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REMARKS ON POINCARE INEQUALITY AND ITS APPLICATIONS TO
ELLIPTIC BOUNDARY VALUE PROBLEMS

Shyuh-yaur Tzeng’

Abstract. We study Poincaré inequality on unbounded domains and its appli-
cations to the semilinear elliptic equation—Au = uP.

1. INTRODUCTION

In the study of elliptic boundary value problems, the Poincaré¢ inequality has
frequently been used to obtain various estimates for the solutions. Such kinds of
inequalities are usually more difficult to obtain for unbounded domains. Our aim in
this note is to investigate under what conditions the Poincar¢ inequality holds, that
is, there is a constat C' = C'(§2) such that

) /Q\u(x)\%zx < C/Q\vu(x)\%zx

for all u € HJ (), where €2 is an open subset of RY.
The detailed analysis is given in the next section. Some applications to elliptic
boundary value problems will be discussed in Section 3.

2. POINCARE INEQUALITY

Definition 1. An open subset of RY is called a P-domain if (1) holds. For any
open subset of R", define

Jo |u(x)|?dz
() ci) = sup L s
weH () u0 Jo [Vu(@)|?dz

Received June 7, 2000; revised September 30, 2000.

Communicated by C.-S. Lin.

2000 Mathematics Subject Classification: 35J20, 35K25.

Key words and phrases: Poincaré inequality, semilinear elliptic equation, unbounded domain.
TResearch was partially supported by the National Science Council of Republic of China.

633



634 Shyuh-yaur Tzeng

It is known that RY is not a P-domain. On the other hand, any bounded open
set in R is a P-domain. For unbounded domains, it has been shown [9] that
{(z1,2'y) € RN : 21 € R, |2/y| < 1} is a P-domain. Nevertheless, for a general
unbounded set, it is no easy matter to verify if such a set is a P-domain. The first
result of this paper is to give a criterion for an unbounded set to be a P-domain.

Theorem 1. Let Q0 and Qo be two P-domains. If Q1 N Qo is bounded, then
Q= Q1 UQs is a P-domain.

Proof. Since 21 N €5 is bounded, 27 N €25 is contained in an open ball B of
radius r with center at 0. Consider a smooth function ¢ which satisfies

L e[ <,

o(t) = { 0, |z|>2r

Let Cy = C(B), C; = C(1) and Cy = C(Q2). A straightforward calculation
yields

3) /Qu2dx <2 (/Q(¢u)2dx - /Q[(1 — ¢)u]2dx>

and

/Q (pu)?da = /B (¢u)’dz < Cp /B |V (¢u)|?dz

C C
<5y [ vupar+ 52 [ <50, [ wupar+ 52 [ 2
B r B Q T Q

Similarly, we obtain

/Q[(l — ¢)u)?dr = /Q (1 — ¢)u)?dx +/ (1 — ¢)u)?dx

Qo

4)

6 <O@) [ V0= o)ulldr + C(©2) / IV](1 - ¢)u]Pda

S5(C1—|—Cz)/ \Vu\%lw—kw/u?
Q Q

Putting (3)-(5) together yields

/ u?dr < 5(Cy + Cy _|_C2)/ \Vul2dz + 8(Cy +f1 + C9) / .2
& Q

Q

If r is large enough, then

/ uldr < 5(Co+ Cy + Cg)/ |Vu|?de,
) )



Poincaré¢ Inequality 635

which completes the proof. ]
Next, we give a criterion for sets which are not P-domains.

Definition 2. An open subset Q in RY is called a B-domain if for any r > 0,
there exists an open ball of radius r contained in §2.

Theorem 2. Any B-domain is not a P-domain.
In the proof of Theorem 2, we will use the following lemma.
Lemma 1. Let B, be an open ball of radius r. Then C(B,) — 0o as r — oc.

Proof. By change of variables, we get C(B,) = r?C(Bj), from which the
result follows. u

Proof of Theorem 2. For any r > 0, ) contains an open ball B,. Since
H}(B,) C H}(Q), it follows from Lemma 1 that C(2) = oo. Thus the proof is
complete. ]

Let B, (0) be the open ball of radius r with center at 0. As more concrete
examples of P-domains, we have

Example 1. Let
(6) Dy = {(z1,2y) € RN : |2/y| < 1,21 > 0}.
Then by Theorem 1, D U B,.(0) is a P-domain.
Example 2. Let
(7) Dy={(x1,---,zn) eRY 12?4+ ...+ 2%, < 1,2y > 0}.

Then Dy U D5 is a P-domain.

3. APPLICATIONS TO ELLIPTIC BOUNDARY VALUE PROBLEMS

As an application of our previous results, we now study the existence of positive
solutions of

—Au =uP,;u>0in §,

E
" ue Hy (),
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wherep > 1if N=1,2and p € (1,(N+2)/(N —2)) if N > 2. To seek solutions
of (E), we define

1 1
Jw) == | |VulPde — —— [ JuP*d
(u) 2/9\ uldx p+1/g\u\ x

and look for the minimizers of J on the manifold:
M = M(Q) = {u e H(Q)\{0} : J'(u)u = 0}.

Set
=a() = inf J(u).
a=a() = inf J(u)
It has been shown [2, 3, 14] that if u is a minimizer of J on M, then |u| is a
positive solution of (E). We are going to investigate under what conditions there is
a minimizer of J on M.

Definition 3. A P-domain (2 is periodic if there exist a partition {@,,} and a
set {ym} in RY which satisfy the following conditions:
(@) {y,} forms a subgroup of RY,
(b) Qo is bounded,

(¢) @m = Qo + Ym, and
(d) there exists a constant C' = C(Q2, Q),,,) such that

J

for all w € H(Q) and m € Z.

() 2de < C /Q V(o) Pdz

m

Theorem 3. If Q) is a periodic P-domain, then J has a minimizer on M.

Proof. Let {u,} C M() be a sequence which satisfies

(8) lim J(up) = a(Q).

n—oo

Let

1/(p+1)
) dn = max(/ \un\p+1dx> .
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Then
1 1
a(Q) + 0(1): J(un) = <§ - m) / ‘un‘p-l—ldx
- <_ - m> Z/ Jup [P
-1 1 1 ) 172?
(10) <d (2 p+1) Z (/Q [Pt dw)

< cdP™ 1( p—l—l)Z/ |V |* da

1
L (e —— YV, |2dz = cd?~ ' a(Q 1
“n (2 p+1>/‘ unl de = cdi (@) + o(1)

for some positive constant ¢ which is independent of m. Therefore, there isa § > 0
such that d,, > ¢ for all n.
Next, we claim that there exists a u € M (2) such that

(11) J'(u) =0 and J(u) = a(f).

For each n, find a (),, such that
+1 0
(12) lup P de > —.
Qn 2

Let vp(2) = up(z + yp). It follows from (8) that

(13) lim J(v,) = ().

n—oo
Using the standard deformation theory [2, 8] yields
(14) J' (vy) — 0 as n — oo.

Along a subsequence, v, — u weakly in H}(Q2). Then using (12) and Sobolev
compact imbedding theorem yields

/ ‘u‘p-f—ld >
0

Consequently, u # 0. Moreover, by (14),

N)IOq
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which shows u € M(£2). Now (13) together with Fatou’s Lemma gives

which completes the proof. ]

Example 3. The following are some simple examples of periodic P-domains.

D3= 0O x R™, where O is a bounded domain in RP,m > 1,p > 1,
Dy={(x,y) € R? :sinz <y < 1 +sinx},
Ds={(x,y,2) € R3: 2 = (cosf)(2 +sinz),y = (sinh)(2 +sinz),z € R,0 € R}.

Remark 1. As proved in [10], the only solution of (E) is u = 0 if Q = Dy,
where D; was defined in Example 1. Thus we cannot expect that (E) has positive
solutions on all P-domains.

Theorem 4. Let )y and Qo be two P-domains such that Q01 Ny is bounded. If

a(Q1) < () and J has minimizers on M (Q4), then there is a positive solution
on Q.

Proof. Let a1 = (1) and ae = (§2). It is not difficult to show, by using
the Maximum Principle, that

(18) a(Q) < aq.
Let {u,} C M(Q) be a sequence which satisfies
(19) J(up) — () as n — oo.

Since ©; N Qs is bounded, there is an r > 0 such that Q; N Qy C B,.(0).
We now claim there is a d > 0 such that

(20) / ulde > d
|| <2r
for all n. For otherwise, there exists a subsequence {u,,} such that

(1) lim uldr = 0.

o0 Jlz|<2r
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Let Q) = Q\B-(0) and Q) = Q3\B,(0). Then by (21), there exist {u, 1} C
H(9,) and {up 2} C HE() such that

lim Hun — un71 — un72H =0
n— 00

and
Up,1 + Up2 € M(Q)

for all n. Consequently, a(€2) > min(ay, o), which contradicts (18). The rest of
the proof is essentially the same as that of (11). ]

The proof of Theorem 4 also yields

Corollary 1. I}y and Qs are two periodic P-domains and 21N $s is bounded,
then there is a positive solution on 2y U Q.

A consequence of Theorem 4 is the following:

Example 4. Let Q = D, U B, (0). If r is large enough, then J has a minimizer
on M ().

Proof. 1t suffices to show that

lim a(B,) =0.

r—00
For any r > 1, take u, € M (B,) such that
sup/ uldr < oo
r>1 r

and
2 [, |ur(z)Pde
Jp, IVur(2)2dz

Applying the Holder inequality and the Sobolev inequality yields

1 1
a(B,) < 5/3 \vur\de—m/B fup [P d

1 1 9 &
— (- <
(2 p—|—1> /B [V “d < C(B,)

for some constant c. Then using Lemma 1 yields

C(By) <

lim a(B,) =0.

r—00 |
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