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ESTIMATES OF AN INTEGRAL OPERATOR ON FUNCTION SPACES

Der-Chen Changy and Stevo Stević

Abstract. In this paper, we shall study the family of operators of the form

T~g(f)(z) =

Z z1

0

¢ ¢ ¢
Z zn

0

f(³1; ¢ ¢ ¢ ; ³n)

nY

j=1

g0j(³j)d³j

on Hardy Hp(Dn), the generalized weighted Bergman Ap;q
¹ (Dn); p 2 (0;1);

and ®-Bloch B®(Dn) spaces on the polydisk Dn = f(z1; : : : ; zn) 2 Cn :
jzj j < 1; j = 1; : : : ; ng:

1. INTRODUCTION AND PRELIMINARIES

Let D be the unit disk in the complex plane C and H(D) be the set of all
analytic functions f : D ! C: The Bloch space B is the space of all analytic
functions f on D such that

b(f) = sup
z2D

(1¡ jzj2)jf 0(z)j <1:

Let BS denote a subspace of the Bloch space that consists of all analytic func-
tions f on D such that

kfkBS = sup
z2D

j1¡ zj jf 0(z)j <1:

In the article [1], Aleman and Siskakis studied operators of the form

Tg(f)(z) =

Z z

0
f(³)g0(³)d³;
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on weighted Bergman spaces

Ap! =

½
f 2 H(D) j

Z

D
jf(z)jp!(z)dm(z) <1

¾
;

with !(r) other than the standard radial weight (1 ¡ r)®: Recently there has been
great deal of interest in studying the weighted Bergman spaces with weights other
than the standard (see, for example, [1, 4, 11, 12, 18, 20, 21, 23] and the references
therein).

The following theorem was proved by Aleman and Siskakis in [1]:

Theorem 1.1. Let ! be a positive radial weight function on the unit disc and
there is a constant C such that

!(r) ¸ C

1¡ r

Z 1

r
!(s)ds; 0 < r < 1:

If g 2 B; then Tg is bounded on Ap! and jjTgjjop · C(p)kgkB for p ¸ 1. Here
kTgkop is the operator norm of the operator Tg.

Motivated by this theorem, we define and study a family of integral operators
T~g; on the polydisk Dn: The operators are defined by

T~g(f)(z) =

Z z1

0
¢ ¢ ¢
Z zn

0
f(³1; :::; ³n)

nY

j=1

g0j(³j)d³j ;

whenever f(z) =
P1
j®j=0 a®z

® is an analytic function on Dn (® is multi-index
from (Z+)n). Here gj; j = 1; :::; n; are analytic functions on the unit disk. It is
easy to see that

T~g(f)(z) =

nY

j=1

zj

Z 1

0
¢ ¢ ¢
Z 1

0
f(¿1z1; :::; ¿nzn)

nY

j=1

g0j(¿jzj)d¿j:(1)

If gj(³j) = ln (1=(1¡ ³j)); j = 1; :::; n; then T~g(f) is a natural generalization
of the Cesàro operator C on the unit disk:

~C(f)(z) =

nY

j=1

zj

Z 1

0
¢ ¢ ¢
Z 1

0
f(¿1z1; : : : ; ¿nzn)

nY

j=1

(1¡ ¿jzj)¡1d¿1 ¢ ¢ ¢ d¿n:

The Cesàro operator on the unit disk has been studied by many mathematicians (see,
for example [1, 2, 5, 7, 8, 9, 13, 14, 15, 16, 17, 19, 24, 25] and the references
therein). In this paper we continue our investigations of some integral operators
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defined on analytic functions on the polydisk which were started in the articles [3],
[4] and [22].

If gj(³j) = ³j ; j = 1; :::; n; then T~g(f) is the integration operator.
In what follows, we write z ¢w as an abbreviation for (z1w1; :::; znwn) for z;w 2

Cn; eiµ is an abbreviation for (eiµ1 ; :::; eiµn); d¿ = d¿1 ¢ ¢ ¢ d¿n; dµ = dµ1 ¢ ¢ ¢ dµn
and r; s; ¿ are vectors in Cn: We write 0 · r < 1; where r = (r1; :::; rn) it means
0 · rj < 1 for j = 1; :::; n:

Our first result is:

Theorem 1.2. If gj 2 BS ; j = 1; :::; n; then there is a constant C depending
only on p and n; such that

Z

[0;2¼]n
jT~g(f)(r ¢ eiµ)jpdµ · C

nY

j=1

rpj jjgjjj
p
BS

Z

[0;2¼]n
jf(r ¢ eiµ)jpdµ;

for 0 < p <1 and for all f 2 H(Dn):

The proof of Theorem 1.2 for the case 0 < p · 1 relies on Theorem 1.5 in [22].
In the proof of this theorem we use Miao’s arguments [13], which are modifications
of the corresponding arguments used in the case of the unit disk. Miao’s ideas were
originated from Hardy and Littlewood [10]. We shall give detailed discussion later.

In order to prove Theorem 1.2, we need three auxiliary results which are incor-
porated in the following lemmas.

For real y and ¾ > ¡1; set

H¾(y) =
1

1 + jyj

8
<
:

1 + jyj¾; if ¾ < 0
log(2 + 1=jyj); if ¾ = 0

1; if ¾ > 0:

Lemma 1.3. [2] For ¾ > ¡1; there is a constant C = C(¾) such that

Z 1

0

x¾+1dx

[x2 + '2][x2 + µ2](¾+1)=2
· C

H¾('=µ)

jµj

for all real ' and µ 6= 0:

For any measurable function g(eiµ); define Esg(eiµ) = Es1;:::;sng(e
iµ) by

Esg(e
iµ) =

½
g(ei(s+1)µ); if jsjµj j · ¼ for all j 2 f1; :::; ng;

0; otherwise.

The following lemma is a generalization of Lemma 2.2 in [2].
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Lemma 1.4 Let ¾j > ¡1; j = 1; ::; n; 1 < p <1 and

A~¾;p = 2n=p
Z

Rn

nY

j=1

H¾j(sj)

jsj + 1j1=p ds:

Then A~¾;p <1 and

Z

[¡¼;¼]n

0
@
Z

Rn

nY

j=1

H¾j (sj)Esg(e
iµ)ds

1
A
p

dµ · Ap~¾;p

Z

[¡¼;¼]n
gp(eiµ)dµ;

for all measurable g ¸ 0:

Proof. The first assertion of Lemma 1.4 can be easily proved. Let H¾(s) =Qn
j=1H

¾j (sj): By Minkowski’s inequality we obtain
ÃZ

[¡¼;¼]n

µZ

Rn

H¾(s)Esg(e
iµ)ds

¶p
dµ

!1=p

·
Z

Rn
H¾(s)

ÃZ

[¡¼;¼]n
[Esg(e

iµ)]pdµ

!1=p

ds:

(2)

On the other hand, since for real b; minfjb + 1j; j(b + 1)=bjg · 2; for sj 6= ¡1;
j = 1; :::; n; we obtain

Z

[¡¼;¼]n
[Esg(e

iµ)]pdµ

=

Z

­nj=1fµj : jsjµj j·¼g\fµj : jµj j·¼g
gp(ei(s+1)µ)dµ

=

nY

j=1

1

jsj + 1j

Z

­nj=1f'j : jsj'j j·jsj+1j¼g\f'j : j'j j·jsj+1j¼g
gp(ei')d'

(3)

·
nY

j=1

1

jsj + 1j

Z

­nj=1fj'j j·2¼g
gp(ei')d'

= 2n
nY

j=1

1

jsj + 1j

Z

[¡¼;¼]n
gp(ei')d':

(4)

From (2) and (4) the result

Z

[¡¼;¼]n

0
@
Z

Rn

nY

j=1

H¾j (sj)Esg(e
iµ)ds

1
A
p

dµ · Ap~¾;p

Z

[¡¼;¼]n
gp(eiµ)dµ;

follows immediately.



Estimates of an Integral Operator 427

2. PROOF OF THEOREM 1.2

Now we are in a position to prove Theorem 1.2.

Proof. Case 1. 0 < p · 1: Let f 2 H(Dn) and denote

I =

0
@

nY

j=1

rpj

1
A
¡1

Mp
p (T~g(f); r) =

0
@

nY

j=1

rpj

1
A
¡1 Z

[0;2¼]n
jT~g(f)(r ¢ eiµ)jpdµ:

Since gj 2 BS; j = 1; :::; n; and by Theorem 1.5 in [22] for case ~° = ~0, one has

I ·
Z

[0;2¼]n

0
@
Z

[0;1)n
jf(¿ ¢ r ¢ eiµ)j

nY

j=1

jg0(¿jrjeiµj)jd¿

1
A
p

dµ

·
nY

j=1

jjgj jjpBS
Z

[0;2¼]n

ÃZ

[0;1)n

jf(¿ ¢ r ¢ eiµ)jQn
j=1 j1¡ ¿jrjeiµj j

d¿

!p
dµ

· C

nY

j=1

jjgjjjpBS
Z

[0;2¼]n
jf(r ¢ eiµ)jpdµ;

for which the result follows.

Case 2. 1 < p <1: Let f 2 H(Dn) and 0 < r < 1; set fr(ei') = f(r ¢ ei'):
Then for 0 < ¿ < 1; f(¿ ¢ r ¢ eiµ) is given by the following integral

f(¿ ¢ r ¢ eiµ) =
1

(2¼)n

Z

[¡¼;¼]n
fr(e

i')

nY

j=1

P (¿j; 'j ¡ µj)d'(5)

where P (½; Á) is the Poisson kernel i.e.,

P (½; Á) =
1¡ ½2

1¡ 2½ cos Á+ ½2
:

Combining (1) and (5) and using Fubini’s theorem, we obtain

T~g(f)(r ¢ eiµ) =
nY

j=1

zj
2¼

Z

[¡¼;¼]n
K~g
r (µ; ')fr(e

i(µ+'))d';

where

K~g
r (µ; ') =

nY

j=1

Z 1

0

(1¡ ¿2
j )g0j(rj¿je

iµj )

(1¡ 2¿j cos 'j + ¿2
j )
d¿j :
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Since gj 2 BS ; j = 1; :::; n; we obtain

jK~g
r (µ; ')j ·

nY

j=1

jjgj jjBS
Z 1

0

(1¡ ¿2
j )

(1¡ 2¿j cos 'j + ¿2
j )j1¡ rj¿jeiµj j

d¿j :

Using an estimate in [26, p. 96], we have that there is a constant C = C(~g)
such that

jK~g
r (µ; ')j · C

nY

j=1

Z 1

0

xdx

[x2 + '2
j ][x

2 + µ2
j ]

1=2

for jµj j · ¼; jÁj j · ¼; j = 1; :::; n: Thus, by Lemma 1.3, we obtain

jK~g
r (µ; ')j · C

nY

j=1

H0('j=µj)

jµjj

for 0 < jµjj · ¼; jÁjj · ¼; 0 < r < 1: Hence

jT~g(f)(r ¢ eiµ)j · C

Z

[¡¼;¼]n

nY

j=1

H0('j=µj)

jµj j
jfr(ei(µ+'))jd'

= C

Z

Rn

nY

j=1

H0(sj)Esjfrj(eiµ)ds:
(5)

From this, using Lemma 1.4 and 2¼ periodicity of the subintegral function in µj ;
j = 1; :::; n; the result follows.

Remark 1. Throughout the above proof C denotes a constant which may change
from line to line.

The Hardy space Hp(Dn) (0 < p <1) is defined on Dn as follows:

Hp(Dn) =

(
f 2 H(Dn) : jjf jjHp(Dn) = sup

0·r<1

Z

[0;2¼]n
jf(r ¢ eiµ)jpdµ <1

)
:

From Theorem 1.2 we obtain the following corollaries.

Corollary 2.1. If gj 2 BS ; j = 1; :::; n; then the operator T~g is bounded on
Hp(Dn) for 0 < p <1: Moreover,

kT~g(f)kHp(Dn) · C
nY

j=1

kgjkBSkfkHp(Dn):
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In particular, the Cesàro operator is bounded on the spaces Hp(Dn) for 0 < p <
1.

Given 0 < p; q < 1; and positive Borel measures ¹j ; j = 1; :::; n on rj 2
(0; 1); the weighted space Ap;q¹ (Dn) consists of those functions f analytic on Dn

for which

kfkAp;q¹ (Dn) =

2
4
Z

[0;1)n

ÃZ

[0;2¼]n
jf(r ¢ eiµ)jpdµ

! q
p nY

j=1

d¹j(rj)

3
5

1=q

<1:

Of particular interest are the absolutely continuous measures of the form d¹j(rj) =
(1 ¡ rj)

arbjdrj . When a = b = 0 and p = q, the space Ap;q¹ (Dn) is the standard
Bergman space Ap(Dn).

Corollary 2.2 If gj 2 BS ; j = 1; :::; n; then the operator T~g is bounded on
Ap;q¹ (Dn) for 0 < p; q <1: Moreover, there is a constant C depending only on p
and n; such that

jjT~g(f)jjAp;q¹ (Dn) · C

nY

j=1

jjgj jjBS jjf jjAp;q¹ (Dn):

In particular, the Cesàro operator is bounded on the spaces Ap;q¹ (Dn) for 0 <
p; q <1.

3. SOME INVARIANT SPACES OF THE OPERATOR T~g

The ®-Bloch space B®(Dn) is the space of all analytic functions f on Dn such that

b®(f) = max
j=1;:::;n

sup
z2Dn

(1¡ jzjj2)®
¯̄
¯̄ @f
@zj

(z)

¯̄
¯̄ <1:

We denote S~® the space of all analytic functions f on Dn such that

N(f)S~® = sup
z2Dn

jf(z)j
nY

j=1

(1¡ jzjj)®j <1;

where ~® = (®1; :::; ®n); ®j > 0, j = 1; :::; n:

It is well-known that when n = 1 and ® > 1, the following are equivalent:

b®(f) <1 , N(f)S®¡1 <1:
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Lemma 3.1 [4]. Let ® > 1: Then B®(Dn) ½ S~®¡1(Dn); where ~® ¡ 1 =
(®¡ 1; :::; ®¡ 1):

Remark 2. The function f(z1; :::; zn) =
Qn
k=1

ck
(1¡zk)®¡1 ; shows that the inclu-

sion in this Lemma is proper.

The main result in this section is the following theorem:

Theorem 3.2 If gj 2 B; j = 1; :::; n; then the space S~®; ® > 0 is invariant for
the operator T~g on the polydisk Dn: Moreover there is a constant C independent
of f such that

N(T~g(f))S~® · C N(f)S~® :

Proof. Let f 2 S~®: Then

jT~gf(z)j ·
nY

j=1

jzj j
Z 1

0
¢ ¢ ¢
Z 1

0
jf(¿ ¢ z)

nY

j=1

g0j(¿jzj)jd¿

·
nY

j=1

jzj j
Z 1

0
¢ ¢ ¢
Z 1

0

jf(¿ ¢ z)jQn
j=1(1¡ ¿j jzj j)®jQn

j=1(1¡ ¿j jzj j)®j+1

£
nY

j=1

jg0j(¿jzj)j(1¡ ¿j jzj j)d¿

· N(f)S~®

nY

j=1

jzjj jjgj jjB
Z 1

0
¢ ¢ ¢
Z 1

0

1Qn
j=1(1¡ ¿j jzj j)®j+1 d¿

= N(f)S~®

nY

j=1

jzjj jjgj jjB
nY

j=1

Z 1

0

1

(1¡ ¿j jzjj)®j+1d¿j

· N(f)S~®

nY

j=1

jjgjjjB
®j

nY

j=1

1

(1¡ jzj j)®j

(5)

from which the result follows with C = N(f)S~®
Qn
j=1

jjgj jjB
®j

:

From Lemma 3.1 and Theorem 3.2, one obtains the following corollary:

Corollary 3.3 Let ® > 1: Then T~g is bounded operator from B® to S~®¡1: In
particular, the Cesàro operator is bounded from the space B® into the space S~®¡1.
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