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FIXED-DOMAIN ASYMPTOTICS FOR A SUBCLASS OF
MATERN-TYPE GAUSSIAN RANDOM FIELDS

BY WEI-LIEM LOH
National University of Singapore

Stein [Statist. Sci. 4 (1989) 432—433] proposed the Matérn-type Gaussian
random fields as a very flexible class of models for computer experiments.
This article considers a subclass of these models that are exactly once mean
square differentiable. In particular, the likelihood function is determined in
closed form, and under mild conditions the sieve maximum likelihood esti-
mators for the parameters of the covariance function are shown to be weakly
consistent with respect to fixed-domain asymptotics.

1. Introduction. In the modeling of computer experiments, it has become
rather common practice to approximate the deterministic response as a realiza-
tion of a stochastic process. In this regard, Sacks, Welch, Mitchell and Wynn [10]
and Sacks, Schiller and Welch [9] proposed modeling using a Gaussian random
field X (x), x € [0, 114, with a multiplicative covariance function,

d
Cov(X (x), X()) = o> [ | exp(—6;1x; — y[")
(1) =1
V=1, %),y = 1., ya) €10, 119,

where y € (0, 2],6,...,6; and o2 are strictly positive parameters. Ying [16, 17]
investigated the fixed-domain asymptotic properties of the maximum likelihood
estimators of the covariance function when y = 1. In particular, he proved that
the estimators are strongly consistent and asymptotically normal under mild con-
ditions. van der Vaart [13] showed that when y = 1 and d = 2, the maximum
likelihood estimators are also asymptotically efficient. Recently, Loh and Lam [6]
showed that, when y = 2, sieve maximum likelihood estimators of 6y, ..., 6, are
strongly consistent using a regular sampling grid.

Stein [11] observed that the Gaussian model given by (1) may have some unde-
sirable properties. In particular, for y € (0, 2), the Gaussian random field with co-
variance function as in (1) will not be mean square differentiable. However, for the
case y = 2, it is infinitely mean square differentiable. Not allowing for processes
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that are differentiable but not infinitely differentiable may be unnecessarily restric-
tive. Stein then suggested using a Gaussian random field model, X (x), x € [0, 1]¢,
with the multiplicative Matérn-type covariance function

d 7124
Cov(X (x), X(y)) = l_[ 20=1T (o 4 1/2)6*

t=1
Vx=x1....x),y=O1.....va) €[0, 1],

(O lxs — ytl)aKa(9t|xt —el)

where «, ¢, 01, ..., 0, are positive constants and K, is the modified Bessel func-
tion of the second kind (see, e.g., [3], pages 222-223). The interesting parameter
is o, where X will be m times mean square differentiable if and only if o > m.

Due to the dependence of the models with a multiplicative covariance func-
tion on the choice of coordinate axes, Stein ([12], pages 48-55) later advocated
the use of Gaussian random field models with isotropic Matérn-type covariance
functions. This class of covariance functions was first proposed by Matérn in 1960
as a reasonable class of models for isotropic random fields (see [7]). Stein ([12],
Section 6.7) investigated the performance of maximum likelihood estimators for
the parameters of a periodic version of the Matérn model with the hope that the
large sample results for this periodic model will be similar to those for nonperiodic
Matérn-type Gaussian random fields under fixed-domain asymptotics.

This article assumes that X (x), x € [0, 119, is a mean-zero Gaussian random
field with covariance function given as in (2), where « = 3/2 and ¢, 6y, ..., 65 are
unknown positive constants. Since K3,2(s) = (rrs_3/2)1/2(1 + s)e " (see [15],
page 747), we observe that the covariance function of X (x) is
Cov(X (x), X(y)) = _migt ﬁ(l +6,)x; — y,|)e Ot
3) Y T adep gy T

Vx=x1....,xa),y=O1,....va) €[0,11%

REMARK. For reasons of mathematical tractability, we have assumed a mul-
tiplicative Matérn-type covariance function and not an isotropic one. The class
of multiplicative Matérn-type covariance functions has nonetheless been used in,
for example, [14]. A referee noted that the multiplicative Matérn-type covariance
function and an isotropic one have a major difference under fixed-domain asymp-
totics. In particular, Zhang [18] recently proved that consistent estimators do not
exist for all parameters in the latter case for d = 1,2 or 3.

We are concerned with the estimation of ¢, 0y, ..., 0; using observations that
are taken from the above random field on a regular grid, that is,

(4) {X(l—l,...,l—d>:1§i,§n,1§t§d},

n n

where 7 is a strictly positive integer.
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For simplicity, we order the elements of the set (4) lexicographically as an
n? x 1 column vector )~(,,. Thus, the element X (i;/n, ..., iq/n) precedes the el-
ement X (ji/n, ..., js/n) in X, if and only if there exists a 1 < k < d such that
ir = j; whenever 1 <t < k and iy < ji. Then the covariance matrix ¢ 6,,...6,:n

of X,, is given by

d

E¢01 tln=2d03 ®R0,n,

where the symbol “&)” denotes the Kronecker product (see [2], page 599), and for
each 1 <t <d Ry, , denotes the n x n matrix whose (i, j)th elementis (14 6;|i —
Jjl/n)exp[—6;|i — j|/n]. Since X, ~ N,a(0, X4 ¢,,....6,:n), the likelihood function
is

_pd _
La(@.61.....00) = Qu) ™" | Sy, oun| " Fexp(=X, 5k 4 Ka/2),

¢.01,..
and the log-likelihood satisfies

2log L (¢, 61, ...,64)

dd
d d ¢ >

= —n’log(2m) —n®log| ————
g(2m) g<2d93__.93

2d93 -1
®R9[ —_— (®R9[ ) Xn.

The rest of this article is organized as follows. Theorem 1 in Section 2 gives
an exact closed-form formula for the determinant of the matrix Ry, ,. Similarly,
Theorems 2—4 in Section 3 establish an exact closed-form formula for the inverse
of Ry, ». It should be noted that the closed-form formulas (especially the inverse)
are not simple but fortunately are amenable to theoretical analysis with the help
of a mathematical software system such as Mathematica [15] that has symbolic
computation capability.

In Section 4 we simplify the exact formulas of the previous two sections via
asymptotic approximations. These approximations are very sharp in that the error
is of the order O (c") for some constant 0 < ¢ < 1. In particular, Theorem 5 gives
an asymptotic approximation of the determinant | Ry, ,| and Theorems 6 and 7 give
asymptotic approximations to the elements of the inverse Ry, ’ln.

Using the results of Section 4 and Mathematica, Theorem 8 in Section 5 com-
putes a large sample approximation of the Fisher information matrix for the para-
meters ¢, 01, ..., 60,.

Section 6 gives a simple consistent maximum likelihood-type estimate d’e
(see Theorem 9) for ¢ even if the parameters 61, . ..., 6 are misspecified. Section 7
defines a sieve maximum likehood estimator (¢ 01, .. Gd) for (¢,01,...,6y).

&)

— log
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Theorem 10 establishes the weak consistency of (43, él, e éd) under mild condi-
tions when d > 3.

Appendix A contains technical results that are needed in the main body of this
article. Many of the results found in Appendix A, though conceptually simple,
involve extremely complicated computations and series expansions and the use
of Mathematica is critical here. Appendix B contains the definitions of fourteen

constants that are used in the exact expression of R, ln in Section 3.

2. Determinant. In this section our main aim is to evaluate the determinant
of Ry , for some strictly positive constant 6. For simplicity, we write w = 6/n,
u=e ", and for 1 <m <n Ry ., denotes the m x m matrix whose (i, j)th
element is (Rg y;m)i,j = (1 +[i — j|w)u|i_j|, for all 1 <i, j < m. Clearly, we
have Ry .n = Rog .

PROPOSITION 1. The determinant of Rg . is given by
|R9,n;1| =1,
and for 2 < m < n it satisfies the recurrence relation

|Rg.pim) = (= D)™ 2{[1 + (m — 2)w] — (1 + w)[1 4 (m — Dwlu*ju™ 2" 2

m—3
+ 2 D R mm—i—117L,
k=0
where
0, ifk=-2,
=1 w-—Du+1+wu, ifk=—1,
(1 + kw)u® —2[1 + (k + Dw]u* T2 +[1 + (k + 2)w]u*T*,  ifk>0.
PROOF. Using linear algebra elementary row operations, we observe that, for

each 1 <m <n, Ry n.;m can be reduced to the m x m almost upper triangular
matrix Ag ,.m, where

1 A+wu (A+2wu? (1 +3wu’ (1+ (m — Hw)u"~!
(14 w)u 1 A+wu A +2wu? (1+ (m —2)w)u =2
0 T_1| 70 71 Tn—3
Agpim = 0 0 T_| 0 Tm—4
0 0 0 0 7
0 0 0 0 70

Now use elementary row operations again to reduce Ag ., to a diagonal matrix
and then use the fact that the determinant of a diagonal matrix is equal to the
product of its diagonal elements. This proves Proposition 1. [J
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The following theorem gives a closed form expression for |Rg ;. |.
THEOREM 1. For2 <m <n,

|R9,n;m|

(@ +u*h)[— (b + t_1u)en "2 — (@ + uPb)[— (b + T_ju)an]" 2
o] —an

’

where
=1—2u®+u* —2Pw+ 2u4w,

a
b=2u?—u*+w—u*

w—1,
&:1—u2—2u2w—u2w2,

b=u®+w+u*w—1,

—(a—2t_yu) — \J(@ — 2v_u)? — dv_u(b + T u)
= 2(b+71u) ’

—(a—2t_1u) + /(@ — 2e_1u)? — dv_u(b + )
206+ t_1u) '

o) =

PROOEF. It is convenient to define

6 o= | AFkwut =+ G+ Dl ifk =0,
k 0, otherwise.

Then ta‘ = |Rp,5:2|. We observe from Proposition 1 that, for 2 <m <n,

m—1

D ARomml =T o (—T-D" 2+ Y Tekm1 (7)) N Ry ik
k=2

Applying (7) recursively to the right-hand side of itself, we obtain

-2 -3
|R9,n;m| = ;,kl_z(_'f—l)n1 + Tm—3f(>)k(_f—1)m
m—1
—k1—1
+ ) Tty -1 (=) T T Ro |
k=3

-2 -3
=Ty o (=T + T3y (=)

m—1

—ky—1
+ Y kg1 (—To)" TN
ki=3

k=2 ki3
X T (=) T gy 3t (o)
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k-1
ki —ka—1
+ Z Tk —ky—1 (= T—1)"' 727 R neks |
ky=3

m—1

3
o (=TT E:Tm kl—lfkl -2
k1=2

— (_.L__ )m 2

m—1k1—1

+> ) Tk —1 Thy—ka—1 (=T )™ 272 Ry et .
k=3 ky=2

Now continuing this argument repeatedly, we obtain

m—1
2 -3
Ry mm| = (=1-1)" 1 5+ (—1-0)" 7 D Tk 17

k=2
m—1k1—1
—4
D)"Y D Tk 1Tk k- 1Ty 2
k1=3ky=2
m—1ki—1ky—1
-5
(3 +(=-)"" Z DY Tk 1Tk k1 Tl ks~ 1Ty 2
=4 ky=3k3=2
— ki—1 km—a—1

+F(=1-1) Z S D Tk 1Tk =1 -
li=m—2ky=m-3  kp_3=2
%
X Tkm—4_km—3_1‘[km,3—2
+T6n 2 *

Hence, it follows from (8) and Lemma A.1 (see Appendix A) that |Rg ., | equals
the coefficient of 22 in the series expansion of

(=T 1u)" 2 Gor (2) + (=121 u)" 3261 ()G o#(2) + (— 1) 422 G2(2) G (2)
o ()" TG T ()G (2) + 2" TECTTH(2) G (2)

m—2
=Y ()" G )G ()
k=0
(—t_qu)mHgm=lgm=l(z) — 1

— (— m=2 *
=(—1—1u)"" "G+ (2) (—1_1u) 1zG.(z) — 1
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This implies that | Ry .| equals the coefficient of 2™~2 in the series expansion of
(—T )" *G:(x) ()" +bz)
(tou) 12G(z) + 1 (r_ju)~'z(a +bz) + (1 — )2
3 (=™ (r_ju)" '@+ bz)
T_ju+ (@ — 2tz + (b + 1—ju)z?

)]

Since (a —2t_1u)? > 41_ju(b+ t_1u), the distinct roots of the quadratic equation
T+ (a—2t )z + (b +1_1u)z> =0
are o1 and «p. Hence, the right-hand side of (9) can be written as
(=" ()"~ (@ + bz)
(b+—u)(a) — 2)(o2 — 2)

=DMy a4 ben) (D™ (1)@ + bay)

St (ar — D) —a) b+ o) (o — ) —2)

_ =DM o) @ A bay) & ( z )k

b+t 1u)ay (o — o)

S\
()" ()" G+ ban) & (2 )k

b+ t_1u) () — az)an

+ -
k=0 \*2
Thus, we conclude that, for 2 <m <n,
(=)™ (z— )" (@ + bary) N (=)™ (z_ )"~ (@ + ba)
b+t N —ar) b+ 1w (e — o)y !
D"t aey ! =o' +bajaa(ey =o' )]

o2 — U]

|R9,n;m| =

El

since ajap = t_1u /(b + t—1u). This proves Theorem 1. [

3. Inverse. This section evaluates the inverse of Ry, for some positive
constant 8. For 1 <i,j < n, if the ith row and jth column of Ry, are
deleted, the resulting (n — 1) x (n — 1) matrix is denoted by Rp ,,—; —;. Then
(—1)"+j|R9,n;_i,_j| is the cofactor of the (i, j)th element of the square ma-
trix Ry ,. It is well known (see, e.g., [2], page 582) that

—DiT Ry
(10 Ry = S Boncicil g <y <,
' |Ro.n
Hence, it follows from Theorem 1 that it suffices to obtain a closed-form expres-
sion for |Rg n,—; —;|. We shall, without loss of generality, assume for the rest of
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this section thati < j andi > n — j + 1 since (Rg n)i,j = (Ro,n)n—j+1,n—i+1 and,
hence, via symmetry, (Re_iz)i,j = (Rg_il)”_j+1’n_i+1. It is convenient to define

2T_1u, ifk=—-2,
A (1+wu — 31 + w)u® +2(1 + 2w, ifk=—1,
TN (4 kwyuk = 3(1 + (k + 2)w)uk+
+2(1 + (k + 3)w)uk+*, if k >0,
T_qu/2, if k =—2,
~ (Qw — Du + (14 2w)u’)/2, ifk=—1,
TZ 0+ kwyuk —3(1 + (k + Dw)uk+?
+ (14 (k + 3)w)urt9) /2, if k>0,

and for 1 <m <n — 1, the m x m matrix
Ro.n:—i.—jsm = ((Ro.mi—i.— k1) 1 < 1<m-
Clearly, Ro n;—i,— jin—1 = Ro.n;—i,—j-
CASE 1. Suppose i = 1. Using elementary row operations, we observe that,

foreach1 <m <n—1, Ry n,—1,— j;m can be reduced to the almost upper triangular
m X m matrix Ag n.—1,— j;m, where (Ag n;—1,—j;m)k,0 = 0 whenever k > [ + 2 and

(Ao n:—1,—jim)k,l

a+ =k = 1wyl ifl<k<2Am,1<l<(—1)Am,
a4+ = bwulF, ifl<k<2Am,j<l<m,
(Ag,n;—1,—jsm)k,1
T_k—1, if3<k<mk—-1<I<(—1)Am,
N, if3<k<m,j<l<m.

CASE 2. Suppose i = 2. Using elementary row operations, we observe that,
foreachl <m <n—1, Ry ;2 j;m can be reduced to the almost upper triangular
m X m matrix Ag n;—2 —j:m,» where (Ag n;—2 —j:m)k,0 = 0 whenever k > 1 + 2 and

I+ =Ywu=1 ifl<i<(G—-1DAm,
(Ae,n;—Z,—j;m)l,l: i o

(I +lw)u’, if j <l <m,

(141 = 3|lw)ul =3, ifl<li<(@(—1)Am,
(AO,n;—Z,—j;m)Z,l= -2 e

I+ =2)w)u ", ifj<l<m,

T/—4, if2<l<(j—1) Am,
(Agn;—2,—jim)31 =1 . e

Tl—?)v lf.] SlSm’
A Yoy = T—k—1, ifd<k<mk—-1<I<(—1) Am,

2 gy, ifd<k<m, j<l<m.
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CASE 3. Suppose 3 <i < n. Using elementary row operations, we observe

that, for each 1 <m <n — 1, Ry ».—i —j;m can be reduced to the almost upper
triangular m X m matrix Ag n,—; — j.m, Where (Ag n;—i — j;m)k,; = 0 whenever k >
[ +2 and

(1 + |1 — kjw)u!" =, ifl<k<2Am,

1<I<(G—-DAm,

(A =i, = ) A= .
Ot = L G —k+ Dwyd 1, if 1<k <2Am,

J=<Il=<m,
T—k, if3<k<(@—-—1)Am,
(A, p;—i—jimk = k=1<l=<(—1)Am,
T—k+1, f3<k<@i@—-DAm, j<Il<m,
T_i—1, fi—=1<I<(j—1)Am,
(AO,n;—i,—j;m)i,l =\ A l P
T—i, if j <l <m,
T_i—2, ifi<i<(G—1)Am,
Ap i i Vidg =
( 0,n;—I, ],m)H—l,l 'El—i—l, lf] < ! <m,
Toket,  ifidt2<k<mk—1<I<(—1)Am,
(Ao n:—i—jim)k,l = e .
TI—k» ifi+2<k<m,j<l<m.

PROPOSITION 2. For 1 <i < j <mn,i >n — j+ 1, the determinant of
Ro n;—i,—j;m» 1 <m < n — 1, satisfies the recurrence relation

|R0,n;—i,—j;m|
m—1
= Z (_1)k(A9,n;—i,—j;n—l)m—k,m |R9,n;—i,—j;m—k—l |
k=0
k—1
X 1_[ (AG,n;—i,—j;n—l)m—l,m—l—la
=0

where |Rg ;i —j.0l = 1.

PROOF.  Since |Rg n;—i,—jik| = |Ag n;—i,—j:k| for all 1 <k <n — 1, Propo-
sition 2 follows by using elementary row operations to reduce Ag ;i —j;m t0 a
diagonal matrix. [

Theorems 2, 3 and 4 below compute exact expressions for the determinants
|Rg n;—i,—jl, wherei < jandi >n— j+1.

THEOREM 2. For2<m<n-—1,

2.2 -2
|Ro n:—1,—n;m| = wu :nl .
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PROOF. We observe from Proposition 2 and Case 1 that, for2 <m <n — 1,

—1
—k—1
|R9,n;—1,—n;m| = Z(_l)m (AG,n;—l,—n;n—l)k—H,m|R9,n;—1,—n;k|
k=0
m—k—2
X 1_[ (Ae,n;—1,—n;n—1)m—l,m—l—1
=0
== (AO,n;—l,—n;n—l)m,m|R9,n;—1,—n;m—1|

-2
= |R9,n;—1,—n;2|71n1

= wzuz‘cinl_z.

This proves Theorem 2. [J

Forl<m<n-—1,let Ag,n;m denote the m x m matrix such that

70 T T o Tm=2 Tm—1
-1 To T1 - Tm-3 Tm-2
- 0 791 10 - Tm—2 Tm-3
(11) AG,n;m ==
0 0 o - T0 T1
0 o o0 - 1 70

THEOREM 3. Forn—1<j <n,
|Ro.n—2,—jon—1l = T/ THE L1+ 2w) 2 = 1+ E17i H Ag n—j .
where | is as in (6) and |A9’n;0| =1.
PROOF. We observe from Proposition 2 and Case 2 that forn — 1 < j <n,
[Ro n.—2,—j:1l =1,
|Roni—2,— 2l = (1 + wyu — (1 + w)(1 + 2w)u’,
2

2—k
|Rg n;—2,— ;3] = Z(—l) (Ao n:—2,— jin—1k+1,31Ro.n;—2,— j k|
k=0

1—k
x [[(Ao.ni—2,—jin—1)3—1.2-1
1=0

=1+ 2w)2u41~',2 — T
+ 71 [+ w)u — (1 +w)(1 4 2w)u’],

4~
|R9,n;—2,—j;n—1| = |R9,n;—2,—j;3|fil |A9,n;n—j|~
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This proves Theorem 3. [J

THEOREM 4. With the notation of Appendix B, for3 <i <n —1,

|R9,n;—i,—i,m|:|R9,n;m| Vi<m<i-—1,
and
C7.1(aay + u’b) .
|Ro p:—i—izil = p— [—(b+ tju)a] 3
(12) R
C7.2(aas + u’b)

[—(b + T 1u)aa] 3.
o] — o

Ford<i+1<m<n—1wehave

C171‘E_1M4(6~10(1 + MZZ;)

R n;—i,—i;ml| =
1R i, ~tim| (a1 — az)?
x {(e1 — uP)[— (b + t_1u)a 1"
— (a2 —u)[= (b + 1w I 3= (b + t_w)ap]
B Cyat-1u(@as +u’b)
(] — ap)?
x {(a1 —u?)[— b+ t_jw)a "7 = (b + t_u)an] 3
— (@2 — D[~ (b + t-u)ar]™" )
(13)

Ca7-1ub@a; +ub)

(a1 — 0(2)2
x {[— (b + ‘E_1u)o{1]m_4

— [_(b + T_lu)al]i—3[_(b + T_lu)az]m—i—l}
i C2,2T_1u6(éoz2 + uzg)

(o] — an)?

x {l= + T " =0+ e
—[-(b+ ‘E_lu)az]m_4}_

Also, for3<i<n-—1,
|Ro.n;—i,—(i+1):m| = | Ronim Vism=<i-—l,
Cs,1(aa; + u*b)
o — o2
B Cio(aan + uzl;)
ap — oo

[—(b+ t_ju)ay ] 73

(14) | RO —i,— i+ 1):i| =

[—(b+ T_1u)a] 3
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andford <i+1<m<n—1, we have

|Rg.n:—i—(i+1y:m]|
Cy17_1u’ (ot + u?b)
B (a1 —a2)?
x {(a1 — uP)[—(b + T_qu)oy "
— (g —uD)[—b+ a1 = (b + o))" 1)

Cyot_1u*(@ay + u’b)

(a1 —a)?
x {(a1 — uP)[—(b + T_qu)on "= (b + T w3
(15) — (a2 —uH)[— (b + T_ 1w
Cs.1t_1ub(aa; + u’b)
(a1 —a)?

X {[—(b + t_qu)a "4

— [+ 1o I [= (b + Toju)en ™ 1
C5,2t_1u6(51o¢2 + u?b)
(a1 —a2)?
xAA[=(b+ oo )" =+ _ju)en]
— [ (b + T w)an]™ ).

Finally, for3<i<n-—2,

Cent" [ " *(aay + u?b)

o] — o2

|Ro.m:—i—nin—1] = [—(b+ t_1u)a ] 3

Coot" 7 " (aas + u?b)

o] — o)

[+ ‘E_1u)o¢2]"_3
andfor5<i+2<j<n-—1,
Cot! 7 " (aay + u?b)
(a1 — a)?
x {(aa) + u?b)[—(b + t_ju)a "I H 4
— (a2 + u?b)[— (b + mywen I [ (b + mwaa ]

|R9,n;—i,—j;n—1| =

C@zti?i_z(éaz + uzl;)

(a1 — ap)?

(16)
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x {(aay +u?b)[— (b + T 1wy "/
X [—(b+ -] 3
— (aas + u2h)[— (b + T_ )",

PROOF. The first equality is immediate from the definition of Ry . —i —;.m. TO
prove (12), we observe from Proposition 2, Case 3 and (33) that, for3 <i <n—1,

i—1

—k—1
|Ro.my—i—izil = Y (=D "N Ag i, —isn—1 k1, | Ro s i, —isk|
k=0
i—k—2
x |1 (Aoums—ii—izn—1)i-ti-1-1
1=0

= (D)
- i—k—1 k=2~
+ Y (=D T Gt PR 0 R ek + ol Ro.nsi—1 |

= (=125 T Pt + Tol R msi 1|
(=)= P ou = (1 — u?)?(aay + u?b)
(a1 — o)1 (b + t—1u) — T—qu]

(el -

DT T (1 = uh)? aes + uPh)
(o1 — a2)[oa (b + T—1u) — T—1u]

(el -

( D=2 22 ol @an 4+ u?h)Si i1 — (@ + u?b)S; i 2]

’

o] — o2

where S; ;.1 1s as in (31) and (12) follows after some algebra. For4 <i 41 <m <
n—1,

m—1

—k1—1
|R9,n;—i,—i;m| = Z (_1)m ! (AO,n;—i,—i;n—l)kl-H,m}Re,n;—i,—i;kl}
k1=0
m—k;—2

1_[ (AG,n;—i,—i;n—l)m—l,m—l—l

=0
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= (—1-1)"&n
m—1
+ (=)™t Z Tty —1 (= T1) V| Rg ps—i —iky |
ki=i+1
where
i—2
Em =1 T tf o+ Y (D) g et T T 20T | R ik
k=2
+ (=D it T 1 [ Ro i
+ (=D 1t T T Ry i
=10 T T+ (=) Bt T [ Roi ]
(17) + (=D it T Ry i i
Tt u™ (1 = ud) (@ + u?b) {[al(b + r_lu)]i3 1}
™ (1 — o) (b + T_1u) — T_1u] T qu
Tt u™ (1 = ud)2(Gon + u?b) ”az(b + T_m)}i_3 1}
4 (a1 — o)l (b + 1-1u) — -] T
 toTil@ar +u?h) Sim,1 — @@z + u*h) Sim o]
3 () — o) '
The last equality uses (33). An immediate consequence is |Rg ,.—i —i:i+1] =

(—7_1)*1& 1. Then repeating the above argument, we obtain, for 4 <i + 1 <
m<n-—1,

|R9,n;—i,—i;m| = (_T—l)m‘i:m
m—1
-1 —k
=)™ DY Tk 1T
ki=i+1

X [(—r_nklskl

ki—1

ki—1 —k
+ (=t Z Tk —ky—1(—T=1) 2|R0,n;—i,—i;k2|:|
ky=i+1

m—1
= (1) & + (=D Y Tk -1k,

ki=i+1
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m—1 k—1
-2
(=D Y D Tk =1 Tk ko1
ki=i+2ky=i+1
—k
X(_T—l) 2|R9,n;—i,—i;k2

m—1
= (1) &+ (=)' Y Ti—i&

ki=i+1
m—1 ki—1
-
D" YD Tk 1T k- 16k
ki=i+2ky=i+1

m—1  ki—1 k—1

FED)" Y Y Y k-1 Tk

ky=i+3 ko=i+2 kz=i+1
X Thy—ky—18ks + -+ -
+ (—1p)it?
m—1 k1—1 km—i—3—1

x Y Y Y Tk

ki=m—2ky=m-3  ky_j_o=i+1
X Tk i 3—km—i—2—15km i 2
+ (o) T T
Hence, it follows from Lemma A.4 (see Appendix A) that |Rg n:—i —i:m|, 4 <i +
1 <m <n — 1, equals the coefficient of z”* in the series expansion of
(—7-11)" Ge(2) + (—1-11)" ' 2G1 (2)Ge (2)
+ ()" PP GG @) + -+ (o) T TG T T (2)Ge (2)

m—i—1

= Y (" FFGE ()G )
k=0

m—i—1

= (—1-1u)" G (2) Z (—T—lu)_kaGli(Z)
k=0

(—T_qu)™"HmmiGm () — 1
(—t—1u) 712G (2) — 1
It follows from Lemmas A.1 and A4 that |Rg ».—; —im|, 4 <i+1<m<n-—1,
equals the coefficient of 7" in the series expansion of
(—_w)"Ge(x) 2N (—t_1w)™(ag + bez)
(1) 12G () + 1 (t_quw)~'z(a+bz) + (1 — 2)?

= (—1-1u)" G (2)

(18)
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(=)™ ()" (ag + bez)
Tt (@ -2tz + b+ T
Letting o and «p be as in Theorem 1, the right-hand side of (18) can be written as
(=DM o)™ (ag + bez)
(b+t—ju)(ar — 2)(a2 — 2)
(=DM (o)™ (g + bray) & T

k
b+t 1woaq(oy — o) =0 %1

(—1)”1(r_1u)m+1(ag+bga2) 00 Zk-i—i-i—l

b+ —a)ay = o

+

Thus, we conclude that, ford <i+1<m<n-—1,
(—D’"(f-m)’"“_(ag + beay)
b+ t—ju)a)" (o —ay)
(—D™(r_1u)™(ag + bgaa)
b+ t_u)(a) — az)al ™
_ (=)™ (r_qu) Hag

o] — o)

|Ro n:—i,—im| =

(19) {(ar — uP)[(b + 11wy "

— (@2 — uH[(b + T w7

N (= D™ (r_1u) T u?(ag + be)
o] — o

X AL + g "7 = [0+ T T,

Equation (13) follows from (19) and Lemma A.4 after some algebra. Next, from

the definition of Rg ,.—; —(i+1):m We have
|Romi—i—Gi+1im| = |Romsm]  Y1<m<i—1,
and
|Ro.m:—i,—(i+1)si |

i—1

= Z(—l)i_k_l (Ao —i,—G+Din—1)i41,
k=0

i—k—=2
X [Ro.m:—i—r1k| [T (Aom—ii—rnimn—1)iii—
[=0

= (=D A+ w1 + G — Dwla't' ¢,
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+ (=D 4 G- 2wl 2
i—2 ) )
+ Y (=D T P | Ro i — 1k
k=2
+ 7_1|Ro, nv—i,—(i+1);i—1(

) ~
= (1) 7" 1 3% 5+ 1 1|Ropi1l
i—2
—k—1 k—
+Z(—1)’ k17" 20| Ro,nik

= (=12 T 3t 0 4+ T 1| Rp it

N (—1)1—1#_—12%_2141—2(1 — u?)2(Ga; +ub) H(b + e ]i‘3 L }

T_1(a; —a)[(b + T-1u)ay — T-1u] T_1u

(=D 22 u' 2 (1 — u?)?(aas + ub) {[(b + t_lu)ozz]i_3 1}
T_1(a; — o) [(b + T—1u)ar — 1—1u] T_1uU
N (1)~ 22 ooy + u?b)Si 1.1 — (@ + ub)S; i1

o] — o)

The last equality uses (33) and (14) results after some algebra. For 4 <i + 1 <
m <n — 1, we have

m—1
}Re,n;—i,—(i+1);m| = Z(_1)m_k_l(Ae,n;—i,—(i+1);n—1)k+1,m
k=0
m—k—2
X [Romi—i,—+ 0kl [T (Aoums—i—G+1in=1) g1
=0

= (D" A+ w) (L +mwyu™ e oE

+ (=D [+ (m = Dwlu™ "4 0T
i—2

+ Y D" i R — k| T T 0T
k=2

A —i—1=
+ (=" B i [Rom—i— 1 [T T

—i—1~ —i—1
+ (=D s |Ro i — 1y | T

m—1

—k—1 —k—1
+ Z =D" fm—k—l’Re,n;—i,—(i-i-l);k’TTl
k=i+1
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= (_T—l)mém
m—1
+ D)"Y Tk (=) | Ro i~ 1)k
k=i+1

where
~ _4A o~ A —i—1~
Em =T 1T [ T2T2+ (=)' Tu—i|Ro ;11T T2
—i—1=~ —i—1
+ (=D i1 R —i— 1) [T
i—2
—k— —k—3Ar ~
+ D Ry kT2 70T
k=2

—dA = —in i1~
=Ty T T2 2+ (=D T ilRoni—1lt2] T2

(20) + (=D 1| Ro i — 1y | T

ot~ (1 — u?)* @ +ub) {[M(b : Llu)}i_s 1}
w4 (o1 — )y (b + T 1u) — T_ju] T_1u

ot ou™ (1 — u?)? (@as + u?b) {[az(b+r_1u)]"‘3 1}
(a1 — a)[aa (b + T—ju) — T_qu] T_1u

_ TaTal(@a + ub)Sim.1 — (@ + ub) S m 21
TE] (a1 —ap) .

The last equality follows from (33). An immediate consequence is that
|Ro.ns—i—tysit| = (—T=1) &g

Now repeating the above argument, we obtain, for4 <i+1<m <n —1,

m—1
|R6,n;7i,7(i+1);m| = (_T—l)mgm + (_T—l)mil Z Tm—kl—lgkl

ki=i+1
m—1 ki—1
-2 =
+ (=D DY D Tk — 1Tk —ko—1Ek
ki =i4+2 kp=i+1

oot (o) T T T E L

Hence, it follows from Lemma A.4 that |Rg . —i —(i+1),m|, 4 <i+1<m<n-—1,
equals the coefficient of 7" in the series expansion of
(—‘E,1 Lt)m Gé

(tqu)12G () +1°
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Following the proof of (19), we conclude that, for4 <i+1<m <n —1,
| Ro.n;—i,—(i+1),m]|
I A R e (R C 1 i)

o] — o2

(=)™t ) *ag
o] — o2
x {(er1 —uP)[(b+ Toqw)en """ — (e — uP)[(b + 1o
L D0 e b
o] — o

X {[(b + T—yw)en "7 = [(b + Towan ],

and (15) follows from Lemma A.4 after some algebra. Finally, we observe from
Case 3 that,for5<i+2<j<n,

j—i—2 e
|R9,n;—i,—j;n—1| = til |R9,n;—i,—j;i+1 | |A0,n;n—j |’

and (16) follows from Lemmas A.2 and A.3 (see Appendix A). This proves Theo-
rem4. [

REMARK. We wish to add that the exact results of Sections 2 and 3 have been
checked by Mathematica [15].

4. Asymptotic approximations. This section establishes asymptotic approx-
imations for |Ry ,| and R, :l These approximations are very sharp in that the error

is of the order O ((2 + V3 )™") as n — oo. The following theorem gives the ap-
proximation for the determinant.

THEOREM 5. Let 0 < By < B1 < 00. Then

~ 27 72— n
Ryl = 290y f—lu)al]”z[l + o(( ﬁ) )}

o) — o 2+4/3
3n—4 ,—2(n—2)w 37r2(2 3 n—1 12 + 743 2
_w e \/_|: ( +\/_)i| |:1+( +74/3)nw +0(w2)],
4 3 60 +30+/3

as n — 0o uniformly over 6 € [Bo, B1].

PROOF. From the definitions of o and «, in Theorem 1 and using the Math-
ematica command

Simplify[Series[as/az, {w, 0, 0}]],
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we observe that

0(22\/_
0112\/_

as n — oo uniformly over 6 € [Bg, B1]. Using Mathematica in a similar way, we
also have

21) [1+ 0],

aoar +ulb  2—3
ao +u25 2443
as n — oo uniformly over 6 € [Bo, B1]. Thus, it follows from Theorem 1 that
acq + u?b ) 2 - J3\"
Ronl = 00 bt [1+0(( ))}
|Ro 1l o — o ( ALY 2+ 3

as n — oo uniformly over 8 € [fBo, B1]. Next, using the notation of Theorem 1, we
observe that

[1+ Ow)],

w3 &, 312k (2K+2 _ | — 3k

—eM (@ =21 1u) =1+ 4we™™ — M =

3 = (k +3)!
and
6
AV — 2t 1u)* —dt_u(b + )] = 167“’(1 — Cw),
where
op o @)t o (6w)*
(w—96w]§)(k+7)! Z 7)'+2099 2w Z(k+7)'
(Bw)* Qw)k

~ o Z(k+7) i w,;)(k+5)!

(4w)* o (6w)
~ 1536 5832
w;(k+5)!+ Y 2L Gt )

=—4w(l + O(w)),

as n — oo uniformly over 6 € [y, B1]. Hence,

b+ 1_1u)ay

e—4w

=—— [e4w(a —2t_qu) + e4w\/(a =2t qu)? — 4t qub +t_u) |

4w3 &, 312K 2k2 — k — 3wk N 2w3
3 = (k +3)! V3

22 = —e—“"’[ (1— cw)“z}
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it ! 4w &, 312K 22 — k — 3wk
= —e

3 & (k +3)!
2wl g * 2k + 1)k
+f|:1—7_§wzom
224 V3)w?
:_M(1+Al,w),

3

Apy= Qwe™ 4w 20 31k (k3 _ | 4k Caw 74w2 (4w)k
24+V3 (5 (k+4)! ¢ (k+1)!

 NBowe ™[ 1 [ i 2k + 1)1gk }

2443 ¢ AkTlEl(k +2)!
132 + 674/3
:—Zw—l—( +67V3)u? +0(w3),
60 + 30+/3

as n — oo uniformly over 6 € [Bo, B1]. We conclude from (22) and Theorem 1
that

Ry | = D [2<2 +/3)( + Al,wq"—z

23 3
264+ V3)w 2]
- =" 10
X[ 32+ 75) + O (w”)
w3n—4e—2(n—2)w\/§ 2(2+ﬁ) n—1
S
(12 + 7+/3)nw? 5
+0
X[ 0+ 30v3 (w )}’

as n — oo uniformly over 6 € [Bg, B1]. This proves Theorem 5. [J]

The next two theorems give the approximation for the inverse R, ,11

THEOREM 6. Let 0 < By < B1 < 00. Then with the notation of Appendix B,

o3 T0{Tal( + 2w) 2t — 114+ 717 J (a1 — @)
3| (aay + u?b)

() TeelGEA) )

(Ry )2n—1=(—1)
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(R _ { C7.1 C7.2(aas + u?b) (012)”_4}
b E 2w P (Gay + 62b)[— (b + Tl P
2—-V3\"
1+o(2—>2 ,
<[r+o((55) )]

2.2 _ n—2 _ﬁ n
Ry, = (11 2 (o 012~) _l) [1 0 2 )}
Ry p)tn= (=D T_ l(éal—i-uzb)( o * (<2+¢§)
a2 lEl( 42wt — 14 i) — ) (_i>"—2
2, (aoy + ub)

G
)

(—1)"H Cg ot '™ 2(61012 + u?b)[— (b + T_juw)az] 3
(@ory 4 u?b)[— (b + t_1u)a; "2

[ro(G25))]
s =i+ o(G5))
Kibwn =g [1r0((222))]
F=grewal (G5 R))]

_ C31 2—3\"
Ronl2r =~ wael PO\ s

(1)t Ce 1t PI= (b + t_ju)ar "2 [1 . 0((2 —J3 ))}
[—(b+ t_ju)ag ]2 2+4/3

(— 1)+ Ce o' (a0n + u?b)[— (b + T-u)an ]~ 2
(aay 4+ u2b)[— (b + t—ju)o ]2

[r+o((5A) )]

(Ry )on=(—1

o1

(Ry )i =

(Ry it =
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and

i (T2l 4 2w)%u® — 1] + 717§ (@1 — a2) (_i)H
rzl(dal + u2b)

[reo((2) )]

as n — 0o uniformly over 6 € [Bo, B1]l and 3 <i <n —2.

Ry i1 =(~1
(Rg n—1,1=(=1) ”

PROOF. Theorem 6 is a consequence of (10), (21) and Theorems 1-4. [

THEOREM 7. Let 0 < By < B1 < 00. Then with the notation of Appendix B,
C1,1T_1u4{ o — u? B ar — u? (az)”_i_z}
[~ +—warl? [+ )P
C1,2t71u4(5w¢2 + uzg)
(a1 — @) (@ary + u2b)

Ao (&) - (2) )
[— b+ t—jw)az]3 \ e [—(b+ )] \ o)

Cy1t_1u® 1 1 a2
ap — o {[—(b+f—1u)0£1]3 =+ P (J) }

C2,2r71u6(&a2 + uzg)

(a1 — ap)(@ay + u?b)

oo (2) - o ()]
X ~) - s
[—(b+ T— w2 P \ [—(+ o w)an)? \ay
2—3\"
1+0 )
<[r+o((5575) )]
as n — oo uniformly over 6 € [Bo, B1land 3 <i <n —2,

» 1 u \J—it2
(Ropij=—7—|—

™ (a1 — ) \a1

n—j—1
cfes o+ - (2

o1

-1
(Rg n)i,i = { _=
’ o] — a2 o1

Ce.2(dan + u*b)
aocy + u?b

i-3 n—j4i—4
X [(aal +u2b)<g—2) — (a(x2+u2b)<a—2> ! ”
1

o1
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2 n
<o)
2+4/3
as n — oo uniformly over 6 € [Bo, B1land S5 <i+2<j<n-—1,and
(Rg_,,ll)i,iﬂ

{C4,1‘L’_1u4
N o] —an

ay — u? ay — u? ap\"i2

* { [+ —1wa P [~ + t—1w)o (a_l) }
C4,2‘L'_1M4(6~l062 + u215)
(a1 — )@y + u2b)

y { o) — u? (az)i oy — u? (a2>”_2}
[—(+ o w)an)? \ay [— b+ t—w)az]3 \ o
4 C5’1‘E_1u6
o] — o

== ()]
% _ =2
[+t P [+ oo P \ag
C5,2‘[_1u6(c~1052 + uzlg)

(a1 — o) (day + ub)

oo (&) o () )
X J— — _=
[— (b + T—w)az]? \ay [—(b+ t—w)az]? \ay

<[r+o(G5))

as n — oo uniformly over 6 € [Bo, B1] and 3 <i <n — 2. Finally,
_ Ce,1 u\" 2
O e ST ),
(Ro.n)in [— (b ~+ t— 1) 1P \
Ce.2(aas + u*b) ( u >"—"—2<a2>"}
(@ay + u2b)[— (b + t_1u)an]® \ a1 o

[r+o((5))]

as n — 0o uniformly over 6 € [Bo, B1]l and 3 <i <n — 2.

PROOF. Asin the proof of Theorem 6, Theorem 7 is a consequence of (10), (21)
and Theorems 1-4. [
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5. Fisher information. Stein [12], page 178, noted that the asymptotic the-
ory of maximum likelihood estimation based on independently and identically dis-
tributed observations suggests that calculating the Fisher information matrix is a
fruitful way of learning about the behavior of the maximum likelihood estima-
tors. Abt and Welch [1] showed via three examples (either proven analytically or
justified by simulation) that, for the covariance parameters of Gaussian processes
under fixed-domain asymptotics, the covariance matrix of the limiting distribution
of their maximum likelihood estimators equals the limit of the inverse Fisher infor-
mation matrix. Also, Section 6.6 of [12] reported a numerical study of the Fisher
information matrix for observations from a mean 0 Gaussian process on the real
line with a Matérn-type covariance function.

Let X » be the random vector as in Section 1, having a n“-variate normal dis-
tribution with mean 0 and covariance matrix Xy g, ... g,:n- Motivated by the work
described in the previous paragraph, the following theorem computes the Fisher
information matrix for the parameters ¢, 6, ..., 67 based on X,,.

d

THEOREM 8. Let )}n ~ N,a(0,Zp 0, ..06,). Then the elements of the Fisher
information matrix for the parameters ¢, 01, ..., 0 are given by

9* 1 d*n?
—E[WlogL,,(qs,el, o fd) | = S

202
92 1 nd126, +5
—E[—zlogLn@,el,...,ed) G | i,
36; i 6;
92 1 dn?=16, +2)
—E log Ly(¢,61,...,00) | =——— "2 4 0?72,
[aqsae, ogL,(¢,01 d)_ 56, +0m"™)

E[ o2 log L,(¢, 6 9)_ 0n?)
— 0 ,01, ..., =0(n ,
96, 06, &MY d

as n — oo whenever 1 <s #t <d.

PROOF. We observe from [2], page 600, that

d
® Ro,.n

d—1

=[1lRenl" 1.
=1

and, hence, it follows from (5) that

210gLn(¢a 917 ceey gd)

d
= —n?log(27) — dn? 1og(z> —dn‘log(¢) + 3n? Z log(6;)
(23) 2 =

d 24p3...03 ’1~
— 71> log(| R, n|) — 1 dX <®R9,> X,.

t=1



GAUSSIAN RANDOM FIELDS 2369
Consequently,

dn* Ldd+ Dnd  d*n?
202 202 292

82
_E|:8¢>2 log L, (¢, 91,...,94)} =—

Writing w; = 6;/n, we observe that

3nd
9

’

82
—2[371 log(6/)]1 =
367

0? 9 L 3IR
(24) W(nd_l loglRa,,n\) — —(nd_llRe,,n\ 1 | 9;,n|)

: 36, 36,
n'=3 3%Rgul  n?7 <a|R9,,n|>2
IRa,nl dw? IRe,,nl2 dwy ’

Next, we observe from Lemma A.6 that, as n — oo,

1 /0 3 2604+2) »
_tr[<%R9d’”>R9"’"}:_@—i_i—i_o(n ),

5 n Oan
1 92 12 2(464+9) 5
—tr R;' )R =— - T Lt0n?.
n [(aed b ”) 9"’"} 02 0n o

‘We observe that
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and, hence, using (25),

—1
8% [2463. 3
E 1 Ry
805|: d¢d <® ts ) n:|
6(24)07 - -0y »
= — R > .
7Td¢d T g 0;.n ¢.,61,....04;n
6(29)6? ---03 al 3,
T 7l i || @ R, ®89d‘(R9d,n) Xp.01,....00m

=1

2467 ... 03 32
+ 7dpd tr ®R9t 2 (Rouin) | 2661,
d

o + e [( o >R }Jr T [( R )R }
= | [ — n || —
02 o 90, fan ) SOan 93 oun ) 00n

29120, +3
=—(2d ) L omd-?),
0
d

We conclude from (23), (24), (26) and Theorem 5 that, as n — oo,

(26)

82
_EWIOgLn(¢,91, --~’0d)

d
3nd (304 207! 71204 +3
202 263 03 03
d=1020, + 5
_ de—i_) + 02,
Qd

Finally, using (25) again, we have, as n — oo,

2
30, ¢

-1
9 [29-1a6} .63 -, [ & ~
= g (@) T

-1
324=1ab; - .. 03 d
=" nd(pd—lf—l tr ®R9t,n E¢,91 ..... Oa:n

logL,(¢,01,...,64)
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3dn?  dn?-! t [( 0 o )R ]
= — — T —_—
2000 26 96, am ) 0dn

- _% +0n!™?)
and
2
—E gy 0g La(@.01, ... 00)

a [324h--03 ., (& 1\
:Eaed—l|: p—py X, | Q@ Rs L | Xn

=1

—153 3 -1
e 2 19""9”1)2/ R ) e (<lr! \%
90,1 mdpd n Or.m 90, fan )

t=1

QU 0~

on’ +3nd_lt[( 0 p-1 )R }
= r
204104 26,4 00y_  Oa-1n Od—1.,n
+3nd_lt[( 0 R )R }
| | —
2041 36, Oa.n | 0a:n

-2 9 9
n -1 —1
] (s R R o] (g il ) R

= 0m??).

The proof of Theorem 8 is completed by invoking the symmetry of 0y, ...,6,. U

6. Estimating the scale parameter. Let X, ~ N,a(0, %y 6,,...0.:n) be as in
Section 1. Also let 0 < Bo; < f1; < 00,t =0,...,d, be known constants such
that oo <¢ < P10 and Bo; <6 < B1:,t =1,...,d. This section will be con-
cerned with the construction of a consistent maximum likelihood-type estimator
for the scale parameter ¢. First set the estimator for (61, ..., 6;7) to be a known ar-
bitrary but fixed vector, say (51, ey éd) € ]_[le (Bo.r» P1.1), and define the estima-
b i, for ¢ to be that value of ¢ that maximizes the log-likelihood function

,,,,,

log L, (¢, 0p,..., éd) [see (23)]. On differentiating the log-likelihood with respect
to ¢, we obtain

~ ~ —1
d - - dnd  d2993...63 _, ( & N
%[ﬂogw,el,...,ed)]=—7+WX; QR;.,| Xn
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Equating the right-hand side of the above equation to zero and then solving for ¢
gives us a maximum likelihood-type estimator for ¢, namely,

—1 1/d
. 2463 .. -
Do,....00 = i ndnd (®R9 n) n} .

THEOREM 9. With the above notation and conditions, we have

24G3...03 [, (& -
S dE[ ;<®Ré—hn> Xy |=¢'+0m™",
t=1

7ind

~3 -1
2493 ...9 - B
vl 20 (@) ) =00

t=1

as n — 00. Consequently, qAﬁél g, — ¢ in probability as n — oo.

.....

PROOF. Since (51, e éd) is a constant vector, we observe from [2], page 600,
and Lemma A.5 (see Appendix A) that

e

79nd

an (@) (ge)

¢d93-9 ri

—1
0 H[; tr(R hnRe, )]
t=1
=¢'+0m™"),
as n — 0o. Next, we observe from [8], page 53, that

~ ~ -1 2
2%g6...45 [ _
72d,2d EY % ®Ré,,n Xn

t=1

22445 .4 {

~ 56 6,2d
91...9dn

=6 2
¢2d91 ed 4 —1
+—916___9§ L @iRét’nRghn .
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Hence, it follows from Lemma A.7 that

~ ~ -1
2463...63 _ (4 -
Var{—x; Qi) X

~ 2

242436 ... 6 d

:‘1’61762;’ ®Ré_lnR9,n
(27) o0y --Ogn =1
~ ~ 2

202469 ...65 4 {1 [( .
=————4T[i-t||R;" Rom

Oy -Oqnd i1 oo
=0(n™),

.....

shev’s inequality and the fact that the dth root function is continuous. [

REMARK. Theorem 8 shows that the amount of Fisher information contained
in the sample on the scale parameter ¢ is an order of magnitude greater than that
on the correlation parameters 6y, ..., 6;. Thus, it should not be really surprising
that incorrect specification of the values of 61, ..., 6; can still lead to consistent
esimation of ¢. Crowder [4] (page 49) has a discussion of such a phenomenon in
a more general setting (see also [12], page 175).

7. Sieve maximum likelihood estimation. Let X, ~ N,a(0, Z4.6,. . 4,:n) be
as in Section 1. The following definition is taken from [12], page 163.

DEFINITION.  For a class of probability models { P: :§ € E} for a random field
on a given bounded domain, a function 4 on E is said to be microergodic if and
only if, for all £, &' € B, h(§) # h(§') implies P is orthogonal to P'.

We observe from [12], page 164, that, for d = 1, ¢ is microergodic, while 6}
is not. This is consistent with Theorem 8 which states that the Fisher information
for 6; is bounded as n — oo if d = 1. We shall assume in this section that d > 3.

LetO<v<(d—2)/(d+1)and 0 < Bo; < P1r <00,t=0,...,d, be known
constants such that foo <¢ < fo,1 and Bo; <6, < Bi1s,t=1,...,d. We define a
sieve €2, on the parameter space of (¢, 61, ..., 6;), namely,

i i i
Q, = {(—?} e —dv) :Po: < —tv < PBi:,i; integer, 0 <t Sd}.
n n n
ATpe siev§ maximum likelihood estimator for (¢, 61, ...,6;) is that element
(9,61, ...,04) € 2, such that

L}’l(d,;vélv"'7éd)=Sup{Ll’l(q’§9él9'-'7561):(()57517"'5§d)EQn}a
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where the likelihood function L, is as in (5). For each ¢ > 0 sufficiently small,
define

Que=2,\(@—¢,04+¢)x (01 —€,014+¢€) X - X (0g—¢,0+¢).

THEOREM 10. Let d > 3, )~(,, be as in Section 1 with covariance matrix
X.01,....00:n- Let (q_b, 01, ...,04) be a constant vector (depending only on n) such
that (¢,61,...,00) € U, ¢ — @l <n~Vand |6, — ;| <n~ ", t=1,...,d. Then
forany ¢ >0,

lim P

n—oo

{smﬂl%(i,éh.. 0a):(§.01. ... 0a) € n.e} <8}::1
Ly($.01,...,04) B ’
where L, is the likelihood function given as in (5). Consequently, the sieve

maximum likelihood estimate (¢ 91, .. Qd) — (¢, 01, ...,6q) in probability as
n— 0o.

PROOF. We observe from (23) that
2 - _ -~ ~
n—d[IOgLn(¢,91,..-,Gd)—10gLn(¢,91,...,9d)]
5 1 oo B0
—tog( () +oe(5532)
=
1 ¢ IRg .1\ 27967 d
+ - 10g< = )—i— R;
n; |R91 | ndqbd d @

—1
2d93 -
ndd)d d <®R9; ) ”‘

Now,

ﬂ sup ﬂmu@%WAMAMM@%W@MZM@}
(@,01,....60) € ¢

= p{ U {(log[L,(¢,61,...,00)]

(0.01,....00) € ¢
—log[Lu(9, 01, ...,00)1} > log(e)}

(é’él ~~~~~ éd)egn,s

—10g[ L (.01, ...,04)] < —log(e)}
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~ ~ -1
2463...63 _, [ & g
- xR (@) ®

dgdnd

n-d¢dnd 1

) d
2443 .. egE (R &, o 2log(e)
ndgdnd "\ 2 br.n n nd |

Hence, using Chebyshev’s inequality, we obtain

P{ sup  {log[L,($,01,...,04)] —1og[L, (9,01, ...,00)]} > 1og<e)}
(@.61,...60)€Q.¢

2d@3 ... g3 . d —1~
< > Var{ —1_ 4 dX;l<®R§t’n> X,

dpd,d
~ ~ ~ T n
(¢.,01,..., 04)EQ ¢ ¢

- - ~1
2403...63 _ [ & ~
T dgdnd gRGE,n Xn
5d G0
X —log(?—>—3log(~l ~d>
¢4 010,
1 IR; I
(28) - — log<4>
n; |R9-[,n|
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mdgdnd e
2493 ...63 d - 2log(e) -
1 d v/ _ v
e IRy

Next, we observe from Theorem 5 and Lemma A.5 (see Appendix A) that

¢? 0104 1 & R; |
log( >+31 g( ~)+— lg( & )
¢ 0104 ”E |Ro,

-1
2463 ...63 (& g
7d@dnd EX @Réun Xn =1
»d 0:...0
= log(¢—d) + 310g< 7! ~d>
(j) 91“'941
n—4 & 6 2(n
210g<_t) Z(Qt
t

0
g3 .. .53 d
+~¢317d [@ (R Ro, )i|—1+0(n )
R
4

()

)] o

()0
:_1og(§—z)—1—%§10 (ﬁ)——Z(e, 6;)
(GG <0+ () (@)

30, (0:\* | i (6:\*, 6
3G 3G 3l
+0(n™?)

¢?\ | 9! _
=f<ﬁ> i L8080+ 07
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as n — oo uniformly over By o < <l~5 < Po,1 and By < ét <P t=1,....d,
where

f@®)=1t—log(r) —1 Vit >0,
(0, 6;) = —41 (é’> 2(6, e)+<9)3+ 2
’ = - o) P - -
80, Ot g P t — Ut 0, 0,
39; 9; 9[ 9[ 0[)
e 2<et)+ 4(@
We further observe that f(t) >0 forallt >0, f(¢) =0ifand only ift =1,

ad ~ ~
gg(el‘»el)ZO Vetzel’

1

0 ~ -
a_ézg(et,gz)fo Vo <6,

g(@t,ét) =0 if and only if 6; =6,.

S )
t 1 |R9r |

i)
&) %

Hence, we conclude that

{—log(%> —310g(

2967 é <
n—dd,dnd et
2453 ... 5 d T 2loge)]
d / v
+—nd¢ddEX <®R ) v }
(29) t=1
d
- [(%)+ oo
d d d -2
f<¢ ) ¢; 2(0:.0,) + 0(n2>}
3
<o),
as n — oo uniformly over (¢~>, or,..., éd) € Q. ¢. Also, we observe from (27) that

~1 - - -1
2d93 zdgfgj ~, d ~
Var{ 7d¢dnd (@Re, ) X, — 771"1(;_5‘11101 X, ®R§t’n X,

2d9~3 d -
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2443 -1
+2V3.I'IW (®R0t ) n}

= 0™,
as n — oo uniformly over Bo.0 < ¢, ¢ < B1.oand Bo; < 6;,0; < Bri.t=1,....d.

Finally, since 0 < v < (d — 2)/(d + 1), it follows from (28), (29) and (30) that

Pl s (0lLy@. 01 )]~ o8lLy@. 01600 = log(e)|
(9,01,....04)€Qp ¢

— Z O(n—d+2) — O(n(d+1)v—d+2) — O
(,01,..-.00)€Qn.¢

as n — oo. This proves Theorem 10. [J

APPENDIX A

LEMMA A.1. With the notation of Theorem 1, the generating functions G,
and G« of {1y :k = 0} and {1° : k > 0} are, respectively,

00 k * _k ~ T
3 a—+bz T2 a-+bz

RO SR AN SRS o S R
k=0 u 1-2) =0 u (1—-2)

PROOF. For all integers k > 0, we have

—1 = —wi —wi) k= 1)+ [1= (1 +w)’u?] 2k =0},

where [{-} denotes the indicator function. Hence

— szk o Tf 1Zk ! 2 2 2.2
BRI 3 SRt
k=0 = U k=1

which implies that

1—(+w?u?  (w—wu?—w?u?z
11—z (1—-12)?

Similarly, for all integers k > 0,

G (2) =

Tk Tk—1
7~ itz 1

uk

= (w —2wu® + wuH Lk > 1+ 1 =21 + w)u® + (1 + 2w)u*]4{k = 0}.
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Hence
00 k o0 k—1 &
TkZ Tk—12
Sy — W - D 2w @ - D w? - 1))
k=0 u =1 u k=1

which implies that

W= D24+ 2wui?w? -1 ww?-1)?*z

G:(2) = 1—¢ (1—2)2 : ]

LEMMA A.2. Forl<m<n-—1,let A@yn;m be the m x m matrix defined as
in (11). Then with the notation of Theorem 1,

|Ag | = (=)™ {(aa) +u?b)[(b + t_1u)a; 1"}
— (as + ub)[(b + t_1u)az]" 1}/ (a1 — ).

PROOF. Using elementary row operations to reduce A~9’n; m to a diagonal ma-
trix, we obtain

m—1
i -1 -2
|Agmm| = (=) o1 + (-1 ) Tk 1Tk 1
k=1
m—1k;—1
-3
F D)"Y D Tk -1 T ko — 1 Thy—1
ki=2ky=1

m—1 ki—1 km—4—1kp_3—1

i Y Y Y ek Tk

ki=m—2ky=m—3 kp—3=2ky—2=1
X .l:km—fafkm—Zfl‘l:km—Zf1
m
+ 1 -

Letting G (z) be as in Lemma A.1, we observe that |A~9, n:m| equals the coefficient
of z"~! in the series expansion of

(—‘L'_lbt)m_l G:(z)+ (—‘L'_lu)m_zzG%(Z)
+ (—m )" PG @) - — u"TPCM N () 4+ "G (2)

m—1

=(—_1)" " 'G.(2) Z (—T—lu)_kaG];(Z)
k=0
(—t—1u) ™" G (z) — 1

— (— m—1
=(—1—1u)"" G (2) (—t—u)~1z2G () —1
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Following the proof of Theorem 1, we conclude that, for 1 <m <n — 1,

(D" b+ )" Ma(e] — o) + b — af' )]

o] — o2

|A9,n;m| =
This proves Lemma A.2. [

LEMMA A.3. With the notation of Theorem 4, for3<i <j—2<n—2,

|Rg,n;—i,—jii+1l
Toout 1 [w(l —4u? +3u®) + (1 — u?)?]
b+t 1w — 11U

= {f—lf—1 —ToT_2 +

T_aT oul[w(2 — 6u? + 4u*) + (1 — u?)?]
b+ 1) —1_1u

WT_ 112t o (F_1 —ut_o)(1 — u?)?

[(b+ t—ju)a; — T—jul?

y (=1~ aay + ub)
a1 — o

(b4 T_1u)a] 3

Toout 1 [w(l —4u? +3u®) + (1 — u?)?]
b+t 1wy —1_1U

- {f—lf—l —ToT_2 +
Tt ou[w(2 — 6u? 4+ 4u*) 4+ (1 — u?)?]
b+ 1wy —1_1uU

wT_u?t_ (-1 —uf_n)(1 — u?)? }
[(b+ t_ju)ay — T—jul?

5 (=D~ Yoy + u®b)
o] — o

(b + T_1u)an] 3.

PROOF. First,for/=1,2andi — 1 <m <n — 1, define

i—2
Simg =Y _[(m —k) —2(m — k + Du* + (m — k +2)u’]
k=2

X wum_krjlk(b + r_lu)k_zozlk*z.

Then
Simi— (b4 toywoqu™ T S

=i[(m—k) —2(m —k+ D + (m — k + 2)u’]
k=

[\
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X wum_kt__lk b+t bt)k_zollk_z

i—2
= > [m —k) —2(m — k + Du? + (m — k +2)u*]
k=2

X wum_k_lr__f_l(b + t_lu)k_lozf_l
2 4 —2_-2
=[(m —2) —2(m — Du” +mu”"Jwu" "1~
—[m—i+2)=2m—i+3)u’+@m—i+4u*]
X wum_i+lf__f+l(b+ T_lu)i—3a;—3
i—2
— Z(l — 2+ u4)wum_kt__{‘(b + r_lu)k_zalk_z.
k=3

Hence, fori > 3,

Simi _ wlm—i+2)—20m—i+3)u’+m—i+4u?]

um T qul(b+ t_qu)a; — t_1u]
[(b+r_1u)al}i—3
X _—
T_1u

wl(m —2) — 2(m — Du? + mu*]
[+ Ty — T_1ul
w(l — u?)? b+t 1wy 3
[dr+r_u0az—r—udz[ }
w(l —u?)?(b + 1)y
o u[(b+ _iway — T qu)?
_[wlm —i+2) —2(m —i+3)u+ (m —i +4)u’]
- { T—ul(b+ t—u)oy — T_1u]

T_1u

3D

w(l —u?)?
[(b+t_1u)oy — T_1u]? }

[(b+f_1u)al}i_3

w | 2T
T_uU

wl(m —2) = 2(m — Du? + mu*]

B T_ul(b+ t—qu)oy — 1_1u]
w(l —u?)2(b + 1)y
T_qul(b+t_ 1wy — t_qul?
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Next we observe from Proposition 2 and Case 3 that, for3 <i < j—2<n — 2,

[Ro n:—i,—jii+1l
i1

= (=D (Agni—i—jsi+ D Lit+1 | [(Abm—ii—jiit )it 1-1,i-1
1=0

i
i —k
+ Y (=D (A i — jrit Dt Li1 | Roms—i — ik
k=1
i—k—1
x [ (Aomi—ii—jsitDit1-1i—i
=0

&) = (=D'A+w)( +iw)yu' T E 7 7

+ (=D 4 G = Dwlu' ™ E 7P
i—2 ) )

Y D Tk Ry i — | T TR0
k=2

— 0| Ron;—i—jii—11T—2 + T—11Rg n;—i,— j:il

i—2
i—1 i—3~ = i—k i—k—2~ =~
= (D' Tt a4+ Y (=D T i Ryl T TR 0T
k=2
— 0|Rg.n:i—11T=2 + T=1|Ro.n:—i —i—1:il.

We further observe from Theorem 1 that, fori — 1 <m <n — 1,

i—2

—k —k
2 (=D tm—rt_1 | Ro,n:kl
k=2

i—2
=1 —u®? Y (=D U T | Rg ik
k=2

i—2
+ 3 (=D [m — k) = 2(m — k + Du? + (m — k + 2)u’]
k=2

X wum_kf__lklRG,n;H

um = u®aay +u’b) ”oq(b—i—r_lu)}i_s_]}
1 (o —a)[a1 (b + 1-qu) — T—1u]
(33) B u™ 11— u?)2(Gar + u?b) ”:ozz(b—l-t_lu)}i_3 _1
T_1(a; —ap)[ax(b+t_ju) — T_1u]

T_1U

T_1U
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n (@ay + u*b)Sim1 — (@az + u*b)Sim 2
o] — o '
It follows from (32) and (33) that

i—1 i3
|Rgn;—i,—jiiv1l = (=)' gt

T 2T_2 — 10| Ro.nii—11T—2
+ T 1Ry, ;=i — i+ 1) |
(=Dt Pt ou' =N (1 — u?)?(@ay + ub)

(a1 —a)[a1(b+1-1u) — 1_1u]

el -

(=Dt 32 27 ou' =1 (1 — u?)2(aas + u?b)

(a1 —a)[ax(b+T1_1u) — 1_11]

(el -

N (—1) T 2t aFol(@ar +u?b)S; i1 — (Gaz +u?b)S; 2]

’

o] — o2

and Lemma A.3 results using (14) after some algebra. [

LEMMA A.4.  Let & be defined as in (17). Then the generating function G¢ of
{Ex :k > i + 1} is given by

o0 k i+1
&z ' (ag +be2)
Gex) = ) = R
k=i+1 U (1—-2)

where

{ T_oTo[w(2 — 6u? + 4u*) + (1 — u?)?]
ads =
§ T 1u2[(b + T w)a; — T_qu]

wi_s7o(1 — u?)? ToTo — T17T—1
ul(b+ t—qu)o; — t—qu)? T_qut
T 1[w3 — 8u? + 5u®) + (1 — u?)?] wi_o7_1(1 —u?)? }
T_u[(b+ t—ju)ay — t—1u] [(b+t_1u)oy — T_1u]?

(o +u?b) [(b + 1) ]"‘3

3 (a1 — ) T U

{ T To[w(2 — 6u? + 4u*) + (1 — u?)?]
T u?[(b+ T_ju)an — T—1u]
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wt_27(1 — u?)? ToTo — T17—1
ul(b+ 1_qu)ay — 1_ul? T_qut
Tt 1[w3 —8u? + Su*) + (1 — u?)?] wi_oT_1(1 —u?)? }
Tul(b+ t—u)ar — 1_1u] [(b+1_1uw)ar — T_qul?
(Goy + u?b) [(b + r_lu)az}”
X
3 (o — ) T_ju
and
wi_ou?(2 = 3u? + u® w2 — 6u? + 4u*) + (1 — u?)?]
ag + bg = n
2t qu[(b+ t_u)ay — t_1u]
w22 =3u? +u® (1 —ud?  wip2 —3u+u
2u[(b + T u)ay — T 1ul? 2t_qut
w(l —u?)2t 7T w(l —3u4+2u6)f_1}
Tul(b+ t—u)a; — 1_1u] T_qu3
(Goy + u?b) [(b + o) }H
X
3 (a1 —a2) T_ju

{ wi_ou?(2 = 3u? + u®)[w2 — 6u? + 4u*) + (1 — u?)?)
2t_1u*[(b+ t_u)an — T_u]

w2t 22 = 3u? +u®H(1 —uH?  win2 —3u? +u®

2ul(b+ 1wy — T_qu)? 2t_qut
B w(l —u?)?t_,7_, ~w(l =3ut 4+ 2u%)7 }
T_ul(b+ t—u)ar — 1_1u] T_qul
5 (G + u?b) [(b + t_lu)ozz]i3
ril(al —a2) T_1uU '

Next, let & be defined as in (20). Then the generating function G§ of Ex k>i+1}
is given by
o© £ _k i+1.,. ~
& 27 (ag + bg2)
G:= Y Ekk - R
u (1-2)

k=i+1

where

{f_lfo Tooto[w(l — 4u® + 3u®) + (1 — u?)?]
az =
§ _ut T3 [(b + T_ju)ay — T_1u]
n WT_1T_2To(1 — u?)?
T_w?[(b+ o ju)a — T u]?
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1Ty ToaTa[w(3 —8u? + 5u®) + (1 — u?)?]
T_qut T_qul(b+ t_1u)ay — T—1u]

wi_oT_a(1 — u?)? }
[(b+ 11w —T_qu]?
da1-+-u25 [(b-+—t_1u)a1}i3

3 (o) — ) T_ju
{ 1% ToaTolw(l —4u? +3u™) + (1 — u?)?]
7_ut T3 [(b+ T_ju)ay — T_1u]

zur,1f,2f0(1——u2)2

+ T u[(b+ 1wy — 1_1u)?
fit2  fafaw@ - 8u? + 5u™) + (1 — u?)?]
T_qut T_qul(b + t—1u)oy — 1_1u]
_ wigfa(l - u?)? }
[(b4t_1u)or — T_1ul?
aon + u’b [(b + r_lu)az}i_3
T_1u

X =3
2 (a; —a2)
and

wi_1(2 —3u? + u®)
4

s+ b =
GS‘F § { 2r_1u

w22 = 3u? + u®)[w(l —4u? 4+ 3u*) + (1 — u?)?]
21 1u3[(b + t_1u)ay — T_1u]
w22 = 3u? + u®) (1 — u?)? w_27_o(1 — u?)?
2u?[(b+ t_u)ay — 1—jul? T_ul(b+ t_1u)ay — T—1u]

w(l —3u® +2u6)f_2}
- 3

T_1u

ao + u®b [(b + _ju)a }H

3 (0 — ) T_qu

{ w_1(2 = 3u? + u®)
2r_1u4

N w22 = 3u? + u®)[w(l — 4u® + 3u*) + (1 — u?)?]
2wl [(b + tou)ar — T_1u]



2386 W.-L. LOH
w252 = 3u? +u®) (1 — u?)? wi 7 o(1 —u?)?
2u?[(b+ t_1u)ar — T_ju]? T_qul(b+ t_1u)or — T_1u]

w(l = 3u® +2u6)f_2}
t_1u3

éa2-+—u25 [(b-+—t_1u)a2]i3
3 (@ — ) T1u '

PROOF. First we observe after some algebra that ag = &1/ u't! and ag +
be = éku_k — Sk_lu_k“, k > i + 2. Hence, for integers k > i + 1, we have

%_%ukii+2}=ag1{k=i—|—1}+(a5+b5)1{k2i+2}-

Hence

00 k 00 k—1 0

§kz §k—12 ;
Y S Y T =aed e tby 3o
k=i+1 k=i+2 k=i+2
and
i+1 b
Ge(z)= - \9eFbe2).

(1—2)?
Similarly, we observe after some algebra that a; = E1/u'T! and az + bg =
§ku_k — ék_lu_k“, k > i + 2. Hence, for integers kK > i + 1, we have

S—IZ—%l{kzi—|—2}=a§l{k=i+1}+(a§+bg)1{k2i+2}-
u u

Hence

& &2* & 1! . &
_ o L
Z P < Z I + (az + bg) Z 2
k=i+1 k=i+2 ke=i+2
and

(=22
This proves Lemma A.4. [

LEMMA A.5. LetO< By <80, 6 < B1 < 00. Then

noenten) =g ) T4 \p o
g
n

+
as n — oo uniformly over By < 6,60 < By.
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PROOF. Letw = é/n and and m, = | (n 4 3)/2], where | -] denotes the great-
est integer function. We further define

e Wty e %u 1

1
= — — — 1 _
b+t u)ay o 2+\/§[ +0(n>]

Vo

and

e V_; e My 1 [1 N 0(1)}
T, = et = — — s
2T b+ o o 2-4/3 n

as n — oo uniformly over By <6, ] < B1. Using Mathematica, we observe from
Theorem 6 that, as n — oo,

(Rg., Ry nn = (Rg , Ry D11

=Y 1+ G — Dwle V(R i
i=1
3(70226 + 40545+/3) [1 B (éﬂ

(34) = —
(664626 + 383722+/3 ) w

0
1713 4+9894/3 989+ 5713 /62
4261 15v3)2 | 226+ 15v3)? (5)
2702 + 1560+/3 /6
4(26 + 154/3)2 <5

3
) Lo,

as n — oo uniformly over g <6, ] < B1. Also, we observe from Theorem 7 that
(R Ry i
n . o) ~
=Y A+ — jl)e IR, i
j=1
=[1+ G = Dble” V" (Ry Dnit1n
1+ G —2)dle PRy Dnigin-1
+ (L +®)e " (R p)i-1.i + (R pii

+ (L +W)e” "(Ry it + [T+ (0 — DBle™ "D (R i

C M2 a n—i—1
= {#[(wl +u?b) — (acz + u2b)(—2> ]
2a7 () —a2) o]

(35) x {ry (1+2@) —rg (1 + )
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’“[1 + (= 3)W] —rl [1+ G — 2)@]}/{r§1(1 — ro,l)z}
Co2u’rl, (Gos + u?b)

a r_lal(oq — ay)(aay + u?b)

x [(aoel n uzb)(a—?)_3 — (aoa + uzb)(a—?)”_i_j

{ [1+(l—3)w]—r 214 (G —2)w]
rar B+ ) + g P2+ 20)}/{(1 = ray)?)
Co.1u r ’(a(xl + u?b)
4 o? (e — ap)
x {riF (1 4 2i)

— B A+w) =l [+ (n — D)D)
Fr L 4 (=i = D@1/ {(1 - ra)’)
C6,1u2ra_li (acts + u?b) <a2>”_1
4105%(011 —a3) o)

) {riF2 (1 +2w) — ri (1 + )

—rg,[1 4+ (n — )]
4+ =i = D@l /{(1 = ray)’)
Cé,zuzra_li (ao) + u?b)(das + u?b) <a2>i—3

o1

4 o (@) — o) (@a + u?b)
{ l+2(1+2w) l+3(1+a—))
—rg [14+ (n —i)w]
4 (n— i = D1}/ {(1 = ra))?)
Co.ou’ry! (acz + u’b)(Gas + u*b) <a2>n+,-4
w4 af(ar — @) (aar + ub) o
{ l+2(1+2w)_rl+3(1+w)

— 1o, [1+ (0 = DBl +rg 1+ (=i = D]} /{(1 —raz)2}}

[l @)
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as n — oo uniformly over 5 <i <n — 2 and By <6, ] < Bi. Consequently, it
follows from (35) that

n—2

Z (Rg,,,Rg_,,i)i,i

o\ wr./6\* 6\ 2 o
:<”"""‘“{<5> ‘z[3<5> ‘2(5> ‘@*0“’ )}
3(36810643322 + 21252634831+/3) [1 B (éﬂ

(1300170624726 + 750653860178+/3 )w o

36
(36) 5
6322680 + 3650401+/3 [1 (éﬂ

128934018 - 74440090/3 0
39176289+22618441\/§< é)(é)2+0( -y

— —_—— —_— n .
128934018 + 744400903 0/)\6

as n — oo uniformly over Sy <6, 6 < B1. Furthermore, if n is an odd integer, we
have

(Ré,nRe_,:z)(nH)/z,(nH)/z
6\3 NG G\ 2 »
=(=) —(3[=) =2{=) —=1|—+O0O -2 i
<9) [(9) (9) ]4+ )

as n — oo uniformly over g <6, 2] < B1. Next we observe from Theorems 6 and 7
that

(37

—1
(R5., Ry p)n—1,n—1

=Y (I+In—1—jl@e " (R 1) j 01
j=1
_3(3351044259 + 1934726305+/3) [(g”)Z B 1]
(25012534866 + 14440993738+/3)w L\ O
N 8016837 + 46285233
34547766 + 19946162+/3
3(6584767 + 3801717+/3) [6\?
34547766 + 19946162+/3 (5)
4(1694157 + 978122+/3) (g)3 Com,
34547766 + 19946162+/3 \ 0

(38)




2390 W.-L. LOH

as n — oo uniformly over Sy < 6, 2 < Bi. Finally, we conclude from (34), (36),
(37) and (38) that

1 & 1/6\3
Y Ry R i = Z (R, Ry i + —(5) Ly = (1 +3)/2) + 0(™)
i=1

b)) o))
w1+ (g)z + 2(%)1
+ %(§>31{mn =mn+3)/2}+ O(n™?),

as n — oo uniformly over By <90, 7] < B1. This proves Lemma A.5. [J

LEMMA A.6. Let6 > 0and Ry , be as in Section 2. Then as n — 00,

1 0 _ 2(9 +2) )
ntr[(gg R, ”)Rg n] = 0 o +0m )
and
1 92 1 12 246 +9) s
20| (g )R | = 55~ =5, 0w

PROOF. Since R, :le, » equals the identity matrix, we have via differentiation

2o (i o = = i (0
—tr| | — =——tr
n L\ag 0n)70n n 3 "

(39) —;ZZ(BGRM) Ry
i=1j=1 i.J
1 " (i — j)Pweliilw
= Z ) (Rg.0)j
iz n
and
1 3 | N
—tr| (=R Ry, | = —RV)R
n r[(aez 9’") 9*"] ng[(aez 9’”) 9’”}”
(40) —zi[zrl(a R )R—l(aR )}
_ni: o\ gg ") T0n\ g T i
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where, forall 1 <i, j <n,

( 3 > (i — j) weli—ilw
_RG,n = - ’
20 ij n

(82R ) = PR —wli — jpe i
90270 ), T n? '

(4D

Using (41) and Theorems 6 and 7, Lemma A.6 is proved by expanding the right-
hand side of (39) and (40) as a power series in w using Mathematica. We refer the
reader to [5] for more details. [J

LEMMA A.7. Let0<py<6,0 <pi < oo. Then
L tR=1R: V1=
—tl(Rg R ,)°1= 0(1),
as n — oo uniformly over By < 6,6 < Bi.

REMARK. The proof of Lemma A.7, though conceptually simple, is ex-
tremely tedious and the symbolic computation software Mathematica features sig-
nificantly in the evaluation of the error terms. A detailed proof can be found in [5].
A much abbreviated proof is given below.

PROOF OF LEMMA A.7. First, it is convenient to note that
(RguRg,)i = (Rg Ry ) i
(RévnRg_,:,)i,j = (Rg,nR@_}l)n—i+1,n—j+1,
whenever 1 <i, j <n and
[(Ry 2 Rs ) 1ii =[(Rg 3 Rs ) nivin—iz1  Y1<i<n.

Also, if n is an odd integer, we have

_ 0\° _
[(Re’,11Rg"’n)z](n+l)/2,(n+l)/2= (5) +o@m™h,

as n — oo uniformly over Bg <6, ] < Bi. Hence, writing m, = [(n + 3)/2], we
obtain

1 1, 2
—ul(R; )\ R5,)"]

o) n 1 N\ 6
== 3 (R Rs,) i + ;@) Lmn = (0 +3)/2) + 0D,
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as n — oo uniformly over Sy < 6,6 < ;. Consequently, it follows from
[(RyLR; %) j=0@)  Vj=n—1n,

2) n—2
" Z [(Rg_,lllRé,n)Z]i,i = 0(1),

i=my,

that
1 —1p. \27_
(R, R; )1 = 0(1),
as n — oo uniformly over B9 <0, 6 <p. O
APPENDIX B

Fori =1, 2, we define

_ ToTp[w 2 — 6u? +4ut) + (1 —u?)?]

C .
Li T u?[(b+ o ju)ey — T—qu]
wf_zfo(l — u2)2 ‘f()f() — 7171
ul(b+ t_qu)a; — t_qu)? T_qut
T o7 1 [w3 — 8u? + 5u*) + (1 — u?)?] wi_oT_1(1 — u?)?
T qul(b+ Tt )y — T_1u] [(b+ t—jw)a; — T_qu]*’
~ w2 —3u +uS)[w@ — 6u’ 4+ 4u*) + (1 — u?)?]
2= 2t ul[(b+ t_qu)a; — t_qu]
w22 =32 +u®(1 —uH?  wio2 — 3u? +ub
2u[(b+ 1_1u)a; — 1_1u)? 2t qu*
w(l —u?)t_ 7 w(l —3u* 4+ 2u®)7_,
T_qul(b+ t_juw)o; — T—_1u] T_qu’ ’
c - Tooulw(l —4u? +3u®) + (1 —u®?] wr_u?t_o(1 —u?)?
7 ’
3.1 ! b+t 1w)o; — 11U [(b+1_1u)o; — T_1u]?
o, it | Eafolw(l - 4u 4 3u®) + (1 — u?)?]
ST e T3 [(b+ Toju)e; — T—qu]

wt_17_2To(1 — u?)?
T u[(b+ 1wy — T qu)?

Tty ToaToa[w(3 — 8u? + 5u®) + (1 — u?)?]
_ut T_ul(b+ t—u)a; — 1_1u]

wi_oT_o(1 — u?)?
[(b+t_1u)o; — T_u]?’
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wi_1 (2 —3u? + u®)
Csi=

’

2t qut
N wi_2(2 —3u? + u®)[w(l —4u? + 3u*) + (1 — u?)?]
21wl [(b + toju)a; — T qul
w252 = 3u? + u®)(1 — u?)?
2u?[(b+ t_u)a; — T_1u)?

wi_27_o(1 —u?)? w(l = 3u*+2u®%7 5
_ - ,

T_u[(b+ t_qu)a; — t_1u] T_1U
Toout_i[w(l —4u® +3u®) + (1 — u?)?]
b+1_1u)o; — 11U
Tt w2 = 6u” 4 4ut) + (1 —u?)?]

b+t o —t_1u

Cei=1_1T—1 — ToT—2 +

wT_u?t_o(F_1] —uf_n)(1 — u?)?
[(b+ t—ju)a; — T—ju]?

Toou w2 — 6u? + 4u™) + (1 — u?)?] wr 1t (1—u??
70.

’

Cr; =
i [(b+T_1w)o; — T_1u] [(b+ 11w —T_1ul?
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