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It is proved that nonparametric autoregression is asymptotically equiva-
lent in the sense of Le Cam’s deficiency distance to nonparametric regression
with random design as well as with regular nonrandom design.

1. Introduction. We assume that observations Xy, ..., X, from a stationary
autoregressive process (X;);—o,...., are available which obey the model equation
(D) Xi=f(Xi-1) +¢i, i=1,...,n,

where (¢;);=1,..n are i.i.d. random variables. The unknown autoregression func-
tion f is then the target of statistical inference and the development of efficient
estimators is a natural task for theoretically oriented statisticians. On the one hand,
it has been recognized for a long time that commonly used estimators in model (1)
have the same asymptotic behavior as corresponding estimators in nonparametric
regression. A result of Robinson [26] concerns the pointwise equivalence of non-
parametric kernel estimators and Neumann and Kreiss [22] extended this equiv-
alence to the global behavior of nonparametric estimators. On the other hand,
despite these well-known similarities between estimators, there is still a certain
discrepancy in the current state of available theory in both contexts. While there is
a very well developed asymptotic theory for optimal estimation in nonparametric
regression, even up to the level of exact asymptotics (see, e.g., [13] or [24], for an
overview), there is considerably less theory available in the case of nonparametric
autoregression.

The purpose of the present paper is to bridge this gap between the two settings
of nonparametric regression and autoregression by showing asymptotic equiva-
lence on an abstract level. The theory of asymptotic equivalence of statistical ex-
periments has been developed in Le Cam’s [19] work. In the framework of non-
parametric statistics, Brown and Low [4] proved that the Gaussian white noise
experiment and nonparametric regression with nonrandom design and Gaussian
errors are asymptotically equivalent in the sense that Le Cam’s deficiency dis-
tance between them tends to zero. In [12, 14, 15, 23] the scope of asymptotic
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equivalence was extended to the nonparametric density estimation problem and
to nonparametrically driven regression models. Moreover, asymptotic equivalence
of nonparametric regression with random design and Gaussian white noise was
shown in [2] while asymptotic equivalence of Poisson processes and Gaussian
white noise was established in [3]. The issue of constructive asymptotic equiva-
lence is considered in [25] and [5]. The asymptotic equivalence of a close relative
of nonparametric autoregression, a diffusion experiment parametrized by the drift
function, to Gaussian white noise experiments is proved in [8] and [7]. Milstein
and Nussbaum [21] showed asymptotic equivalence of a nonparametric statistical
model of small diffusion type and its discretization by a stochastic Euler difference
scheme. These models deal with dependent observations in continuous time. How-
ever, asymptotic equivalence for models with dependent observations in discrete
time where the noise is non-Gaussian seems to be a much more difficult issue.

In this paper we establish local equivalence of nonparametric autoregression
(1) and nonparametric regression in the discrete-time setting. That is, the set of
possible functions lies in a class X, ( fo) centered around some fixed function fj
and shrinking in some appropriate norm as n — 00. Depending on additional prior
smoothness assumptions on f, this class will nevertheless be rich enough for the
transfer of minimax lower bounds from one to the other model. Under mild regu-
larity assumptions stated below, the process (X;);—o,... » corresponding to fp has
a stationary density v/ 5,, say. We show asymptotic equivalence of the experiment
given by (1) to nonparametric regression with random design as well as with reg-
ular nonrandom design. The former experiment corresponds to i.i.d. observations

(Y1,&1), ..., (Yy, &) with
2) Yi = f (&) + i, i=1,...,n,

where E(n;|&;) = 0. The basic assumption on the errors n; is that their Fisher
information is the same as that of the ¢;’s. This includes the case of Gaussian errors
as well as of errors having the same distribution as the ¢;. The &; are distributed
according to the stationary density ¥ ¢, of the process corresponding to the central
function fy, regardless of the actual value of f.

We show also equivalence to nonparametric regression with regular nonrandom

design, which corresponds to independent observations Y, 1, ..., ¥, , obeying the
model
(3) anl:f(tn,l)+nla iZ],-..,n,

where En; = 0. Here we will assume that the design points are regularly spaced
with density ¥ ¢, that is, fi"o’o Yr@)dx = (i —1/2)/n. We assume again that
the Fisher information of #; is the same as the Fisher information of ¢;. Since Le
Cam’s equivalence relation is transitive, we also obtain as an immediate by-product
asymptotic equivalence of nonparametric regression with random and regular non-
random design. In the special case of Gaussian errors but under weaker smoothness
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assumptions on f, this equivalence also follows from the asymptotic equivalence
of nonparametric regression with nonrandom design and Gaussian white noise [4]
and the asymptotic equivalence of nonparametric regression with random design
and Gaussian white noise [2].

At the end of Section 2 we discuss briefly how our results on asymptotic equiva-
lence can be used to transfer well-known lower asymptotic bounds for the minimax
risk in nonparametric regression to the case of nonparametric autoregression. Our
local version of asymptotic equivalence does not allow an immediate transfer of
upper asymptotic bounds; however, they could be independently proved by appeal
to strong approximations of nonparametric estimators in both models (see [22] for
details) or by direct computation of the risk of asymptotically optimal estimators.

2. Assumptions and main results. We start by introducing an appropriate
functional parameter set. Consider the set of functions

.’F:{f:R—>R:sup|f(x)|§M},

xeR

where M < oo is a constant. For any constants 8 > 0 and L > 0, let # = #(8, L)
be a Holder ball, that is, the set of functions f:R — R satisfying

Ifl<L,  |fP0%)— By <Lix—yP ¥, x yeR

Here |B] denotes the largest integer strictly less than 8. The set of functional
parameters is defined as

Y =FNHEP,L).

Let X¢ be a random variable on the probability space (€2, 4, P). Assume that

we observe a sequence X1, ..., X, which obeys
“) Xi=f(Xi—1) +¢i, i=1,...,n,
where €1, ..., &, are i.i.d. with a given density p that is continuous and positive

on R and the function f € ¥ is assumed to be unknown. It is easy to see that,
for any f € X, P(X;j4+1 € B|X; = x) > u(B) holds for all B € 8 and x € R,
where u is some measure not depending on f with (R) = po > 0. From Theo-
rem 2.4.1 in [10] it follows that the uniform mixing coefficients (see Section 6.2)
decay geometrically and, therefore, there exists a stationary density which we shall
denote v/ .

Throughout the paper we shall assume that the observations (4) satisfy the fol-
lowing assumption:

(A1) The random variable X¢ has the stationary density v 7 (-), which implies that
the sequence (X;);—o,..., is in the stationary regime.

.....
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Note that the stationary density v (-) satisfies [ ¥ s (x) dx > u(B),forall B € B.

Before we can state our main results on the approximation of the nonparametric
autoregressive model by a nonparametric regression model, we have to introduce
the basic concepts of asymptotic equivalence. Let &' = (2], A}, {P]! T fexy,
I =1,2, be two sequences of statistical experiments indexed by f in a subset
X' C X. The deficiency of €] with respect to &} is defined as

5(€, €;) = supinfsup sup |E} ,L(f.8"V) = E5 ;L(f.8?)],
L 8V 50 fexr '

where the first supremum is taken over all decision problems with loss function
L with 0 < L < 1, and the minimax value of the maximum difference in risks
over f € ¥’ is computed over all randomized statistical procedures 8) for &,
[ =1,2. According to Theorem 2 on page 15 in [20], the deficiency distance can
alternatively be written as

S(E', 8% =inf sup 1|M - P, — P ,
(1 2) Mfexp/zll Lf 2,f||\/ar

where || - ||var denotes the total variation distance and the infimum is taken over all
Markov kernels M on QY x A5. Le Cam’s pseudodistance between &}’ and &' is

A8}, &)) =max{8(&7, €7),8(&5, &M}

Following [4], we say that the sequences &', n=1,2,...,and &,n=1,2,...,
are asymptotically equivalent if

A(E],8)—0  asn— oo.

To formulate our results we also need to impose the following regularity as-
sumptions on the density p(-) of the innovations:

(A2) (i) The density p is positive on R.
(i1) The log-likelihood function /,(x) = log p(x) has three derivatives
and satisfies, for some € > 0,

/ sup lg(x +u)?p(x)dx < 00, sup |lg’(x)| <c < o0.
R |u|<e xeR

(iii) The score l;,(x) = p/(x)/p(x) satisfies, for some € > 0 and any
A <00,

/ sup |1, (x +u)|* p(x) dx < oc.
R jul<e

Assumption (A2) mainly requires the existence of three derivatives of p(-) and
of the absolute moments of the corresponding scores. These types of assumptions
can be related to the so-called Cramér conditions (see [20], page 102). Assump-
tion (A2) is used here just for the sake of simplifying the proofs, but it is clear
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that they could be relaxed substantially. We refer to [15] for a relevant exposition
of sufficient assumptions in the case of nonparametric models with independent
observations.

In the sequel g(-) denotes a positive density which satisfies the following as-
sumptions:

(A3) (i) The log-likelihood function /;(x) = logg(x) has three derivatives
and satisfies, for some € > 0,

/ sup lg(x +u)’q(x)dx < oo, sup |l;”(x)| <c¢] < 00.
R |u|<e xeR

(i) The score [, (x) = ¢'(x)/q(x) satisfies, for some € > 0 and any
A <00,

/ sup |l (x +u)|*q (x) dx < oo.
lu|<e

(iii) The Fisher information corresponding to the density g (-) is the same
as that corresponding to p(-), that is,

I:/Rl;,(x)zp(x)dx:/Rl(;(x)zq(x)dx.

We state local versions of asymptotic equivalence, that is, we additionally as-
sume that f lies in a shrinking (as n — o0) neighborhood of some central func-
tion fp. To get a meaningful result, we have to choose this neighborhood large
enough such that it can be reached with a probability tending to 1 by an appropri-
ate preliminary estimator. We fix any 8 > 5/2 and define

logn B/2p+1) . ,(logn (B-1)/2B+1)
5) Yn=C " , Y, =C " .

Here y, and y, are the rates at which the function f and its derivative f’ can be
estimated in the model (4) and in the corresponding regression models. For any
fo € X, introduce the neighborhood

HW=1f€Z: f(x)= folx),x ¢ [A, B],
1f = folloo < s If' = Filloo < ¥}

where A < B are two constants.

Our main results are the following two theorems which state the local asymp-
totic equivalence of our nonparametric autoregressive model to a nonparametric
regression with random and nonrandom designs. We start with the case of random
design.

THEOREM 2.1. Let 8]”00 = (R", 8", {P]’}, fe E%}) be the local experiment
based on observations X;,i =0, ...,n, obeying (Al) with f € 27‘0' Suppose that
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the density p(-) satisfies assumption (A2). Let 9,’}0 = (R", 8", {Q’}-, fe E}O}) be
the nonparametric regression model in which we observe

(6) Yi = f(&)+ni, i=1,...,n,

where 01, ..., n, are i.i.d. with density q(-) obeying (A3), &1, ..., &, arei.i.d. with
the common density v 7, (-), independent of n1, ..., n,, and f € 2_,}1‘0 is unknown.
Then, for all B > 5/2, the sequences of experiments 8;&0, n=1,2,..., and 9,’}0,
n=1,2,..., are asymptotically equivalent uniformly in foe€ X:

sup A(€%,4%)—>0 asn — oo.
foex

Our second local result states asymptotic equivalence to the regression model
with nonrandom design.

THEOREM 2.2. Let 8"0 = (R”,CB”,{P?,]‘ € 2_7‘0}) be the local experi-
ment based on observations Xi, i = 0,...,n, obeying assumption (Al) with
f € E;“lo‘ Assume that the density p(-) satisfies assumption (A2). Let 9,’}0 =
(R, 8", {QT}, fe Ef;c()}) be the nonparametric regression model in which we ob-
serve

(7) Yn,l:f(tn,l)+nl5 i:1,...,n,
where n1, ..., 0, are i.i.d. with density q(-) obeying assumption (A3). Further-
more, ty 1, ..., ty.n are nonrandom design points chosen according to the density

V1), that is, (i —1/2)/n = fﬁ’o’o Vp@dx,i=1,...,n,and f € E?O is un-
known. Then, for all B > 5/2, the sequences of experiments 8;(’0, n=12,...,
and 9,’}0, n=1,2,..., are asymptotically equivalent uniformly in fy € X:

sup A(€%,4%)—>0  asn— oo
foex

REMARK 1. As a by-product of our main results, we obtain also asymptotic
equivalence of nonparametric regression with random and regular nonrandom de-
sign. However, since we used a construction of the likelihood ratios based on a
Skorokhod embedding rather than a KMT construction, the rate for the approxi-
mation error between the likelihood ratios of both models is presumably not the
best possible one. We conjecture that the constraint 8 > 5/2 that was imposed
for proving asymptotic equivalence of nonparametric autoregression and nonpara-
metric regression can be further relaxed for the case of asymptotic equivalence
of nonparametric regression with random and regular nonrandom design. It fol-
lows from the results in [4] and [2] that in the special case of Gaussian errors this
equivalence holds even for § > 1/2.
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REMARK 2. Our results on asymptotic equivalence in the Le Cam sense of
nonparametric regression and autoregression can be used to transfer existing lower
asymptotic efficiency bounds (when the loss is measured in the supremum norm)
in nonparametric regression to the case of nonparametric autoregression. Indeed, it
can be seen from the calculations in [9], Section 5, that a shrinking neighborhood
of size O((logn/n)?/A+D) around some central function fy is large enough for
generating the desired risk bound. Hence, we can actually deduce these lower as-
ymptotic efficiency bounds in the cases g > 5/2 which are covered by our results.

Owing to the local character of our results (asymptotic equivalence is proved for
shrinking neighborhoods of fjy), we cannot directly use them for transferring upper
asymptotic risk bounds. However, such bounds can be easily derived by straight-
forward calculations or by using asymptotic equivalence results between nonpara-
metric estimators in both settings as given by strong approximations in [22].

The possibility of transferring asymptotic efficiency bounds on the basis of the
asymptotic equivalence of experiments has been already known for a long time.
This principle was applied by Korostelev and Nussbaum [18] for deducing asymp-
totic minimax bounds in nonparametric density estimation from known results in
signal estimation in Gaussian white noise. On the basis of local equivalence results,
Drees [11] transferred available lower asymptotic risk bounds from the Gaussian
white noise model to the case of estimating an extreme value index.

3. Proofs of the main theorems. In this section we shall prove Theorem 2.1.
Theorem 2.2 can be derived in the same way.
Our method of estimating the Le Cam distance A(E;J’}O, 9’}0) runs as follows.

Let X, ..., X, be the observations obeying assumption (Al) with f € ¥’} and
let (Y1,£&1),..., (Yy,&,) be the observations defined in Theorem 2.1. Denote by

L}-’,'}b apd L?”'}O the likelihood ratio processes of the experiments 6’?0 and 9%,
respectively,

1n _ ¥r(Xo) Lop(Xi = f(Xi2D)
P 5 (Xo) i p(Xi = fo(Xi1)

and
JEPI s X AG)Y
10 1]1 q(Yi — fo(&))

According to Proposition 2.2 in [23] (see also [20], page 16, for a similar assertion
in the parametric context), the deficiency distance can be estimated as

®) A(E%, §'%) < fS‘;B EP|Z.1}‘:’}0 - Z?}o
€ fo

9’

where Z}’,’}O and Z?{'}O are arbitrary versions of the likelihood ratios L}:’}O and

L?{'}O constructed on a common probability space (€2, ¥, P) and distributed ac-

cording to the central measure Pg,. The versions L ;’}0 and INJ?”}O will be con-
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structed in such a way that the right-hand side of (8) tends to zero as n — oo.
Since this will hardly cause any confusion, we drop the tildes in the notation of

L ;;’V}O and Z?’}O With this agreement inequality (8) can be written as
1,n 2.n
) A(€5,. §7%,) < up EplLf's = LiRl
fo

The subscript fo at the expectation indicates that the measure P corresponds to
the central measure Py,.

First, we give a bound for the L-distance on the right-hand side of (9) in terms
of the Hellinger distance:

1, 2, _ 1, 2,n \2
10)  3Ep|LyG, — Ly | < H(PF. Q) = \/Efo(\/ L= L)

where L;”"fo and L?”’}O mean the corresponding versions of the likelihood ratios.

Here H (P, Q) denotes the Hellinger distance between two probability measures
P and Q. Following an idea originating from [23] in the context of density esti-
mation and from [14] in the context of regression with independent observations,
we shall use an analogue of the following property of the Hellinger distance for
product measures (see Lemma 2.17 in [27]):

K Ky K,

=1 =1 =1

where P® and Q© are the measures corresponding to certain disjoint blocks of
observations and K, is a sequence satisfying K, — oo and K,,/n — 0. The size of
these blocks will be chosen small enough so that one can get reasonable estimates
for H2(P®, Q®). 1t is clear that the estimate (11) is essentially based on the
product structure of the measures ®1K:"1 P® and ®IK:”1 Q" and in general does
not directly apply to the case of dependent observations.

In the particular context of the dependent data under consideration, we proceed
as follows. Set K,, = [n1/]. Split the set of indices {1, ..., n} into K, blocks,

. n . n
1’:{“(1_1)1(_”<1517n}’ I=1,...,Kp.

Denote by m; the number of elements in the block {;, that is, m; = #4; = 0(n5/ 6).
Let i; be the first element in the set {;. Furthermore, let ¢ be the trivial o-field
and, for 1 <[ < K,

Fi=0(Xo, ., Xi—1; Y1, 6D ..., (Yi=1,&ij—1))-

The likelihood ratio corresponding to the observations Xy, ..., X, can be written
as the product

K
n Xi — f(Xi_
N | L AT e A PPy )
Jo LT +Jo p(Xi — fo(Xi-1))

ied;
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where L} Q) =y (X0)/¥4,(Xo) and L) is the conditional (given %) likeli-

hood ratio generated by (X; :i € {;). Analogously, in the case of a regression ex-
periment with random design, we have that

phe TR A = foE)' T

ied;

Kn
2 2,() 20 1 9i — (&)
Lfvfo_l_[L L 1_[ 1<I<K,,
1=0

where L?g(]%) = 1. A generalization of (11) to our setting with dependent random

variables is given by the following result.

LEMMA 3.1.

- 1. 2.(0\2) e
H2(Pl?’f0, 0% 1) < IX:ess sup E £, (( Lf’(f; - Lf’(f;) |F7).
=0

PROOF. The proof of this assertion is adapted from that of Lemma 2.17
in [27]. We rewrite the Hellinger distance as

K,
1gy2(7 Lin 2ny 1 L.n 2.0 \2 INOFPAO)
yHA Ly L) = 2B (L il =L 7) —1_Efoll_£ LynLy s

For the last term one easily deduces

f o= fifo
K,—1
_E 1_[ Ll’(l)Lz’(l) E ( Lli(Kl‘l)L27(Kn)|3“' )
=Efo = f o= fifo fo i fo £ fo K
Ky—1
>E Ll’(l)Lz’(l) inf E 1 LK) p 2.(Kn) F
>Ep| [] Liplys [essinfEg(JLga" Ly 5" 1 Fx,).
[=0

Continuing in the same way we obtain

Kll
1) 7 2,0)
En[]JL7yL
=0

K,
L) 2.0)
Efoll_g Ly nLss

Ky
1,(0) ; 2,(0) . 1,) 7 2,() | o~
zEfO[,/Lf’foLf’fo]ll_llessmefO( Lf,foLf’me)

K,
1,d 2,(0\2) o=
> n(l —esssup%Efo(( Lf’(fg — Lf,(fg) |F7))
[=0
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Using the inequality 1 — [J(1 — @;) < >_a;, which is true for all 0 < ga; < 1, we
obtain the assertion of the lemma. [

Hence, we have an analogue of (11) for the case of dependent random
variables. Separability, which is equivalent to independence of the factors in

]_[lK:”O L;(}g L?% , 1s just achieved by transition to the “worst case” which is ap-
propriately expressed by ess sup Efo((,/L}’,(flg — ,/L?’,(flg)zﬂ'l).
Note that, since p is positive on R and sup fext |l flloo < M < 00, the condition

p < 1 of Lemma 6.1 below is satisfied with some p depending on p and M. Then
Lemma 6.1 and assumption (A2) imply, as n — o0,

1,(0) 2,02
sup sup Ef((/L7y —L7Y)
foe fext, 0 fiho fifo

(12)

= sup sup Ej, (/v (Xo)/ s (Xo) — 1) = 0.
foex feE%

Now Theorem 2.1 follows from Lemma 3.1, (12) and from the following assertion
which provides us with bounds for the conditional Hellinger distance.

PROPOSITION 3.1. Suppose that assumptions (A1)—(A3) are satisfied. Then
there exists a construction of the sequences X, ..., X, and (Y1, &1), ..., (Y, &)
on a common probability space such that

[7 1, [72,()\2 -1
max S S esssup E ¢ L —./L F1)=o0(K ).
1<l S)I((n folé% f elg?}o " fO(( 1o f’fO) | l) ! ! :

The proof of this proposition is postponed to Section 4.

In the case of comparing nonparametric autoregression and regression with
regular nonrandom design, we proceed analogously. We use the same splitting
of the set of indices {1,...,n} into blocks li,..., dg, as above. The pairs
Yu1,t2.1), .- s Yun, tyn) are rearranged in such a way that

Innp+i—1 1 — 1/2 _
‘/ l wf()(x)dx——/‘:mml ,
—00

m;
foralli e {l,...,m;},l €{1,..., K,}. Then we write the likelihood ratio as
Ky
3n 3,(0) 3,() qYn,i — f(tn,i)
L = L , L = , 1<l<K,,
fifo 11:!) f.ho f.fo ile_lll q(Yni— foltn)) n

where Li’{(]%) =1.Let TFO/ be the trivial o-field and, forl =1, ..., K,,,

F =0(Xo, s Xi=13 Yu 1, oo Yoip—1)-
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Using the same arguments as in the proof of Proposition 3.1 we obtain the follow-
ing assertion.

PROPOSITION 3.2. Suppose that assumptions (A1)—(A3) are satisfied. Then
there exists a construction of the sequences Xo, ..., Xp and Yn 1, ..., Yyn.n on a
common probability space such that, as n — 00,

L) 3,(0N\2| = -1
max sup sup esssup Ef ((,/L7'y — /L7 5)|F)=0(K ).
1<I<Ky fyes ez fO(( £ fo f,fo) l) n

Theorem 2.2 follows from Lemma 3.1, (12) and Proposition 3.2.
4. Proofs of Propositions 3.1 and 3.2.

PROOF OF PROPOSITION 3.1. Let Xo,..., X, and (Y1,&1),..., (Yy,&,) be
the observations generated according to (4) and (6). According to Theorem 5.1,
there is a construction of the sequences Xo,..., X, and (Y1, &), ..., (Y, &)
on a common probability space which are coupled in such a way that the asser-
tion of Theorem 5.1 holds true. Without loss of generality, we can assume that
the sequences Xo, ..., X, and (Y1, &1), ..., (Yy, &,) are already constructed on the
probability space (2, ¥", Py,) endowed with the central measure Py,.

Recall that m; = #J4; = 0(n5/ 6) is the number of indices in the set {; and that
K, = [n'/®] is the number of blocks. Set, for brevity, g(x) = f(x) — fo(x). Since
f € Z%., we have [|Iglloc < 4 and [|glloc < ¥, Since sup, |1;(x)| < c; [by as-

sumption (A2)(@i)] and yn3m1 =o(K, 1/ 2), we obtain by a Taylor series expansion
that

1, _
log L' =" e(Xin)ly(e) + 5 Y e(Xi1)*y(e) + o (K, /)
13 ied; ied;
=T,""+T,"" +o(K, /%)

and, in the same way,
1 _
log L3D = 3" g @i, (ni) + 5 Y g1 (i) + o(K,; /)

ied; ied;

=120+ 170 f ok 1),

(14)
We introduce the set A; = A; 1 N A; 2, where
1.a 2.0 1/4
Al,l = {|T1 ® - T1 ()| =< Cl(yn)l/4(yy:)3/4ml/ logml}a

A= {1,V = 1) < w712,
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and v, — O sufficiently slowly. An appropriate choice of the sequence v,, is de-
scribed in the course of the proof of Lemma 4.1 below. We bound the Hellinger

distance between the partial likelihoods L}’,(;; and Li(;) as
(15) En((/Ly 9 = L3 )171) < Ri + R,
say, where

1,d 201027 o 1,d 2. o~
Ry =Egn((LyY = L3 a1 F).  Ra=Ex@(LYE + L0V 151 7).

First we bound R;p. On the set A;, we get

}logL}{(Jcl() logL2(1)|— O ((yn) 1/4()/,[)3/4ml/ logm;) + o(K,71/?).

Since 8 > 5/2, we have (yn)1/4(y,:)3/4ml /4 logm; = o(K, 12 ), which in turn im-
plies that

D20 / 2 ~
| L;(fg f(f3_1|—|eXP( IOgL;(fg—%logLf?(fo))—1|=0(Kn 172y

Taking into account that E g, (L2 30 |f1) =1, we get

2,(D) 1 (D) 2,(0) 2
Ri=Ep(Lyy (JLi 5/ L g = D714l %)

(16) _ —1 2(1) _ -1
= o(K, 'Ep (L3 1 F1)) = o(K,; D).

2, (1)

Now we shall bound R;. Set B; = {log L f(l) <1} and C; = {log L < 1}. Then

L.d 2.1 o~
Ry < Eg (2L 15 + L5 G)1c)) I, 1 71)

1,1 2.(1
(17) + Ep (LYY 15, + L3 Q1s)17)

<4ePp, (A7) +2E 5, (L 15 | F1) + 2E 1, (L3 D I, | 7).
We will prove that
(18) Py (Al F) =0(K; Y,  Pp-as.,
and that

1,() -1
Ef() (LfffOIEA?Z) = O(Kn )7

(19) Eo (12O F) — oK) b
5oL 1y Ie) | F1) = o(K,, ), fp=a-S.

Then, in conjunction with (15)—(17), we obtain the desired bound

Ep (L = L35 ) 191) = oK.
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Hence, it remains to prove (18) and (19).
First we prove (18). By Theorem 5.1 (with some A large enough) we have that

(20) Py (A1 F) = 0(m ™) =o(K, ).
To complete the proof of (18) we shall prove the following bound.

LEMMA 4.1.
(21) Py (A2 F) = o(K, ).

PROOF. We shall use the fact that the Markov chain Xy, ..., X, is ¢-mixing.
Decompose the set {; as {; = 11(1) U 11(2) so that 1,(1) contains the first cglogm;
elements of the set {; and 11(2) the remaining ones, where the positive constant cg

will be chosen below. Let [ € {1, ..., K,} and let i; » be the first element of 1(2).
According to Lemma 6.2 in Section 6 2, we can construct a version X; i1,—1 0f the

r.v. Xj, ,—1 on the same probability space, such that X i1 ,—1 1s independent of F;
and

(22) Pfo( ira—17 Xij5— llﬂ) < d)( i1a—1s }'1) < C'Ocologml
for some large enough constant co and for some p < 1. Hav1ng constructed

Xl 1 for some i € 1 , we define recurswely a version X of the rv. X;
on the same probablhty space, such that X; is independent of ¥; and of

Xl —cologmys -+ Xt[a Ei—cologmys - -+ &) and
Py (Xi # Xi|F1) = poloem.
Choosing cp large enough, Xiz—la e )Afil+]_1 satisfy
Pr(Xi # X Vieli—1,... 041 — LJ|F) = mploem
(23)
=o(K ).
Denote

7,0 =1 Z KD e =1>" ¢,
el

ied;

where ¢; = g()?i_l)zl;,’ (&;). Since TZI’(I) is a sum of cglogm;-dependent r.v.’s, us-
ing Chebyshev’s inequality, we obtain

Pi(|ITy® = Ef (T O17)| > vaK; V210)
< Kn/uaEp, (T30 = Ef(Ty0192))21 %)
( 2 Eg((6i - Ep @il FD) (g Ef()@,m))m))
Un ied;jed;

= O(l)n_an)/n mylogm;) = o(v;zn_l/3).
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Choosing v, such that v, — 0 and o(v_zn_1/3) = O(K_l) we get
=1, FL.u
(24) Pi(Ty 0 = Eq(TyV190)| > vk, ' P1F) = o(K, .
By similar arguments for sums of independent random variables, we can show that

2,(0)

(25) Pi(T7 P — Ef T30 > vk V2 7)) = 0(K V).

Taking into account that £ folg (¢))=E fol;’ (n;) = I [by Assumption (A3)(iii)] we
obtain

1 21
Es(TyV151) — Ef(13°7)

~ 1
= 0(y310gmz)+5 Y Ep(eXimn?F) -5 X Efg(E)%.

tell(z) 1611(2)

Since X;_ and §; have the same density ¥ r we get E ¢, [g(Xl-_l) 1= Efo[g(si)z],
and thus

(26) Ep(Ty P17) — Ef(13°7) = 0 logm) = o(K,; ).
By (23)-(26) we get
Py = 130 = vk, 21 5)
< Py = 1| Z vk, 1 70)
+ P (Xi A X Vieli—1,... i — 1}|F)
=o(K,; ),
which proves (21). U

Now we prove (19). We give a proof for the first bound; the second one can be
proved in the same way. Changing the probability measure we obtain that

E s, (LyQ15,1%1) = Pr(Bi|F) = Prlog L) > 1)7).

We shall prove that
(27) (logLff > 11F) =o(K; ).

Indeed, proceeding as in the proof of (24) and using the fact that ¢; = X; —
Jfo(Xi—1) = Xi — f(Xi—1) + o(y,) and assumption (A2)(ii), one gets

(28) Pr(|Ty " = Ef(1yV190)| = ek, 2191) = o(K,) D
Since E +(T," | F1) = 0(1), we get from (13) and (28),

(29) Pr(log LYY > 11F7) <ok, + Pr(T" " > Li5).

ff(
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If we prove that
1.d _
(30) Pr(T D > L1F) = oKD,
then we get, in conjunction with (29), that (27) holds.
To prove (30) we use the exponential Chebyshev’s inequality for martingales.
Since 8 > 5/2, by (5), we have y,, = o(n=>/12738) for some § > 0 small enough.

Recall that m; = O (/%) and ||g|lce < ¥». Assume first that n_‘sll;,(ei)l < const.
Using Lemma 6.3,

Pp(1 0 > 317i)

< e—”aEf (exp(2 Z n‘sg(Xi—1)l;,(8i)> ‘ﬂ>

ied;

e Ef< T Ef(exp(2n5g<xi_1)l;<8i>>'Xi—l)'j"’)

ied;

)
<e ™ [ expen®y Efl,(e1)?)

ied;

<™ exp(en®y2m E sl (e)?),

where c is a constant. The latter implies (30). If n_‘sll;)(ei)l < const is not sat-

isfied, we use the same arguments with truncated scores il =l — E f(l_,- | Xi—1),
[, = lfD (8,~)1(|l;, (¢;)] < n®) instead of the true scores lfp (&;). The term with the dif-

ference l;, (¢i) — I; is bounded easily as before, using Chebyshev’s inequality, the
fact that e; = X; — fo(Xi—1) = Xi; — f(Xi—1) + o(y,) and assumption (A2)(iii):

Py (Z(g(Xi—l)l;,(t?i) — ) > %Iﬂ)

ied;
= O (yemiE sl (e))*1(l, ()] = n°)) = O(K, ).

Using the same types of arguments for sums of independent random variables

we obtain

2,(1 T VAR Krod 2, e —
Ef (L7916 | F1) = Pr(C1|1F) = Pr(log L3 > 11F) = oK),

which completes the proof of the first bound in (19). [

PROOF OF PROPOSITION 3.2. This proof is analogous to that of Proposi-
tion 3.1 and requires only a few minor modifications. Analogously to (13) and (14),
we use the Taylor expansion

3,( —_
log L3P = 3" gt )l (0) + 1 3 g (1i) + (K, 1/?)
31 ied; ied;
GD _ 30 4 30 ~1/2
=T, + 715 +o(K, /7).
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Similarly to the calculations in the proof of Proposition 3.1, the closeness of Tll’(l)

and T13’(l) follows from Theorem 5.2, while that of T21 40 and T; 30 follows in
complete analogy to the derivation of (21). [

5. A functional strong approximation result. In the proof of the main re-
sults we use the following strong approximation theorem. It can be viewed as an
analogue of the functional strong approximation result established in [16] for sums
of independent random variables.

Let X;, i =1,...,n, and (Y;,&), i = 1,...,n, be defined according to
(4) and (6), respectively. Let fo € ¥ and f € E%. We set

;U =3 = X0l ). STV =3 = foEl ).

ied; ied;

THEOREM 5.1. Suppose that assumptions (A1)—(A3) are satisfied. Let ). > 1
be a constant. Then there are versions of the random variables Xy, ..., X, and
(Y1,&1), ..., (Y, &) on a common probability space such that, for 1 <1 < K,

sup sup esssup Pf(,(\S]l;(l) — szp’(l)| >c(M)rg|Fp) = O(ml_k),
foex fez_';o

where r, = ()/n)1/4()/,;)3/414111/4 logm; + ml_)‘ and c()) is a constant depending
only on A.

The proof of this functional approximation result is based on a truncated Haar
series expansion of f — fp and Lemma 5.1 below which provides a strong ap-
proximation result for partial sums with respect to a system of dyadic subintervals
of [A, B].

Define, for j anndkzO,...,27,sj-,k=A+k2_f(B—A),and

Lik=(sjx—1.576),  k=1,...,27.
The Haar basis functions are defined via indicators as
ho= (B — A1y,
hjx=(B— A)_l/zz‘j/z(ll'ﬂ,zk_l —11500) (=0 k=1,...,27).

J

With a choice of the finest scale of the expansion, j* = j*(n), described at the
end of the proof of Theorem 5.1, we obtain a truncated Haar series expansion of
g=/f—foas
Jjro2
g(x) = co(@ho(x) + ) Y cik(@hj(x) +rj+(x),

j=0k=1

where co(g) = ff g(Oho(t) dt, cji(g) = ff g(Ohji(t)dt, and rj«(x) is the



EQUIVALENCE OF AUTOREGRESSION AND REGRESSION 1717

residual term. This yields that

1, 2,

<leo(@I| Y ho(Xi—I, (&) — D ho(E—1l; (1)
ied; ied;
j*o2
+ D ek @I D hjaXimDly () — Y hjrEi-Dly (i)
j=0k=1 ied; ied;

+ | Y e (Xim Dy (&) = rj(E ) (1)

ied;

1, 2 1
<(B—-A)~ 1/2|co<g)||z 0~z

2 1,d 2. 1, 2.
+ Z 2// Z |Cj,k(8)|(}zj4£1),2k—1 - Zj—igl),Zk—” + |Zj-i(-l),2k - Zj—ﬁl),ZkD
=0 k=1

+ | D (XimDly(e) — e E—D, (m0) |,

ied;
where
] 1 2 )
Ze = I e ole), 23l =3 1Eo1 e Lol o).
ied; ied;

While the approximation-theoretic calculations are rather straightforward, the
strong approximation result will require a lengthy proof based on Skorokhod em-
bedding techniques. Let 4, = {(j, k):0<j <j* k=1,...,2/}.

LEMMA 5.1. Suppose that assumptions (A1)—(A3) are satisfied. Then there
exists a construction of the random variables X, ..., X, and (Y1,&1), ..., (Yn, &)
on a common probability space such that, for 1 <l < K,,

inf, esssup Pp, (|2 — 230 < Comi2™) P logmy., ¥ (j. k) € La| F1)
=1- O(ml_ ).
To formulate the next theorem, we define

3 0 _ = > "(f = fo)tn, )l ().

ied;
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THEOREM 5.2. Suppose that asumptions (A1)—(A3) are satisfied. Let A > 1

be a constant. Then there are versions of the random variables Xo, ..., X, and
Y1,..., Y, ona common probability space such that, for 1 <l < K,,

Sup sup esssup Pfo(|S1 3 S;-’(l)f > e F) = 0(m; ™),

foeX fexf

where r, = ()/n)1/4()/,;)3/417111/4 logm; + ml_)‘ and c()) is a constant depending
only on A.

The assertion of this theorem is a consequence of the following lemma. Set

230 =3 Ini € 10l ().

ied;

LEMMA 5.2. Suppose that assumptions (A1)—(A3) are satisfied. Then there
exists a construction of the random variables Xo, ..., X, and Yy 1, ..., Yoo on a
common probability space such that, for 1 <l < K,,,

inf, esssup Pr, (12" — 237 < Crmi2 ™) logmy, ¥ (j. k) € 14| F)
=1-0(m™).

The proofs of Lemmas 5.1 and 5.2 make use of a multiscale version of the
Skorokhod embedding and are similar to the construction in [22]. We postpone
these proofs to Section 5.2. Now we shall give proofs of Theorems 5.1 and 5.2.

5.1. Proofs of Theorems 5.1 and 5.2. As already indicated, the proofs of the
theorems split into an approximation-theoretic and a stochastic part. The following
lemma contains the approximation-theoretic facts needed for the proofs of Theo-
rems 5.1 and 5.2.

LEMMA 5.3. Let co(g) and cj(g) be the Haar coefficients of a function g
defined above. Then:

(i) leo(@)l < (B —A)gllos, _
(i) lej k(@) <min{(B — A)'/22772 | glloo (B — A)/227372 72| ¢/ | o},

(iii) llg = (co(@)ho+X_o X711 ¢jk(@hji)lloo < (B = A)27 2[|g oo
PROOF. Assertion (i) follows from

lco(g)] < ||g||oo/|ho<r>|dz <(B-M)"?gllcc-

Analogously, we obtain that

lcj k()] < ||g||oo/ \hj k()] dt < (B —A)?2772| gl
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Furthermore, it follows that

) B
lcjk(9) < (B —A)" 1221/ fA 8O (15, () = 1y, 5 (D) dt

< (B —A)‘”sz/zf 1g(t) — g(t + (B — A2~ dr

Ijt12k—-1
< (B— A2 72) ¢/ |,
which yields (ii).

Finally, we obtain from (ii) that

j* o2
g(x) — (co(g)ho(X) +3°) Cj,k(g)hj,k(x))‘

j=0k=1

< Y Z|c]k<g>h]k<x)|

Jj=j*+1k=1
0 . .
< Y (B=AP2TE2 e oo(B — )TV
=(B-127)¢ . O
Now we are in a position to prove Theorems 5.1 and 5.2.

PROOF OF THEOREM 5.1. Define

j*o2
S 3| YT SRS 3) pERE 1)}1/ (e,

ied; L Jj=0k=1

Jjro2/
SER =3 co(hoten + > D cik(®hjE) ]l (1)

ieq L j=0k=1

and
i,(D i) i,() .
Rfj*_S Sfj*, i=1,2.

Define the event

Dy ={|z; =z < Coutm279)  1ogmy . ¥ (j. k) € 4},

where C), is a constant. By Lemma 5.1, Py, (D) F) = O(ml_k) with some choice
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of C,. By (i) and (ii) of Lemma 5.3, on the set Dj it holds that
|Sl (l) SZ (l)‘

/ /
<(B-A)” 1/2<|Co(g)||Zl() z\|

J 2
) 1,d 720
-+§:2”2§:WLHgNﬂZH92h4 Jif% 1
j=0 k=1

1, 2.
+ }Zj-igl),Zk - Zj—ﬁl{ﬂc’))

< G llgloom,* logm;

+C ) 22 min(27 2 glloo, (B — A)272721¢ |l oo)
j=0

X (le_j)l/4 logmy
= O((lglo + g8 18135 ym; ™ log ).
The latter proves that, with some constant c(1) depending on A,
(32) P (IS¢ = 8701 > e F) = 0m ™,
where r, = (y,)/4(y)3/*m;"* 1ogm;. By (i) of Lemma 5.3 it holds that
Pa(Ry 2| = mi*) <mi E (R )

<mi (B —A)27 2NIg lloo Y Efy (1))

ied;

(33)

Choosing the finest level j*(n) = ¢* logm;, with some c* large enough, we obtain
that

[ — _
(34) Pr(IRYS2 | = mi™) = 0(m™).

Since the above bounds are uniform in f € X, from (32)—(34) and a similar bound
for R? il*) we conclude the assertion. [

Theorem 5.2 can be proved in a similar way.

5.2. Proofs of Lemmas 5.1 and 5.2.  'We prove Lemma 5.1 only for / = 1, since
the proof for / > 1 is completely analogous. The proof of Lemma 5.2 then requires
only some obvious modifications and therefore will not be described here. To sim-
plify notation we drop the index / in the following, that is, we write Z}’ 0 Z?’ o m
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instead of Zj1 ,El), Z? ,El), my, respectively.

PROOF OF LEMMA 5.1. Conditional on X (which represents the information
contained in ¥q), we construct a pairing of X1, ..., X;; and (Y1,&1), ..., (Ym, &n)
such that

inf esssup Pi(1Zj 4 — Z5 4] < Crm27 ) logm, (j. k) € 4] Xo)
0
=1-0m™")

is satisfied. In the following, all estimates are to be understood to hold uniformly
in fo e X.

The pairing of the random variables of both models is organized by a simultane-
ous Skorokhod embedding of Z! j.x and Z? , in a common set of Wiener processes
W k assigned to the intervals /;, k We describe this embedding in detail for the au-
toregressive process. The embedding of /,(n;) from the regression model is com-
pletely analogous and will be briefly mentioned only. Then we draw conclusions
for the rate of approximation of Z}’ « by Z% » Which will conclude the proof. An
embedding scheme like this has already been developed in [22], in a different con-
text. In view of some modifications and since we intend to provide a self-contained
paper, we give a full proof of this lemma.

Let Wjx, (j, k) € 45, be independent Wiener processes. Apart from the coars-
est resolution scale which corresponds to j = 0, we use each of these processes
only on a finite time interval [0, T ], where the particular (nonrandom) values of
the T x will be specified in part (iv) below. For the time being it is only important
to know that Tp x = 0o

(1) Embedding of l,(e1) and construction of Xj.

First we define /,,(¢1) by a Skorokhod embedding in the Wiener processes men-
tioned above. Since [, (e1) does not necessarily define X uniquely, we have to use
perhaps an additional randomization to get X;.

Let k; be that random number with X¢ € I« x,. Now we are going to repre-
sent /(1) by increments of the Wiener processes, preferably by those of W .
However, since we want to use W i, up to some prespecified time T x, only, it
might happen that this is not enough for representing /,,(¢1). In this case we ad-
ditionally use a certain stretch of the process W1 [« /2], and so on. The Wiener
processes which are potentially used for the representation of /,,(¢1) correspond to
a containment relation of the dyadic intervals,

Tpee S Tjr—1,1k21 € -+ € Ly jpo-i%p»
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where [a] denotes the largest integer not greater than a. This means that we repre-
sent [, (e1) by the following Wiener process:

Wik, (5), if 0<s=<Tj g,
Witk (Tjek) + -+ Wi goin=m (T g2is1-7)
j*
1
wh(s) = + Wj,[klz-f—f*]<s -2 Tl,[klzl—-f*]>’
I=j+1
if Tj*’kl + -4+ Tj+17[k12.7'+1—j*]
<s =< Tj*,k] + .-+ Tj,[k12j_f*]'

(WD is indeed a Wiener process on [0, 00), since Tp ; = 00.)

According to Lemma A.2 of [17], there exists a stopping time ! such that
the distribution of W (z(D) i equal to the conditional distribution of /,(e1)
given Xo. We define ¢ in such a way that

Ly(er) = W ().

[This is achieved by first setting /(1) equal to WD (M) and then defining &
with the aid of an additional randomization according to its conditional distribution
given [, (¢1).] Finally, according to the model equation under fy, we set X| =
fo(Xo) +¢1.

To explain the following steps in a formally correct way, we introduce stop-
ping times 1:1(’,)(, i=1,...,m, assigned to the corresponding Wiener process W .
Define

=0, (ke
To get rJ(-’lk) , we redefine all those rJ(-f),() which are assigned to Wiener processes W x
that were used for representing /,(¢1). According to the above construction we set

O _ (D .
Tj*,kl =T AN T]*,kl'

We redefine further
1
) [tV = Tjesy = = Tj oo ] A T i)
Clk2i=*1 if Ty 0+ Ty oy <70
0, otherwise.

The remaining stopping times -cj(-,ll) with [ # [k12/77"] keep their preceding values
)
j’l - :
This procedure will be successively repeated for all other ¢;’s with the modifica-
tion that we use only those parts of the Wiener processes which are still untouched
by the previous construction steps.

(ii) Embedding of 1,,(&;) and construction of X.
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Assume that Xo, ..., X;_ are already defined. Let k; be that random number
with X; | € I+ ;. Now we represent [, (g;) by parts of W ., Wjx_1 %721, -,
W [2-*}> Which have not been used so far.

First note that, because of the strong Markov property, these remaining in-
crements W .p/-1%1(5 + Ty o) = Winkarmsm1 (T2
dent Wiener processes, also independent of Xy, ..., X;_1. Hence, gluing these

) form indepen-

parts together we obtain a Wiener process on [0, co) which is independent of
X0, ..., X;j—1. This process is given as

Wied, (s + 700 )) = Wi (rfi ),
1f0 <s < Tj*,k,‘ — Tj(i,_kj)’
i—1
{Wj*,k,- (Tj*,ki) — Wj*?ki (T]('f",k,-))} + ...
+ {Wj+1,[ki21'+1—f*](Tj+1,[k,-zj+1—j*])
—W. . . (T(ifl) ) _ )}
JAHLIG 2T =N Gy g 2i+1-0%

J'*
(i-1)
+ {Wj,[k,»sz*](s - Z (Tl,[kle*f*] - Tl,[k,-z.i—’])
. I=j+1
W(l)(s) — (-1)
LTI

(-
B st[kizjj*](rj,[kiZJ—j*])}’

%

J
. (i—1)
it Y (T i1y — T i) <8
J* (1)
.
= (Tz,[kiszl] - Tz,[kizf-ll)'
my

There exists a stopping time ) such that W@ (z()) has the same distribution as
the conditional distribution of /,,(¢;). We define ¢; in such a way that

lp(gi) — W(i)(.[(i))’

and set X; = fo(X;—1) + ¢;. [The definition of ¢; is again achieved in two steps by
first setting /,(¢;) equal to W@ (z@) and then defining &; according to its condi-
tional distribution.]

To complete this construction, it remains to define the stopping times rj(l,z These
stopping times indicate up to which point the Wiener processes have been used in
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the first i steps. Accordingly we set

=1 ' (i-1)
[Tj,[kizj*j*] + (D = (Tjo i — Tis g, ) — -
(i—1)
~ D= = T i)
o AT 12i-i*s .
l . i
Cjki2i=" = if (Tje sy — Tjeg )+
+ (T 1=
Tj+1,[k,~2i+1—j*]) <7
(i—1)

1:j k20—’ otherwise.
For all (j, ) with [ # [k;2/=7"] we define
@) @1
T],l = T],l .

After embedding [, (¢1), ..., [,(en) We arrive at stopping times T]('?]?- The partial
sums are connected to the Wiener processes by the relation

Zig= 2 Wau(e™)

(u,v): Iu,vglj,k

+ Z Z Wuv(fbglz;) - Wu,v(fu(fu_l))-

i: lfifm,Xi_leljyk (u,v): IuA,vD[j,k

(35)

(i) Embedding of l;(n1),...,l4(mm) and construction of (Y1,&1),...,
(Ym ’ ";‘_m ) .
This will be done in complete analogy to the construction described above. We

deﬁpe again stopping times ?j(’,i and obtain the following representation of the
partial sums:

Zie= 2 W @)

(36) . A
+ ) > W@ — W (@57).

it1<ism,Yieljx (u,v): I vDljk
(iv) Choice of the values for T} .

To motivate our particular choice of the T} ; described below, we consider first
two extreme cases. If T« = oo for all k, then Z Jl*  and Z?*’ « are both completely
represented by W« ;. This leads indeed to a satisfactorily close connection of
Z}*’ ; and Z?*’ - On the other hand, this choice is unfavorable at scales j < j*.
Although we get immediately the upper estimate

Zj = Z5 < Y 1Zjy = Z5yl,

l: Ij*’lgquk
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the difference between Zjl.7 . and Zf’ « Will be unnecessarily large. This is because,
for j < j*, Z Jl . and Z?’ « are then represented by too many different stretches of
the Wiener processes W« ; with I« ; C I .

On the other hand, if the T« ; are rather small, then Z}*’  and Zf*’ . Will be
represented in large parts by stretches of Wiener processes W, , which correspond
to intervals /1, , D I« with j < j*. Once we are on a coarser scale j < j*, we
cannot guarantee that Z jl* . and Zﬁ*’ « are (mostly) generated by identical parts of
the Wiener processes. Consequently, we would also get a suboptimal connection,
this time for Z}*,k and Z?*J{.

To find a good compromise between these two conflicting aims, we choose the
T « as large as possible, however, with the additional property that, for j # 0, the
stretches [0, Tj «] are used up with a high probability in the representation of both
Ip(er), ..., 1p(em) and Iy (1), ..., l4(nm). Strictly speaking, we choose the T i in
such a way that

m
ess sup Pf0<2r(i)I(X,~_1 €ljr < Z Tyv,

i=1 (u,v): Iy <k
(37)
V(i) € 1, \ 10, b) ]Xo) =0(m™)

and

m .

P.m(Z?(’)I(Y,- elin< Y T V(. kel \ (O k)})

i=1 (w,v): Iy w1k

(38)

=0(m™).

To this end, we study first the stochastic behavior of the above sums of stopping
times assigned to the interval /; ;.

Recall that the innovations ¢; are assumed to be independent. According to the
construction of the Skorokhod embedding described in [17], Appendix A.1, the
randomness of 7 is driven by some U; ~ Uniform[0, 1] from a sequence of inde-
pendent random variables and by (WD(s), 0 <s < t®}. The vectors (X;_1, U;)
are of course also ¢-mixing as the X;. Since, for i # i’, {W(i)(s), 0<s< r(i)} and
{(wa ) (5),0<s <7l ,)} are composed of disjoint stretches of the Wiener processes
W; i separated by stopping times, the random variables tDI(X;_1el j.k) inherit
the ¢-mixing property from the process {X;}. Hence, we obtain by a Bernstein-
type inequality for sums of ¢-mixing random variables (see, e.g., [10]) that

YAt V1Ximy € 1) = E[sV1(Xim1 € 1;0])

i=I

esssup Pf0< ’
(39)
> CyvVm2=7logm ’X()) =0m™*)
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and, analogously,

FO1(v e 0 - E[TV1(Y; € 1;0])
1

Py,

1

=0(m™).

m

> C,vm2~/ log m)
(40)

Define
m .
Sik= EtPI(X;_y €l;x) — C;¥m2~ilogm.
i=1

Furthermore, we define

Tj!k:Sjyk - Z SM,U'

(u,v): Iu,vCIj,k
Then S = Z(u’v) unClig T, »- By (39) and (40) we obtain (37) and (38).
(v) Conclusion for Zjl.’k — Z]2‘,k-

By (35)-(38) we obtain that

Zjl"k = Z Wu,v(Tu,v)
W, v): Iy vk
(1) . »
+ > o Wualnl)) = Waa(ny ")
i:lfifm,Xi_lelj,k(u,v):[u.vD]j,k
and
Ziy= Y Wu(Tuw)
(uvv):Iu,vglj.k
(42)

+ D (@) = W (@)

i: ISivaYiEIj,k (u,v): Iu,v:)lj,k

are satisfied with a probability exceeding 1 — O (m ). At this point we see why
our particular pairing of the random variables provides a close connection between
Zjl.’ ¢ and ZJZ-, i most of the randomness of ZJI.’ . and Z?’ « 1s contained in the first
terms on the right-hand sides of (41) and (42), respectively. These terms are ran-
dom, but identical to each other.

To analyze the difference between the right-hand sides of (41) and (42), we

compose the pieces {W, ,(s), ‘L'u(f;l) <s< r,ffz,} and {W, ,(s), ?,5{;1) <s< ?u(l%,
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corresponding to intervals I, , D I x to Wiener processes. For fixed i, we define

Wit iky21(s + 70 ) — Wic 21T lga):
ifo<s <1:()1 k21T gi__ﬂ%k/z],

[Wi-1,i/21(z; )1Rpﬁ Wi (T o)+
+ [Wl+1,[k2’+1‘f](TIT1 [k2!+1- j])

e () = W (5 )]

+ [Wh -7 ) = W ai=i9 (7, (1[2211) ]

. (i) 1—1)
if s = (v, ujo — Tiotwyzy) T

@) (z—l) (1—1)
+(z Tt 2i+1-i1 ~ T kol - J])+(” T kal- f])
-1) @)
with r k2-i] <U ST oy
It is clear that Wm is a Wlener process on the interval [0, rjrek ’] where r]re,: i =

( ) 1)
Z(u v): 1jxCly, U(T l )

By the strong Markov property, the remaining parts of the Wiener processes
Wik agaln form independent Wiener processes, also independent of { re,f 10<
s < rres 'Y, Therefore, we can compose all these latter parts to one Wiener process

by settmg

Wi, ifo<s <t
res 1,_res,1 res,u—1 ,_res,u—1
res() jk( k)+ +W (jk )
- res,u res 1 res,u—1
+Wk (_ T Tk )s
res 1 res,u—1 res, 1 res,u
1frk +oty <s=Tip e FTy
An analogous construction can be made for the ﬁ%, leading to Wiener proces-
ses jre,g

If both 7", tO[(X;_; e Ijx)>Sjrand )7L, TOI(Y; € Ijx) > S are sat-

isfied, then
> Yo Wilmh) = Waa(aly )

itl<ism,X;_1€lji (u,v): 1 Clyy
res i) .
j,k< X T _Sf,k>
i:Xi—1€ljk

and

) 2 Waw(@) = Wun(B5Y)

itl<izm,Yielj, w,v): 1 Clyy

(X s

it Xi—1€ljk
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Hence, we obtain by (37), (38) and Lemma 1.2.1 in [6], page 29, that, for all
(J, k) e dy,

esssup Py, (1Z) ; — Z7 4| > /| X0)

<esssup Pf0< Jre,:( > @ — Sj,k> > r,/l’/2‘X0>
i: X,'_lel_,-,k
+esssupr0< ~Jre,2< AR Sj,k) > ré’/2‘X0>
i:Xi—1€lj

+O0m*=0m™),

where r// = C(m27/)!/*1ogm. This completes the proof. [J
6. Some auxiliary results.
6.1. Convergence of stationary distributions.

LEMMA 6.1. Suppose that (X if )i=0 and (X ifO)izo are stationary processes
obeying (4) with autoregression functions f and fy, respectively, where |f|,
| fol < M. Assume that the innovations (g;);>1 are i.i.d. with a density p such
that

o0
sup / p(x — x1) — plx — x2)ldx < 1.

—M=<x|<xp<MJ—30

N —

p =
Then, for the stationary densities  y and ¢, it holds that
o0
2
x) — X)) dx
| o= )

1 o0
s— s / 1p(x) — p(x — )] dx.
= P uel0,|| f— follool ¢ —00

PROOF.  We denote by p/ (x|y) = p(x — f(»)) and p/0(x|y) = p(x — fo(»))
the transition densities of the processes (X lf )i>0 and (Xi.f")izo, respectively. It
holds that

[ @ = o as = [~ pw - vl ds.

Let, for brevity, V¢, £, (x) =¥ r(x) — ¥ £, (x). From

Wy () = / [pf (xly) — pP Gy () dy + / PRGN () dy
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we deduce that

/_Zy\yf,ﬁ)(x)\dx
ff[f\pf(XIy)—pfo(xly)wf(y)dy}dx
| [ PP 0l dy = [ pPein[w 0] d|dx
< [| [ 17 ) = poceiy|dx w00y

+sup [ |pPoly) — pPoxlys)|dx / [Wr ()], dy
y1,y2

< sup/ 1 (xely) — pPoCely)| dx
y

+sup [ |pPocly) — pPocxlyn)|dx / (W) ()], dy
Y1,)2

The latter implies

/;oo|\Pf,f0(x)|dx§ sup /|p(x)—p(x—u)|dx

O=u<|lf—folleo

+ 3 sup Ipf"(xm)—pfo(xlyz)lde|‘1’f,fo(x)|dy-
Y1,Y2

Rearranging the terms we obtain the assertion. [
6.2. An analogue of Berbee’s lemma.

DEFINITION 6.1. The uniform ¢-mixing coefficient between r.v.’s £ and 7 is
defined to be the number

¢ (&, n) =sup{|P(A) — P(A|B)[: A€o (§),Beco(n), P(B)#0}

LEMMA 6.2. Suppose that & and n are two random variables with values in
R! and R?, respectively, given on the probability space (2, ¥, P). Furthermore,
we assume that & and n possess a joint density and that the probability space is
rich enough for the definition of a random variable A ~ Uniform[0, 1] which is
independent of & and 1. Then we can construct a random variable S 5 &,n,A)
such that:

@) £(§|n) = JL(§) a.s., that is, E is independent of n and has the same distri-
bution as &,

(i) P(E#E&In) <&, n) as.
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PROOF. The idea of the proof is of course closely related to that of the proof of
Theorem 2 in [1]. However, since the formulation of our result differs slightly from
theirs (they constructed £insucha way that it is close to £ with a high probability,
whereas we are interested in an exact coincidence of ’5 and &) we decided not to
omit this proof.

We denote by pg(-) the marginal density of & and by pg,(-]y) the conditional
density of & given n = y. Define

¢y = %/ | P (x) — pepy(x|y)|dx =1 —/ps(X)Apsm(XIy)dX-

Then ¢, < ¢ (&, 1) as.

If ¢,) =0, then pe(-) and pg,(- | y) coincide and we set ? = £. Otherwise we
proceed as follows. With a random variable A ~ Uniform[0, 1] which is indepen-
dent of & and n, we set

g, if ps(§) > Apgn(Eln),
£, otherwise,

§=E<s,n,A>={

where £ is an appropriate random variable having the density [pg(-) — ps(-) A
Pen(-Im)1/¢y,. The random variable & is defined via a quantile transform as

—1,Apg;nEIn)—pe(§)
G,7 (== =22

Pen(Elm)—pe (§) ), where

1 [y
Gy(y) = ¢—/ [pg(x) — pejy(x[n)]4 dx.
n —00

Now we have
PE =¢&n) = P(pepy ) A pe(E) = Apepy (Eln)in)

Peln(&ln) A pe(§)
=E 1 0
( Peim( 1) (e (&1 > )m

= [ penln A pe(dx =19,

which implies (ii). Part (i) follows from the construction. []

6.3. An exponential inequality. We made use of the following inequality
whose proof can be found in [15].

LEMMA 6.3. Let & be a rv. such that E€ =0 and |&| < a, for some positive
constant a. Then

E exp(rL&) < exp(cAEE?), Al <1,

where ¢ = e“ /2.
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