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IDENTIFICATION OF MULTITYPE BRANCHING PROCESSES

BY F. MAAOUIA AND A. TOUATI

Faculté des Sciences de Tunis and Faculté des Sciences de Bizerte

We solve the problem of constructing an asymptotic global confidence
region for the means and the covariance matrices of the reproduction dis-
tributions involved in a supercritical multitype branching process. Our ap-
proach is based on a central limit theorem associated with a quadratic law
of large numbers performed by the maximum likelihood or the multidimen-
sional Lotka—Nagaev estimator of the reproduction law means. The exten-
sion of this approach to the least squares estimator of the mean matrix is also
briefly discussed.

On résout le probleme de construction d’une région de confiance asymp-
totique et globale pour les moyennes et les matrices de covariance des lois
de reproduction d’un processus de branchement multitype et supercritique.
Notre approche est basée sur un théoréme de limite centrale associé a une
loi forte quadratique vérifiée par 1’estimateur du maximum de vraisemblance
ou I’estimateur multidimensionnel de Lotka—Nagaev des moyennes des lois
de reproduction. L’extension de cette approche a I’estimateur des moindres
carrés de la matrice des moyennes est aussi brievement commentée.

1. Introduction.

1.1. Motivation. Statistical inference about the means and/or the covariance
matrices of the reproduction distributions involved in a positively regular supercrit-
ical Bienaymé—Galton—Watson process with d-types [BGW(d)] has been investi-
gated by several authors [2, 4, 5, 14, 26]. Though some important work (discussed
below) has been done on this topic, a satisfactory global approach has not been
outlined. The purpose of this article is to fill this gap.

For the convenience of the reader, our method is initially derived in the famil-
iar context of the one-type BGW process. So, let X = (X,,),>0 be a supercritical
process starting from Xy = 1. The identification of the mean a = E(X1) €]1, +00]
and the variance o2 = Var(X1) €10, +oo[ of the offspring distribution of X is a
classical problem which has been studied by many. An exhaustive review of this
topic can be found in [14].
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Let us recall some significant results in connection with this subject. The maxi-
mum likelihood estimator of a, given by

n
(1.1) A=) 'S =D, Si=) "Xy,
k=0

satisfies the relation

n

(12) Su—1@—a)=) X —aXp—1) =Y (Xx — EX/Fk-1)) =L,
k=1 k=1

where ¥, is the o -algebra generated by the random variables (r.v.’s) Xo, . .., X,.
It is strongly consistent on the set of nonextinction E = {lim, . S, = oo} =
{lim;,_ »c X;, = 00}. Moreover, conditional on E, the central limit theorem (CLT)
with random normalization,

(1.3) Sp_1 (@ —a) > N (0,09,
n—oo

holds [11-14, 16, 17, 19-21, 23, 24]; N (0,2) denotes the centered Gaussian
distribution with variance o-2. As pointed out by Dion [13, 14], conditional on the
set E,, = {X,, > 0}, the result (1.3) is also true.

To build a confidence region for a, it remains to estimate o2. Dion [13] and
Heyde [18] proved that

P .
== DX (X = dnX)?
k=1

(1.4)

1 & . .
=— Zxk—l(ak — an)2 — o2 a.s.onkE,
k—l n—oo

where a, = X;_lanl{Xn_l>0} is the Lotka—Nagaev estimator of a, subsequently
called the empirical estimator of a, which is also strongly consistent on E. In
addition, under the assumption E(X‘f) < 00, they showed that

V@ —o?) 5 N(0,20%).
n—0o0
We improve their result here by showing that, conditional on the set E or E,;,

(1.5)  {Vn(07252 = 1),/Sn16, 1@y — a)}nj'cgo N(0,2) ® N(0, 1)

and

n

Inln

where ® denote the tensor product of measures.

(1.6) lim sup

p o252 —1|=2 as,
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A similar approach for estimating o> may be derived from the following prop-
erty satisfied by the martingale (L;,), called the quadratic strong law of large num-
bers (QSL) in [8, 9] (see also [28]):

L~ o172 2 >
(1.7) - k;(sk_l L)® — o a.s. on E.
From (1.2) and (1.7), it is easy to derive that

1 n
~2 _ 1 ~ a2 2
(1.8) 0, = ZSk_l(ak ay) =20 a.s.on E.

k=1

We shall prove here that, under the additional hypothesis E(X‘l‘) < oo and condi-
tional on the set E, the following two properties hold:

1
(19) {Va( %2 1), sn_@‘@—a)}n%oav(o,z“*l)®N<o,1);
— a —
1
(1.10) limsup,| ——|o~262 1] = 2.%F as.
Inlnn a—1

-~ 1s asymptotically more efficient than 8”2; however, it is
insensitive to any change that occurs on the mean.

In the remainder of this article, the global approach we develop for the one-
type BGW process is generalized to the d-type case. Moreover, results analogous
to (1.8), (1.9) and (1.10) for the empirical estimator and the least squares estimator
of the reproduction law means are discussed.

Hence, the estimator &2

1.2. Assumptions.

1.2.1. About the observed sample. From now on *X,, = (X,,(1),...,X,(d))
denotes the generic state of a BGW(d) process, that is, the column vector of num-
bers of particles (or individuals) of each type in the nth generation. The initial
state Xg is taken equal to the vector 1 whose components are equal to 1.

The particles of type j that are alive in the (n — 1)st generation give birth to a
total number of Y3 (1) particles of type 1, ..., Y;(d) particles of type d. Therefore,
we have

d
(1.11) X,=> Y,  YI=*YID,...,Yi@d).
j=1
Except in Section 5, we suppose that the r.v.’s (Xo, Y{ e, Y{;; 1 <j<d)are

observable and we denote by §, the o-algebra they generate.
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1.2.2. About the reproduction laws. The following common assumptions will
be used subsequently.

ASSUMPTION A-1. Foreach j €{l,...,d}, the reproduction distribution v;
of the particle (or individual) of type j is assumed to have finite moments of or-
der 28 (8 €]1, 2]) and an invertible covariance matrix.

ASSUMPTION A-2. The BGW(d) process (X;),>0 is assumed to be posi-
tively regular and superecritical (see [3, 25] for the details).

The column vector that represents the mean of v; and its covariance matrix are
denoted a’/ and K/, respectively.

1.3. Brief description of the main results. In the three next sections we are
concerned with estimation of the parameters {a’, K/}|< ;<4 based on observation

of the sample {Xp, Y k, Il <k <n,1<j<d}. More precisely, we analyze in Sec-
tion 2 the asymptotic behavior of the maximum likelihood estimator (MLE) A
and the empirical estimator (EE) An of A = Vect(a', ..., a?) (see Section 1.4 be-
low). For each one of these estimators, we shall (1) prove strong consistency on the
set of nonextinction E and also give the strong rate of convergence, and (2) prove
asymptotic normality conditional on the set E,, = U?:l {X,,(j) > 0} after appro-
priate centering and random normalization.

In Section 3 we show that A, and s, satisfy two QSLs as in the case of the
one-type BGW process. This allows us to derive two estimators X, and X, of
K =Diag{K!, ..., K?}. We prove also their strong consistency on E and sharpen
their strong rate of convergence.

The construction of a global confidence region for the parameters {a/, K/} < j<d
is achieved in Section 4 thanks to a central limit theorem performed by the pair
(An, Kp) or (Ap, Ky).

Finally, in Section 5, a similar approach is discussed for the least squares esti-
mator (LSE) of the matrix A = [a!, ..., a?].

1.4. Notation. We recall some standard notation.

NI1. I, and J > denote, respectively, the d x d and the d? x d? identity matrices.
N2. For areal d x d matrix B whose column vectors are b!, ..., bd,

Vect(B) = Vect(b', ..., b%)
=*(b'(D),....0 @), ....b ), ... b () e R,

N3. The notation Diag(B1, B>) refers to the block matrix [B E? ]

N4. If A= (a;,;)i,j and B = (b;,;), are two matrices, A @ B
nates the block matrix whose (i, j) block is a; ; B.

= (a;,jB);,; desig-
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We also introduce the following less common notation on block matrices:

N5. If P = (P(i, j)i<i, j<a and Q = (Q(r,1))1<r1<q are two block matrices,
then P X Q = ((P(i, j) ® Q(r,1))1<ri<d)1<i,j<a stands for the block ma-
trix whose (i, j) block is the block matrix (P (i, j) @ O(r, 1)) 1<ri<d-

N6. If C = (C(i, j))1<i,j<a 1s a block matrix, then L€ denotes the block matrix
(C(j, i))lgi,jsd-

The standard Euclidean inner product on R? and its associated norm are denoted
by (-,-) and || - ||, respectively. The trace operator on square matrices is denoted
by tr(-).

2. Estimation of the reproduction means. From the definition of Yi;,

n—1 -1 5
@2.1) a,£=<ZXp(j>> YY) and a) =X, 1 ()7 Y, (j)=0)
p=0 p=1

are intuitively candidates for estimating a/. Clearly, Zl'r{ is the multidimensional

analog of the empirical estimator defined in Section 1.1. As is shown below, @, is in

fact the MLE of a/, that is, the estimator derived by maximizing each component
of a/.

2.1. Computation of the maximum likelihood estimator of 4. Let ¥, denote
the o-algebra generated by the r.v.’s (Xo, X1, ..., X;;). The conditional distribution
of X,,+1 with respect to ¥, is VTX”(I) % ook v;X”(d) , where v** represents the
convolution product of k distributions equal to v;. Consequently, the following

useful construction of the Markov chain (X) is available. Given a probability
space (2, ¥, P), let {(‘;‘rf’k)(n’k)eNz}lfjfd be a system of d independent sequences
of r.v.’s on (2, ¥, P), where (Sik)(n,k)eNz are i.i.d. random vectors with respect

to the distribution v;. More precisely, the vector Sr{ « represents the successors of
the kth particle (or individual) of type j that are alive in the (n — 1)st generation.
Hence, we have

Xn—1(j)
2.2) Yé:( Z E’ik)l{xnl(j);ﬁo}, jefl,...,d}.
k=1
The likelihood function of the r.v.’s {Xo, ..., X} is
n
e = 2,(Xo.... . X,) = 1—[ UTX,;_l(l) - V:;Xp—l(d)(xp)
p=1

(2.3) J
= T1(TT( 1T w0¥))
p=1\j=1\leD;
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where for each j € (1,....d} the tv’s Nb () = Yo'V 1

the properties

j d ;
{S it [ € N?, satisfy

YN O=Xpm1(D. D IND=Y]

leNd leNd

and for 1 < j <d, Dj={l € Nd/vj () > 0} is the support of the reproduction
distribution v;. Therefore, using the Lagrangian technique, we prove that the r.v.’s

n—1 -1 5

24) vi(), = (prm) YN, ey,
p=0 p=1

maximize £,, but we emphasize the fact that mn is an estimator of v; (/) only if

the r.v.’s (Sr{’ i) are observable. However, the MLE of the mean a’ of v j» obtained

by maximizing each component of ¢/, that is,

1 n
(2.5) 3 M), = (ZX (J)) > Y,
p=1

leNd

coincides with a’ It is a statistic of the observed sample {Xp, Y{ AU Y,j;, 1<
Jj <d}. Hence, the MLE of 4 is

(2.6) Ay, = Vect(@,, ..., a") = 4" 1Z\/ect(Y‘,...,Y;ﬂ),
p=l1

where 4, = Diag(S,(Dl4, ..., Sp(d)ly) and S,—1(j) = Z',l,;z) Xp()-
In particular, let us remark that

(2.7) Syt (hn — A= &, where ¢ = Vect(¢]l, ..., ¢f),

and

Xi—-1(j)

¢l = Y] —~E(Y]/gi-1) = ( > @, —aj)>1{xk_1<j>>0}-

r=1

2.2. Asymptotic properties of the MLE of A.

2.2.1. Main result. The asymptotic properties of (Ay), announced in Sec-
tion 1.3 and stated below, are in fact direct consequences of those of the martingale
defined by the right-hand side of (2.7).
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THEOREM 2.1. Let X = (2, F,P, (X,)n>0) be a d-multitype branching
process, starting from 1 =*(1, ..., 1), whose reproduction distributions satisfy As-
sumptions A-1 and A-2. Then the following properties hold, where E designates
the set of nonextinction of X and E,, = U‘}zl {X,(j) > 0}.

(1) The estimator (,;(n) is a strongly consistent estimator of A on the set E;
more precisely,

max ||p"?(Ar — A)|>=O0(nn)  as.onE.
1<k<n

(i1) The estimator (:;‘;n) is asymptotically normal, more precisely, conditional
on the set E or E,,

1/2
n—1

812 (Ap — A) S5 Np(0, K).
n—o0
REMARK 2.2. The estimation of the offspring means of a supercritical mul-
titype branching process has been studied by Asmussen and Keiding [2], Keiding
and Lauritzen [22] and Nanthi [1, 26]. Their results are strictly contained in Theo-
rem 2.1.

The proof of Theorem 2.1 is based on some important asymptotic properties of
the martingale defined by (2.7), which is stated in Lemma 2.3 below.

2.2.2. Auxiliary results for the proof of Theorem 2.1. Before stating the
lemma, let us recall that Assumption A-2 allows us to affirm that the following
three conditions are satisfied by A = [a',..., a9 (the matrix whose column vec-
tors are a!, ... , ad):

C1. The matrix A has a maximal eigenvalue p > 1, which is equal to the spectral
radius of A. Moreover, the modulus of each other eigenvalue of A is strictly

less than p.

C2. There exist an eigenvector u = *(u(1),...,u(d)) of A and an eigenvector
v="w(),...,v(d)) of *A (the transpose matrix of A), associated to p, such
that

d
u(j)>0,vV1<j<d, (v, 1) =Y v(j) =1,

j=1

d

(u, v) =Y u(Hv()=1.

j=1
C3. If P = u™*v, then there exits a matrix R that satisfies

PR = RP, R'=0@"""p")  forp, €], pl, A" = p"P 4+ R".
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Conditions C1 and C2 imply that the set of nonextinction of the BGW(d)
process (Xj,), that is, E = limsupE,,, where E,, = U?ZI{X,, (j) > 0}, is not neg-
ligible. In fact, one can prove the existence of a r.v. W such that E = {W > 0},
P(E) > 0 and the following properties hold almost surely:

(P1) o7, Xy) — W, p7"X; —> Wu.

Moreover, P(W = 0) = 0 if for all 1 < j < d the reproduction distribution v;
belongs to a regular exponential model.
Using the obvious recursive relation

d
X, =AX,_1 +¢n, 8H=Z{r{a
Jj=1

condition C3, combined with the law of the iterated logarithm, allows us to prove
the following property more precisely than (Pp):

max(po,l)

(P) p7"X, — Wu = O( Innn?=16") a.s. on E, where 6 = (T)'

Let (M,) be the normalized martingale defined from the right-hand side of (2.7)
by

n
My = UK g = VectM,), ..., M),

k=1
(2.8)

n
M) =u(j) V2(kHTEY ¢!, U=Diag(u(Dly, ..., u(d)ly).
k=1
Note that its predictable quadratic variation is
(M) = Diag(u(1)™'Su—1(Dlys ..., u(d)™'Sp-1(d)Ly)

(2.9)
—u 2, ut 2,

LEMMA 2.3. The following properties hold for the martingale (M), where
E, E, are the sets defined above in Theorem 2.1.

(P2) We have 'O_n<M>nn:o>o %ldz a.s. on E, where W is the rv. defined
in (Py).

(P3) We also have maxj<x<, || p~*?M||> = O(Inn) a.s. on E.

(P4) Fort e RY and k < n, let g (1) = E(expli(t, p~"2AMi)}|Gi—1) and
D, (1) =[Ti—| Pn.k(t), where AMy = My — Mi—1. Then

o 1w .
n(l)njgoexp —EFHIH a.s.on k.
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(Ps) Conditional on E or By, p~"2 My —55 oo S(W/p — D)Y/24 ) stably,
where X(T°) is a r.v. independent of W with the same distribution as N (0, T*T).

PROOF OF THEOREM 2.1. To get the strong consistency of the estimator ()
on E, we note from (2.7), (2.8) and (2.9) that
1/2(p (M) I (07 M),
but thanks to properties (P2) and (P3) satisfied by the martingale M, we have

A\
max [|p 2 Mi|>=O0nn) and p M), —>
1<k<n

n—>00p_1

L2 a.s.on E.

Hence, (i) is proved.
By (P1), we have p™" 48,1 — 100 = l‘u a.s., so property (ii) of the theorem
is a consequence of (Ps), since

(2.10) 82 (A, — A) = (p"?8, 12

PROOF OF LEMMA 2.3. Equality (2.9) and property (P1) imply (P»), that is,

P M)y = U2 (0T 8 DU —

st p— lldz a.s.on E.

Property (P3) is obtained thanks to the following result satisfied by the r.v.’s ¢, =
I dy.
Vect(¢,, ..., o)

Xoo1() _
Z (S,ik_a‘l)
k=1
@.11) = 0(Xu-1()) InInX,1()))

=O0(Vp"Inn) onE.

In fact, (2.11) is a consequence of (P1) and the LIL property
N ) )
Y (¢l —a’)=0(V2NInlnN)  as.
k=1

Since we have

n
M, =u_1/2J{_1/2< {k)
k=1

ol

= 0(p"*Vnn),
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then

max [|p*?M|> = O(nn)  as.onE.

1<k<n

Let us now prove properties (P4) and (Ps). For 1, ...,14 € RY k<nandr=
Vect(ty, ..., 13), we have
d 1 iN—1/2,]
ons)=B( [T expift). k)72 511
' <,l:[1 ")) il

SO

@, (1) = [ [ i@

k=1

d E( , L kil iy )Sn_m‘)
= [~’7. —
T [E(esoli{s. Sy el - an)} )
X 1 X, 1(j)=0}-

By noting that

r 11 o
D, (1) ~ gexp{—imsn_l (])Hlj | }lﬂz—l{xk—l(j)>0} as.onkE,

we deduce that

d
1 W ) 1 W 2
d>n(t)njo>ojl:[1 exp{—zp — Il } = CXP{_E,O — Izl } a.s.on E.
Property (P2) combined with property (P4) allows us to use Theorem 3 of [27],
which implies that, conditional on the set E = {W > 0},

1/2
“nj2 0y L W
(,0 Mn)n:goz:((p — 1) 1d2> Stably,
where ¥ (77) is ar.v. independent of W with the same distribution as N2 (0, T*7).
As in [12], we can affirm that the above result is also true conditional on E,,. [

2.3. Asymptotic properties of the empirical estimator of A. From the defini-
tion (2.1) of a), we deduce that for j=1,2,...,d,

anl(]') . ) )
Xpo1(N@ —a)y=> & —a)lx, (=0 =¢.
k=1
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Hence, setting X;,, = Diag(X,,()1g, ..., X, (d)1;), the empirical estimator gin
of »A satisfies the relations

n
(2.12) X 1(Ay—A) =0 and S, 1 (A, — A) =D Xp1 (A — ).
k=1

So property (i) of Theorem 2.1 holds for An. An analogous result of property (ii)
of this theorem may also be stated.

3. Estimation of the reproduction covariance matrices.

3.1. Some asymptotic properties of the sequences (4, 12 1(*"\’ — A)) and

1/2
(X,
ing a strong estimator of the covariance matrices K = Diag(K!,..., K?) is
the QSL that underlies the CLT satisfied by the sequence ()Snl/ 21 (x — A)) or

1/2
(X,

(A — #)). As announced in Section 1.3, the key tool for construct-

] (Abn — ). This property is stated in the second part of the next theorem.

THEOREM 3.1. Within the framework of Theorem 2.1, the sequence (5,11/_21 X

(A — A)) or (X1/2 (,f(y,, — A)) satisfies the following properties almost surely
on E.

(iii)) ASCLT:

ll’l
;;‘Sak‘ﬁw s MK,

1 n
;Z‘Sx;/j@%k—m =2 N 0.5

(== denotes the weak convergence of measures).

(iv) OSL:

- Z 8.7 (Ar — A (A — A8

—>J<,
—> 0

UZ—)JC

- Z X% (A — A (A — A)X,

Moreover, if the reproduction distributions have finite moments of order 4, then
(v) LIL of the QSL:

. o+1
lim sup ninn —_—

p—1

=2d

an V282 (Ax = A? —d?| =
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and

an V26,2 Ak = )P — 2| =2d.

lim sup (ln nn )

3.2. Construction of two strong estimators of K. Using property (iv), we con-
struct two strong consistent estimators of X as stated in the theorem below.

THEOREM 3.2. Within the framework of Theorem 2.1, let

A

Zsk @ —ah @l -ah, j=1,....d and
k 1

E:Diag(Kl,...,fd);
Zxk 1)@ —al)* (ak—a’) j=1,....,d and
=1

Y Y 1 > d

JCn_Dlag(Kn,...,Kn).

(vi) Then on the set of nonextinction E,
j{\n — K a.s., JE,, — K a.s.

n—oo n—oo

(vil) Moreover, if the reproduction distributions have finite moments of order 4,

then
127 qr—1/2 2 p+1
lim sup o |tr(J€ HKp K1) —d°| =2d P a.s.,
0 —

hrnsup/ Itr(JC V25, K~ 12y _d?1 =24 a.s.

REMARK 3.3. In [26], Nanthi proposed an estimator of a generic element
of K/ by adapting the Dion [13] and Heyde [18] method for estimating the vari-
ance of the offspring distribution of a BGW process (see Section 1.1).

Let us first prove Theorem 3.2.

PROOF OF THEOREM 3.2. We only prove the results announced for
the sequence (4, 12 I(A — #A)), because those corresponding to the sequence

(X, 1/ 21 (A — o)) can be established in the same way.
By the property (iv) of Theorem 3.1, we can affirm that, forall 1 < j <d,

- Y A | J
];sk ()@ —aly @ —a ) =2 K a.s.onE.
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Since almost surely on E
. ~j j /2 =
max 817! @] —ah)I> = 0 max 18R — AIF) = O(tan)
1<k=<n 1<k=<n
and

D Sim1() = 0(Su-1()))
k=1

both hold, we deduce that almost surely on E,

1{& N\ , Inn
—(} jsk_1(1)> @l —a’|* = 0(—)
n n
k=1

and

(& N
—<ZSk—1(J)||a;f —a’ ||>||a,{ —a'l
T\i=1

(3 . N i - Inn
= 5(gmlré‘?§n S (Dla —a’II)IIaé —adl| = 0(7)

However, the estimator K, satisfies the equality

B L o
e Y Sii(H@ —aly @ —al)
k=1

1{& ; . : ;
= ——(Zsk_mj)(a‘z —af))*(zi,g —a’)
T\ =1
1 . . n . )
@i a-/>(zsk_1<j>*<ag - >)
n k=1

+ %(Zsk_uj))@{ —al)* @) —a’);

k=1
(viii) hence

. 1 & ~ ~ In
Ky — K== 82 (A — A * (e — AV8L — K+ 0<—”) as. onE.
ni- n
This property shows the strong consistency of X, on E. Moreover, combined
with property (v) of Theorem 3.1, it allows us to affirm that assertion (vii) of The-
orem 3.2 is also true for K,. [

The proof of Theorem 3.1 becomes simple thanks to the next results, which
establish that properties (iii), (iv) and (v) are in fact the transcriptions of analo-
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gous ones satisfied by the normalized martingale (p~"*/>.M,,) or the sequence (¢,)
related to (M) by

(3.1) tn = Vect(z!, ..., ¢%, = Ju()(KHY2AM.
Note that
(3.2) E(Cn/Gn-1) =0 and E(G " Ca/Gu1) = X,/ KX,

3.3. Auxiliary results for the proof of Theorem 3.1.

LEMMA 3.4. For the sequences (M,) and (), defined, respectively, by
(2.8) and (3.1), the following properties hold almost surely on E.

(Pe) ASCLT:
I ¢ W\
PR I (T D!

Zax vy =2 Z0O,
k— n—oo

where X(X) is a Gausszan r.v. as in property (Ps).
(P7) OSL:

1 n
=D oMMy — (M) —> 0,
n =1 n—oo

50 —Zp kMM —

1d2,
o0
k=1 TP =

1 _ _
_Zx l/z(fk é_k_:x;l/Z 1/2 )x 1/2 N 0,
n n—0o0

1/2 1/2
so—ZXk Cacax 1 — X.
Moreover, if the reproduction distributions have ﬁmte moments of order 4, then:
(Pg) LIL of the QSL:

(p+ D'22dW
(p—132 7

1 n
lim sup ( n ) - Z p Rt (MM — (M) | =
Inlnn/|n =1

. 2 1 2
lim sup (ln lnn) /

Ztr 206 2 @ — %6, K06,

x X P x1?)| = 2d.
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The proof of this lemma, except property (Pg), is postponed to Appendix A.
Property (Pg) is proved at the end of Appendix B.

LEMMA 3.5. Within the framework of the Theorem 2.1:
(ix) The properties

Z 82 (A — A (A — A8

—nx+( Wl) 1/2<Zp (MM — (M >k))J<1/2+o<nl/2>,

k=1

n
1/2 1/2
Zxk/lmk—m (A — )X

1/2 1/2 12 1/2
e+ Y X e — Kl
k=1

hold almost surely on E.
(x) Consequently,

SN2 8 Ak — AP - nd?
P=1\ s+ & * 1/2
=\ > p TR (MIM — (M) + o(n'/?),
k=1

an V296,72 (g — A)? = nd?

- Ztr( 2o (0 X PR — 1),

This lemma is proved in Appendix A.

PROOF OF THEOREM 3.1. We only prove the results announced for the mar-
tingale (M) because the results that correspond to the sequence (¢,) can be ob-
tained in the same way.

The property p ™" (M), —>n— o0 p 7 442 @.s. on E, combined with the ASCLT
satisfied by M [see (Pg)], implies that, condmonal on the set of nonextinction E,

1
o 2_: (S(p—k/thk’p—k(eM)k) n_):oo ne e a.s.,
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where p is the law of the r.v. E((%)l/zldz) and C = (%)ldz is the almost-sure

limit of (p‘k (M)r) on E. Hence we deduce property (iii) of the theorem for (M},)
thanks to (2.7), (2.8) and (2.9).
Property (iv) for (M,) is a consequence of the QSL satisfied by the martin-
gale M [see (P7)] and the relation (ix) of Lemma 3.5. R
Likewise, the LIL stated in the theorem, for the sequence (&,—1(A, — #)),
is a consequence of the LIL satisfied by (M,) [see (Pg)] and the relation (x) of
Lemma 3.5. [

4. Asymptotic confidence region for the parameters {a/, K/} j- Our goal
here is to construct an asymptotic confidence region for all the parameters
{a’, K/}1<j<a. The key tool is the CLT stated below for the pair of estimators

(An, Kp) and (Ay, Kp).

4.1. Central limit theorem for the pair of estimators (.;1;,1, jC\n) and (97‘;,,, JE,,).
The proof of the next theorem, based on some probabilistic results performed by
the sequences (M) and (¢,), is postponed to the end of Section 4.

THEOREM 4.1. Let X = (R, F,P,F, (Xy)n>0) be a d-multitype branching
process, starting from 1 =*(1, . 1) We assume that its reproduction distribu-
tions satisfy Assumption A-1 with 8 = 2 and also Assumption A-2. Then, condi-
tional on the set E or E,;:

(xi) We have

(Vi — 5. 872 (A, — A)} =5 {61( %JC>+62(K),Q5},

(WK, — %), 8,7
where & is a rv. distributed as Np (0, K) and, for T = Diag(Tl,...,Td),
(&,(T))ref1,2) are independent identically distributed Gaussian matrices, which
are also independent of ®. Moreover the covariance matrix of Vect(®, (7)) is
equal to

(An = A} =5 (B2(K), B},

Diag(T/ @ T/ ++ (Vect(T/)* Vect(T7)); 1 < j < d).
(xii) We also have

[Wa(tr(K 23,0712 — d?), 81 (A, — A))

* “n—1

L

n—oo

N(O 2d22+ )®Nd2(0 X,

(Valu (K2R, K2 — d2), 8,2 (A — )

5 N(0.24%) ® N (0. XO).
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4.2. Construction of confidence regions. From property (xii), and the fact that

(Xp, 1) p—1
“4.1) — as.onkE,
(Xn, 1) +2(Sp—1, 1) >0 p+ 1
we deduce the following result, which allows us to construct an asymptotic confi-
dence region for all the parameters {a/, K/} <j<q4.

THEOREM 4.2. Conditional on the set E or E,;:
(xiii) We have

n{Xy, 1) Xd:tr (K)H~V2RI (K1) — a2
2% (X, 1) +2(Su—1. 1) \ " ’

d . .
Y S DIKH V@ —af>||2}

j=1

= N0, ® x (@),

{V2d2 (Ztr (KD (kT)™H) — d),

d . )
Y Sic1(DIKDH @] —af>||2}

j=1
£ 2
> N0, D) ® x(d),

where x(d?) denote the chi-square distribution with d* degrees of freedom.

REMARK 4.3. Let {a(j), K({ J1<j<a be a given possible structure of the repro-
duction means and covariance matrices. From Theorem 4.2 one can easily derive

an asymptotic test of the hypothesis {a/, Kj}lfjfd = {aé, K({}lfjfd against the
alternative {a/, Kj}lfjfd * {aé, Ké}lfjfd.

4.3. Auxiliary results for the proof of Theorem 4.1.

4.3.1. The CLT of the QSL satisfied by (M) or (¢,). For the QSL satisfied
by the martingale (M,) or the sequence (¢,), that is, property (P7), the rate of
the weak convergence is given by the following technical lemma, which will be
established in Appendix B.

LEMMA 4.4. Ifthe assumptions of Theorem 4.1 are satisfied, then conditional
on the set E or E,:
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(Pg) We have

{ [Zp—"<mwk—< >k),p—"/2Mn]

= 5> 2w 1/41 z W) s(( W 1/21
e 1((@—1)3) ”’>+ Wo-17) ((p—l) dz)’

:\/_ Z‘K 1/2xk 1/2@ Cp — xl/Z 1/2 )xk 1/2K1/2’pn/2Mn}

’ W 1/2
— {Ez(ld), E((—) ldz) },

where W, X.(-) are r.v.s as in property (Ps) and (3,(T))re(1,2) are independent
identically distributed Gaussian matrices, which are also independent of the pair
(W, X(-)). The covariance matrix of Vect(Z,(T)) is equal to

(TRT)R (T ®T) + +(Vect T*Vect T) K+ (Vect T*Vect T).

(P ) In particular,

—k (N RN j —n/2
(M. "M, <M])k):| . P Mn}
{[f 20 1<j<d

; 2W (W
= [ () < 2 ()]
n—00 (p— 13 p—1 1<j<d

(%) )

{[IZXk ()L ERI) T2 (gl - Xk_l(j)Kj)(Kj)_1/2:| ,

k=1

Py ; W\ 12
LBz 3 ((52) )

where {Erj (T),1 <j <d,r € {1,2}} are independent identically distributed
Gaussian matrices, which'are also independent of the pair (W, X(-)). The co-
variance matrix of Vect(Z](T)) is equaltoT @ T + L (Vect T*Vect T).
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(P10) Moreover,

{ pr “r (MM — (M >k>,p"/%wn}

212 1/2 1/2
2{CT=5) o2 ((2) )}
n—=00 (p—1)3 p—1

1 & _
{—Ztr( 1/zxk 1/2@ @ _XI/Z I/Z)X 1/2J<_'/2),p_”/2Mn}
n

Hefvaio.x((G2) ae)}

where G is a standard Gaussian r.v., which is independent of the pair {W, X(-)}.

4.3.2. The CLT of the QSL satisfied by (xn) and (An). Combined with
Lemma 3.5, the previous result allows us to establish the following one.

LEMMA 4.5. Ifthe assumptions of Theorem 4.1 are satisfied, then conditional
onE orE,:

(xiv) We have

{ n(p—l( ZJC V28172 (Ak — AV (Ar — A8 K ‘/2—1d>,

1/2 (A —A)}
= (511 + Sa((0 — D' 14), 8},
{f(l 3K T2 (A — A (A — A) X K 1/2—1d2>,

=

1/2

| (A — A)}

£
njgo{zz(ld), 6},

where & is a r.v. distributed as N (0, K) and (3,(T))r¢(1,2) are independent
identically distributed Gaussian matrices, which are also independent of &. The
covariance matrix of Vect(Z,(T)) is equal to

(TR®T)R(T ®T) + - (Vect T*Vect T) K +(Vect T*Vect T).
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(xv) We also have

{ "((ppH)( ZII«K V28 (A — A)Ilz—d2> ”2<An—A>}

n?o’o N (0,2d%) @ N (0, X),

{ ( Z||J< V296,72 (Ax — A d2> 872 (A —A)}

k=1

2
njgo N(0,2d7) @ N2 (0, K).

PROOF OF THEOREM 4.1. To prove property (xi) of the theorem for the se-
quence (K), first of all we observe, thanks to property (ix) of Lemma 3.5, that
forl <j<d,

n1/2{<Kf>—1/2< S S1()@] — )y @] —af>><1<f'>—”2—ld}

k=1

1 n . .
=n1/2[ (Z Z(Sk—l(j)_lu(j))Mljc*Mlj‘) - Id}
4.2) =
- nl/z(; (k-1 ()™ u () LMy — <Mf>k))
k=1

w ! 1/2{1 ke j } ;
=(——=) n/{=) p"MIM; — (M)t + Ay()),
(=) ML

where A, (j) =2 0 a.s. on E. Hence, according to property (Py) of Lemma 4.4,
we can affirm that conditional on E or E,;,

12 ; ) . ) .
Hﬁ(; Y Sioi()@j —a’) @ —af)—Kf)} 3% (A —A)}
k=1 j<d

. 2 ) S
L e/ ki) +2i&k)| sl
n—o00 ,0—1 i<d

where & is a r.v. distributed as N2 (0, K'), independently of the r.v.’s er (T),1<
Jj <d,re{l,2}, defined as in (Py).

Now, we notice that we can replace % Y ket Sk—1 (j)(Zi,{ — aj)*(Zi,{ —al) by I’(\,{

(4.3)
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in (4.3), because we have

Zsk ()@ —a’y @ —a’) — K}
k 1

= 0<%lnn>

a.s.onE,

4.4)

thanks to property (viii) stated in the proof of Theorem 3.2. Hence, conditional
on E or E,;, we get the property

(VK] = KDy 8,75 (An = A))

/4 C
S{F(GE) )] el
n—>oo ,0_1 j<d

which implies that

(Vo = DKy — K. 8} Ay — A)} =5 (61(V2K) + B2(Vp — 1K), 6},

where, for 7 = Diag(Tl, o, T, &1(T) and (7)) are independent identically
distributed Gaussian matrices, which are independent of &. The covariance matrix
of Vect®,.(7) is

Diag(T' ® T' +*(Vect T"*Vect T, ..., T9 ® T + H(Vect T?*Vect T)).

Property (xi) is proved. .
Property (xii) of the theorem, for the sequence (K},), is a consequence of prop-
erty (xv) of Lemma 4.5 combined with (4.4), which implies that

1/2 7= 1/2y 1/241/2 ln_n)
f(tr(Jc KK~ ZHJ( 8,77 (Ax A)H) (ﬁ

a.s.on E.

TEIE proofs of properties (xi) and (xii) for the sequence (J%n) are similar to those
of (K,). They are omitted for brevity. [

5. About the least squares estimator of the mean matrix. The main con-
tribution of this work is the global identification of the means and the covariance
matrices of the reproduction distribution involved in a BGW(d) process. It was
carried out thanks to the CLT of the QSL verified by the normalized estimation
errors (&,— 1(0%,, — A)) or (X,— 1(94;,1 — sA)), where An or An is, respectively,
the maximum likelihood or the empirical estimator of the reproduction law means.
One may ask if it is possible to adapt this method by considering the least squares
estimator (LSE) (see [29]) K,, of the mean matrix A = [a!, ..., a?] instead of J/A.?n
or ,. This question is quite relevant if the observed sample is the set of the first
(n + 1) observations X, ..., X,,.
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At the beginning, let us discuss the simple case of the BGW process. The
LSE of the mean law reproduction a [obtained by minimizing the function
ar—> Y0_1(Xy —aXg_1)?]is given by

(5.1) ln = (Qn_l)—1<ZXk_1Xk>, Q=) X
k=0

k=1

and satisfies the relation

Q1@ —a) =) Xp1(Xp —aXg_1)
(5.2) =

=Y X1 (Xx — EXi/Fi-1)) = W,.
k=1

Noting that the predictable quadratic variation of the martingale (W,,) is

n
(W)n = O’ZTn_l with Tn = Z X]%’
k=0
we can affirm, thanks to the martingale law of large numbers, that (a;,) is a strongly

consistent estimator of a on the set E. Moreover, conditional on the set {X,, > 0}
(resp. E), the following CLT with random normalization holds too:

Su 1l —a) = N0, ),
(5.3) .
Ty 1Qu-1@n —a) > N(0,0%),

where y2 = ((a + 1)?/(@*> 4+ a+ 1))o? > o2.
The QSL associated with this CLT allows us to prove that

n
(5.4) 52=n"" kZlTk_lQi_l(ak —a)® —> o> as.onE.

Using a CLT stated in [8], we have an analogous result to (1.5), which is

[n@ 1) ((Gn\? [Su-t . ¥

Obviously, the estimators (a,, 5”2) are better than (a,, 8,%). However, as stated be-
fore, for the BGW(d) process, the maximum likelihood or the empirical estimator
of the reproduction mean matrix A is not a function of the first (n 4 1) observations
of the process, but is a function of a much richer sample drawn from the underly-
ing tree generated by this process. So it is interesting to study the properties of the
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LSE (An) of A because it is a statistic of the basic sample (X, ..., X,). More pre-
cisely, A (calculated by minimizing the function A — Y }_; ||X/< — AXi1 1%
is a solution of the linear system

n n
A, ( > Xk—l*Xk—l) =Y X" X1
k=1 k=1
It is more convenient to define A, by the algorithm

n
(5.6) Apy1=An+ Xp41 — Anxn)*XnQ,Il» where Q, = I + Zxk*xk-
k=1

Hence, A, satisfies the relation analogous to (5.2),

d n .
(5.7) (An—A)Qu_1=Y W), where W/ =Y X%t/
j=1 =
The global approach discussed before for the one-type BGW can be generalized

successfully to the d-type case. For this purpose, we need to add to Assumptions
A-1 and A-2:

ASSUMPTION A-3. Every nonprincipal eigenvalue A of A satisfies |A|> > p.
Moreover, A is nonderogatory.

The last word means that the minimal and characteristic polynomials of A are
proportional.

Under Assumption A-2 and the first part of Assumption A-3, it was proved by
Carvalho [5] that there exists a r.v. i that satisfies the property

(5.8) A7"X, — 1 a.s. (and also in mean square).

n—0o0
Moreover, when we add the second part of Assumption A-3, we get the important
property (stated also in [5]):

On the set of nonextinction E, the d x d matrix whose
column vectors are [A™ 1, .. ., A_dn] is invertible.

5.9
As a direct consequence of (5.9), the excitation Q,, of X satisfies the result
A7"Q,_1"AT" — C as.onE,
n—o0
where C=>""° | A7"n*n*A™" is a.s. invertible on E.
By adapting to the martingale
My, =*(Vect(W)), ..., Vect(W?))

the tools used before for (M},), s1m11ar results to those proved for the MLE A
(or the EE A ) are available for An = Vect(A ). Details are intentionally omitted
for brevity.
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Conclusion. A natural question remains: What is the best estimator of the
variance? The answer to this question is part of a thesis in preparation.

APPENDIX A: PROOFS OF LEMMAS 3.4 AND 3.5

PROOF OF LEMMA 3.4. The ASCLT satisfied by (M,) or (£,) has been
proved in [10]. Property (P7) for the martingale (M,,) is a special case of The-
orem 3.1 in [8]. Property (Pg) for the martingale (M) is proved at the end of
Appendix B. The proofs of the properties (P7) and (Pg) for the sequence (¢,) are
similar to those for (M;,). They are omitted for brevity. [J

PROOF OF LEMMA 3.5. To prove property (ix) of the lemma, we note that

n
n V2K (R — A R~ AV KT 1)
k=1

(A1) =723 (0 US DVp TR M My — (M) (0FUS Y
k=1
_ W71—1/2n—k v
=(——) n Zp (M "My — (M) + Ty,
p—1 k=1
where
- n ~ W o\ -1/2
Lo=n Y (Fusitp = (o=5) )
k=1 P
B - W \-1/2
x p (MM — <M>k)((pkwk_11)”2 — (ﬁ) ldz)
W2 & ke el w2
(o) ettt (G5) )
< p (MM — (M)
W2 S
+<—> n V2N o TR MMy — (M)
p—1 k=1
~ W o\ -1/2
(st () ),

Let us show that almost surely on E,

(A2) r, — 0.

n—oo
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Properties (P2) and (P3) imply p ™" || M, *M,, — (M), || = O(Inn) = o(n) a.s. on E,

SO
2y k 14172 w2
ol st () )
o B W \-1/2
(A3) +0<n I/ZZkHwkwk‘l)l”—(ﬁ) 1dz>
k=1

a.s.onE.

To end the proof of (A.2), we need the following result, which is a direct conse-
quence of property (P/): For some real 6 €10, 1[,

1
(A4) H,O_k’sk—l - —IW‘UH = O0(WInkk?"'¥)  as.onE.
p —
This implies that almost surely on E,

w \~1/2
H (us )l - <F> 1p

= O(VInkk9~16").

Therefore, the series

00 W o\ -1/2
Z«/EH(p"w,j_ll V2 (—1) 1p
k=1

2

and

00 W \—1/2
Zx/%”(pkw,;_l])m - (—) 1.
k=1

p—1

are a.s. convergent on E. By the Kronecker lemma, almost surely on E,

n B W\ -1/2
S etusty - (2) e
k=1 P

2

le

W >—1/2 — o(JR):

Fketus - (S
k=1 p—1

hence (A.2) is proved thanks to (A.3).
Since property (x) is an immediate consequence of (ix), Lemma 3.5 is proved

for (8% (A, — A)).
The proofs of properties (ix) and (x) for (Xi/_z l(efin — s)) are similar to those
for (5;/_ 21 (ﬁn — o)). They are omitted for brevity. [J
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APPENDIX B: PROOFS OF LEMMA 4.4 AND PROPERTY (Pg)

PROOF OF LEMMA 4.4. The long and technical proof below is carried in
several steps. These steps are intentionally detailed in a way so that results on the
sequence (¢,) appear to be contained in those on the martingale (M,,); hence the
proof will be focused on (M},).

STEP 1—Preliminary calculus. Let

Zn =Y p K (MM — (M),

k=1
(B.1) -
Y —12 12 12\ e 1/2 oo
Zn=7) K26 P @ — 262 K 6P )6 P
k=1

be the random block matrices whose blocks of indexes i and r, 1 <i,r <d, are
n
Zn(i,r) =y p MMM} — (M), M),
k=1

n

Zn(i,r) =Y (Xe1 ()2 Xor () TR T e (kT — 1),
k=1

To prove property (Pg), we need the decomposition
P 1 1

= (527) X (G = oMM -

= (—p )Zp"‘( 1 (AM)) + (AM*M}_,)
p—1/S
+ (p if) > o H((aMp)*(AMY) — E((AM)*(AM})|§x—1))
k=1

- (%)p‘(n“)(Mﬁ;*Mz — (M, M"),).

From (P;) and (P3), we have
n_l/z(L>p_(”+l)(Mn*eMn —(M),) — 0 a.s.on E;

p—l n— 00

hence,

-1 : ~.
(B.2) ('O—)Zn(i, ry=H."+H) +o(V/n) a.s. on E,
P
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where for 1 <i,r <d,

Hé’—Zp (Mi_*(AM}) + (AM)*M,_)),

Zp ((AM*(AM}) — E((AM)*(AM})[Gx—1))

W,
=—2Z,(,r)+ O(Inn) a.s.onE.
P

For the study of the weak convergence of the sequence (Z,), we consider the
martingale block matrices
= (Hyl,’r)lgi,rfd, H, = (H,;’r)lfi,rgd,

H, = Vect(H,) = Vect(H., ... HT),

FHn

The continuation of the proof is, in particular, based on application of the classical
CLT (see [15]) to the martingale (H,,).

¥, = Vect(H,) = Vect(l:i,lq, e ﬁzz) and H, = (Jfﬁ”) )

STEP 2—Behavior of the predictable quadratic variation of (H,). Hereafter,
we study the asymptotic behavior of the predictable quadratic variation

_( (0 (H I,
=+ e g () T

where
(H)n = (HP HY),) o<,
(H)n = (P H)0) <2
(F, H)n = (HP R ) -

To determine the asymptotic behavior of ({H),), the formulas below are needed,
where (eq, ..., eq) denotes the canonical basis of RY. Forl<r<d,1<s<d,
we note that

H(r—l)d+s _*(*Hl,re *Hd,re )
n - n NEEL n s/
ﬁff‘l)d“ = *(*Hnl’res, e, *Hrfl’res).

Then, for p=(r —1)d+sandg=(—1)d+twithl <r,l<dand1<s,t<d
fixed,
(HP HY), = ((H!"es, Hi'e)n)1<ij<d>

<Hp’ﬁ6]>n =(<Hl res»H et) )1<i, j<d>

n
(HP, ), = (Hy es, H e =i j=a-
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(A) Behavior of (#),. Forl<i,j<d,1<rl<d,1<s,t<d,wehave
<Hl’res, valet>n

n .
=Y XM "M E(AME, e)(AM}, )|§x-1)
+ 3 07 ML (M. e)E(AMY, )" AM] |§4-1)
k=1

n
+ > p *E(AML(AML, €:)|Gk—1)(M}_, e)*M]_,
k=1

+Zp (M, es) (ML, e )E((AML)*(AM))|G4—1),

(H'" ey, H”e»

W Zp_sz UM e (KD TR GG (KD T e

k I*Mi_let*es (Kr)—l/Z

—2k
¢u(r)u(1 Z”
X B ¢l 1Ga—1) (K )~/

WZP_Zk(K> VB g (KD e e My M

./u(l)u(] Z e M "My e (KD
x B gl 1gk-1) (k) ™'/,
Consequently,

n
(H" ey, Hj’let>n = (e, e1)ese; < Z u(r)_lxk—l(r)p_ZkM;c—l*Mljc—l)
k=1

n

+(ej. er) ( > u(r)‘lxk_l(r)p—ZkM;;_IM’k_1>ef*es
(B.3) =1

n
+ (e, en(Zuurlxk_l(l)p—”et*es z_l*M,i_l)

k=1

n
+ (ei.e)) ( Y ul) X1 ()p *esM,il*Mi_le,Id)
k=1
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From (B.3) and the properties

p~ X1 () = Wu(r),
B4

Id> (er,ep) as.onE,

n—o00 ,0—1

| L w
LS e
n
k=1
we can affirm that, almost surely on E,

1o - 2W?
—(H" e, HM o)y — ————
n p=(p—1)
So, we deduce that

(*eilaej(er, er)(es, e:)a + "ei(e"er)ej (e, ey)).

! HP Hq ZWZ I I * *
;( , )nnjgom((er,elﬂes,eﬁ d @1y + (e%er) ® (e;7ey))
a.s.on E

and

1 2W2

—(Hhp — 55— (1L @I ®I) +FXF}  as.onE,

n n=> p=(p — 1)
where
(B.5) g =1 (Vect(Iy)* Vect(Iy)) = (er"e,)1<r1<d-

(B) Behavior of ((J?)n). Forl<i,j<d,1<rl<d,1<s,t<d,wehave
<I:V1i’rem ﬁj’let)n

=Y pE((AML)* (AM]) (AM}, e5) (AMY, ;) |G—1)
k=1

— 3" 0 HE(AM)(AM, ¢)[§1—1)E("(AM)) (AMY. €)[6—1).
k=1

(ﬁi,res’ ﬁj’lel>n
_ 1
— Ju@uu()ud)

k=1
x e (KN ™20 (KD ™ P er|§amn)
_ 1
Vu@u(r)u(jul)

(B.6)
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n

% Zp—2k(Ki)—l/2
k=1

X B 190 (KN ™ 2eg e (KD VPR ¢ 1ga—1)(K7)12,
Consequently, if we set ?{1 = (K")_I/Z(Si1 — a’), then on the set {X;_;(i) X
Xi—1 () Xpk—1(r)Xk—1 (1) #0},

E((KD) ™2 ¢l (K™Y e (K™~ * el (K™ e;14-1)

X 1) X1 () X1 (1) LSO
=E(< > si,il)*< > s,i,,-1>*es( > sk)( > sk,h>

ii=1 Jj1=1 ri=1 L1=1

X€t|9>k—l>

Xi—100) Xp—1() Xg—1(r) Xg—1 () Gr i
— L,r],
- Z Z Z Z ®(i17r1,j1,l1)’
i1=1 j1=1 ri=1 L1=1
where
@,rj.D _ m/el %2 % Br xgl
®(i1,r1,j1,l1)_E(§1,i1 ré’:l,jl esslvrl sl,lle’)'

@r.j.0)

To calculate ®(i1,r1,j1,ll

) the following three cases must be examined:

Case 1. The four indexes i, r, j, [ are equal.
Case 2. Exactly three indexes from {i, r, j, [} are equal.
Case 3. Two indexes at most from {i, r, j, [} are equal.

@,r,j,0) _ : d d
In Case 2, ®(i1,r1,j1,11) =0, since for x € R, y € R4,

(i,1,i,0) =i i i 1
*x®(;11,rll,j1,ll)y = ]E((x’ Si,ilxy’ Si,j] >(€S, Si,rl ))E( Sl,ll ’ €[>) =0.
Likewise,
SN AN ) s (nil) RPN (R _
X061 Y = X0 i Y = X061y =0
In Case 3, ®81rrjl ’l}l 1) = 0, except perhaps in the following subcases:
(@ It Grj,h)en={rrlD;1<rl<dr#l},then
Ll T = % . .
®E;‘]’:r1’;]’ll) = E(S{,” *S{’rl)es*e[E(gf’jl *S{»ll) = (es*ef)lAl (ll’ rlv ]lv ll)'
(b) If@,r,j,))e Ao ={(,r,i,r);1 <i,r <d,i#r}, then

og ) =EE E ) eB(E E e = (e, e)Tala, in 71, jin 1),
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(© @ rjDeAs={UrrD;1=<lr=<d/Il#r} then

L,r,rl = w by = . .
og | =EEE et eB(E, E ) = (et eIy (ir. 1. i ).

InCase 1, (i, j,r, 1) e Aa={(r,r,r,r); 1 <r <d}. Then
Ot = EE 1 H jles. B NET )
=E(& *E] ) (e, &1 (& 1 e, Giror, i 1)
+ (es™e) I, (i1, 1, j1, 1) + (e, e)Lada, (v, v, jis 1)
+ (e e)1ps(it, 1, j1, D).
The discussion above allows us to affirm the following statements:
ifi=r=j=I,
(H"" ey, ﬁj’le,)

Z,O Zka I(F)E(f g{,l*esgf,1*§f,1et)

u(r)2
(B.7a)
e )22p X1 (1) (X1 () — D{*eselg + er*eg + es*er)
—2k
u(r)2 ZP Xi-1(r){es*er};
ifi=j#r=I,
(B.7b) \
(H" es, H' e1), P Xi—1 (D) Xk—1(r) *eserly;
M(l)u(r)k 1
ifi=I1#j=r,
(B.7¢) ;
(ﬁi,rem I’:Ij’l erhn = /0_2ka—1(l)Xk—l(r)et*es;

u(l)u(r) &=

B.7d) if (j.) & {G.r). (D)}, (H" ey, H''e;), =0.
From properties (B.4) and (B.7a—d) it follows that, a.s. on E,

Vi gire gil W ot i
;( €s, er)n n 5% ,0_( eseidy +eey) Hi=r=j=I,
1~ =i W2 ‘

— ) Js * .. .
n<H es, H er)y gl 02 esely ifi=j#r=I,
1~ ~ w2

—(H" ey, H'Mey)y —> —eie ifi=1#r=j,
n ® p
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and
[PUR o . .
S(H e B ey — 0 i (o) € (G,0), (D).
Consequently,
1 ~. ~
—(H" e, HTMey),
W2
njo)o ,02 (er,er)(ei, er)ei, ej)( eseidy + e Fey)
W2
+ —2(<er7 er)ei, ej)(l — (e, er))(*esetld)
o
+ (eia el><ei’a ej)(l - (eiv ei”))el’*es)
WZ
= ?(*eildej (e, er)(es, e)]y + "ei(e/"er)ej (e es)) a.s. on E,
SO
1~ w2
;(H”, Hq)nnjgo ?((er, er)(es, e)la ® Ia + (e1"e,) @ (eey)) a.s.on E.
Finally,
1~ w2
;(Jf)n = —((Id RINVIL; L) +FKF) a.s.onE,

where ¢ is defined by (B.Q).
(C) Behavior of ({(H, #),). Forl<i,j<d,1<r,l<dand1<s,t<d,

(H"" ey, H ' e,),

_Zp—ZkMz E((AM; )(AMk,es)(AMk,et 1Gk—1)

+Zp KM, e)E(AM,* (AM}) (AML, e/)(G4 1)

1
— Juyu(Hud)

n
x 3 p ML E (gl (KT (K2 (K1) e 16 1)
k=1

1
+ —
Nu(r)u@@u(l)

n

x Y p MYy e B((KD) ™2 el (KT ™2l (KD) ™ e | G );
k=1
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hence,
(H"eg, H' e),
1 ~ o~

W)mZp HXm1 (OM_ECE] ookl & e j=i=r)

(B.8)
1 . —2k * J
X sz Xi—1(r)"esM; _;
k=1

x B((KD ™28 751k (KD T e i),

Consequently,

1 . ~ 1 ~
—(H" ey, Hf’le,),, — 0 as.onE and —(#,#), — 0 a.s.on E.

n n—00 n n—00

STEP 3— Verification of the Lindeberg condition for the martingale H. For all
& > 0, we have

—ZE 1AL, e gy 5-1) =20 as.onE.
k 1

In fact, thanks to the properties
max |[AH||=O(nn) and max |AH| = O(nn),
I1<k<n 1<k<n

which hold a.s. on E, we have

Vst 1417y 15evmy 52,0 as.onE.

Consequently,

1 n
- ZE(HAHkllzl{\\Hk||>eﬁ}|9k—1)
k=1

<—ZE I AT 514160 15 ) | G—1)
k 1

+ - ZE AT g4 7 0y | F—1)
k 1

13 1 B
=0<—Zp klle||2>+o<—ZE<p anAMknﬂgk_l))
" k=1 =i

=o(l) a.s.onE,
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because the r.v.’s

12 1
(; Zp—anuF) and (; ZE<p—2k||AMk||“|9k_1>>

k=1 k=1
are almost-surely bounded on E. The Lindeberg condition for (IH,,) is proved.

STEP 4—Weak limit of ( LnH,,). From the classical martingale central limit
theorem [17, 27], it follows that, conditional on E,

2W2 \ 4
1 £ p*(p—1)
(B.9) —H, jo)o [ s

where (3,(T))r¢(1,2) are independent identically distributed Gaussian vectors,
which are also independent of the r.v. W. The covariance matrix of X,(T) is
equal to (T ® T) Q@ (T ® Y) 4+ +(Vect T * Vect T) X +(Vect T * Vect T'). Condi-
tional on E,,, this result remains true. [

PROOFS OF (P9) AND (P/9). Hereafter, we use Theorem 3 of [27] to prove
a CLT for the couple of martingales (H,, M,,). Properties (Pg) and (P’g) are conse-
quences of this result.
~ ~ 2
For the vectors ¥ = (X(r—1)d+s)1<r,s<d> 2 = (Z4—1)a+t)1<i,1<a and y of RY,
we set
d d d d .
H,, = Z Z(x(r—l)d-i—s, H,([_l)dﬂ) + Z Z(Z(l—l)d-ﬁ-t, H,(ll_l)dH),
r=1s=1 [=1t=1

1
= = AH; + (v, 07" AMy),

7

En(f’ Za y) =&y (('x(r_l)d+s)]§r,s§d’ (Z(l_l)d"‘t)lgl,tfd’ y)

=11 E{exp{iAU,(cn)Hg»k—l},

®,(y) = [ | Etexpli(y. p"/> AMi)}IG0).

k=1
N R
llln(x,z)—EE(exp(zﬁAHk)‘ﬁk—l).

From the results proved in Steps 1, 2, 3 and 4, Case 3, the following classical
property holds:

(B.10) U, (X,7) — VaolX,7) a.s.onE,
n—oo
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where
Voo (X,2)
_ 1 2wW?
Pl 20%00- 1)
d d d
X (Z Z Z Z *Xr—1)p+s ((er, 1) (es, e)1g @14
r=1s=1l=1¢r=1
+ (e17er) ® (e *es))x(l—l)p+t) }
(B.11)
1 W2
X €X _———
P13,

X ((er, er)(es, e)lg @Iy

+ (e17e,) ® (e *es))Z(l—l)p+z> }

We also recall property (P4), which states that

1
(B.12)  @u(y) —> Poo(¥) = e"p{_i (p—1)

Now let us prove that, almost surely on E,

||y||2} a.s. on E.

(B.13) R, =18, (X,Z,y) = ®u(MWn(X,2)] —2 0.

For this purpose, the following inequalities, also used in [28], are relevant:

1 n
R, <— Y E((y,p">AM AHY | |G
_ﬁ,; Ky, p )| X [AHG [[Gk—1)
1 n
5 DB, 07 AM G DE((AH)? (Ga1)
k=1

1 n
< —= S E(y, p "2 AMO G- 1) PE((AH 2 Ga—1) '
Vi

1 n
(B.14) + o > E(y, p P AME) G- E((AH)? Gk—1)
k=1
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| 2/ 12
< (— max E((AHi)zlgk_l)) (Z,O_n *yA(eM)kY>

n 1<k<n

1
+E max IE((A]H[k) [$x—1 E Py A(M)ry.
k=1

In fact, thanks to the inequality

n n
[16x] <D 1bx — al,
k=0 k=0
which holds for |ai| <1 and |bx| < 1, we have
1
((1 —exp{i(y "/ZAMm})(l — exp{iﬁmﬁc}))%_l)

—E((1 —expli(y, p "> AM)DGk—1)

X E((l — exp{i%AH}c})lgkq) :

and the last quantity is less than the right-hand side of (B.14), thanks to the in-
equalities

2
. . x
Vx eR le'* — 1| <|x| and |e’x—1—ix|§7,

combined with the fact that E(AMy|Fix—1) = E(AH] | Fx—1) =0.
Because the sequence (n~! (H'),,) is almost-surely convergent on E, then

1
o max E((AH})? |Gk 1) =20 as.onE.
n

We also have

2o (pTYA(M)y) = (Zp‘<" k>/2>=0<1> as.onE.
k=1

Hence, property (B.13) is proved. Therefore, from (B.10) and (B.12),
En(X,7Z,Y) =7 Boo(X,Z,¥) = Yoo (¥, 7)Poo(y)  as.onkE.

Consequently, by Theorem 3 of [27], we can affirm that, conditional on E,

1 _
{ﬁHm 1Y n/zMn}

(GRS

W 12
—a ’ E<<—> ]/dz) ’
n— 00 A\%% p— 1
Sol./—I;
0
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where X () is ar.v. as in property (Ps), and (%, (-)),¢(1,2) are r.v.’s independent of

the pair (W, X(-)) and distributed as in (B.9). Since property (B.15) is also valid

conditional on E,,, property (Pg) for the martingale (M) follows from (B.15).
According to (B.2), (B.15) implies that, conditional on E or E,,,

—k i% i —n/2
p K MM}, — (M >k):| s P Mn]
(S

2l [o ) = )] () )

where {Ei(T);l <i <d,r € {1,2}} are independent identically distributed
Gaussian matrices, which we can choose independently of the pair (W, X(-)).
Moreover, the covariance matrix of Vect(X,. (T)) is equalto T @ T + (Vect T x
*Vect T). Hence, (P ) is proved for the martingale (M,,). U

PROOF OF PROPERTY (Pj1g). Property (B.15) combined with

3 o R (MM — (M)
k=1

w0 (2 (k) ) o

( )(ZZesH”es+ZZesH” ) as. onE,

r=1s=1 r=1s=1
allows us to affirm that, conditional on E or E,;,

:IZ” (M " Mic = (M), p "2 My } OO{TG 2((%)1/2%2)},

where G is a standard Gaussian r.v., which is also independent of the pair (W, X(-))
and 72 = ((2W2d2(,0 +1)/(p — 1)3). In fact, according to (B.10) and (B.16), if
X and 7 are the vectors of the canonical basis of Rdz, then

—1)\2 w2 L 4
(p—> Tz - 1027_1 Z Z(<er’ er>2<eh es>2 + (er, er>2<es, es>2)

p (p )r—ls—l
W2 d d ) , , ,
+ ? Z Z((er, e Y (es,es)” + (er, e, ) (es, e5)7)
r=1s=1
AW2 42 N 2W2d2  2W2d%(p 4 1)
P —1) p? X —1)

The proof of Lemma 4.4 is complete. [
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PROOF OF PROPERTY (Pg). Let us prove the LIL announced in Lemma 3.4

for (M,,). The martingale
— Vect(d2) ) >
Ly = ,H
" <<Vect(ldz) "

limsup(2(L), Inln(L),) 2| L, = 1 a.s.onE.

n—oo

satisfies the LIL

This fact is a consequence of the LIL stated in [6, 7]. In fact, the properties
lp™" 2 Mul? = Onn),  (L)a=O0(n)
and
E(llp™"2 AMulI*|§n-1) = O((nn)?),
a.s.on E, imply that - | E(|((f)n)_1/2Azn|4|9n_1) < oo a.s.on E. Since
2W2d?(p +1)

n~ (L), = 2o 1) a.s.onE,
we deduce the LIL
12|71 n 12
_ n 1 W(o+ 1)
1 — Ftr( MMy — (M =2d———
lmSUP(lnlnn> n};p r(Mp" My — (M) (p— 1)

a.s.onE,

taking in account the relation (B.16).
The LIL announced in the second part of (Pg) may be deduced easily from the

last property, since we have H, = %Zn 4+ O(nn) as.onE. [J
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