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BLOW-UP SOLUTIONS TO THE NONLINEAR SECOND
ORDER DIFFERENTIAL EQUATION o (t) = u(t)?(c1 + cou/(£)7) (1)

Meng-Rong Li

Abstract. In this paper we study the following initial value problem for the
nonlinear equation,

u’(t) = u(t)’(c1 + c2u/ (1)), p, ¢ =1, c1 > 0,¢2 >0,
u(0) = ug, v (0) = uy.

We are interested in the properties of solutions of the above problem. We
have found blow-up phenomena and obtained some results on blow-up rates,
blow-up constants and life-spans.

0. INTRODUCTION

Consider the nonlinear equation

{ u" =uP(cr + e (v (t))7),
u(0) = ug, u/'(0) = uy,

where u? and (u)? are well-definded functions. We are interested in the properties
of solutions of the problem, particularly in phenomena on blow-up, blow-up rates,
blow-up constants and life-spans for p > 1, ¢ > 1, ¢c1+¢c2 >0, ¢; > 0,¢9 > 0.

To gain a rough estimate of the life-span of the solution for the initial value
problem (0.1) below, we reconsider the existence of the solutions of the nonlinear
equation:

0.1 u"(t) = u(t) (1 + e (1)), p=1, ¢ 21, f+3 #0,
©.1) u(0) = ug, u'(0) = uy.
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For p € Q, we say that p is odd (even, respectively) if p = r/s, r € N, s €
2N+ 1, (r,s) = 1 (common factor) and r is odd (even, respectively). Define

N —|u| —|us| + /T — 4K (Juo| — M)}

T} = min ,
K 2K

[ 1
T;:mln{Tf, m},

where N = \ul\ +1, M= "U,Q‘ +1, K = Mp(\cl\ + ‘CQ‘ Nq), ko = qu—lMp7
ki = pMP~! (Jer] M? +|co] N9) and X7 = {u € H2:||u < M , || v/ [|o
<N}, H2:=C?[0,T].

By the standard arguments of existence of solutions to ordinary differential
equations, one can easily prove the following result:

For any initial values ug and u1, there exists a constant T' given as above such
that the problem (0.1) possesses exactly one solution w in X 7.

1\ 1 \P
In particular ¢co = 0 < ¢; we have v/ = c;uP and (¢ 'u | = (P 'u ) .
1 1

We make some notations

2 9 2 1 1
= €1 - - 2 - -
Ey p=ci™t <u% qu+1>7 a(t)=c’'u(t)®, vo=c"ug, vi=cl .

Cp+l
To estimate the life-span of the solution to the equation (0.1), we separate this
section into three parts, £y , < 0, Eq , = 0 and Fq , > 0. Here the life-span
T* of u means that u is the solution of problem (0.1) and u exists only in [0, T™)
so that the problem (0.1) possesses the solution u € H2 for T' < T*. We have
considered the cases :

(i) Er, »,<0,a (0) >
(ii) By, ,<0,a (0) <
(iii) E1, =0, a’ (0) >
(iv) E1, , >0, @ (0)> >4a(0)Ey, , (v) By, , >0, @ (0)* = 4a (0) By, ,

and u; > 0 (vi) 1, , > 0, @ (0)* = 4a(0) By, ,, ug < 0 and p is odd
and obtained some results on the blow-up time, blow-up rate and blow-up constant

[1,5]. Here we discuss the problem (0.1) in two parts: ”c; = 0 < ¢2” and "¢ >
0,0 < co”.

Part L. ci1=0 < ¢
In this part we study the following initial value problem for the nonlinear equa-

tion,

(0.2)

u(t) = cgu/ (1) "u(t)?, p, ¢ =1, 2 >0,
u(0) = ug, u'(0) = uy.
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We are interested in properties of solutions of the problem, particularly in phe-
nomena on blow-up, blow-up rates, blow-up constants and life-spans. In next sec-
tion, we separate ¢ into three parts, 1 < g < 2, ¢ = 2 and ¢ > 2. And we find the
blow-up time, blow-up rate and blow-up constant of u. Define

_ 1 1 —|ua| + v/u} + 2 |ca| MaNP 1
T= — -1 14 —
mm{\ul\’ o] MIN®’ o] MIN¥ IR TR

where N = |ug| +1, M = |u1| + 1, az = |ca| gNPM9~! and

Xr={ueH2:|ul|w< N and ||t [co< M}.

By the standard arguments of existence of solutions to ordinary differential
equations, one can easily prove the following result:

Theorem 0.1. For any initial values wy and uy, there exists a constant T' given
as above such that the problem (1) possesses exactly one solution u in X 7.
1. FUNDAMENTAL LEMMAS

For u; = 0, the solution u of problem (1) must be constant. For u; # 0 and
t € [0,T*), where T* = inf{t > 0 : u/(t) = 0}, we have the relations between ()
and u/(t).

W(1)279 = (2 - g)(——u(t)PH + E(0)) for g # 2,

(1.1) B(0) = w2 C2p Zpil
2=~ pr1 0
and
In [u/ ()] = <]%u<t>p+1 + E1(0)) for ¢ =2,
(-2 E1(0) = Infug | — —2—u2*,

p+17°

Lemma 1.1. Suppose that f € C[tg, 00) N C?(tg, o0), f(to) >0, f'(te) <0
and f"(t) < 0 for t > to. Then there exists a finite positive number T > t such
that f(T) = 0.

Proof. Since f € C'[tg,00) and f(t) < 0 for t > t, we obtain that f'(t)
< f'(to) < 0 and f(t) < f(to) + f'(to)(t — to). Hence there exists t; > ty such
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that f(¢1) < 0. By the continuity of f in [ty, 00), there exists T" € (¢, ¢1) such that
f(T)=0. n

Lemma 1.2. Suppose that u is the solution of (1). If ug >0, co > 0,u; > 0,
then u(t) > 0,u'(t) > 0,u"(t) > 0 for t € [0,T), where T is the life-span of u.

Proof.  Suppose that there exists a positive number ¢( such that u'(¢y) < 0.
Since u € C? and u; > 0, there exists a positive number ¢;, defined by

t; = inf{t € (0,o] : v/(t) = 0},

such that «/(t1) = 0 and «/(t) > 0 for ¢t € [0,¢;]. For t € [0,1], w/(t) > 0, we
have w(t)? > 0, u”(t) > 0. Therefore, u/(t;) > uy; > 0. This result contradicts
with u/(t1) = 0; hus we conclude that u/(t) > 0 for ¢t € [0,7). Together the
equation (1) and the continuities of u, v’ and ", the lemma follows. ]

By Theorem 0.1, there exists the unique solution to the (1) on [0,7), where T'
depends on the initial values as follows

, 1 1 — |ur |+ +/u}+2|co| MNP 1
T = — -1 14+ —
(o, 11) mm{\ul\’ e MaN®’ o] MNP DR Vg

and N = |ug|+1, M = |u1|+1, a3 = |ca| gNPM9~1. The function T'(ug, u;) has
the following monotonicity property.

Lemma 1.3. If uo < u and u; <uj, then T'(up,u1) > T(ug, ui).
Proof. Let N* = |ug| + 1, M* = |u}| + 1, o = |co| gN*PM*T7L,

(1) If T(up,u1) = then by w1 < uj, T'(ug, u1) > —

1
Jua]” i

(2) If T'(ug,u1) = =1+ (/1 + —, using the fact that u; < uj, p,q > 1, we
have o > a3 > 0,

> T (ug, ui)-

*

1
T(ug,uy) > -1+ /14 o > T(ug, uy).
3

1
3 IfT S
(3) (uo, ua) | co | MONP’

p>1, ¢ > 1, we obtain that M*? > M9 and N*P > NP, Thus

then by the conditions ug < ug, u; < uj and

1 * *
T'(ug,u1) > o] MFTN-P > T'(ug, u).
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— Jur | +y/ui+2] e | MNP
4) IfT =
(4) (1o, ) | o | MINP

uy < uj, it follows that M*? > M9, N*P > NP and

, then from up < wuj and

2

lui| + /u12 + 2 [co| MINP
2

>
]+ 3 ui® + 2 es] MNP

T(ug,u1) =

> T (up, ui)-

Lemma 1.4. Suppose that u is the solution of (1) for q € [1,2]. If u exists
locally and t7 is the life-span of u, then u blows up att = t1*.

Proof. Assume that lim,_,,.— u(t) = M < oco. By (1.1), (1.2) and ¢ € [1, 2],
we have

_1

Cco 2-q |
2 — _MPYL 4+ E(0 f1< 2
lim (1) = <( ‘”<p+1 HEO)) Hsas
t—>tT_

C2 1 .
e —= _MPT 4L E(0)) ifqg=2.
P <p+1 1 )> I

Now we consider the following differential equation
v"(t) = cav' ()T (t)P),
0(0) = u(ti™),v'(0) = u'(t]7).

Let v(t) be the existing unique solution to the above equation on [0, 7). Since
u(t;™) and o/(¢77) are finite, so T, > 0. Let

u(t) if t € [0,t77),
u(t) = o
vt =) ift e [t7, 6 + Ty),
the problem(1) can be solved beyond the time ¢, *, this contradicts with the assump-

tion of ¢1*. Therefore, u blows up at ¢t = ¢1*. [ |

We would use the following two lemmas can be proved in a similar way as
Lemma 5.1 and Lemma 6.1, for the fluquency for the writting, we postpone the
proofs to Lemma 5.1 and Lemma 6.1.

Lemma 1.5. Suppose that u is a positive solution of problem (1) and that
ca >0, up >0, ug >0. For 1 <q <2, u(t) and u'(t) blow up simultaneously;
and so does u". For q > 2, u/(t) and u" blow up at the same time.
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Lemma 1.6. Suppose that u is the solution of (0.1). Ifug > 0,u; > 0 and co >
0, then u(t) > 0,4/(t) > 0,u”"(t) > 0 for t € [0,T), where T is the life-span of u.

According to the similarity, the proof of the lemma 1.7 below will be postponed
to Theorem 8.1.

Lemma 1.7. For q > 2, if u is the solution of (0.1) and co > 0, ug > 0, uy >
0, then uP*1 is bounded by ™ + (p + 1) u} %/ (¢ — 2) co.

2. BLow-UP PHENOMENA OF u

To discuss blow-up phenomena of u with u; # 0, we separate this subsection
into three parts 1 < ¢ < 2, ¢ > 2 and ¢ = 2. We have some blow-up results.

Theorem 2. Suppose that u is the positive solution of (1) and co > 0, ug >
0, uy > 0. Then

(I) for q € [1,2), u blows up at finite time t = T'11 for some finite real number
T11 > 0, further, we have

lim (T —1t) Pigzlu(t) = <w> ~ e <(2 — q)c—2> p+_ql—1.

t—T], 2—q p+1

(II) for g = 2, then u blows up logarithmically at finite time t = T 15 and

1
, 1 1 2 )Vﬁ
lim [ —— | rFlu(t) = .
t—T55 <—IH(T12—t)> () <p—|—1

(IIT)for q > 2, if u is the positive solution of (1) and co > 0, ug > 0, u; > 0,
then w is bounded in [0,T), where T is the life span of u.

Remark 2. If we don’t restrict ourself to the positiveness of the solution u to
the equation (1), then we also have the following blow-up results:
If w is the solution of equation (1), q € [1,2] and one of the followings is valid:
(1) piseven, gisodd, c2 >0, up <0, ug <0, u) >0,
(2) pisodd, ¢ is even, ca > 0, uyg <0, uy <0, uy <0,
(3) piseven, giseven, c; <0, up <0, ug <0, uf) >0,
(4) pisodd, ¢ is odd, ca <0, up <0, ug <0, uf) <0,
then u blows up in finite time.
For a given function w in this work we use the following abbreviations

a(t) = u(t)?, J(@#) = at)™, m = % (L - 1) .

2—q
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Proof of Theorem 2. Suppose that u is a global solution of equation (1).
(I-1) For ¢ = 1, ¥’ (t) = cou/ (t)u(t)?P, by (1.1) and lemma 1.6, we obtain that

u(t) 1
dr =t forallt >0
| g

and
u(t) > ug for t > 0.

Using the fact that - 77+! + E(0) > 0 for r > o, we get

dr < dr forallt >0
L, mrro” s,

0 0

and then

dr > li dr = lim t.
/uo ST B T ey, SHT R e

uo

1
I%rpﬂ + E(0)
conclusion with the above last estimate. Hence we can conclude that u only exists
on [0, T71), where T7; is the life-span of u. By Lemma 1.4, we obtain that u blows
up at t = T1;.

(I-2)Forl <g< 2, m= %(QITq — 1) > 0, and we claim that there exists a
finite time 777 > 0 such that J(711) = 0. According to Lemma 1.5, we find that
v’ and u blow up simultaneously. Thus u € C?[0, T, where T is a blow-up time
of u. By (1) and Lemma 1.6,

Since the integral fuog’ dr is finite, this leads to a contradictory

W' (1)1 =(2—q) < C_E 1u(t)p+1 + E(O)) for all ¢t > 0.

By direct computation, we obtain that

J/(t) _ —ma(t)_(m+1)a’(t) _ —ma(t)_(m+1)2u(t)u’(t),
a’(t) = 2u/(t)? + 2cou/ () Tu(t)PTL

—9 (1 + QL) o' (£)2 + 2u/ (1) (ﬂu(t)pﬂ - E(O))

—q p+1

and

a(t)d"(t) = % (1 + ﬁ) d' (t)2 + 2a(t)u/ (1) (%uu)pﬂ - E(O)) .
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Hence we have
J"(t) = —ma(t)~ M+ (a(®)a”(t) — (m + 1)d'(t)?)
= —ma(t)" ™D 2a () (£)? (%uu)pﬂ - E(O)) .

With the help of Lemma 1.6, u(t), u/(t),u”(t) > 0 for all ¢ > 0, and there exists a
finite time ¢; > 0 such that

bca 1
u(ty)P — E(0) > 0.
et - () 2

Herewith, J(t1) > 0, J'(t1) < 0 and J”(t) < 0 for ¢t > t;. These and Lemma
1.1 imply that there exists a finite positive number 777 > ¢; such that J(771) = 0.
Thus u blows up in finite time. This leads to contradiction and we have shown that
u exists locally and by Lemma 1.4, u blows up in finite time.

(I-3) We estimate the blow-up rate and blow-up constant. Set ¢ = p;ﬁj. By
some calculations on (1) using L. Hopital’s rule we obtain

| i (2 - o) G2rurt + B()) ™
hmt_)T11 T 1~ hmt_)T11 1 MORE
1
ptg—-1 cg \ %
(2-4)
2—q p+1

Thus

lim (T — )T u(t) = (M) e ((2 . q)c—2> =

t—T;

(I) For ¢ = 2, assume that u is a global solution of (1). By (1.2) and Lemma
1.6,
C2
In|o/(t)] = —=—u(t)P™! + E1(0) for all ¢t > 0.
()] = = + Ba0)
Since u(t), u/(t) blow up simultaneously (by Lemma 1.5), u € C?[0, T13), where
T15 is blow-up time of .

Let K(t) = a(t)~!, then
K'(t) = —a(t)2d (t) = —2a(t) 2u(t)u'(t)

and

()= a(t)"® (a0 () -2 (0) ==a() 20 (5 (1 + can(ule)) —2).
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By Lemma 1.6, u(t),/(t),u”(t) > 0 for t > 0. Hence there exists ty > 0 such
1

that u(t) > (%) P41 fort> to and 3 (1 + cou(t)u(t)P) —2 > 0 for t > to. We
conclude that

K(to) >0, K'(t)<0and K"(t) <0 for t > ty,

thus by Lemma 1.1 there exists positive number T35 such that K (T72) = 0 and u
blows up at time ¢ = T7o. This result contradicts with our assumption that v is a
global solution of problem (1). Therefore u can exist only locally. By Lemma 1.4,
u blows up in finite time. After some computations we get

u(t) P ()

. _ _ _(p+1) = i —

hmt_)Tl_2 In (Tho — t) u(t) hmt—>T12 (p+ 1) (T2 —t)
I i P RO Rl
= lim,_ p+1 '

Using (1), we obtain u”(t) = cou/(t)*u(t)P and

+)—(p+1)
lim —In (Tj — H)u(t)" P = lim pult) T o
t—T, t—T5; p+1 p+1

(IIT) For g > 2, integrating the equation (1) from 0 to ¢,

. 2—
O AR SR S}
2—-q 2-q p+1 p+1°
For t € [0,T'), by Lemma 1.6, u(t),«/(t) > 0 and
2—q

“ ) — T o

g—2 p+1 p+1
Since that co > 0 and u(t) > 0 for ¢t € [0,T), u is bounded in [0, T"). |

Proof of Remark 2. The arguments are similar to the proof of Theorem 2, we
only mention the case (1).
Let v(t) = —u(t). By the fact that p is even and ¢ is odd, we have v(t)P = u(t)?
and v'(t)? = —u/(t)7. We get

{ v'(t) = —u'(t) = —cou (£)Tu(t)P = cov’(t)%0 ()P,
v(0) = vg = —up, v'(0) = v; = —uy.

Since ug < O,ulé2 > 0,u1 < 0 and p is even, we have vg > 0,v; > 0 and
vy = uf > 0. By Theorem 2 and Theorem 3 below, v blows up, so does u. u
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3. BLOW-UP PHENOMENA OF

In this subsection we come back to the consideration of blow-up phenomena of

Theorem 3. For q > 1, if u is a positive solution of (1) and co > 0, uy >
0, uy > 0, then v’ blows up at time t = Toy. Further, we have

_p+l

lim (Tgl — t) ptq—1 ’U,/(t)
t—Ty,
L —ip+11)
_ 1 2 _ ? pTq—
- (Cz(pp++q1 ) <C21(9+ 161)) 2 > Jor1<q<2,
ol / a1 1 s
lim_ [— 1n(T22 — t)] ptl (T22 — t)u (t) = 65+ <— for q =2,
t—Ty, p+ 1
lim (Ths — )70/ () = (ca(q — Vu(To)P) 7 for q > 2.
t—Tys

Proof. We separate this proof into three parts: 1 < ¢ < 2, ¢ =2 and g > 2.
(I) For 1 < ¢ < 2, by Theorem 2 and Lemma 1.5, u and «/ blow up in finite

time simultaneously. According to (1), L. Hopital’s rule and Theorem 2 we have

1.

() , 62@+q—1)< ( ¢y ) )>:£
Im —2 — Iim =21 | (9_ 2 PR B0 =2

_—p

_aPt+q-1) <02(2 - q)> pre]

p+1 p+1 :

Thus
=(p+1)

P 2 ptqg—1
1l -1 2 — F1
lim (Tyy — t)preT4/(t) = co(p+q—-1) <C2( Q)> P '
t—=T5 p+1 p+1

(Il) For ¢ = 2, using Theorem 2 and Lemma 1.5, then v and «/ blow up in
finite time simultaneously. By (1), L. Hopital’s rule and Theorem 2 we have

lim [—In(Ths — £)]701 (The — £l (¢)

t—>T2_2
=1 _p_
y I%[_ 1n(T22 — t)] pt+l (T22 — t) — [— 1n(T22 — t)] pt+l
= 11m
t—T; —cou(t)?
—1
= ()
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(II) In the case g > 2, let

we have /(1) = —ab(t) " Dy/(t) = ~2ab(t) (D (t)u" (¢) and

L'(t) =—ab(t)~(*+2) %(1 +q) —(a+ 1)) V(1) + 262pb(t)u(t)p_1u’(t)q+2)

= —2pcoab(t) (@t Dy (t)P—1u/ (1) 912,

From Lemma 1.6, u(t) > 0, «/(t) > 0 and u”(¢t) > 0 for ¢ > 0, we obtain that
L'(t),L"(t) < 0 for t > 0. Now we need to check that u doesn’t blow up earlier
than /. By Lemma 1.7, u is bounded. Using Lemma 1.1, there exists a finite
number T5; such that L(T5;) = 0. Since ¢ > 2, we « > 0, we obtain that v’ blows
up at finite time ¢ = T5;.

For ¢ > 2, by (1) and L. Hopital’s rule we have

: u/(t)l_q 1 1(\—q, ! _ P
Jim gy = i (1= () (1) = ey — DT

Thus
1 1

i (T = )70 (1) = (ealg = Du(Tos)") 77 .

3. BLOW-UP PHENOMENA OF

We want to calculate blow-up rate and blow-up constant of u” in the this sub-
section.

Theorem 4. Under the conditions in Theorem 3 suppose that v is a positive
solution of (1). For q > 1, then u" blows up at time t = T3y for some T3 > 0.
Furthermore, for

(I) q €[1,2), the blow-up rate of u” is g(_f;? —|—p(+2q q% and the blow-up constant
is

—1 —(2p+q)

c5+q_1(2—q)p+q 1(p—|—1)p+q 1(p—|—q—1) prqg—1 |

() q = 2, then W blows up logarithmically at time t = T'3y for some T3y > 0 and

tim, o { (~In(Tso — 1) 77 (T — 1)} {(~ 1n (Ti — ) ’T}p W(t)
1=g p(1—q)

— 65+1 (p+ 1) p+1 |
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(IIT) g > 2, then W' blows up at time t = Tsg for some T33 > 0, the blow-up rate
of u” is q_il and the blow-up constant is

1

(q - 1) l‘qu (CQU(ng)p) 1-aq,

Proof.  According to Theorem 3 and Lemma 1.5, «' and «” blow up at the
same time ¢t = T31.

(I) For 1 < ¢ < 2, by Lemma 1.5, u, «/ and u” possess the same blow-up time
. Using (1.1), Theorem 2 and Theorem 3, we conclude that

lim (Ty1 — ¢) Sttt hrat o (1)

t—T,
3.1 a(p+1) , p(2—q)
= lim CQ(Tgl — t) pta—1lq (t)q(Tgl — t) pta—1 ’U,(t)p
t—>T£
-1

—=1_ + —(2p+a)
= T2 - T (p+ )T (p g — 1) T

() For ¢ = 2, using Lemma 1.5, u, ¥/ and u” have the same blow-up time.
Thus T3 is also blow-up time of u and /. By (1.1), Theorem 2 and Theorem 3,
we conclude that

lim{[~ In(Ts — 1)]77 (Tsz — 1)}{[~ In (To — D)7 70" (1)

t—>TSE

= i es{[=In(Tyo — )77 (Tio — )}/ (1){[~In Ty — )] Pu(t)?
1;‘132 p(l1—q)

— Cp+1 (p+ 1) p+1 |

(1IT) For ¢ > 2, by Lemma 1.5, «// and ' blow up contemporaneously in finite
time. Thanks to Lemma 1.6 we have u(¢) > 0 and w(¢)? > 0. Since co > 0,
cou(t)? > 0. By (1) and Theorem 3, we conclude that

lim (Ts3 — )T 1d" () = lim ea(Taz — )T 10/ () Tu(t)?
t—T5, t—T5,
1

=(q— 1)ﬁ(62u(T33)p)ﬂ- n

5. ESTIMATIONS FOR THE LIFE-SPANS

To estimate the life-span of the solution of the equation (1), we separate this
section into two parts, 1 < g < 2 and ¢ = 2. Here the life-span T' of v means
that w is the solution of problem (1) and the existence interval of u is contained
only in [0,T) so that the problem (1) has the solution u € C2[0,T). We have the
following results.
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Lemma 5.1. Suppose that u is a positive solution of problem (1) and that
ca >0, up >0, ug >0. For 1 <q <2, u(t) and u'(t) blow up simultaneously;
and so does u". For q > 2, u/(t) and v blow up at the same time.

Proof. (I) For 1 < g < 2, by (1) we have

W07 = 2= )l + E(0)

(1) First, we claim that if « blows up in finite time, then so does u’. According

to Theorem 2.1, u blows up at time t = 77;. Since limt_)Tl-1 ﬁt) =0, we
have

1
lim ——— =1lim, .-
11y, W (t)* (2 ) (GHu(t)PT + E(0))

1

u(t)ptl

=0.

= lim
_ c E(0
=T (2- 0) (G2 + s

Therefore, lim, .- ——
t—T); u(t

(2) We claim that if «’ blows up in finite time, then so does u. With the help
of Theorem 8.3 below, «’ blows up at time ¢ = T5;. Assume that u doesn’t

blow up at time ¢t = T5;. Let hmt—>T2_1 u(t) = M < co. Then

= 0. Thus, v’ blows up at the same finite time.

lim /()27 = lim, . (2 — ¢)(—2—u ()" + E(0
Jim /(1) iy (2= (P + E(0)

= (2= Q)M+ B(0)) < oo

This result contradicts with the fact that u’(¢) blows up at time ¢ = To;. It
deduces that v blows up at time ¢ = T%;. Combining 1) with 2), we conclude
that u and v/ blow up simultaneously.

(IT) For the case ¢ = 2, by (1.2), we have

In|u/(£)] = —=2

= Hult) + B(0)

(3) We claim that if u blows up in finite time, then so does u’. By Theorem 2.2
and lemma 6.1 below, u blows up at time ¢t = T35 and u(t),u'(¢t) > 0 for
0 <t < Tyo. Since that co > 0 and u blows up toward positive direction,
In |u/| also blows up toward positive direction. Thus u’ blows up at time
t = Tio.
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(4) We now prove that u/ blows up then so does u. Using Theorem 3.1 and
Lemma 1.6, «/ blows up at time ¢t = Ty and u(t), u'(t) > 0 for 0 < ¢t < Tyo.
Assume that u doesn’t blow up at time ¢ = T»;. Set

lim u(t) =M < oo.
t—Ty,

Then

. . C2
lim In v/ ()| = lim - w(®)PT + E1(0
t_’T2_1 ’ ( )’ t—>T21 <p + 1 ( ) 1( )

= (2—9) (%Mp“ + E1(0)> < 0.

This result is contradictory to the fact that v’ blows up in finite time. It
deduces that u blows up at time t = T5;. Together 3) and 4), we conclude
that 4 and u’ blow up simultaneously. Since that v and ' blow up toward
positive direction at the same time and ¢y > 0, u” blows up toward positive
direction.

(IIT) Under g > 2, according to Theorem 8.3 below, i/ blows up at time
t = Ty;. By Lemma 1.7, we obtain that u is bounded in [0,75;), and,
by Lemma 1.6, we have «/(t) > 0 for ¢t € [0, 7). Thus the limit exists,

hmt—>T2_1 cou(t)P. Since ug > 0 and w'(t) > 0 for t € [0,T51), we have
lim, - cou(t)? > 0. From " (t) = cou/(t)%u(t)P, it deduces that v’ and u”
blow up simultaneously. ]

We have the following estimates for the life-span of solution to the equation (1).

Theorem 5.2. Suppose that u is the positive solution of (1) and T is life-span
of u and that T, is blow-up time of u. Under the same conditions as in Theorem
2.1, T is bounded. For 1 < q < 2, we have the estimation

Pt = @2—qE [ (=2t 4 B0y
<Th=(2-q)9 (p_|_17" + E(0))a2dr.
ug

For q = 2, we have

o
1
T <Ty. ::/ dr,
12 w €Xp (P + E1(0))

where E1(0) = In |uy| — I%ugﬂ.

Proof. (1) For 1 < ¢ < 2, using the fact

1

u(t) = ((2 —q) (pcj Cu(t)P T+ E(O))) S Ofort € [0,Th),
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we have

u(t) 1 1
(5.1) / — dr = (2 —q)2-at.
U ¢ 32—
(o)

We claim that 77 < co. By up > 0 and

_2_ptl + E(0) = u +/r (€1 + cosP) ds,
p+1 2—q u

0

we obtain that I%rp“ + E(0) > 0 for r > ug. And it is continuous on [ug, a] for
=1

a > ug. Therefore the function (ﬁrp“ + E(O)) "7 is integrable and positive

on [ug, a] for a > ug. Thus 75 is bounded and T' < T7;.
C2

—=—u(t)P™ + E1(0). Seeing that v’ (t) >

(IT) For ¢ = 2, by (1.2), In|d(¢)| = o

0, we have

ar = 1.

We next claim that T}, < oco. Set f(r) = %rpﬂ + E1(0). Then f'(r) >0
p

for 7P > 0 and f”(r) > 0 for r > 0. So there exists ro > 0, 5 > 0, such that
f(r) > 0 for r > rg. We calculate

/°° 1
uo  exp (—621 rp+l 4 E1(0)>

o 1 > 1
= / dr + / dr
uy  exp (I%rpﬂ + E1(0)> To  exp (I%rpﬂ + E1(0)>

1

Since - is a continuous function on [ug, ro|, the first integrand
exp(p%rp‘*‘l—i—Eﬁ (O))
. c c
is bounded. From exp <—2rp+1 + E1(0)> > %r”l + E1(0) > 0 for r >
p p

+1
1

rg, we obtain that for r > rg. By

<
exp (I%rp—f—l + E1(0)> I%TP—H + E,(0)
f;;o mdr < oo and the comparison test, the second integrand is bounded.
Therefore, 17, is bounded and 7' < T75,. u
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Part II. €1>0,C2>0
6. BLOW-UP PHENOMENA FOR 1 < q < 2

In this section we study the blow-up phenomena of the solution to the initial
value problem (0.1).

Lemma 6.1. Suppose that u is the solution of (0.1). If wg > 0,u; > 0,¢1 >
0 and cy > 0, then u(t) > 0,u/(t) > 0,u”(t) > 0 for t € [0,T), where T is the
life-span of u.

Proof. We only prove lemma 6.1. Suppose that there exists a positive number
to such that u/(tg) < 0. Since u € C? and u; > 0, there exists a positive number

t1, defined by
t; = inf{t € (0,o] : v/(t) < 0},

then u/(t1) = 0,4/ (t) > 0,u(t) > 0 and u”(¢t) > 0 for t € [0,¢;). Therefore,
u/(t1) > wy > 0. This result contradicts with u/(¢1) = 0; thus we conclude that

u'(t) >0 fort €[0,7T),

where T is the life-span of u. Together the equation (0.1) and the continuities of
u, v’ and u”, the lemma follows. ]

For a given function w in this work we use the following abbreviations

- -1
a(t) = u(t)?, J(t) = a(t)™*, k= pT.
Using lemma 6.1 one can easily obtain the following lemmas after some com-
putations:

Lemma 6.2. Suppose that u is the solution of (0.1) and that T 3, is the life-span
of u, then for every c € R,

w @t ()
lim — i lim 10
t—=Ta1*~ u (t)P t=T31*~  (u(t) + )P

/Otu (r)P ! (r) " dr

U (t)p+1

further, for ug>0,u1>0 and ¢y >0, co >0, then lim;_,p, «—
=0 forq>1and
u (r)2_q 2 —

. q
6.1 lim = cy forqe(1,2).
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Lemma 6.3. Suppose that w is the solution of (0.1) and that T 3, is the life-span
of u, then for t € [0,T'31*) we have:

9 t

(6.2) Ey(t) = (t)* — ;ﬁqﬂ ()P = 2¢y /0 w (o (r) T dr = By (0),
6.3) d (t)> =4E5(0)a(t) + Sa, ()P + 8coa / tu (r)P ! () dr

. p+1 0 ’
6.4) a” (t) = 2B (0) + 2u (¢)P 1 (%cl + 2c9u’ (t)q)

+4co fot w (P o (r) T dr
T (1) = rolp, (0)a() "+ -2 3 cpa ()

(6.5)

<u OP ! ()7 + (p + 5) /0 t w (r)P o ()t dr)

To discuss blow-up phenomena of u with u; # 0, we separate this subsection
into three parts 1 < ¢ < 2, ¢q=2and ¢ > 2.
For 1 < ¢ < 2, we have blow-up results.

Theorem 6.4. Suppose that q € [1,2) and u is the solution of (0.1) with
E>(0) < 0,up > 0, up > 0, cg > 0, then u blows up at finite time T3, <
(p—E?{())u—l and the blow-up rate o1 and blow-up constant (31 for u are 229 and

pt+q—1
1 —3__21
_ — 7—q \ P .
<p;€q1 (fﬁ@) q) respectively.

Proof.

Step 1. We prove there exists a bounded positive real number 7' such that
J(T)=0.

By lemma 6.1, 6.3 and E5(0) < 0, we get that w (¢),u (¢),u” (t) are all
positive for t € [0,77), and

J#)<0,J"(t) <0 fortel0,Ty).

_ Using lemma 1.1, there exists 7' such that J(T) = 0 and J(T) < J(0) +
J(0)T,
2u0

T < ——
H=(p-1Dw



616 Meng-Rong Li

Step 2. We compute the blow-up rate and blow-up constant for u.

For ¢ = 1, ¥’ (t) = u(t)P(c1 + cou(t)), a1 = %; using lemmas 6.2, 6.3, we

obtain that
_1 "(t
lim (77 —t) () s = lim Ll)l
t—T35~ t=T37" aqu (t)' Fo1
u@®)’(c1+eu'(t) _ p

= lim T = ca.
ST (T4 aq)u(t)a o/ (p) PTL

Forqg# 1,00 = 1%’ inducing lemma 6.2, we conclude that
1
1 "t 1 /2- 2-q
lm (Th — &) u(®) ™ = lim — O :-( q@) "
=TS =T57 aqu (t)1+a ay \p+1
This means,
L p-?-;gl
—-1/2— 2—¢ -
lim (T — ) u () = 214 ( %2) ’ -
=T 2—-q \p+1

To estimate the blow-up rate of v’ and ", we need the following lemma:

Lemma 6.5. Under the condition of Theorem 6.4 then v’ and u” blow up at
the same finite T3 .

Proof. According to (6.3) and Theorem 6.4 we obtain

1 1
0 < < Vit e [0,T5,),
u’ (t)2 FE (0) + p—?—l cLu (t)p—l—l [ 31
1
0 < lim 5 < lim : =0
-1 (87 -y B2 (0) + Spau (t)”
and
0 < 1 L li L
im = lim
T W () oy w ()P (e +eu (8)7)
1
< lim —=0. u
= T
=T pilclu ()P

Due to this lemma, we have results concerning blow-up rate and blow-up con-
stant for ' and u”.
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Theorem 6.6. Under the condition of Theorem 6.4, then the blow-up rate oo
1

e
P\ pFe=T
/ pt1 ptq=1 (pt1, )P )” .
and blow-up constant 35 of u' are p+q_1and < T (2_q 62) ) ; and the

prg—p p
blow-up rate oz and blow-up constant 33 of v are pzf’;_ql and c5t7t (2 — q)praT

+ 2p—
(p+1) prooT p+qg-—1) prat respectively.

Proof. By lemmas 6.2 and 6.5, u/ blows up at T3, and

L "t 1 [2- +1
lim (77 — ) o/ (1) %2 =lim, . Ll)l = — (—q@) o
=Ty T oagu(t) e @2

1Lq— 1 4 1 le p+q—1
lim (T3 — )% (1) = [ 224 (p C2> .
T p+1 \2-—¢

Using lemmas 6.3, 6.5 and Theorem 6.4, we obtain

lim (T3 —t)* " ()
t—T5
= lim w(t)? (c1 + o/ (1)?) = lim cou (£)P o' (¢)?

*— *—
t—T5; t—T5;

= (@@ 0" ) g )T

Remark 6.7. The life-span T, := T3 (p, g, c1, c2)of the solution to equation
(0.1) is still unknown under the condition of Theorem 6.4 and it would has the
properties:

(i) T3 (p, g, c1,¢2) < min{T}; (¢, c2), T (p, 0,0,¢1)}
(13) T3, (p, g, c1, c2) — T71(q, c2) as ¢; — 0.
(7i1) T3, (p, q, c1, c2) — T31(p, 0,0, ¢1) as ca — 0.

7. BLOW-UP PHENOMENA FOR q = 2

In the particular case of ¢ = 2, we obtain an interesting blow-up result and
special blow-up constant.

Lemma 7.1. Suppose ¢ = 2 and w is the solution of (0.1) with E4(0) <
0,ugp >0, uy >0, cg >0, then

2 209 +1_,ptl\_c1
c1 + couy or i (up —ub )_ 1
)

/ 2 _
(7.1) u (1) = .
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u,u' and u" blow up at the same T5,; further,
) p 32

dr

/ )
i 2 2 (pt1_,p+1l\_cL
0 \/q—i—ccggulep_H (r U )

(7.2) T3,

c2

Proof. By (0.5), then

c1 + o (t)2

In 5
C1 + couy

_ e (wet =)
p+1 0

and (7.1) follows. Inducing lemma 6.1, u, ' and u” are all large than 0; by (6.5)
and (7.1), u blows up in finite time and also

u' (t)

2 2c2 1_PHly_c
\/mew(u”* upt ) o
C2

=1

and then (7.2) is obtained. Using (7.1) and (0.5) again, u’ and u” blow up at the
same T3,. |

Theorem 7.2. Under the assumption of Lemma 10.1, we have

1 1
. —1 P 2 )‘ﬁ
7.3 lim _ u(t) = ,
(7:3) T <ln(T3*2—t)> ®) <p—|—1
1 =

. 2 c2 \7
7.4 lim (—In(T% —t))p+ (T9, — t)d/(t) = < )
(7.4) t_)ng_( (T35 — 1)) 71 (T — t)u'(t) ot \prl
and

2 gy N
(7.5) lim (—1n(T3*2_t))p%(T3*2_t)2u~(t):( 1 ) ( co )p _

2
t—Tyy c1 + couy p+1

Proof. By lemma 6.1 and (7.1), u, v and u” are all large than 0; after some
computations we obtain

)P’ (¢) 71
lim —In (T3 — fu()-0+) = lim —LO 0
t—Tgy t—T5, (p+1)(T5 —1)

5 pu(t)~ P () Pul (t) 20 (t) )
= lim = .
t—T5y p+1 p+1
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Using (7.3) and lemma 1.1 , we have

lim (= 1In (T3 — )77 (T3 — ) ' (¢)

t—T5
i 2(=In (T3 — )71 p+1 1 ( o )p%
= lim _ '
t—T5~ (p + 1) u(t)P 2 (61 + Cgu%) c1+ CQUJ% p+1

Inducing (7.3) and (7.4), we conclude

lim (—1In (T3 — )7 (T — )2 u" (1)
t—>T;2_
p
= lim (—In (T3 —t))7T (T3 — t)° (cru ()P + cou (8)P o' (£)7)
t—>T§2_

1 2 C9 Pt
= 3 . [ ]
c1 + couy p+1

8. BLOW-UP PHENOMENA FOR ¢ > 2

Under ¢ > 2 we have the boundedness. for the solution u and estimate for the
blow-up rate and blow-up constant for v" and u”.

Theorem 8.1. For q > 2, if u is the solution of (0.1) and c¢1 > 0, co >
0, ugp >0, uy > 0, then uP*' is bounded by ub*' + (p+ 1) u2 "9/ (¢ — 2) ca.

Proof. By lemma 6.1 and ¢; > 0, ¢o > 0, v/ > 0,u” > 0, we have

w00 / () () / o) (1) u (@ gt
(q—2)c2 o cou/(r) o c1+cou! (7) p+1

and then

up ®urtt Wt

(g—2)ce — p+1 p+1

After some computations one can easily obtain the following lemma used below
to estimate the blow-up rate and blow-up constant for " and u”. [ ]

Lemma 8.2. Suppose u is the solution for the problem (1.1) and b(t) =
—2
u ()2, T(t) = b(t)_qT . Then we have

(8.1) B (£)2 = 4b () u ()% (c1 + cou’ (1)9)°
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b (1) = 2u (1) (c% (24 q) cread ()7 + (1 + ) (t)%)

+pu (£ (1) (o1 + e (1)7),

() = -1 2
(8.3)
(o (3w (0 = e2) +20u (0 o/ (1) (01 + e’ (1))

Theorem 8.3. Under the assumption of Theorem 8.1 and couy > ¢y, then v’
and u" blow up at some finite time t = Tq5. Further, the blow-up rate and blow-up

1
constant for u' are q_% and ((q — 1) cou (T33)") =4 respectively; and the blow-up
J
rate and blow-up constant for u" are 7 and ((q — 1)ty (Tg*g)p(Hq)) T
respectively, where u (T43) is given by

< rdr

(T33) 0 (p ) wy €1+ o

Proof. From lemma 6.1, u(t) > 0, «/(t) > 0 and «”(t) > 0 for ¢ > 0. For
couy > ¢, using (8.3) we obtain that I'(¢), I”(t) < 0 for ¢ > 0; thus there exists
a finite number 75 so that  (T%3) = 0 and

1 1
0 < lim = lim
Tom ' (t) iy u ()P (e + cou! (1))
1
< lim ———5——— =0, lim (T3 —t)u (£)' 77
> 1Ty C2U (t)p u (t)q T ( 33 ) ( )
= lim (¢q—1)u" (¢)u (t)7?
t—T45y
= lim (¢g—1D)u@®)?u ()" (c1 + v’ 1)) = (g — 1) cou (T33)°
t—=Tgy
and
lim (T35 — t)q—i1 o’ (t) = lim (T35 — t)qul w (t)P (c1 + eou’ (8)7)
t—=T33 t—=T33
J
= lim co (T35 —t)a T u(t)P o (t)?
t—=T33 .
= (g =17 ef Ty Ho) -

Remark 8.4. The life-span T35 := T435(p, q, ¢1, c2)of ' is still unknown under
the condition of Theorem 8.1 and it would has the properties:
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(1) T35(p,q, c1,c2) <min{Ty (g, ¢2), T35(p,0,0,¢1)}
(73) T35(p, q, c1, c2) — T5(q, c2) as ¢ — 0.
(7i1) T55(p, q, c1, c2) — T34(p, 0,0, ¢1) as ca — 0.
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