + AxAe™" /2 + AN,
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PROOF. Note that Lemmas 5.3-5.5 are similar to Lemmas 10.1-10.3 in [19].
The proof of Lemma 5.6 is similar to Lemma 10.5 of [19] with some routine mod-
ifications. We omit the details. []

We are now ready to prove Proposition 2.3. Note that max |ax| < wy,
h=xpq )y _(ai —1)*/n® < xmax|a|Bsn/n < A
and |x — &| < 2x. It follows from (5.1) and Lemma 5.6 that
P(Sy=x/qVu) < P(Ty + An = x —h|By =0)
<(1—®(x —h)) + AxAe~ M2 L ApY3

<1 — @)+ A(l 4 x)Ae™F/2H50 L AN
< (1= ®@)(1+ Ax*Ae™®) + AAY3

< (1 — ®(x)) exp{Ax’ By fon} + AGxBan Jon) .
where we have used the result
D(x) — D(x — h) < hd®'(x — h) < he~CM}/2 < pe=¥*/24xA
This yields Proposition 2.3.

Acknowledgments. The authors would like to thank the referees and the Ed-
itor for their valuable comments which have led to this much improved version of
the paper.

REFERENCES

[1] BABU, G. J. and BAI, Z. D. (1996). Mixtures of global and local Edgeworth expansions and
their applications. J. Multivariate Anal. 59 282-307. MR1423736

[2] BABU, G. J. and SINGH, K. (1985). Edgeworth expansions for sampling without replacement
from finite populations. J. Multivariate Anal. 17 261-278. MR0813236

[3] BICKEL, P. J. and VAN ZWET, W. R. (1978). Asymptotic expansions for the power of
distribution-free tests in the two-sample problem. Ann. Statist. 6 937-1004. MR0499567

[4] BIKELIS, A. (1969). On the estimation of the remainder term in the central limit theorem
for samples from finite populations. Studia Sci. Math. Hungar. 4 345-354. (In Russian.)
MRO0254902

[S] BLOZNELIS, M. (1999). A Berry—Esseen bound for finite population Student’s statistic. Ann.
Probab. 27 2089-2108. MR1742903

[6] BLOZNELIS, M. (2000). One and two-term Edgeworth expansions for finite population sample
mean. Exact results. I. Lithuanian Math. J. 40 213-227. MR1803645

[71 BLOZNELIS, M. (2000). One- and two-term Edgeworth expansions for finite population sample
mean. Exact results. II. Lithuanian Math. J. 40 329-340. MR1819377

[8] BLOZNELIS, M. (2003). An Edgeworth expansion for Studentized finite population statistics.
Acta Appl. Math. 78 51-60. MR2021768

[9] BLOZNELIS, M. and GOTZE, F. (2000). An Edgeworth expansion for finite-population U-
statistics. Bernoulli 6 729-760. MR1777694


http://www.ams.org/mathscinet-getitem?mr=1423736
http://www.ams.org/mathscinet-getitem?mr=0813236
http://www.ams.org/mathscinet-getitem?mr=0499567
http://www.ams.org/mathscinet-getitem?mr=0254902
http://www.ams.org/mathscinet-getitem?mr=1742903
http://www.ams.org/mathscinet-getitem?mr=1803645
http://www.ams.org/mathscinet-getitem?mr=1819377
http://www.ams.org/mathscinet-getitem?mr=2021768
http://www.ams.org/mathscinet-getitem?mr=1777694

696

(10]

(1]

[12]

[13]
[14]
[15]
[16]
[17]

(18]

[19]
(20]
(21]
(22]
(23]
[24]
[25]
(26]
[27]

(28]

Z.HU, J. ROBINSON AND Q. WANG

BLOZNELIS, M. and GOTZE, F. (2001). Orthogonal decomposition of finite population
statistics and its applications to distributional asymptotics. Ann. Statist. 29 899-917.
MR 1865345

DAI1, W. and ROBINSON, J. (2001). Empirical saddlepoint approximations of the Studentized
mean under simple random sampling. Statist. Probab. Lett. 53 331-337. MR1841636

DE LA PENA, V. H., KLASS, M. J. and LAI, T. L. (2004). Self-normalized processes: Ex-
ponential inequalities, moment bounds and iterated logarithm laws. Ann. Probab. 32
1902-1933. MR2073181

EFRON, B. (1969). Student’s ¢-test under symmetry conditions. J. Amer. Statist. Assoc. 64
1278-1302. MR0251826

ERDOS, P. and RENYI, A. (1959). On the central limit theorem for samples from a finite
population. Publ. Math. Inst. Hungarian Acad. Sci. 4 49—61. MR0107294

HAIJEK, J. (1960). Limiting distributions in simple random sampling for a finite population.
Publ. Math. Inst. Hungarian Acad. Sci. 5 361-374. MR0125612

HOEFFDING, W. (1963). Probability inequalities for sums of bounded random variables. J.
Amer. Statist. Assoc. 58 13-30. MR0144363

HOGLUND, T. (1978). Sampling from a finite population: A remainder term estimate. Scand.
J. Statist. 5 69-71. MR0471130

Hu, Z., ROBINSON, J. and WANG, Q. (2006). Cramér-type large deviations for samples from
a finite population. Research Report 2, Univ. Sydney. Available at www.maths.usyd.edu.
au/u/pubs/publist/preprints/2006/hu-2.html.
JING, B.-Y., SHAO, Q.-M. and WANG, Q. (2003). Self-normalized Cramér-type large devia-
tions for independent random variables. Ann. Probab. 31 2167-2215. MR2016616
Kokic, P. N. and WEBER, N. C. (1990). An Edgeworth expansion for U -statistics based on
samples from finite populations. Ann. Probab. 18 390-404. MR1043954

NANDI, H. K. and SEN, P. K. (1963). On the properties of U -statistics when the observations
are not independent. II. Unbiased estimation of the parameters of a finite population.
Calcutta Statist. Assoc. Bull. 12 124-148. MR0161418

PETROV, V. V. (1975). Sums of Independent Random Variables. Springer, Berlin. MR0388499

RAO0, C. R. and ZHAO, L. C. (1994). Berry—Esseen bounds for finite-population ¢-statistics.
Statist. Probab. Lett. 21 409-416. MR1325218

REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion, 3rd ed.
Springer, Berlin. MR1725357

ROBINSON, J. (1977). Large deviation probabilities for samples from a finite population. Ann.
Probab. 5 913-925. MR0448498

ROBINSON, J. (1978). An asymptotic expansion for samples from a finite population. Ann.
Statist. 6 1005-1011. MR0499568

ZHAO, L. C. and CHEN, X. R. (1987). Berry—Esseen bounds for finite-population U -statistics.
Sci. Sinica Ser. A 30 113-127. MR0892467

ZHAo, L. C. and CHEN, X. R. (1990). Normal approximation for finite-population
U -statistics. Acta Math. Appl. Sinica (English Ser.) 6 263-272. MR1078067

Z.Hu J. ROBINSON

DEPARTMENT OF STATISTICS AND FINANCE Q. WANG

UNIVERSITY OF SCIENCE SCHOOL OF MATHEMATICS AND STATISTICS FO7
AND TECHNOLOGY OF CHINA UNIVERSITY OF SYDNEY

HEFEI 230026 NEW SOUTH WALES 2006

CHINA AUSTRALIA

E-MAIL: huzs@ustc.edu.cn E-MAIL: johnr@maths.usyd.edu.au

qiying@maths.usyd.edu.au


http://www.ams.org/mathscinet-getitem?mr=1865345
http://www.ams.org/mathscinet-getitem?mr=1841636
http://www.ams.org/mathscinet-getitem?mr=2073181
http://www.ams.org/mathscinet-getitem?mr=0251826
http://www.ams.org/mathscinet-getitem?mr=0107294
http://www.ams.org/mathscinet-getitem?mr=0125612
http://www.ams.org/mathscinet-getitem?mr=0144363
http://www.ams.org/mathscinet-getitem?mr=0471130
www.maths.usyd.edu.au/u/pubs/publist/preprints/2006/hu-2.html
http://www.ams.org/mathscinet-getitem?mr=2016616
http://www.ams.org/mathscinet-getitem?mr=1043954
http://www.ams.org/mathscinet-getitem?mr=0161418
http://www.ams.org/mathscinet-getitem?mr=0388499
http://www.ams.org/mathscinet-getitem?mr=1325218
http://www.ams.org/mathscinet-getitem?mr=1725357
http://www.ams.org/mathscinet-getitem?mr=0448498
http://www.ams.org/mathscinet-getitem?mr=0499568
http://www.ams.org/mathscinet-getitem?mr=0892467
http://www.ams.org/mathscinet-getitem?mr=1078067
mailto:huzs@ustc.edu.cn
mailto:johnr@maths.usyd.edu.au
mailto:qiying@maths.usyd.edu.au
www.maths.usyd.edu.au/u/pubs/publist/preprints/2006/hu-2.html

	Introduction and results
	Proofs of theorems
	Proof of Proposition 2.1
	Preliminary
	Proof

	Proof of Proposition 2.2
	Proof of Proposition 2.3
	Acknowledgments
	References
	Author's Addresses

