TAIWANESE JOURNAL OF MATHEMATICS
Vol. 12, No. 2, pp. 523-536, April 2008
This paper is available online at http://www.tjm.nsysu.edu.tw/

A-STATISTICAL CONVERGENCE OF SEQUENCES
OF CONVOLUTION OPERATORS

Oktay Duman

Abstract. In this paper, using the concept of A—statistical convergence we
are concerned with the Korovkin type approximation theory for a sequence of
positive convolution operators defined on C|a, b], the space of all real valued
continuous functions on [a, b]. We also study rates of A—statistical convergence
of these operators.

1. INTRODUCTION

In this paper, we are concerned with the Korovkin type approximation theory for
positive convolution operators via statistical convergence. The study of the Korovkin
type approximation theory is a well-established area of research, which deals with the
problem of approximating a function f by means of a sequence { L, (f)} of positive
linear operators. Statistical convergence, while introduced over nearly fifty years
ago, has only recently become an area of active research. Especially it has made an
appearance in approximation theory [11] (see also [5, 6). Recall that approximation
theory has important applications in various areas of functional analysis, and in
numerical solutions of differential and integral equations [1, 4, 15].

The first section of this paper introduces some basic ideas related to statistical
convergence while the second section describes some Korovkin type approximation
theorems for a sequence of positive convolution operators defined on the space of
all real valued continuous functions on an interval [a, b]. The third section addresses
some problems concerning rates of statistical convergence of the sequence of con-
volution operators. In the last section, we consider positive convolution operators
on C*, the space of all 2w —periodic and continuous functions on the whole real
axis, and give an A—statistical approximation result.
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We now turn to introducing some notation and basic definitions used in this
paper.

Let A = (a;n) be an infinite summability matrix. For a given sequence x :=
(xr), the A—transform of x, denoted by Az := ((Ax);), is given by (Az); =
> o2 | ajnZy provided the series converges for each j. We say that A is regular if
lim Az = L whenever limx = L [12]. Assume now that A is a non-negative regular
summability matrix and K is a subset of N, the set of all natural numbers. The
A—density of K, denoted by d4(K), is defined by 64 (K) :=lim; > ; ajnxx (n)
provided the limit exists, where x i is the characteristic function of K. If x = (z,,)
is a sequence such that x,, satisfies a property P for all n except a set of A—density
zero, then we say that x,, satisfies P for “almost all n”, and we abbreviate this
by “a.a. n”. A sequence x = (x,) is said to be A—statistically convergent to a
number L if, for every € > 0, da{n € N : |z,, — L| > £} = 0; or equivalently

lijm Z ajn = 0.

n: |zn—L|>e

We denote this limit by st 4 —limax = L [8] (see also [2, 3, 13, 14 17). For A = C1,
the Cesaro matrix, A—statistical convergence reduces to statistical convergence [7,
9, 10]. Taking A = I, the identity matrix, A—statistical convergence coincides
with the ordinary convergence. We note that if A = (a;,,) is a regular summability
matrix for which lim; max, |a;,| = 0, then A—statistical convergence is stronger
than convergence [14]. It should be also noted that the concept of A—statistical
convergence may also be given in normed spaces (see [13] for details).

2. A-STATISTICAL APPROXIMATION BY CONVOLUTION OPERATORS

As usual, Cfa, b] denotes the space of all real valued continuous functions de-
fined on [a, b]. Then Cla, b] is a Banach space with the usual norm ||-| o, ,; defined
by

7= 17 logasy = sup [7(@)], f € Cla,b).
z€la,b]
Let L be a linear operator from Cla, b] into C[a, b]. Then we say that L is positive
linear operator provided that f > 0 implies L(f) > 0. Also, we denote the value of

L(f) at a point = € [a, b] by L(f;x).
We now consider the following convolution operators defined on C|a, b] :

b
2.1)  Lu(f;2) = /f(y)Kn(y —z)dy, n €N, z € [a,b] and f € Cla,b],

where a and b are two real numbers such that ¢ < b.
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Throughout the paper we assume that K, is a continuous function on [a—b, b—a]
and also that K, (u) > 0 for all n € N and for every u € [a — b, b — a]. Note that if
x,y € [a,b] then u := y—x € [a—b,b— a]. In this case our convolution operators
L,, given by (2.1) are positive and linear.

Recently, Srivastava and Gupta [18] have studied on approximation properties
of a certain family of summation-integral type operators in the classical sense. How-
ever, in this section we obtain a Korovkin type approximation theorem for positive
convolution operators via the concept of A—statistical convergence which is a more
general and stronger method than the ordinary convergence.

We first recall that Gadjiev and Orhan [11] proved the following Korovkin type
result for any sequence of positive linear operators defined on Cfa, b] by using the
concept of statistical convergence.

Theorem A. [11]. Let {L,} be a sequence of positive linear operators from
Cla,b] into Cla,b]. If

st —lim||L,(f;) — fil = 0 with f;(y) =%%, i =0,1,2,
then, for all f € Cla,b], we have
st —lim L () = fl| = 0.

Assume now that A = (a;,) is a non-negative regular summability matrix. Then
Theorem A works for A—statistical convergence. Furthermore, using the function
¢ on [a, b] defined by ¢(y) := (y — x)? for each = € [a,b] we have the following
result that we need in proving the main result of this section. Note that if L, is a
positive and linear, then L., (p; 1) = Ly (f2; ) — 22Ly(f1;7) + 22 L, (fo; x) with
fi(y) =9 (i =0,1,2) since p € Cla, b].

Theorem 2.1. Let A = (a;n) be a non-negative regular summability matrix
and let { Ly} be a sequence of positive linear operators from Cla,b] into Cla,b].

I
sta —lim I Ln(fo) — foll = 0 with fo(y) =1

and
sta —lim [ Lo(o)]| = 0,

then, for all f € Cla,b], we have

sta —lim [ La(f) — f]] = 0.
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Proof. Let f € Cla,b] and = € [a, b]. Since f is continuous on [a, b], for every
e > 0 there exists a real number § > 0 such that | f(y) — f(x)| < & for y satisfying
ly — x| < 4. Letting I5 := [x — 0,2 + 0] N [a, b], we can write that

|f(y) = f(@)] = |f(y) = f@) x5 W) + | f W) = f@)] X{ap)\ 15 (%)

2.2) 5 X
<e+2Mé = (y—x)

where M := || f|| . Using (2.2), positivity and linearity of the operators L,,, we have

[Ln(f32) = f(2)] < Lo(lf(y) — f(2)]; 2)
+1f (@) [ Ln(fo; 2) = fol2)|

2M
< eLn(fo; ) + 5—2Ln(<ﬂ§ )

+M | Ln(fo; 2) — fo(z)|

< e+ af[Ln(fo;z) = fo()| + Ln(e; 2) }
where o := max {5 + M, 25_]\24} . This implies that
(2.3) 1Ln(f) = fIl < €+ a{llLn(fo) = foll + I Ln(e)]} -

Given r > 0, choose € > 0 such that ¢ < r. Define

D: :{n:HLn(f)_fHZr}v

r

Dy = {nsIEai) - oll = 755

b

2c

r—e
Dy = {nsLato)l = 55}
Then it follows from (2.3) that D C D1 U D4y. So we get, for all j € N, that
24) Do < )t Y ajn.
nebD nebDy neDoy
Letting 7 — oo in (2.4) and using the hypotheses we have
lim > a;n =0,
J neD

which yields the proof. ]
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Let 6 be a positive real number so that § < b_T“, and let

Iflls == sup  [f(@)], f € Cla,b].

a+6<x<b—§

In order to give our main result we need the following lemmas.

Theorem 2.2. Let A = (aj,) be a non-negative regular summability matrix.

Assume that § is a fixed positive number such that § < b_T“. If the conditions

é
(2.5) stg — lim/Kn(y)dy =1
s
and
(2.6) st4 — lim (sup Kn(y)> =0
" \lyl=o

hold, then for the operators L., given by (2.1), we have

sta —lim [|Ln(fo) = folls = 0 with fo(y) = 1.

Proof. Fix 0 <6< b_T“ and let = € [a + 0,b — ¢]. Then it is easy to see that

(2.7) —(b—a)<a—-z< -6
and
(2.8) 0<b—ax<b—a.

It follows from (2.1) that, for all n € N,

b b—x
2.9) Lu(foi) = [ Koty =y = [ Koly)dy,
Taking into consideration (2.7), (2.8) and (2.9) we have
) b—a
(2.10) [ Koty < Luthoo < [ Kalw)d.
—6 —(b—a)

Hence (2.10) and (2.7) imply that

(2.11) | Ln(fo) — folls < un
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where
§
Up = max / n(y)dy — 1, / K, (y)dy —1
-4 —(b—a)

Note that since condition (2.5) holds for all § > 0 such that § < (b —a)/2, it is
clear that

(2.12) sta — limu, = 0.
n
Now, for a given € > 0, we get from (2.11) that

D= {n:||La(fo) - folls > €} C {n:u, > e} = D'

Then, for all j € N, we have

(2.13) > ajn <Y ajn.

neD neD’

Taking limit as j — oo in (2.13) and using (2.12) we immediately conclude the
result. u

Lemma 2.3. Let A = (aj,) be a non-negative regular summability matrix. If
(2.5) and (2.6) hold for a fixed 5 > 0 such that § < b_T“, then for the operators
L,, given by (2.1), we have

sta = lim|[Ln(0)lls = 0 with ¢(y) = (y — 2)*.

Proof.  For a fixed 0 < 0 < b_T“, let z € [a + 6,b — J]. Note that, for

€ la+6,b— 4], since p(y) = y? — 22y + 2, it is obvious that ¢ € Cla, b]

for each « € [a + d,b — J]. So we can compute L, (p;z). Actually, L, (¢;x) =

Ln(f2;7) — 22Ln(f1; ) + 1‘2Ln(f0;1') with fi(y) = yi (i = 0,1,2). Then using
(2.1), (2.7) and (2.8) we get, for all n € N, that

b—x b—a
(2.14) Lu(giz) = / VKo (y)dy < / YKo (y)dy.
a—x —(b—a)

Since the function f, is continuous at y = 0, given £ > 0 there exists n > 0 such
that 2 < ¢ for all y satisfying |y| < 1. Here we have two cases such that n > b—a
orn <b—a.
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Case 1. Let n > b — a. Then it follows from (2.14) that
0<Luein < [ Ky

and hence, by (2.5) the proof is completed.
Case 2. Now let n < b — a. Then we can write from (2.14) that

%M@s/fm@@+/ﬁm@@

ly|>n lyl<n

and hence we obtain, for all n € N, that

N3 .3
(2.15) 1Ln(2) 5 < an (W) 42,

where

an = sup K,(y) and b, := / Kn(y)dy.
ly|=n
lyl<n

Observe that conditions (2.5) and (2.6) yield st 4 —lim a,, = 0 and st 4 —lim b,, = 1,
n n

respectively. Taking M : = max 5 e“ 5 in (2.15), we conclude, for
all n € N, that
(2.16) ILn(@)l5 < &%+ M (an + [bn = 1).

Given r > 0, choose € > 0 such that €2 < r. Define the following sets:
D:={n:||Ln(p)ls = r},

r—e2
Dl::{n:anz YV },

_ 2
Dg::{n:\bn—l\zr c }

2M

Then, by (2.16) we immediately get D C D; U Dsy. Hence, for all j € N, we have

2.17) aim <Y am+ > aj.

nebD nebDy neDoy

Since st4—lima,, =st4—lim|b,—1|, letting j— oo in (2.17) the proof follows. m
n n
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Now the following main result follows from Theorem 2.1, Lemmas 2.2 and 2.3
at once.

Theorem 2.4. Let A = (ajn) be a non-negative regular summability matrix
and let {L,} be a sequence of convolution operators given by (2.1). If conditions
(2.5) and (2.6) hold for a fixed § > O such that § < %52, then for all f € Cla, b],
we have

(2.18) sta = lim [ Lo (f) = flls = 0

If we take A = I, the identity matrix, we then get the following

Corollary 2.5. Assume that § is a fixed positive number such that 6 < b_T“. If

the conditions

é
lim/Kn(y —x)dy =1 and lim (sup Kn(y)> =
A " \lyl=o

hold, then for all f € Cla,b], we have
lim | Za(f) - £1; = 0.

ie, forall f € Cla,b], the sequence {L,(f)} is uniformly convergent to f on the
interval [a + §,b — 0].

Remark. We now exhibit a sequence of positive convolution operators for
which Corollary 2.5 does not apply but our Theorem 2.4 does.

Let A = (aj,) be a non-negative regular summability matrix for which limy
maxp{a;n,} = 0. In this case A—statistical convergence is stronger than ordinary
convergence [14]. So we can choose a sequence (d,,) which is A—statistically null
but non-convergent. Without loss of generality we may assume that (d,,) is non-
negative. Otherwise we would replace (d,,) by (|d,|). Now let the operators L,, on
Cla, b] be defined by

(2.19) Lnfi) = 20 [ gpeomsray,

If we choose

(2.20) Kn(y) =
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then the operators L,, given by (2.19) have form of the convolution operators as in
(2.1).

Observe that the functions K, given by (2.20) do not satisfy the hypotheses of
Corollary 2.5. However, we now show that each function K, in (2.20) satisfies
conditions (2.5) and (2.6). Indeed, for every § > 0 such that § < b_T“, we have

o0
n(l —|—dn) 2,2 242
Kn(y)dy = ——=—| [ e""dy— [ e dy
VT
-0 N ly|>6
d o0 o0
2(1
0 é.n
o0 o0
Since [ e V'dy = \/TE < o0, it is clear that lim [ e ¥dy = 0. Also, since
0 " oén

sta —lim(1 4+ d,) = 1, we immediately get
n

é
stg — lim/Kn(y)dy =1,
n
-4

which gives (2.5).
On the other hand, we have

1+d
sup Kn(y) = n(l +dn) sup eV’
lv|>0 VT iz
1
< %
e
Since lim % =0 and sty — lim(1 + d,,) = 1, we conclude that
n en g n

sty — lim (sup Kn(y)> =0,

" \lyl>6
hence (2.6) holds. Therefore, by Theorem 2.4, the operators L,, given by (2.19)
satisfy condition (2.18) for all f € C/[a, b].
3. RATES OF A-STATISTICAL CONVERGENCE

In this section, using the modulus of continuity we study rates of A— statistical
convergence in Theorem 2.4.
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The concepts of the rates of A—statistical convergence have been introduced in
[5] as follows:

Let A = (ajn) be a non-negative regular summability matrix and let (a,) be
a positive non-increasing sequence of real numbers. Then a sequence = = () is

A—statistically convergent to a number L with the rate of o(a,,) if for every € > 0,

1 . .
lim— > aj, = 0. Inthis case we write £, — L = st4—o(ay), (as n — 00).

J aj n:|zn—L|>e
If for every € > O, supi Y. ajn < 0o, then x is A—statistically bounded with
i @y n:|zn|>e
the rate of O(a,,) and it is denoted by z, = st4 — O(a,), (as n — o0). In the
above two definitions the “rate” is more controlled by the entries of the summability
method rather than the terms of the sequence © = (x,,). For instance, when one
takes the identity matrix I, if a,, = o(ay) then x,, — L = sty — o(a,) for any
convergent sequence (z,,— L) regardless of how slowly it goes to zero. To avoid such
an unfortunate situation we may consider the concept of convergence in measure
from measure theory to define the rate of convergence as follows: = = (z,) is
A—statistically convergent to L with the rate of o,,(a,), denoted by z,, — L =
sta —om(ay), (asn — o0), if for every € > 0, lim > ajn = 0. Finally,
J ni|en—L|>ean
the sequence x = (z,,) is A—statistically bounded with the rate of O,,,(a,,) provided

that there is a positive number M such that lim > aj, = 0. In this case we
I ni|zn|>Man

write x,, = stg — Op,(ay), (as n — 00).
Let f € Cla, b]. The modulus of continuity (see, for instance, [15]), denoted by
w(f, «), is defined to be

w(f,a) = sup [f(y) — f(z)].

ly—z|<a

The modulus of continuity of the function f in C|a, b] gives the maximum oscillation
of f in any interval of length not exceeding o > 0. It is well-known that if f €
Cla, b], then

Oléi_)Hb’w(f, (X) = w(fv 0) =0,

and that for any constants ¢ > 0, a > 0,
(3.1 w(f,ca) < 1+ [c)) w(f, o),

where [c] is defined to be the greatest integer less than or equal to c.
Hence we get the following

Theorem 3.1. Let A = (a;n) be a non-negative regular summability matrix
and let { L,,} be a sequence of convolution operators given by (2.1). Assume further
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that (ay,) and (by,) are two positive non-increasing sequences. If, for a fixed 6 > 0
such that § < b_T“,

(3.2) [ Ln(fo) = folls = sta — o(an), (as n — o0),
and
(3.3) w(f, an) = sta — O(bn)v (as n— 00)7

where oy, 2= /|| Ln()ll5, then for all f € Cla,b], we have
| Ln(f) = flls = sta —o(cn), (as n — o0),

where ¢y, := max{any, b,}. Similar results hold when little “0” is replaced by big
“077 .

Proof. Let0 < < b_T“, f € Cla,b] and x € [a + J,b — d]. By positivity and
linearity of the operators L,, and using inequality (3.1), we get, for any « > 0, that

L 2) S @IS L (1£(6) ~ F@)]:2) + 1@ Ll 2) — fo(o)
<L (1 (1,022 s2) 1@ L) ~ o)

<u(fay (14 2] o) + 1@ Latui) - foe)

<ulf.){Eutis 0 Sy Lol )@ L o)~ o).

This yields that, for all n € N,

say )=l <wlha) (Il + 5 Il
+My ([ Ln(fo) = folls

where M := || f||5 . Now letting o := o, = /|| Ln ()|l in (3.4), we have

1Ln(f) = flls < w(f, 0m) LI Ln(fo)lls + 1} + M ([ Ln(fo) — folls
< 2w(f, om) + w(f; an) [[Ln(fo) = folls + M [|Ln(fo) = folls -
Let M := max{2, M }. Then we can write, for all n € N, that

1L (f) = flls < MAw(f, on) +w(f, an) [Ln(fo) = folls

3.5)
+ | Ln(fo) — folls}
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Given € > 0, define the following sets:
D: =A{n:|Ln(f) = flls = €},
€
D = { : > —}

Dy: = {n :w(f.cn) |Luf0) = folls 2 537

Dy = {n: | La(fo) = folls = 527} -

Then we easily see from (3.5) that D C D; U Dy U D3. Also, defining

b= {n:w(f,an) > 3LM}

DY = {n HLn(fo) = folls = \/3% }

one can deduce that Do C D), U D). Hence we get D C Dy U D, U DJ U Ds. Since
¢n, = max{ay, by}, we obtain, for all j € N, that

and

1 1 1 1
2 Gn S D Gt 20 Gnt — D0 ajn
(3.6) €j neD j neDy J neD} aj neny
) 1
+— Z ajn.
a’j neDs

Letting 7 — oo in (3.6) and using (3.2) and (3.3) we have

.1
hm; E ajn = 0,
7 neD

whence the result. u
Finally, the above proof can easily be modified to prove the following analog.

Theorem 3.2. Let A = (ajn), {Ln}, (o), (an) and (by,) be as in Theorem
3.1. If, for a fixed § > 0 such that § < b;“,

1Ln(fo) = folls = sta — om(an), (as n — o0),

and
w(f,an) = sta — om(by), (as n — o),

then, for all f € Cla,b], we have
HLn(f) - f”5 = sta — Om(Cn), (as n — OO),

where ¢, := max{an, by, anby}. Similar conclusions hold when little “0.,,” is
replaced by big “O,,”.
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4. SOME FURTHER RESULTS

In this section using the A—statistical convergence, we deal with an approx-
imation result by positive convolution operators defined on C*, the space of all
2m—periodic and continuous functions on the whole real axis with the usual norm

/1

We now consider the convolution operators L,, defined on C* by

¢ =suplf(2)], fecr
z€R

@y Lufio) =5 [ @)K —0)dy, neNand f e C*,

where K,, € C* for all n € N and K, (y) > 0 for every y € [—m, 7. So K, is
non-negative on the whole real axis. Then using the similar technique as in the
proof of Theorem 2.4 one can also get the following result.

Theorem 4.1. Let A = (a;n) be a non-negative regular summability matrix
and let {L,} be a sequence of convolution operators given by (4.1). If

™

1
— | Kp(y)dy=1 a.a.n
27
—T
and, for any 6 >0
sta —lim [ sup K, (y) | =0,
™ \lyl>6

then for all f € C*, we have
sta —lim | L (f) — f

C'* :0.

Of course, if the matrix A in Theorem 4.1 is replaced by the identity matrix I,
then we immediately get the classical approximation result (see, e.g., [16, p. 9]).
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