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ON THE RECURSIVE SEQUENCE z,,,, = Tn—(5k-+9)

14+%n—a®n—9..Tp_(5k+4)

Dagistan Simsek Cengiz Cinar and Ibrahim Yalcinkaya

Abstract. In this paper a solution of the following difference equation was
investigated

Ly —(5k49)

Tpgr = . n=0,1,2,...

1+ Zpn—an—9..-Tpn_(5644)

where _ (549, T (5k+48) ---» -1, Zo € (0,00).

1. INTRODUCTION

Recently there has been a lot of interest in studying the periodic nature of nonlin-
ear difference equations. For some recent results concerning among other problems,
the periodic nature of scalar nonlinear difference equations see, for examples [1,
6-8].

In [2] the following problem was posed. Is there a solution of the following
difference equation

Ly—
Tnp1 = B forn=0,1,2, ...

B+ an

where x_1, xg, 5 € (0, 00) such that x,, — 0 as n — oc.

In [9] Stevic assumed that 3 = 1 and solved the following problem

Lp—
Tnt1 = 1-th forn=0,1,2,....
n

where z_1, 29 € (0,00). Also, this result was generalized to the equation of the
following form:

Tyl = x(”x‘l) forn =0,1,2,...
n

Received June 14, 2006, accepted September 8, 2006.
Communicated by Wen-Wei Lin.

2000 Mathematics Subject Classification: Primary 39A10.

Key words and phrases: Difference equation, Period 5k+10 solution.

1087



1088 Dagistan Simsek Cengiz Cinar and Ibrahim Yalcinkaya

where z_1, g € (0, 00).
In [3-5] we solved the following three problems for the positive initial values
xn_g xn—f) xn—S

— =y = —— 2 for n=0,1,2,....
1+zp (s 1+xp2 (s 1+xp17n-3

Tn+1=

In this paper we investigate the following nonlinear difference equation

Ln—(5k+9)
1+ Zp—aZn—9..-Tn_(5k+4)

(1) Tpyl = ,n=0,1,2,....

where T (5k+9)s LT —(5k+8)» -+ T—1, L0 € (0, 00).

2. MAIN RESULT

Theorem 1. Consider the difference equation (1). Then the following state-
ments are true:

(a) The sequences (Z(5p410yn—(5k+9))> (T(5k+10)n—(5k+8))s =+ (T(5k410m)  are
decreasing and there exist a1, as, ..., asp+10 = 0 such that

Jim 251100 (sk+9) = a1, M T(5k110)n—(5k+8)

= ag, ..., M T(sp410)n = a5k+10.

(b) (a1,a,...,a5%+10, A1, A2, .., A5k+10, ---) IS @ solution with period 5k+10 of
equation (1).

(c) nh_{glom(s)kﬂo)n—(smg)nli)fgow(5k+1o)n—(5k+4)-'-nh_{glom(s)kﬂo)n—zl =0,
Jim (54 110)n(5k+8) B Z(5k410)n—(5k+3) -+ B0 Z(sk110)0-3 = 0,
Jim % (514100 (5k+7) B0 T (5k410)n—(5k+2) -+ 10 Z(5kp10)0-2 = 0,
Jim 251 410)n—(5k+6), 0 T(5k410)n—(5k-+1) -+ I Z(5k 4101 = 0 and
Jim 2514 10)n—(5k+5), 0 T (5k410)n—(5k)-- 0 Z(5k+10)m = 0
or ai.ae...ask+6 = 0 , A2.G7...A5k+7 = 0, az.ag...ask+8 = 0,

a4.09...05k4+9 = 0 and as5.a10.--A5k+10 = 0.
(d) If there exists ng € N such that

Tp—a4Tn—9..-LTn_(5k+4) = Tn1Zn—4Tn-9..-Tpn_(5k—1)

for all n > ny, then

lim x, = 0.
n—oo
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= v —9-+n—(5k

(e) The following formulas

L—4X—-9...T_(5k+4)
1+ T4T—9..-T_(5k+4)

T(5k10)n4+1 = T—(5h+9)(1 —
n (k+2)j

1
Z, I I 1+ x5 j
7=0 =1

—4L5i—9-+-L5i—(5k+4)

LT-3L—-8---L—(5k+3)
1+ T_3T—8---L_(5k+3)

T(5k4+10)n42 = 95—(5k+8)(1 -

‘D0 il 1+ 25,-3%5i-8---T5i— (5k+3)

L—2T—7...T_(5k42)
1+ T_2T—7...T_(5k+2)

T(sk410m43 = T—(sk47)(1 —

n (k+2)j )

T L L5257 5 (5k42)

7=0 i=
L—1T—6---L—(5k+1)
1+ T_1T—6---L_(5k+1)

T(5k410)n4+4 = T—(5h+6)(1 —

n (k+2)j

1
jz; zl_[l 1+ 25175

—6++T5i—(5k+1)

1‘01‘_5...x_(5k)
1+ TOL—5..-T_(5k)

L(5k+10)n+5 — 35—(5k+5)(1 -

n (k+2)j

Z H 1+1‘5Z$5Z

D0 i1 5--T5i—(5k)

T_9T—14--- —(5k+9)

T(s5kt10)n+(5kt+6) = T—a(l— 1T 475 T—(0ra

n (k+2)j+(k+1)

2l

1
1+ &5, 4%5i-9.-- i (5k44)

T_8T—13---T—(5k+8)

T(sh+10)n+(5k+7) = T-3(1— 1T o305 7_(o43)

n (k+2)j+(k+1)

2l

1
1+ 25,-3%5i—8.--5i—(5k43)
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T_7%_12...T_(5k47)
1+ T_2T—7...T_(5k+2)
n (k+2)j+(k+1) 1

Z H 1+ $5i—2$5i—7---$5i—(5k+2))

T_6T-11.--T_(5k+6)
14 T_1T—6---L_(5k+1)
n (k+2)j4+(k+1) 1

Z H 1+ $5i—1$5i—6---$5i—(5k+1))

ZT_5Z-10--T(5k+5)
1+ TOT—5---T_(5k)
n (k+2)j+(k+1) 1

Z H 1+ x5z‘$5z‘—5---$5i—(5k))

T(5k+10)n+(5k+8) = T—2(1 —

T(5k+10)n+(5k+9) = T-1(1 —

T(5k410)n+(5k+10) = To(l —

hold.
(f) If T(sk4100m4i — @i 0, Tspg10)ntids — Gits5 7 Orvs T(5k410)n4(5k-+i) —
ask+i 7 0 then T (sp110)n+(sk+iv5) — 0 asn — oo (for i =1,2,3,4,5).
Proof.

(a) Firstly, from the equation (1), we obtain

Tpy1(1+ wn—4$n—9---$n—(5k+4)) = Tn—(5k+9)-
If Zpa, Tn—9, .os Ty (5k44) € (0, +00), then (1 + Tp—aTp—9...Tp_(5k44)) €
(1, 400). Since zp41 < Tp_(5k49), N € N, we obtain that there exist
Jim 25k 410)n—(sk+9) = a1, M T(5k110)n—(5k+8) = @2 -, M Z(5k410)n
= A5k+10-

(b) (a1, aq, ..., asp+10, a1, A2, ..., A5k+10, --.) @ solution with period 5k+10 of equa-
tion (1).
(c) In view of the equation (1), we obtain
L(5k+10)n—(5k+9)
1+ Z(5k4+10)n—4-- % (5k+10)n—(5k+4)

L(5k+10)n+1 =

Take the limits on both sides of the above equality

. . Z(5k+10)n—(5k+9)
Hm Z(5pr10)p41 = lm -
n—00 n—=00 L 4+ T (55410)n—4---T(5k+10)n—(5k+4)
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lim x _ lim x _ . lim x _4=0o0raj.a
I T (5k410)n—(5k+9) T L(5k+10)n—(5k+4) -+« A L(5k410)n—4 1-G6
L A5k+6 = 0.
Similarly;

T(5k+10)n—(5k+8)

L(5k+10)n+2 = .
(BRH10)n+2 7 7 + Z(5k4+10)n—3 - (5k-+10)n—(5k+3)

Take the limits on both sides of the above equality
L(5k+10)n—(5k+8)

lim x5, = lim
+10)n+2
n—so0 ( ) n—ool + Z(5k+10)n—3+++L (5k+10)n—(5k+3)

Jim 251 410)n—(5k+8), 10 T (5k410)n—(5k-+3) -+ I Z(5410)0-3 = 0 or as.az
L A54+T = 0.
Similarly;

T(5k+10)n—(5k+7)

L(5k+10)n+3 = .
(BRH10)n 8 = + Z(5k410)n—2--L(5k+10)n—(5k+2)

Take the limits on both sides of the above equality

. . L (5k+10)n—(5k+7)
lim T(5k410)n+3 = lim
n—00 n—001 + Z(5k4+10)n—2--- & (5k+10)n—(5k+2)
lim x _ lim x _ . lim _o=0oras.a
AT (5k410)n—(5k+7) 1 T (5k+10)n—(5k+2) -+ 1 T (5k+10)n—2 3038
L A5k4+8 = 0.
Similarly;
L (5k+10)n—(5k+6)
1+ Z(5k4+10)n—1-- % (5k+10)n—(5k+1)

L(5k+10)n+4 =

Take the limits on both sides of the above equality

. . Z(5k+10)n—(5k+6)
N Z(spp10)n+a = 1M
n—00 n—00 L + T (5k410)n—1---T(5k+10)n—(5k+1)

lim _ lim x _ s lim 1 =0 or a4.a
N T (54-10)n— (5k+6), 1 L(5k-4+10)n—(5k-+1) -+ L L(5k+10)n—1 4-09
L A5k+9 = 0.

Similarly;
) B L (5k+10)n—(5k+5)
5k+10)n+5 — '
(5k+10)n+ L+ Z(5k410)n- - (5k+10)n—(5k)

Take the limits on both sides of the above equality

lim z = lim L (5k+10)n—(5k+5)
5k+10 5 —
n—oo (5k+ )7’L+ n—oo 1 + x(5k+10)n'"x(5/€+10)n—(5]§)

lim _ lim x _ L lim =0 or as.ajg ...
T (54+10)n—(5k+5), 1T T (5k+10)n—(5k) *++ M0 2 (5k410)n 5-010
ask+10 = 0.
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(d) If there exists ng € N such that

Tp—aTp—9...-Tn_(5k+4) = Tnt1Tn—aLn—9..- Ly (5k—1)
for all n > ng, then a;.a;45...a554+i+5 = 0 Since a; < ajq5 < ... <
askrits < a; (for i =1,2,3,4,5).
(¢) Subracting x;,_(5x+9) from both the left and right-hand sides of the equation
(1) we obtain

1

L+ Zp_aZn—9...Tp_(5k14)

Tnt+l — Tp—(5k+9) = (xn—él - xn—(5k+14))

and the following formula
2)
n—>5 1

365n—24—305n—(5k+34)=(301—30—(5k+9 ) H
VT X5i—425i—9--L5i— (5k+4)

n—>s 1

L5n—23 —L5n—(5k+33 =(3U2—30— 5k+8 )
( ) ( ) i=1 L+ T5i—3%5i—8---T5i— (5k+3)

n—>s 1

for n>5 S x50 20— Tsn—(5k432)= (T3 —T_(5%47))
( ) i=1 L+ T5i—2%5i—7---T5i—(5k+2)
( i 1

L5n—21—L5n—(5k+31) = 304—30—(5k+6))
i=1 1+ T5i-1T5i—6---T5i—(5k+1)

n—>5 1

L5n—20—~L5n—(5k+30 =(3U5—30— 5k+5 ) H
) ( ) i=1 L+ Z5iT5i—5.-- 55— (5k)

holds.

Replacing n by (k + 2)j in (2) and summing up them from j = 0 to j = n.
We obtain forn =0,1,2,---

n_ (k+2)j
T(5k+10)n+1 — LT—(5k+9) — (z1— 95—(5k+9)) ‘ H
) 7=0 =1
1+x5i—aT5i—9..-T5i— (5k+4)
n_ (k+2)j
T(5k+10)n+2 — LT—(5k+8) — (z2 — 95—(5k+8)) ‘ H
) 7=0 =1
1+25;—3T5i—8..-T5;— (5k+3)
Q) n (k+2)j
T(5k+10)n+3 — T—(5k+7) = (T3 — T_5k47)) 2o |1
) 7=0 =1
1+x5i—2T5i—7-.-T5i— (5k+2)
n_ (k+2)j
T(5k+10)n+4 — T—(5k+6) = (T4 — T_(5k+6)) e H1
J=0 =

1
1+x5i—1%5i—6---T5i— (5k+1)




Recursive Sequence xp+1 =

L(5k+10)n+5 — L—(5k+5) =

1

1+x5:T5i—5.--T5i—(5k)

Also, replacing n by (k + 2)
7 =0 to j = n. We obtain

L(5k+10)n+(5k+6) — T—4

Tn—(5k+9)

1093

I+an 4Tn—9. - Tp_(5k44)

n (k+2)j

(x5 — 96—(5k+5)) Z H

7=0 =1

(k4 1) in (2) and summing up them from

n (k+2)j+(k+1)

= (%1 — T_(5k19) Z H

1
L+ 25i-4%5i-9---T5;—(5k44)

n (k+2)j+(k+1)

(z2 — 2 (5k+8) Z H

L(5k+10)n+(5k+7) — LT-3 =

1
1+ 53758 T5i—(5k+3)

n (k+2)j+(k+1)

= (z3—a_ (5k+7) Z H

L(5k+10)n+(5k+8) — T—2

1
L+ 525 7. T5i—(5k42)

n (k+2)j+(k+1)
T (5k+10)n+(5k+9) — -1 = (x4 —z_ —(5k+6) Z H

1
1+ 25i-1%5i—6---T5i—(5k+1)

n (k+2)j+(k+1)
T(5k410)nt(5k+10) —T0 = (T5 — T_(5k15)) Z H

1
1+ @5iT5i—5.--T5i—(5k) '

Now, we obtain from the above formulas;

L—4L—-9-.-T—(5k+4)

T(5k =T_ 1-
(5k-+10)n+1 (5k+9)( 1+ 24092 (3p4a)

n (k+2)
S 1

i=1 1+ T5i—4T5i-9..- 5 (5k44)

“4)

L—3L—8---L—(5k+3)
14+ 2_372_3 T _(5k+3)

n (k+2)j 1
> 11
j:

0 i=1 1+ X5i—3T5i—8..-T5i—(5k+3)

T(5k410)n42 = T—(sk48) (1 —
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_ L2L—7---T_(5k+2)
1+ T2T_7...T_(5k+2)
k+2)j 1

T(5k410)n43 = T—(5k+7) (1

n (
>
7=0

i=1 1+ T5i-2T5i-7.--T5i—(5k42)
L—1L—6---L—(5k+1)

T(5k410)n+4 = T (5k+6) (1 — 1T 21002 (or1)

n_(k+2)j 1
> 11
j=0 i

i=1 1+ T5i-125i—6---T5i—(5k41)

. 1‘01‘_5...x_(5k)
1+ TOT—5---T_(5k)
k+2)j 1

[

i=1 1+ T5iT5i—5...T5i—(5k)

T(5k410)n45 = T—(5k+5) (1

n (
2
7=0

L—9L—-14---T_(5k49)

x =x_4(1—
(5h-+10)n+(5k-+6) ( T 222 9t opee

n (kt2)j+(k+1) 1

=0 =1 1+ 25— a%5i-9..-T5i—(5k44)

T_8T—13---L—(5k+8)
l+2_32_8..0_(5¢13)
n_ (k+2)j+(k+1) 1

T(5k+10)n+(5k+7) = T—3(1 —

=0  i=1 1+ 25i-3%5i—8.--T5i—(5k+3)

T_7T 12T (5k47)
1+ T_2X—7...T_(5k+2)
n (k+2)j+(k+1) 1

T(5k+10)n+(5k+8) = T—2(1 —

=0 =1 1+ xsio®si7...T5—(5k+2)
L—6L—-11---L_(5k+6)

x =x_1(1—
(5k-+10)n-+ (5k-+9) ( [T

n_(k+2)j+(k+1) 1

=0 =1 1+ 25i-1%5i—6---T5i—(5k+1)

T_5Z-10--L(5k+5)
1+ TOL—5...T—(5k)
n (k+2)j+(k+1) 1

T(5k410)n+(5k+10) = To(l —

=0 i=1 1+ @5i®si5... 25 (s5k)
hold.
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(f) Suppose that ay = ag = ... = ask+1 = askpt+6 = 0. By (e) we have

1 I (1 L—4T—-9...T_(5k44)

m r = 11im r_ —

n—00 (5k+10)n+1 n—oo (55+9) 1+ T4T—9..-T_(5k+4)
n (k+2)j )
: ; 1+%5i—4T5i—9-.-T5i— (5k+4) )
7=0 i=1

(5) T_4T_9...T_ oo (k+2)j 1

o _ 4T—9...T_(5k+4)
ai _x—(5'>/f-f—9)(1 14w _4x_g..x_ (5k+4) 7 Z H 14-x5,—45; )

i—9--T5i—(5k+4)
00 (k+2)J
1+2 4% _9..7_(5x+44
ar=0= b

_ 1
T 4T 9. (5k4da) > 1

: - 1+%5i—4T5i—9-.-T5i— (5k+4)
j=0 i=1

1 T (1 L4l —-9---T_(5k—1)T—(5k+9)
m x = 11m r_ —
S T (5k410)n4+6 = ML T (5k44)

I+ 2_42_9..2_(514)
n (k+2)j+1
> I ; )
=0 i 1+a:5i_4905i—9---$5i—(5k+4)
T—4T—9..-T_(5k—1)L—(5k+9)
ag = 96—(5k+4)(1 -

1+x_42_9...T_(5844)
(6) oo (k+2)j+1 )
=0 i 1+a:5i_4005i—9---wsi_(sk+4))
142 _4%_9..T_(5844) _ oo (k+2)5+1 1
a6 = 0= LT—4T—9...T_(5k—1)T—(5k-+9)

| 1+x5i—4T5i—9..-T5i_ (5k44)
Similarly,
. T —4T—14---T—(5k+9)
lim = lim z_q(1 —
i (5k+10)n+(5k+1) ol 9(

1+x_4x_9..T_(5844)
n (k4+2)j+k

1
. - 1+%5i—4T5i—9-.-T5i— (5k+4) )
j=0 =1
oo (k+2)j+k
— lim x (1_ LT—4T—14.--T_(5k49) H 1 )
a5k+1_n_)oo -9 T _42—9...T_ (5kt4) ] 1425 4T5i—9---T5i— (5k+4)
k+2)j+k
7 — 0= 142 _4x_9..T_(5844) _ x )i
(7)  asp1 = T_4T_14...T_(5K+9)

1
: - 1+%5i—4T5i—9..-T5i— (5k44)
j=0 =1
. T—9T—14---T_(5k+9)
= lim z_4(1 —
7111_)12095(5k+10)n+(5k+6) et a( I+@_4%_9...T_(514)

n_(k+2)j+(k+1)

1
‘ ; 1+x5i—4T5i—9...T5i— (5k+4) )
j=0 i=1
T 9T 14T (5hpe) O (k+2) fHk+1) 1
. 9 5k+9
askr6=2—4(1 —T7 7 oz (5k+4)2 H

w5 —4T5i—9.-- 55— (5k44) )
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1+ T4T—9.--T_(5k+4)

ask+6 = 0=
T—9T—14---L_(5k+9)
(®) oo, (k+2)j+(k+1) )
- i =i 1+x5i—4%5i—9..-T5i— (5k44)
From the eqilatlon (5) and (6), 0o (k+2)j
L—4T—-9...T_(5k44) Z H 1 >
o T 4T 9. T_(5p+4) = 1+ @5i—a%5i-9..-T5i—(5k44)
k+2)j4+1
L+ 4% 9.0 (5p44) i( l—Ij 1
TgT—9... T (5k—1)T—(5k+9) 1+ 25i—4%5i—9..-T5;—(5k+4)
thus, T_(5k+9) = T—(5k+4)-
From the equation (7) and (8),
k+2)j+k
x_4x_14...x_(5k+9 1+ x5 4T5i—9---L5;—(5k+4)
(10) (42,74 (k1)

1
1+ 25— a%5i-9..- T5i— (5k44)

l1+2_y42_9g..2_ (5k+4) Z H

1‘_91‘_14...x_(5k+9

thus, z_g > x_4. Which implies x_ (5549 > T _(5444) > ... > -9 > x_4. This
contradicts our assumption.

We omit the proofs of the equations (11)-(18). Since proofs of the equations
(11), (13), (15), (17) can easy be obtained in a way to be proof of equation (9) and
proofs of the equations (12), (14), (16), (18) can easy be obtained in a way to be
proof of equation (10).

Suppose that as = a7 = ... = asgy2 = ask4+7 = 0.
k+2)7
1+ T_3T-8--T_(5k43) oo H)j 1 -
i T_3T_8..-T_(5k43) e 1+ %5i-3%5i—8.--T5i—(5k+3)
k+2)j+1
1+ 32 8.0 (5143 i( )i 1

T_3T—8.-T—(5k-2)T—(5k+8) =g iy LT T5i-3T5i—8---T5i—(5k+3)

1=

thus, T_(5k+8) > T—(5k+3)-

let2)
1 +2 32 5..2_(5143) i( 1—)[% 1 S
12 T_3T 13- T_(5k+8) = 1+x5i-3%5i—8.--T5i— (5k43)

0o (K2)H(kH)

I+ 2 _32_8..0_(5¢13) Z H

1‘_81‘_13...1‘_(5k+8

1
1+a5,-3%5i—8---T5i—(5143)
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thus, x_g > z_3. Which implies z_(5548) > T _(5443) > ... > ©—g > x_3. This
contradlcts our assumption.

Suppose that as = ag = ... = asg4+3 = ask+8 = 0.
k+2)j
Lo ST : >
T 2T 7..T_(542) = 1+ &5, 2%5i—7... T5i— (5k42)
(13) oo (k42)j+1
1+ T2T—7..T_(5k42) Z H 1
T2l 7 L (5k—-3)T—(5k+T)  Tg iy LT T5i-2T5i-T--T5i—(5k+2)

thus, T_(5k+7) = T—(5k+2)-

oo (k42)

b2

l+x 92 _7..0_ (5k-+2) Z H 1 N
. T2T12--T(sk47) =g i 1+a5,—2%5i—7...T5—(5142)
(k42 Kt
I+z 9z _7..0_(5142) i )ﬁ K 1
T7L-12---L—(5k47) ico -1 1+x5i—2x5i—7---x5i—(5k—|—2)

thus, ©_7 > x_5. Which implies x_(5547) > Z_(5442) > ... > £—7 > x_3. This
contradicts our assumption.

Suppose that ag = ag = ... = ask44 = ask4+9 = 0.
ki2);
142 12 6. T (5p4) i(l—[ 1 -
T AT -6 T_(5k41) st 1+w5z 125i—6++-T5i—(5kH)
(15) 0o (k12)75
T_1T—6..-T_(5k—4)T_(5k16) “ oy 1T T5i-1T5i—6---T5i— (51
= i=1 ( )

thus, T_(5k+6) = T—(5k+1)-

k+2)j+k
1—|—x_1x_6...x_(5k+1 _ i( +1—)[j+ 1 N
16 LT 11T (5k6) = 1+25,-125i—6---T5i— (5k41)
2) ikt
I+x_12-6...T_(5%11) i+ﬁ+) 1
T_6T—11---T—(5k+6) =0 il 1+x5i—1x5i—6---x5i—(5k—|—1)

thus, x_¢ > x_1. Which implies z_(5346) > ©_(5841) > ... > —¢ > x—1. This
contradicts our assumption.
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Suppose that a5 = a1g = ... = asg45 = ask+10 = 0.
k+2)j
1+ zox—s5...2_(51) i(l—[ S
a7 TOT—5---T_(5k) o iy 1+ x5,25i_5.. - T5i—(5k)
E+2)j+1
1+ zox—s5...2_(5K) B i( 1—)[j 1
TOT—5---T—(5k-5)T—(5k+5)  §=g iy L T T5i5i=5---T5i—(5k)
thus, T_(5k+5) = T—(5k)-
k+2)j+k
1+ TOL—5.--T_(5k) io:( )i 1 S
TOT-10--T—(5k+5) Ty iy LT T5ilsi-5Tsi(5k)

J=
(18) 0o (k+2)j+(k+1)

1 —|—(L‘0(L'_5....’L'_(5k Z H

L—5L—-10---L—(5k+5)

1
1+ 5,@5i—5...T5,—(5k)

thus, ©_5 > 9. Which implies x_ (5145 > T_(5,) > ... > x5 > xo. This
contradicts our assumption. Then the proof is complete. ]
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