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This article develops, and describes how to use, results concerning
disintegrations of Poisson random measures. These results are fashioned
as simple tools that can be tailor-made to address inferential questions
arising in a wide range of Bayesian nonparametric and spatial statistical
models. The Poisson disintegration method is based on the formal statement
of two results concerning a Laplace functional change of measure and
a Poisson Palm/Fubini calculus in terms of random partitions of the
integers{l, ..., n}. The techniques are analogous to, but much more general
than, techniques for the Dirichlet process and weighted gamma process
developed infnn. Statist. 12 (1984) 351-357] and4nn. Inst. Statist. Math.

41 (1989) 227-245]. In order to illustrate the flexibility of the approach, large
classes of random probability measures and random hazards or intensities
which can be expressed as functionals of Poisson random measures are
described. We describe a unified posterior analysis of classes of discrete
random probability which identifies and exploits features common to all
these models. The analysis circumvents many of the difficult issues involved
in Bayesian nonparametric calculus, including a combinatorial component.
This allows one to focus on the unique features of each process which are
characterized via real valued functiolmsThe applicability of the technique

is further illustrated by obtaining explicit posterior expressions for Lévy—
Cox moving average processes within the general setting of multiplicative
intensity models. In addition, novel computational procedures, similar to
efficient procedures developed for the Dirichlet process, are briefly discussed
for these models.

1. Introduction. Let N denote a Poisson random measure on an arbitrary
Polish spacéy characterized by its nonatomic sigma-finite mean intensity,

E[N({dw)] =v(dw).

That is to sayN is a discrete random measure such that, for disjoint4etsd B,
N(A) is independent oV (B). Additionally, for each bounded sd&, N(B) is
a Poisson random variable with finite me&fN (B)] = v(B). Following Daley
and Vere-Jones [7]V takes its values in the space of boundedly finite measures,
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say M, equipped with an appropriate sigma-figRi{.M). Denote the law ofV

as #(dN|v). Additionally, BM('W) denotes the collection of Borel measurable
functions of bounded support a#i. The class of nonnegative functionsBv (‘W)

is denoted aBM_ (W). The law ofN is also uniquely characterized by its Laplace
functional given by

1) £N(f|v)=/ e_N(f){/’(dN|v)=exp<—/w(1—e_f(w))v(dw))
M

for each f € BM (W), whereN(f) = [ f(w)N(dw). Note that the Laplace
functional is well defined for all positive functions. For additional information,

see [22], Chapter 12. The Laplace functional, (1), will play a fundamental role
in our analysis. An essential part of our presentation involves extensions of the
following well-known disintegration for a joint measure of a pofite ‘W andN:

(2) NEW)P@AN|v)=P(AN|v, W)E[N@W)]=P(dN|v, W)v(dW),

where E[N(dW)] = [, N(dW)®P(dN|v) and L (dN|v, W) is a conditional
distribution of N, given a pointW, and coincides with the conditional law of the
random measure

N + 8w,

whereN is P (dN|v) andW is a fixed point. The result in (2) is equivalent to the
Fubini theorem

@ [ | [ swmnaw|ravm=[ | [ cwmeaniv,w v,

for each measurable positive or integrable functgnAdditionally, from the
definition of 2 (d N |v, W), the following change of measure formula holds:

/w [/M g(w, N)P(dNlv, w)]‘)(dw)
:/ / g(w, N +8,)P(dN|v)v(dw).
wJIM

Within the framework of Palm calculus, the disintegration (2) is well known
and may be found in [21] or [7], wher@ (dN|v, W) is an example of a Palm
distribution. The representation (2) has been used extensively in a variety of
important applications in probability; see, for instance, [35]. However, its use has
been absent from the Bayesian nonparametrics literature. Note thai\siisagot
a random probability measuré& (dN|v, W) does not have the interpretation of
a posterior distribution. However, the use of (2) is already enough to derive the
posterior distribution of a variety of proper random probability measures when
n=1.

Random measures based on Poisson processes play an important role in spatial
statistical analysis and Bayesian nonparametric statistics. In this work we will

(4)
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introduce a methodology we calPRaisson process partition calculusthat provides

a unified treatment of the otherwise formidaptesterior analysis of such random
measures. The idea appears in the unpublished manuscript of James [18], which
discusses a variety of applications. Here, we will present a streamlined discussion
which focuses specifically on methodology to deduce key properties of general
classes of random probability measures and random intensities, analogous to those
which make the Dirichlet process (see [13]) an attractive process for Bayesian
non- and semi-parametric analysis. The methodology consists of two components
which will be described in more detail in Section 2. The first component is a
Laplace functional/exponential change of measure formula for Poisson random
measures, which can be seen as a form of functional exponential tiltiespcrer
transform. The second is an extension of (2) in terms of partitions of the integers
{1,...,n}. One function of this extension is to allow one to bypass otherwise
complex combinatorial arguments. In order to show explicitly the flexibility of our
methods, we describe large classes of random probability measures in Section 1.1
which can be expressed as functionals of Poisson random measures. Additionally,
in Section 1.1.1 we describe the structures of interest that are analogous to those
for the Dirichlet process. Section 2 describes the elements of the Poisson process
partition calculus. Section 3 discusses how to use the results in Section 2 to obtain
the posterior analysis of the class of models described in Section 1.1. Section 4
presents a more explicit posterior analysis of a class of Lévy moving averages
or hazard rates subject to a multiplicative intensity model. We also show, briefly,
how this analysis leads to the development of computational procedures analogous
to those used in Dirichlet process mixture models. Section 5 presents the formal
details of the proof of Proposition 2.2.

1.1. General discrete random probability measures and related concepts. Let
h denote a strictly positive jointly measurable function@nx M. One may define
a general class of random probability measurespn ‘W as follows:

(5) P(dw) =h(w, N)N(dw),

whereh is chosen such thaty, 2 (w, N)N(dw) = 1. The precise conditions dn
may also place restrictions an Note, however, that countable additivity &f
automatically follows from the additivity property of integrals with respecito
Formally, we will consider random elemenig,, ..., W,,| P which are i.i.d. with
distribution P and P is defined in (5) with law, say?(d P|v), determined by

a Poisson random measuiée with law £ (dN|v). This gives a decomposition
of the joint distribution of (W, P). We are interested in identifying explicitly
the disintegration of this joint distribution in terms of the posterior distribution
of P|W, sayr (d P|W), and the exchangeable marginal distributioMbfjiven by

(6) []‘[P(dWi)}P(de)=n(dP|W)/M[]"[P(dwi)}f(dpw).
i=1

i=1
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In principle, the most difficult task is, of course, to obtain a clear expression for
the posterior distributionr (d P|W). This can be formidable for = 1 and due

to obvious nonconjugacy, and other issues to be discussed below, becomes more
difficult for generalz. However, explicit expressions for the marginal distribution
and the posterior distribution are naturally linked. Hence, it is instructive to
examine more closely the marginal distribution. By de Finetti’'s theorem, it is
evident that the structure

(7) PAW|v) := |: P(dWl-):|ZP(dP|v)
[T

is exchangeable. Itis a general analogue of the Blackwell and MacQueen [5] Pélya
urn distribution. Moreover, this distribution is such that the random vedfor
possibly consists of ties and hence, the posterior distribution itséfP|W),

also depends on ties. This suggests, as is natural for exchangeable structures (see
the discussion in [25]), that the characterization of these quantities can involve a
substantial combinatorial component. Here we discuss decompositions of (7) in
terms of random partitions of the integers induced by these ties.

1.1.1. Random partitions, EPPF, marginal distributions. 1t is clear that there
is a one-to-one correspondence betw®érand (W*, p), where, using notation
similar to Lo [30], W* = (W], ..., W,j(p)) denotes the distinct values a¥
andp = {C1,...,Cyp)} Stands for a partition ofl,...,n} of sizen(p) <n
recording which observations are equal. The number of elements ijthheell,
Ci=1{i:W= W;“}, of the partition is indicated by;, for j =1,...,n(p), so
that Z?f{ ej =n. When it is necessary to emphasize a further dependenge on
we will also use the notatioa; , := ¢;. It follows that the marginal distribution
of W can be expressed in terms of a conditional distributionAgp, which
is the same as a conditional distribution of the unique vaMggp and the
marginal distribution ofp. The marginal distribution op, denoted asr(p) or
ple1, ..., eqp)), is anexchangeable partition probability function (EPPF), that is,
a probability distribution orp which is exchangeable in its arguments and only
depends on the size of each cell. The best known case of an EPPF is the variant
of the Ewens sampling formula (ESF) associated with the Dirichlet process with
total mas® > 0, given as

., = I'(e;),
en(p) ro+n) jl:[l (e)

8) polet, ..

which was derived by Ewens [12] and Antoniak [3]. The EPPF can be interpreted
as the distribution of the configuration of ties (clusters) among \Whe To
understand this relationship further, note that, analogous to the case of the Dirichlet
process, one can define the following probabilities relevant to (7). Suppose that
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W,+1 is a newly observed variable. Then the probability Wat, 1 is distinct from
the valuesV, givenp, is

©) P(Wyp411s Nnew|p) = qo,n = ple1 €n(p) )’
ple1, ..., enp))

and forj =1,...,n(p), the probability thatV, 1 = W;F, givenp, is

pler,....e;j+1,... . enp)
plet, ..., enp))

It is known that, for the case of (8), one has, =6/ + n) andg;, =

ej/(® + n), which are the probabilities associated with the Chinese restaurant
process (see [38], page 60) and the Blackwell-MacQueen prediction rule. In
principle, one can use the probabilities in (9) and (10) to generate samplep.from
according to the EPPF, via a generalized Chinese restaurant process. See [15] for a
discussion. However, we point out that, in general, unlike the case of the Dirichlet
process, these probabilities are not the probabilities, 5y, 1 = W]’.“|W) for
j=1,...,n(p), which correspond to the appropriate prediction rulégf_1|W.

Rather, the following relationship holds: fgr=1, ..., n(p),

(10)  PWps1=WIp) =qjn =

P(Wyq1= W;-"Ip) = /wn(m P(Wyy1= W;‘IW)n(dW*Ip),

where 7 (dW*|p) denotes the distribution ofW|p in terms of the unique
valuesw*.

REMARK 1. The general EPPF concept is described in [36—39], where a
variety of applications are discussed. The notafignwill be used to denote the
sum over all possible partitions of the integéis...,n}. A general discussion
of the marginal structureB(dW|v), such as that presented here, does not seem
available. In the language of the theory of random measi@sV |v) is also seen
to be thenth moment measure a?. That is, one can use it to obtain the integer
moments ofP and related quantities.

2. Poisson process partition calculus.  So far we have pinpointed the type of
structures we would like to obtain. However, what is missing is a systematic and
easy mechanism to get at explicit expressions for these quantities. The idea of this
paper is to focus on the utilization of (partition based) disintegration results related
to the joint measure aW, N) given by

(11) []‘[ N(dWi)}‘P(th)) = P(dN|v, W) fM [ I N(dWi)}J’(th)).
i=1

i=1
The quantity (11) is not a proper distribution. However, it is this general form
on the left-hand side which appears, explicitly or in augmented form, in all the
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models that will be discussed. The right-hand side, similar to that of (6), consists
of a conditional distribution ofV|W, £ (dN|v, W) and a sigma-finite marginal
measure ofv,

(12) M(dW|v)=/ [HN(dWi)}f'(th)),
M1

which behaves in many respects like an exchangeable urn distribution and,
importantly, can be expressed in terms @¥*, p). These quantities are direct
extensions of (2). The main purpose of this section is to describe two results
concerning the Poisson process and the disintegration of (11) which are fashioned
as simple tools that can be tailor-made to address inferential questions arising in a
wide range of Bayesian nonparametric models.

2.1. Badic tools. First an exponential change of measure or disintegration
formulae based on Laplace functionals is given below. This is a simple functional
extension of an analogous result for Lévy processe®anr more generallyR?,
which may be found in [27], Proposition 2.1.3. Such an operation is commonly
calledexponential tilting.

PrRoPOSITION2.1. For each f € BM (W) and each g on (M, B(M)),
/ e(N)e VD PANv) = £1v(f|v)f g(N)P(dN|e T v),
M M

where P (dN|e~/v) is the law of a Poisson process with intensity e~/ )y (dw).
In other words, the following absolute continuity result holds: e NP (dN|v) =
Ly (fIv)P(dN|e/v). Theresult extends to any nonnegative measurable f such
that [, (1 — e~/ ®)v(dw) < oo.

PrROOFE By the unicity of Laplace functionals for random measuresn
it suffices to check this result for the cagéN) = e~ V™ for h € BM_(W).
It follows that

[ NI p@n) = nir) [ VD py@n),
M M

where, for the time beingPs denotes some law oN. Simple algebra shows that

Ln(f + hlv)
Ly (fIv)

and, henceps(dN) = P(dN|e~/v). The extension holds by the same argument,
sinceLy(f|v) >0. O

/ e NWp(dN) =
M

Now, while indeed it is possible to use (2) repeatedly to analyze many of the
models discussed in Section 1.1, such an analysis does not circumvent the need
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for what might be formidable combinatorial analysis. One may note, for instance,
the nontrivial arguments used by Antoniak [3] to derive (8). With this in mind, the
next result, in Proposition 2.2, gives a partition-based representation of (11) which
serves to significantly simplify such derivations for more general models. We will
delay a proof of Proposition 2.2 until Section 5. First, we formally identify the
law 2 (dN|v, W) appearing in (11) as a conditional distribution 8f given the
pointsW, which is equivalent to the law of the random measure
n(p)
*
(13) Ny =N+ dw:.
j=1
whereN is £ (dN|v) independent of the pointd/. Note, by definition, for any
measurable functiogon W x M, that® (d N |v, W) satisfies the following change
of variable, as in the case far= 1:
n(p)
(14) / g(W, N)P(dN|v, W) = / g(W, N+Y ij)ﬂ)(de).
M M . :
j=1
Using (14), it follows that the conditional Laplace functionaldfwith respect to
P(dN|v, W) is

e
/e_N(f)?(dN|v,W):[ne_f(wj):|/ e NP P@EN)
M . M

J=1

(15)
n(p) .
=Ly(flv) [Te "M,
j=1
We now present the formal partition based disintegration of (11).

PROPOSITION 2.2. Suppose that (W, N) are measurable elements in the
space W" x M having the joint measure in (11), where N is a Poisson random
measure with sigma-finite nonatomic mean measure v. Then the following dis-
integration holds:

n n(p)
[HN(dW,-)]!P(lev) =P AN, W) [[v@W),

i=1 j=1

where P (dN|v, W) corresponds to the law of N determined by (15) and is
representable in distribution as (13). The moment measure is expressible via

conditional moment measures as

n(p) n n(p;i-1)
M@W|v) =[] v@dW}) = v(dW1) H[u(dW,-) + > aw_;f(dw,-)],
j=1 i=2 j=1
where n(p;_1) isthe size of the partition p;_1 of {1,...,i — 1} encoding the ties

between Wy, ..., W;_1.
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One can combine Proposition 2.1 and Proposition 2.2, yielding the following
useful result which will be used in Section 4.

PROPOSITION 2.3. Suppose that (W, N) are measurable elements in the
space W" x M, where N is a Poisson random measure with sigma-finite
nonatomic mean measure v. Then for each nonnegative measurable f such that
Joy (L — e~/ )1 (dw) < oo, the following disintegration holds:

[]’[ N(dW,-)}e_N(f)?(dNW)

i=1

n(p)
= Ly(fINP@Nle v, W) [T e/ PP v@wy).
j=1

M(dWle fv) = ]'[;f(:pi e_~f(W7)v(dW;") is the nth moment measure of a Poisson
random measure with intensity e~/ v (dw).

PROOF  The proof of this result follows by first applying Proposition 2.1 to
get

{1‘[ N(dW»}e‘N(f)f(de) = £N<f|v>[1"[ N(dWi)}J’(lee_fv),

i=1 i=1

Conclude the result by applying Proposition 2.2 with/ @ v(dw) in place
of v(dw). O

3. Formal Bayesian methodology. We now describe how to use the results
in Section 2 to obtain desired results for models such as (6). First define

rn(p) T
W) = [T Wy M1 {2 @n v, W)
L j=1 i
16
(16) rn(p) 7
=/M [[(h(WF, N: 1 | P@N|v).

Lj=1 J

Then an application of Proposition 2.2 yields the following result.

THEOREM 3.1. Let P denote a random probability defined as in (5), where
N is a Poisson random measure with intensity v. Let W = (W1, W, ..., W,,)
denote a vector of random elements on a Polish space W such that Wy, ..., W, |P
arei.i.d. with distribution P. Then the following results hold:
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(i) The posterior distribution of N|W, w(dN|v, W), corresponds to the
conditional law of the random measure

n(p)

(17) Ni=N+Y oy,
j=1

where now 7*(dN|W) = [, (W)]™ 1"(afN|v)]‘[”(p) [A(W*, NJ)]% isthe condi-
tional law of N, in (17),given W.

(i) The posterior distribution of P|W is equivalent to the conditional
distribution of the random probability measure

n(p)
Pdw) =h(w, Nj)N} (dw) =h(w, NN dw) + Y (W, N)dwr (dw),
j=1
where thelaw of N|W isz*(dN|W)
(iii) Thejoint exchangeable marginal distribution of W is given by P(dW|v) =
Y (W) H"(p) v(d W*) Additionally, the EPPF derived from the marginal distrib-
ution of W is expreeableas

n(p)
(18) plet,....enp) = / o Y (W) l_[ v(dwy).

PROOF The key point to note is that, sinc® is a functional of N,
results for the joint distribution ofW, P) follow from the corresponding joint
distribution of (W, N). From (6), the joint distribution ofW, N) is expressible as
(TT7_1 AW, NI _1 N(dW;)]1P (dN|v). Applying Proposition 2.2, along with
the identity[[_; A(W;, N) = 1'[" ®) 1 [A(W, N)]%/, the joint distribution ofW, N)
can be expressed as

n(p) n(p)
(19) [ [rwr, N)]ej]?(lev, W) [T v@w.
j=1 j=1

One now only needs to apply simple Bayes rule to obtain an expression in terms
of the posterior distribution oV |W and the marginal distribution &. Formally,

to obtain the marginal distribution &, one integrates ow in (19), yielding

the form of P(dW|v) in (iii). The expression in (18) is then evident. Now, since
¥, (W) > 0, it follows that the posterior distribution aV|W is 7(dN|W) =
[w,,(W)]‘l 1‘[”('0) [h(W* N)I¥1P(dN|v, W). Statement (i) now follows by the
change of measure formula (14). That is, the posterior Laplace functivmfis

n(p)
f e_N(f)JT(dN|W) — |:/ —N(f) *(dN|W)i| 1_[ e f(W )
M M

j=1
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Statement (ii) follows from the fact thaP(dw) = h(w, N)N(dw) and the
representations of the posterior distribution\W in statement (i). O

REMARK 2. Statement (ii) describes the posterior distributio® iV via the
distribution of P determined byr*(d N|W). As one application, the prediction
rule of W,,+1|W can be readily computed as

PAW,1W) = [ Pr@Wasn)m* @N W),
M

3.1. Discrete random probability measures defined by completely random
measures. The random probability measures defined in (5) are actually a bit
different than the random probability measures commonly used in Bayesian
nonparametrics. In particular, as we shall show, the clag®ntains augmented
forms of, say, the Dirichlet process or Doksum’s [8] neutral to the right processes.
In Bayesian nonparametrics many random probability measures are actually
functionals of completely random measures (see [23, 26]), sadefined over
a Polish spac&. The class of completely random measures contains, for instance,
the gamma process and the random hazard processes discussed in [14]. Completely
random measures, ignoring fixed points of discontinuity, are representable in a
distributional sense as functionals of Poisson random measures. We now describe
this construction. Specify¥ = ¢ x Y, whereg = (0, oo). Additionally, for points
w = (s, y), N(ds, dy) denotes a Poisson random measure with mean intensity

E[N(ds,dy)] =v(ds,dy) = p(ds|y)n(dy).

Furthermore, it is assumed thatandn are selected such that, for each bounded
setBin Y,

(20) /B /g min (s, ) p(ds|y)n(dy) < .

Now define a random measuyre on ¥ such that it may be represented in a
distributional sense as

21) p(dy) = /g sN(ds. dy).

Following Daley and Vere-Jones [7], the condition (20) guarantees;ihiatin

the space of boundedly finite measur@sequipped with an appropriate sigma-
field, B(M). If p does not depend om, then u is said to be homogeneous.
Furthermore, ifY = (0, co0), thenu is sometimes called a subordinator. That is
to say, a nonnegative Lévy process with stationary increments. Similar to the
definition of P in (5), one can define a general class of discrete random probability
measures ofY as

22) Pu(dy) = q(y. w(dy) = q(y. ) fg sN(ds, dy),
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wheregq is a strictly positive measurable function such tifatis a well-defined
random probability measure. Note that the second representation in (22) reveals,
via a natural augmentation, a class of random probability measures sory
defined as

(23) Pu(ds,dy) =q(y, w)sN(ds,dy).

That is to sayPM(ds, dy) defined in (23) is a special case of (5) with the choice of
h(s,y, N) =sq(y, ).

Now setW; = (J;, Y;) fori =1,...,n points ing x Y and denote the unique
values asW;.“ = (Jjn, Y;.") for j = 1,...,n(p). Additionally, define a random
measure

00 n(p)
iy = [ 7SN = )+ 3 by ).
0 j:l J
Noting the form in (23), it follows that fow/ = (J,Y),

n(p)
Y3, Y) = [ I1 ij;z}pnu, Y),
j=1

n(p)
whereg, (J,Y) = /M{ [la(y;, Mi)]ef}/’(lev).
j=1

Additionally, lets= (s1,...,s,) and (sy, ..., Syp),») denote the arguments of
J = (J1,...,J») and the collection(J; ,), respectively. These facts lead to the
following result.

THEOREM3.2. Let P, denote a random probability defined asin (22), where
N isa Poisson random measure on 'W = ¢ x Y, with mean intensity v(ds, dy) =
p(ds|y)n(dy).LetY = (Y1, Yo, ..., Y,) denote a vector of random elements on Y
such that Y1, ..., Y, | P, arei.i.d. with distribution P,,. Then the following results
hold:

(i) The posterior distribution of N|Y corresponds to the conditional law of
the random measure N, = N + Z’}(:p{ (Sjj,y;, where the conditional law of N in
this representation, given J, Y, is

n(p) A
T*(dN|J,Y) = [¢u(J, Y)]_l[ ]_[ [q(Y7, MZ)]EJ}P(G-’NIV)-
j=1
Additionally, the distribution of J|Y is P(@J|Y. v) o ¢x (3, V) [T1P} J 7% p(d ] ]
Y¥). The law of wi(dy) = [5° sN, (ds,dy), given Y, determined by the law
of N¥|Y, corresponds to the posterior distribution of «|Y.
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(if) The posterior distribution of P, |Y isequivalent to the conditional distrib-
ution, given Y, of the random probability measure P, (dy) = q(y, ;) i, (dy).

(i) PY ) = [[g000 @n(8. V) T}y 7,0 (s 1l YDITT} ) n(dY}) s the ex
changeable marginal distribution of Y. The EPPF derived from the marginal dis-
tribution of Y is expressible as

n(p)

(24)  plet,....enp) = /g ¢n(SY) QSff,lp(de,nly}f)n(dyjf)-
j:

n(p) 5 Yn(p)

PrROOF First note the representatign(dY;) = fg JiN(dJ;,dY;) for i =
1,...,n. Augmenting the joint distribution afY, P,) by J yields the distribution
of (J,Y, P,). Noting thatW = (J, Y), and using the identitj]_, J; = l_[';(:pi J/e’n
the posterior distribution ofV|J,Y and, hence, that oft and P,, follows
directly from Theorem 3.1. Similarly, the joint distribution dfY is given by
statement (iii) of Theorem 3.1. This in turn yields the distributiongd|df andY .
The distribution ofP, follows from the fact that, (dy) = 4 Py (dy,ds). O

REMARK 3. The results in Theorems 3.1 and 3.2 serve the purpose of
exploiting the common features of many random probability measures. This in turn
allows one to avoid otherwise cumbersome intermediate arguments and focus on
the unique features of each process. That is to say, similar to parametric Bayesian
results obtained via classical Bayes rule, one will often require a finer analysis
which now, given the results in Theorems 3.1 and 3.2, depends on exploiting the
specific features of andv.

REMARK 4. If one setsp(ds|y) := p(ds) such that/;” p(ds) = oo, and
specifiesn(dy) to be a probability measure, then the choicé6f, y, N) =s/T
for T = f5° JysN(ds,dy) = u(Y%) yields the homogeneouBoisson—Kingman
random probability measures. This class has been discussed in varying generalities
and contexts in, for instance, [18, 24, 35, 38—40]. The Dirichlet process with total
massé arises by the choice qf(ds) = 8s~1e~* ds. Using this choice, one can
recover (8) from (24) or (18). More generally, using this choicé obne obtains
the EPPF given by Pitman [39].

REMARK 5. James [20] shows that Doksum’s [8] neutral to the right
processes can be obtained by the choicé©f y, N) = se= 20, for (s, y) in
[0,1] x (0, 00), where Z(y—) = [y J$° I <yy[—log(1 — u)IN (du, dx), where
now p(ds|y) is a Lévy measure of, 1] andn is modeled as a cumulative hazard.
The work of James [20] is an example of the type of refined analysis mentioned in
Remark 3.
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REMARK 6. One may define analogues of Dirichlet process mixture models
(see [30]) by mixingP or P, with a known density or probability mass function.
The posterior analysis of such models follows as a simple consequence of
Theorem 3.1 or Theorem 3.2 and Fubini’s theorem. In particti@\V |v) plays
the role of a mixing measure, in analogy to the Blackwell-MacQueen distribution.
A further generalization of these types of models is given in [33]. However,
structurally such models are more closely related to models we will describe
in the next section. That is to say, their analysis does not follow directly from
Theorem 3.1 or Theorem 3.2.

4, Multiplicative intensity modds and L évy—Cox maoving averages. Sim-
ilar to Lo and Weng [32] (see also [10]), one can define random hazard rates or
spatial intensities on a Polish spakeas

(25) Axl) = /y k(e y)(dy) = /y /0 k(x[y)sN(ds, dy),

wherek(x|y) denotes a known positive measurable kernel on a Polish spacy
assumed to bg-integrable ovef). Additionally, & is chosen such that, for a sigma-
finite measurer on X and each bounded s&t, [ k(x|y)t(dx) < oo for each
fixed y. Under this condition one may define a random cumulative intensity for
each bounded sét as

(26) f% | [ ktalyyean ey

The models (26) are also known as Lévy—Cox moving average models as discussed
in [41, 42]. The models (25) can be used to model intensities of counting process
models, or hazard rates of distribution functions. In particuldx; ¥ (0, co), then

one can define a random densjtyas

(27) FxA) =e 2O(x) = S(x[MA(x),

where A(x) = [y A(v)dv = fy[f(;‘ k(v|y)dvlu(dy) is a cumulative hazard and

S(x|r) := e~ 2™ is the survival function denoting the probability that a random
variable X1 > x. We, of course, assume that(co) = oo. We will provide a
detailed posterior analysis of the general class of Lévy moving averages assuming
a multiplicative intensity likelihood, which we now describe. Suppose, as in [2],
that, for eachi =1, ..., m, and fixedu, there is an independent counting process
with mean intensityA(x)U; (x), whereU;(x) is a predictable process which is
observable. We discuss some specific interpretations of this function below. Under
this assumption the counting processes correspond to classes of multiplicative
intensity models as discussed in [1]. Jacod [17] (see also [2, 32]) showed that the
likelihood of such counting processes is absolutely continuous to the likelihood of
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Poisson process models. Here,ox m, we work with the multiplicative intensity
likelihood with a random intensity (25) which can be represented as

(28) LXlp) =0 T [ kivoucar).
i=17%

whereg,, (y) =>4 [x Ui(x)k(x|y)t(dx) and, hence,

1(gm) = /X[Z U,-<x>}x<x>r<dx).
i=1

Note that throughout we assume thatand (U;) are chosen such that, is

in BM4(¥%). The model (28) suggests that there afe, ..., X, completely
observed points and —n points, sayX,,11, ..., X;;, which are partially observed.
Meanwhile,Y = (Y4, ..., Y,) can be viewed as missing data. The multiplicative
intensity likelihood captures a large variety of models which appear in event
history analysis. For example, ¥ = (0, co) and one set#/; (x) = I{x,>x}l{xeB;}

for a random seB; independent ofX;, then one can use this to model various
censoring mechanisms. Specifically, settihg= [0, D;] for a random variablé®;
corresponds to a right censoring model. An extension to left truncation and
right censored models is given by the choiBe = (V;, D;], where V; is a
random variable almost surely less th@an (see [2], Section 111.2). On the
other hand, setting_;" ; D;(x) = 1 leads to the likelihood of an inhomogeneous
Poisson process with mean intensity)t (dx). Before proceeding to the posterior
analysis, we first describe some more details about the special case of the class of
random distributions defined by (27).

4.1. Random hazard rates and densities. Some specific examples of kernéls
used to define hazard ratésinclude the Dykstra and Laud [10] kernel, which
corresponds t@(x|y) = I{y<x}, where it follows that

t
K(tly) = / k(xly)dx =(t — y)I;y<;; and
0
(29) o
A(1) =/0 (t = V) iy<pypu(dy)
for t > 0. This choice ofk generates the family of nondecreasing hazard rates.
Dragichi and Ramamoorthi [9] establish the consistency of this class of random

hazard rates under wide choices pf If one chooses an exponential kernel
k(x|y) =e™*7, then

K(tly) = /0 e dx =y Y1—e) and A() = /0 Ty - ey

As discussed in [32], this induces hazard rates which are completely monotone.
See [34] for a variation of this model. If one is unsure of the shape of the hazard,
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then one can use any of the convolution kernels that one finds in classical kernel
based density estimation, where, foe= (m, o) € (—o0, 00) x (0, 00), a fairly
simple choice is the rectangular ker&k |m, o) = Ijjx—m<o}. Se€ [16, 32, 41,

42] for various choices ot on the real line and for spatial models. Notice that
for a random variabl& the quantityi(¢) represents the hazard ratefofyiven u,

that is,

AMO)dt =Pt <T <t+di|T >1, ).

Note, however, that the quantify{A(r)] does not have the interpretation as a prior
specification for the hazard rate. For instance, in the case of the stable law of index
O<a <1, o0ne has

0 1 B
E[M0D)] = [% k(1) ELu(dy)] = /y k<r|y>[ / Rt “ds}n(dw:oo,

and we see that it is possible thafi(r)] = oo for all z. It follows that to

appropriately evaluate the marginal hazard rateT¢ofone needs to first find
the distribution of x or N, given T > ¢t. Setting U1(x) = Ijx<;;, We have

g1(y) = /6 k(x|y)dx := K(t|y). Hence, settingi(s, y) = g1(y)s, it follows that

S(t|x) = e~ NUD and an application of Proposition 2.1 gives

S()P(dN|v) = P(dNle V) E[S((1) )],
where
E[S(t10)] = Ly (fa]v) = e~ fy o Ame Dp@sindy)

denotes the marginal survival function Bf The quantity (d N|e~/1v) denotes
the law of a Poisson random measure with mean inteasit§f /1) p (ds|y)n(dy)
and represents the posterior distribution\fl’ > ¢. The marginal hazard rate is
obtained as

EMO|T >1t]= /Mx(t)f(dme—flu)

— / k(r|y>[ f e—m"”sp(dsm}n(dy>.
y 0

In the stable case the marginal hazard rate becquk(;t|y)[K(t|y)]°“1n(dy).
Noting the specifications for the Dykstra and Laud kernel in (29), in the stable
case withn(dy) = dy, the prior predictive hazard rate and survival function are

roo(tIDL)=a 2% and Soq(r|DL) = e~ Y@@ttt

which corresponds to a Weibull distribution. We now show that a likelihood
for this model based on right censored data is a special case of (28). Suppose
that Ty, ..., T,|u are i.i.d. random variables with densitf(z|1). Then their

joint density can be expressed HS_; f(T;|A) = [1/_1 S(THA(T;). If there are
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additionally7,, 11, ..., T,, random times which are right censored by random times
Dyi1,..., Dy, thatis, Ty > D; forl =n + 1, ..., m, where we assume that the
distribution of the censoring times does not depengpthen the likelihood ofx
based om completely observed times amd — n right censored times takes the
form

m n m n
(30) [ I1 S(DZM)]]"[SGAA)MT»:[HS(min(Ti,Di)M)}]‘[m),
I=n+1 i=1 i=1 i=1
where we setD; = oo for i = 1,...,n. Setting U;(x) = Ii1;>x}I(x<p;} =

Iix<min;, D)) fori =1,...,m, one can write
m
[ S(min(z;, Di)|x) = e HEm,
i=1

where, in this caseg,, (y) = X7; Jo" %P0 k(x|y) dx. Hence, it is not difficult
to see that (30) is a special case of (28) witlg,,) = >/ A(Min(T;, D;)).

4.2. Posterior analysis of Lévy moving averages. We now show how Proposi-
tion 2.3 is used to obtain the posterior distributional properties of the class of Lévy
moving averages under the multiplicative intensity model. Here we actually focus
onu. The approach used has similarities to that of Lo and Weng [32] in the case of
weighted gamma processes. The analysis proceeds, as in the proof of Theorem 3.2,
by introducing a suitable augmentation and then establishing the appropriate re-
sults for N. First, settingfx (s, y) = gm(y)s, it follows that N (fx.m) = (gm)-
We now provide some notation which will be used in the description of the poste-
rior distribution. Throughout we assume, for integera and fixedy, the condi-
tion

o0
(31) Kz(e‘f"""ply)=/ sle™8n S p(ds|y) < co.
0
Define C(X) = Y [T'%) fyl[Ticc, k(Xi[y) ke, (e~ /m ply)n(dy). Additionally,

for j =1,...,n(p), define distributions of the unique jumgs,,, each depending
on a corresponding ¥, as

Se/'e_gm(y-;ﬂ)sp(dﬂY’-k)
(32) P(Jjn €ds|Y}) = — L
Kej (€ TkmplYT)

Using Proposition 2.3 and straightforward algebraic manipulations, that is, an
appeal to Bayes rule, one arrives at the following description of the posterior
distribution of 1, givenX and related quantities.

THEOREM 4.1. Let u(dy) = [5° sN(ds,dy) denote a completely random
measure on a Polish space Y with law determined by the law of the Poisson
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random measure N with mean v(ds, dy) = p(ds|y)n(dy) on ¢ x Y. Suppose
that X|u has the multiplicative intensity likelihood specified in (28). Then the
posterior distribution of | X can be described in terms of the posterior distribution
of ulY,X mixed over the posterior distribution of Y|X, which is described as
follows:

(i) The posterior distribution of N|Y, X is equivalent to the conditional law
of the random measure N, (ds.dy) = Ny, ,(ds.dy) + Y%} 8 Syt (ds,dy),
where conditional on (J,Y, X), Ny, isa Poisson random measure with intensity

(33) E[Ny,, (ds,dy)]=e tnSVv(ds, dy) = e 80 p(ds|y)n(dy),

not depending on (J; ,). Additionally, given (Y, X), the (J; ,) are conditionally
independent of Ny ,, and are mutually independent with each J; , having the
distribution depending on Y specified in (32).

(i) Satement (i) impliesthat w|Y, X is equivalent to the conditional distribu-
tion, given (Y, X), of the random measure

n(p)

o0
W (@) = [N (5. dy) = g, (@) + 3 Ty @),
j=1

where conditional on Y and X, ug, (dy) := [5° sNg . (ds,dy) is a completely
random measure with Lévy measure specified in (33). Additionally, the (J; ,) are
conditionally independent of i, .

(ii) If A isarandom hazard rate or intensity defined in (25), then its posterior
distribution, given (Y, X), is equivalent to the conditional distribution of the
random measure

n(p)
A () = fy KWy (@) + 3 T k(XY D).
j=1

(iv) The conditional distribution of Y|X can be expressed via the conditional
distributions of Y|p, X and p|X as follows. The distribution of Y|p, X is such
that the unique values of Y, Y7, ..., Y, are conditionally independent with
distributions

(34) P@Y]Ip,X):=m(dY}|C)) [ I k(XiIY}")}Ke_,- (e oY (@Y?).

lGCj

7(PIX) = [COOTTE) fy[TTice, k(Xily)ke, (e~ im ply)n(dy) isthe posterior
distribution of p|X. '

PrRooOF Similar to the proof of Theorem 3.2, we work with an (augmented)
joint distribution of (X, N). Removing the integrals i (X|x) and making ap-
propriate substitutions, it follows that a distribution(@f Y, N, X) is proportional
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to

(35) e N Uim) [ [Tk |Y,~)J,} [ [[N@s, in)}y)(de).
i=1 i=1
Using the identity [T, k(X;|Y;)J; = H’}f{[]‘[iecjk(X,-|Y;.“)]Jj€f;l", combined
with an application of Proposition 2.3 to (35), shows that the joint distribution
of (J,Y, N, X) is proportional to

n(p)
LN fem V)P (AN e Temy, 3,Y) ]_[{ I k(X,-|Y;<)]

j=1lLieC;

(36) & —g (VO . .

x e 8 o (d T Y Y,
where P (dN|e fkmy, J,Y) corresponds to the conditional law, giveh Y, X),
of the random measur€; , (ds,dy) = Ny, , (ds,dy) + Z?(:pi ajj,n,y;ﬁ (ds,dy) de-
scribed in statement (i). The distribution &ify, X is then obtained by integrating

out N in (36) and applying Bayes rule, using the finiteness condition (31). A sim-
ilar procedure yields the distributions ¥fX. O

REMARK 7. Note that the law ofVy, . is also determined by first applying
Proposition 2.1 to (35) to obtain
e &) PAN|v) = P(AN|e e v) Ly (frmV).

See [20] for a similar type of calculation for spatial NTR processes. Notice also
that, conditional onJ, Y, X), the dependence @Y, (and N, ,,) on X is only
through the functioryy .

REMARK 8. The marginal distribution of |X can also be written as

(37) m(dY|X) = [C(X)]_1|: 1_[ k(Xi|Yi):| MM(lee_fk,mv)’
i=1
where
i n(p) .
My (@Y|e femy) = Ixe; (e_fk'm,olYf)n(de)
(38) =

= /M [ I M(dY,-):| P(dN|e Temy)
i=1

assumes a role analogous to the Blackwell-MacQueen Podlya urn distribution
in Dirichlet process mixture models. This viewpoint becomes important when
designing computational procedures.
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REMARK 9. James [19] gives results for semi-parametric weighted gamma
process mixture models under more complex multiplicative intensity structures,
that is, for cases where the kerrietlepends on a Euclidean parameterand 8
has prior distributionr (dB). A careful examination of that work, coupled with the
results given here, provides an obvious way to obtain the corresponding result for
the general processes, via a straightforward application of Bayes rule. A notable
wrinkle is that the Laplace functionals will depend pnand, hence, one does not
have the cancellation of the semi-parametric versios& of fi . |v). A discussion
of this is omitted for brevity. See [16] for further details in the case of the weighted
gamma process.

4.3. Posterior intensity rates and predictive hazards. Similar to the case of
Dirichlet process mixture models, many posterior quantities can be expressed in
terms of functionals of the missing valu¥sor the partitionp. For example, the
posterior intensity rate depends upon the posterior meagmn.ferom Theorem 4.1,
it follows that the posterior mean @f| X, Y is given by

n(p)
(39) Ely m@IX, Y1 =ra(e™em ply)n(dy) + 3 ELJ;ul Y 18y1(dy),
j=1 '
where
Kora(eimplY sy 5o sertle 0D p(ds|y )
Eljal¥f]= =2 D _do J

e (7 mplY7) oo yeie s YD p(duyE)

The quantity (39) is also the conditional moment measure Qf given (Y, X).
Using these expressions, we obtain the following generalization of Lo and Weng
([32], Theorem 4.2).

COROLLARY 4.1. Theorem 4.1 implies that the posterior expectation of the
intensity (25),given X and Y, is

n(p)
EL @)Y, X] = /:y k(xly)ki(e ™o ply)n(dy) + D k&Y HEjalY])
j=1

and, hence, the posterior expectation given X is
E[M(x)|X] = Z( [g k(x|y)es(e™Tem|y)n(dy)
p

n(p)
+ZAk(xly)E[Jj,nIy]n(dyICj))JT(DIX)-
j=1

Note, importantly, that a predictive hazard rate is definef[ag X, 1)|X].
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REMARK 10. Corollary 4.1 shows that the posterior mean for the intensity
rate can be estimated from Monte Carlo draws involving gngndY *. Thus, in
problems where inference focuses on estimating the intensity, there is no need to
draw values from the posterior @f. From a computational perspective this can
greatly simplify algorithms.

4.4, Monte Carlo procedures. Ishwaran and James [16] show that efficient
sampling schemes used to approximate the posterior distributional properties of
Dirichlet process mixture models can be applied with some modification to sample
the posterior distribution of mixtures of weighted gamma processes in the present
setting. A key point was to note the similarities between the distributiovi| &f
for Dirichlet process models relative to the Blackwell-MacQueen urn and (37)
in the case of the weighted gamma process. Lo and Weng [32] and Lo, Brunner
and Chan [31] also exploited this idea. Here we note that the explicit expression
of (38) and its description in Theorem 4.1, for general procegsesiows one to
extend some of these procedures. First note that if one wants to safxplene
can obtain a draw fronY|X and then draw from the distribution @f} , [X,Y
described in (ii) of Theorem 4.1. Here we give some ideas on how to sample
from Y|X, noting that steps such as draws framiY, X are natural additions.

For brevity, we only sketch out some details, focusing on identifying the relevant
probabilities, as one can deduce the operational formalities either from [15, 16]
or other relevant cited works. Note that (38) is thdn moment measure of a
completely random measure with Lévy measure specified in (33). That is, (38) is
the nth moment measure qf,,, described in (ii) of Theorem 4.1. It follows

that (38) can also be represented via its conditional moment measures [see (39)] as

n—1
k(e emplypn(@yy I |:Kl(€_fk’m/0|Yr+1)77(dYr+l)
r=1
n(pr) Kite; (e_fk,mp|Y"k)
+ = L Sys(dY,41) |,
12::1 Ke,-,,(e_fk~’"p|Yf) T
wherep, = {C1,, ..., Cyp,),} IS the partition of{1, ..., r} encoding the ties in
the firstr observationsy, = (Y1,...,Y;) ande; , is the cardinality ofC; ,. In

order to simulatey from (37), one can construct an analogue of the Pdlya urn
Gibbs sampler of Escobar [11] or sequential importance sampler (SIS) of Liu [28]
by working with a density constructed from[A(x)|Y, X]. These procedures are
duals. We first describe the idea for the SIS procedure. This procedure samples
Y1,...,Y, sequentially based on the conditional densitiesyfer0,...,n — 1,

”(pr) . *
o 1 (V%)
(40) P(Yr+1edy|vr,x>=—j ldy)+ Y L
r

j=1

Syx(dy),

Cr
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where., (dy) o k(X,y1]y)k1(e”/emp|y)n(dy) and
lo, = fy k(Xyaly)kate T ply)n(dy)

and

Kite;, (€7 Tom p|YF)

i, (YH =k(X Y¥ .
],r( /) ( r+l| j) Kej’r(e_fk~'np|Yj’.k)

Furthermore¢, = 1o, + Z;f(:p{) lj,,(Yj’."). The importance weights for this scheme

are ]"[f;% ¢. Now, forr =0,...,n — 1, letY_(11), denote the collection of
n— 1 random variables determined by removing1 from (Y1, ..., Y,). Ageneral
analogue of the Pélya urn Gibbs sampler for generdting. ., ¥, is implemented

by drawing valued’, 1 from the probabilitie® (Y, 11 € dy|Y _+1).n, X) for r =
0,...,n—1. These probabilities are defined analogously to (40), wHegg; 1) »)
plays the role ofY,.. See [16] for more details in the case of the weighted gamma
process.

As in the case of Dirichlet process mixture models, the SIS and Gibbs
sampling procedures described above are attractive as one does not need to
perform complex integration. However, if integration is manageable, then, due
to a Rao—Blackwellization argument, it is generally better to apply the following
new variation of the general weighted Chinese restaurant algorithms discussed
in [15, 31]. We will describe an SIS procedure which has a dual Gibbs sampling
procedure analogous to the collapsed Gibbs samplers. The key to the procedure is
to generate partitiong based on probabilities defined using firedictive hazard
rate. Thatis, forr =0...,n — 1, define

n(p)
1) =lo,+ )Y L,

j=1

wherel; , = fy l;,r(y)m(dy|Cj ). The distribution (dy|C; ) is the distribution
for the jth unique value, giverT; ,, defined similarly to (34). The special case
whenr = 0 corresponds to

10) = fy k(X1ly)a(eTm ply)n(dy).

By Corollary 4.1 it follows that(r) is the predictive hazard rate givef, ..., X,

and p,. From this, it is possible to define a sequential algorithm to generate
an importance draw fop from the posterior. The method can be described in
terms ofn customers who enter a restaurant sequentially, similar to the class
of WCR algorithms. However, now the role played by the EPPF for random
probability measures in such algorithms is replaced by cumulantsrising

from Lévy measures. The first customer is seated to a table with probability
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1(0)/1(0) = 1. Now at step- + 1, given a configuratiop, = {Cy1,, ..., Cup,).r}

of the integerd1, ..., r}, one determines the partitign} 1 by noting whether a
customerr + 1 sits at a new table or sits at one of the existing taldlgs for
Jj=1,...,n(p,). The seating rule is defined as follows. To seat customerl,

sit him at an occupied tabl€; , with probability Pp, +1|p,) = l(r)‘llj,,, where
Pryr=p-U{r+1eCj, }for j=1,...,n(p,). Otherwise, customer+ 1 sits at

a new unoccupied tabl€, p, 1) with probability PXp, 11]p,) = 1(r)~ o, where
Pry1=Pr U Cyp,+1)- After n customers are seated, the algorithm will yield a
partition p = {C1, ..., Cyp)} of {1,...,n}. By James ([18], Lemma 2.3), this
partition has density (p) satisfying

n(p)
LP)g@P) =]] / [ I1 k(xny)]xe_,,,, (e~ Temply)n(dy),

j=1 ieC;
whereL(p) =[]'_4/(r — 1). In other words, for any integrable functiop),

St LP)G(P)
X) = .
2P = = ®

Thus, ¢(p) is an importance density for drawing posterior valygswith
importance valued.(p). This fact, combined with Theorem 4.1, now suggests a
method for approximating posterior quantities from the multiplicative intensity
model:

1. Drawp = {C1, ..., Cyp)} from g(p). Condition onp and drawY;.k indepen-
dently fromn(deﬂCj) forj=1,...,n(p).

2. Use the value foX¥ from step 1 to drawu from p|Y, X. That is, drawu from
the random measure,,, + Z?(:p{ Jjndys.

3. To approximate the posterior law of a functiogél.), run the previous ste®
times independently, obtaining valug$” with importance weightd. (p®),
forb=1,..., B. Approximate the lawr{g(n) € -|X} with

Y B Heg(u®) e JL(p®)
S8  L(p®)

To approximate functions of the fornip), for instance E[A(7)|X], then step 2
can be eliminated and estimation is based on

Y B  t(p®)L(p®)
SB L Lp®)

REMARK 11. Note that the main difficulty in step 2 is to approximate a
draw from u,, . There are several methods discussed in the literature. See, for
instance, [4, 6, 42] for some possible ideas and further references in the general
setting.




POISSON PROCESS PARTITION CALCULUS 1793

We next present some explicit examples of the posterior distributipnbztsed
on the results in Theorem 4.1.

4.4.1. Generalized gamma process. Brix [6] proposes an interesting class of
measures by specifying to be a generalized gamma random measure. Using the
description of Brix [6], these arg processes with Lévy measure

Pa.p(ds) = ﬁs_“_le_bs ds.

The values fore and b are restricted to satisfy @ « <1 and 0< b < oo or
—oo < a <0 and O< b < oo. Different choices forr andb in p, ; yield various
subordinators. These include the stable subordinator when0, the gamma
process subordinator when= 0 and the inverse-Gaussian subordinator when
o =1/2 andb > 0. Whena < 0, this results in a class of gamma compound
Poisson processes. Nieto—Barajas and Walker [34] provide analysis for a random
distribution function on(0, co), as in (27), wheré is an exponential kernel and
whereu is modeled as a weighted version of a gamma compound Poisson process.
This turns out to be an inhomogeneous variation of a subclass of the models of
Brix [6] with « = —1 andb = b(y) in BM(¥Y). The weighted gamma process
considered in [32] corresponds to the choiceref 0 andb = b(y).

The posterior distribution oft, given (X, Y), is equivalent to the conditional

distribution of the random measuyg,,, + Z'J’f{ b+ gm(Yj’.*))_lGj,nsyf, where
g, 1S aninhomogeneous generalized gamma process with intensity
1
'l—ow)

and(G|,,) are independent gamma random variables with seape- o« and unit
scale. It follows that the conditional moment measure is

E[1f @)X, Y11= (b+ gn ()" n(dy)

n(p)
+ 30+ gn () (e — @by (dy),
j=1 |

e—(gm()’)‘i'b)ss_(x_lds ﬂ(dy)’

The joint moment measure §f can be expressed as

n(p) F(e in— Ol) n(p) —(ein—a)
M (AY | o btg,n) = |: 1—[ ﬁ} l_[ b+ gm(Y}k)) jon n(dY;‘),
j=1 j=1

which, if b = b(y), generalizes an expression for the weighted gamma process;
see [19, 32]. Note that, for=0,1,...,n — 1,

lo, = [y K(Xr119) (b + gm ) n(dy)
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and
k(Xrgal V)

L=
0= G gy

— ).

4.4.2. Smoothed spatial beta process. Given the conjugacy properties of the
beta process when used as a cumulative hazard prior in [14] under right censoring,
it is natural to think of a smooth version of this process to model hazard rates.
This is in analogy to smoothing the Nelson—Aalen estimator. Here we allow an
extension tar = (Y1, Y2) € (0, o0) x Y2 by specifying

p(ds|y1) = C(yl)s_l(]_ — S)C(yl)—lds

and writing n(dy1, dy2), where ¢ is some positive function. Note, however,
that the posterior behavior is quite different in this context than in [14]. The
measureu,, corresponds to a completely random measure with Lévy measure
c(ype 8nss=1(1 — 5)c0V=1ggn(dy1, dy,) and, hence, is not a beta process.
Additionally, the distribution of/; ,, is

e_gm(y;t)ssej*”_l(l _ S)C(ij)_lds

P(JjalY}) =

’

](:)L e—gm(y;‘)uuej,,,—l(l _ M)C(ij)_ldu

where the normalizing constant depends on the Laplace transform of a beta
random variable evaIuatedg,L(Y;k). In other words, it is related to thenfluent
hypergeometric function

1F1(¢jn, e(Y1 )+ €jons —gm (Y]))
T +ejn) 1
F(e(Y{ ;)T (ejn) Jo

For some simplification, hereafter we getqual to the constat Then it follows
that one can writé[w;, ,,(dy)|Y, X] as

—gm(Yj‘)uuej,n—l(l _ M)c(ij)—ldu'

1
0 [/ e &8s (1 s)e_lds]n(dy)
0

N <Zp> ejn 1Fiejn+1.0+ej,+1, —gm<Y;-k>)8Y* ).

and the joint marginal measund,, (dY [e~fmv) is

n(p) n(p)
I'(e;j )l (0)
H L H 1F1(ej,n, O+ejn, —gm(Y}k))n(dY}").
j=1 I'(ejn+6) =1
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5. Proof of Proposition 2.2. In this section we present two results which
when combined lead to a proof of Proposition 2.2.

PROPOSITIONS.1. Supposethe (W, N) are measurable elementsin the space
W x M having the joint measurein (11), where N is a Poisson random measure
with sigma-finite nonatomic mean measure v. Then the following disintegration
holds:

[HN(dW,-)]J’(th))
(41) =1

n(Pi-1)
P(dN|v, W)v(dWl)H[v(dW)—l— > SW*(dW)]
i=2 j=1
where P (dN|v, W) corresponds to the law of N determined by (15) and is
representable in distribution as (13). The statement implies that M (dW|v) =
v AWD [T_olv@W) + X505 = @ W),

PROOF First note the equivalence fof (dW |v) follows by integrating outv
in (41). The result proceeds by induction. The casenfer 1, (2), is true. Now
assuming that the result is true foe= r, it follows that

r+1
{ ]_[ N(dWi)]J’(lev) =N(@W;41)P(@N|v, W, )M (dW,|v),
i=1
which implies the form oM (dW, ;1|v), and, hence, it remains to show that

n(pr)
N@W,4)P@NJv,W,) = ?(dNIV,WrH)[V(dWrH) + > SW;(dWr+l)i|-
j=1

First, for functionss and f in BM_ (W), note that, by a change of measure,

f/s(w)e_N(f)N(dw)J’(de,Wr)
(42)

n(pr)
[H e/ ﬂf gV ™MD PN ),
M

where g(N)}) = [y s(w)N, (dw) = [y s(w)N(dw) + Z”(p’ s(W*) Applying
Proposition 2.1 to the right-hand side of (42) shows that the expressions in (42)
are equal to

n(pr) n(pr)
£N(f|v)|: [Te’™ )} U / s(w)N(w)P dNle  v) + Z s(W; )}

j=1
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It follows that the conditional Laplace functional &%, givenW, 1 := (W,, W, 1+1),
relative toM (dW,11|v), is determined by the expression

n(pr) n(pr)
oCN(flv)[ I e_f(Wf)} [/Ws(Wr+1)e_f(W’+1)v(dWr+1) + > s(W}")}.
Jj=1 j=1

Now define a functiom(W, ;1) to bee~/Wr+1) if W, 1 is not equal to any of the
{(Wi,..., W:(p,)} and is set to be one otherwise. Then, sincis nonatomic, it
follows that

n(pr)
| s Wi (W) [v(dwrﬂ) + 3 b (dWrH)]

j=1
= [ sWoane /O @W ) + 3 s W
j=1

Hence, the conditional Laplace functional of, given W,,1, with respect
to M(dW,11|v) is

n(pr) n(Pr+1)
(43) £N(f|v)[1‘[e—fW?‘)}(er):ocN(fw)[ I1 e—f<W.7>},
Jj=1 j=1

as desired. O

The next result, which builds on Proposition 5.1, establishes the partition
representation oéf (dW|v).

ProPOSITION5.2. For i = 1,...,n, let g; be nonnegative functions in
BM(W). Then

n n(p)
(44) fM[Q /) gi(wi)N(dwi)}fP(dNIV) = Zp:,l:[l fw[ I g,-<w;‘f)]v<dwjf>.

ieCj
Equivalently, M (dW|v) = [T} v(dW?).

PrROOE The proof of (44) proceeds by induction. Case 1 is obvious. Now
suppose it is true fon = r. Let p,41 denote a partition ofd,...,r + 1}, and
define, for eachr > 0O,

n(pr)

g (pr) = g[w[ [1 &-(w,-)]v(dw,-).

ieCj,
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It follows that ¢g(py11) IS ¢g(Pr) fop &rra(WIV(dV) i n(pr41) = n(p,) + 1.
Otherwise, if the index + 1 is in an existing cell/tabl€’; ,, then it is equivalent

to e (Pr) [y 8r+1(V)7g (dV|Ci ), Wwhere

[Miec,, & @)Iv(dv)
Jwllliec,, &()1v(dv)
fori =1,...,n(p,). Note that this implies that

g (dv|Ciy) =

n(pr)
S GePrin) = 3 e (Pr) [ | g + b /) gr+1<v>ng<dv|c,-,r>]

Pr+1 Pr
Now, by (simple algebra) and the induction hypothesis dnfollows that

> be(Pri1)

Pr+1

n(pr) r
= /W” [/W gr+1()v(dv) + ]2 gr+1(W;‘)M 1g,-(W,-)]M(dW,h;)_

i=

Now, utilizing the fact that (dW,1v) = [v(dWy41) + X% S (dWr12)] X
M(dW,|v) concludes the proof. Note this last statement relies on the result in
Proposition 5.1. [

REMARK 12. The proof of Proposition 5.2 follows closely an unpublished
proof by Albert Lo for the case of gamma processes. That is, it is an alternative
proof for Lemma 2 in [30] which yields the appropriate partition representation
for integrals with respect to a Blackwell-MacQueen urn distribution derived from
a Dirichlet process. The style of proof exploits properties of partitions similar to
those stated in [36], Proposition 10. Details in the proof of Proposition 5.2 translate
into justifications for generalizations of weighted Chinese restaurant algorithms.
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