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ON THE RECURSIVE SEQUENCE z,41 =

Stevo Stevit

Abstract. The boundedness, the oscillatory behavior and the global stability
of the nonnegative solutions of the difference equation

o+ ﬁxn—k
Ty -eey xn—k—f—l)

Tp41 = f(

is investigated, where k € N, the parameters « and § are nonnegative real
numbers and f : R% — Ry is a continuous function nondecreasing in each
variable such that f(0,...,0) > 0.

1. INTRODUCTION

In [3] the authors investigate behavior of the nonnegative solutions of the dif-

ference equation
T o+ ﬁxn—l
1 =
n+ v n T )
where the parameters «, 6 and ~ are nonnegative real numbers.

Behavior of the nonnegative solutions of the difference equation

o+ ﬁxn—l
1+g(zn)
where g is a nonnegative increasing function on [0, co), was investigated in [14].

In this paper we investigate the oscillatory behavior, the boundedness character
and the global stability of the nonnegative solutions of the difference equation

Tn+l =

)

o+ Brn_k
T s T 1)

(1) xn—f—l = f(
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where k € N, the parameters « and [ are nonnegative real numbers and f : R’_i —
R is a continuous function nondecreasing in each variable such that (0, ...,0) > 0.

This equation is a natural generalization of the above mentioned equations.
Among other results in Section 5 we solve and generalize an open problem posed
in [14].

Similar properties were discussed in the literature (see, e.g. [1, 2, 4, 5, 7-13,
15-18]) for several classes of nonlinear difference equations.

In what follows we may assume that the initial conditions x_x, z_x+1, ..., Zo
are positive real numbers.

In our analysis the function

plays an important role.
Let 5 = £(0, ..., 0). Without loss of generality we may assume that § = 1, since
we can consider the equation

Yl = oy + ﬁlyn—k
nr fl(ym seey yn—k+1)

where oy = /0, 81 = /6 and fi(z1, ..., zk) = f(z1, ..., 2K) /0.

2. SEMICYCLE ANALYSIS ABOUT A PosITIVE EQUILIBRIUM

A positive semicycle of a solution (x,,) of Eq. (1) consists of a ”string” of terms
{1, x141, ..., zm}, all greater than or equal to z, with [ > —k and m < oo and
such that

either | =—k, or [I>—-k and z_1 <7

and
either m=o0c0, ofr m<oo and =z, <.

A negative semicycle of a solution (x,) Eqg. (1) consists of a ”string” of terms
{1, T141, ..., Ty}, all less than z, with [ > —k and m < oo and such that

either | =—k, or I>—-k and xz;_1>7

and
either m=o0c0, of m<oo and x4 > 7.

The first semicycle of a solution starts with the term x_j and is positive if x _ > =
and negative if z_p < Z.

We say that a sequence (x,,) oscillates about z if for every ny € N there are
p,q > ng such that (z, — z)(z, — z) < 0.
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The following theorem is the main result of this section and it generalizes The-
orem 3.2 in [3].

Theorem 1. Let k € N be fixed and consider a continuous function H :
(0,00)%*1 — (0,00) having the following properties: There is an index iy €
{1,2,...,,k} such that H(z1, ..., zk, y) is nonincreasing in each z;,i € {1,...,k} \
{io}, decreasing in z;,, and increasing in y. Let z be a positive equilibrium of the
difference equation

2 Tpy1 = H(Tp, ooy g1, Tn—k), n=0,1,2, ...

Then, except possibly for the first semicycle, every oscillatory solution of Eq. (2)
with positive initial values has semicycles of length at most &.

Proof. Let (z,) be an oscillatory solution of Eq. (2) with at least two semicy-
cles. If a semicycle has length greater than or equal to &, then there isan N > 0
such that either

IN—k <T < TN—ft1,-- TN OF ITN_f =T > TN—f+1,---, TN-

Using the conditions of the theorem in the first case we obtain

IN41 = H(xN, ...,xN_kH,xN_k) < H(i‘, ,i‘) =2z,
and in the second case we get
IN41 = H(xN, ...,xN_kH,xN_k) > H(i‘, ,i‘) =2z,

as desired.

Corollary 1. Consider Eq. (1) where «, 5 > 0, k € N, the initial conditions
Ty T—kt1,.-,x—1 and xzo of Eq. (1) are arbitrary positive numbers and f :
Rk — R, is a continuous function nondecreasing in each variable and increasing
in at least one.

Then except possibly for the first semicycle, every oscillatory solution of Eq.
(1) has semicycles of length at most k.

3. THECASE B < 1
In this section we consider the case g < 1.

Theorem 2. Consider Eq. (1), where a > 0, 5 € [0,1), k € N, the initial
conditions x _, x_g+1,...,2—1 and zo of Eq. (1) are arbitrary positive numbers,
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f:R% — Ry is a continuous function nondecreasing in each variable and where
the function g(x) satisfies the following conditions:

(a) g(0) =1;

(b) g(x) is increasing on [0, co);

(c) z/(g(x) — 1) is nondecreasing on [0, co).
Then every positive solution of Eq. (1) converges.

Proof. First we prove that Egq. (1) has the unique positive equilibrium. The
equilibrium points z of Eq. (1) satisfy the equation

o+ BT

T

LetG(z) =z — O‘;(Lf)m. It is clear that G is a continuous function on [0, co) such

that G(0) = _ﬁo) < 0 and lim,_, 4o, G(x) = +00. By a well known theorem it
follows that there is an z* € (0, c0) such that G(z*) = 0. On the other hand

a—i—ﬁy_a—f—ﬁw

9(y) 9()
_ (E=9)9W)g(z) = F) + (e + By)(9(z) —9)) _
9(x)g(y) ’

if x > y. So G(z) is an increasing function and consequently x* is the unique
positive equilibrium of Eq. (1).

Further, we prove that every positive solution of Eq. (1) is bounded. We have
o+ Brn—k

T eos T r1)

(3) Tptl = I < a+ Pro—k n=0,1,2,... .

From (3) using induction we obtain
Tk 1)ymtr+1 < wr—kﬁm—’—l +a(l+p+---+5m)

< Tp_k + %, forall m e NU{0} and r € {0,1,...,k},

from which the boundedness follows.

Thus there are the finite lim inf,, o z, = [ and lim sup,, .., x, = L. Letting
lim inf,, . and lim sup,,_,., in (1) we obtain

a+ Bl

TR O
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From this and by (c) we obtain
a+(B-1)L>Llg(l)~1) > (g(L) ~ 1) > a+ (5 1)L
Since 5 € [0,1) we obtain [ = L = z*, as desired.
Example 1. Consider the difference equation

o+ ﬁwn—k

, n=0,1,...,
14 2

Tnt+1 =
where k € N, a € (0,00),5 € [0,1) and v € (0,1). Then every positive solution
of the equation converges.

Similarly to Theorem 2 we can prove the following theorem.

Theorem 2 (a). Consider the difference equation

(4) $n+1:f(a+ﬂwn , n=0,1,2,..

Tns ooy Tnk)
where oo > 0, 8 € [0,1), k € N, the initial conditions x _x, z_j1, ...,x—1 and zo
of Eq. (4) are arbitrary positive numbers, f : R¥ — R, is a continuous function
nondecreasing in each variable and where the corresponding function g(x) satisfies
all conditions as in Theorem 2. Then every positive solution of Eq. (4) converges.

4, THECASE § > 1

In this section we assume that 3 > 1 and show that there exist unbounded
solutions of Eq. (1). Although it is interesting to know the behavior of all solutions
of Eqg. (1), we provide results only for the case £ = 2m + 1 and the odd terms of
the solutions do not affect the denumerator in Eq. (1). This means that we focus
our attention on the case

f(u17 U2, U3y «ooy U2m—1, U2ms u2m+1) - F('Ll,l, U3, ..., U2m—1, u2m+1)7
and so Eqg. (1) takes the form

o+ ﬁwn—2m—1

LTpy Tp—2y Tpn—4---y xn—2m)

(5) Tn+1 = F(

We assume that F' : R:L”“ — R is a given continuous function, nondecreasing
in each variable, increasing in at least one and F'(0,...,0) = 1. Hence g(z) is a
real continuous function defined on the interval [0, co) which satisfies conditions



588 Stevo Stevic

(a) and (b) in Theorem 2 and consequently g~ is continuous increasing function
on [0, c0).

In this case we show that there exist positive solutions of Eq. (5), which are
unbounded, moreover we show that there exist positive solutions of Eg. (5) such
that the subsequence x 2,11 — 0 as n — oo and x5, — oo as n — oo. Choose

x—(2m+1)7 e To1 € (ng_l(/g))

and
min{z zo} > g ! <L +ﬁ>
—2m -5 L0 g_l(ﬁ) .
It is clear that
a + Bx_(2m41) o+ By () -1
xr1 = < - <
! F(II,'Q, ceey x—2m) g(mln{xov ceey x—QW}) g (/8)
and
. o+ Bx_om - o+ Bx_om . n o
5 = =ZT_2m T+ -
F(fIfl,...,.’L'_(Qm_l)) F(g_l(/g)vag_l(/@)) /8
Similarly we have
Q + BT_(2(m—s41)+1) a+ By H(pB) “1
Tos—1 = < . <
2T F(02s 2,0y T2s—om-2)  g(min{zos 2, ..., Tos om_2}) 9B
and
+ —2(m—s + —<(m=s
- « ,BfL' 2( +1) o ,BIL‘ 2( +1) + g

F(3e1s s @2s (ami1)  Flg 1 (B), g (B)) 2=t T3

fors=2,...m+1.
By induction we obtain
Ton—1 < g *(B) and Tost(2m+2)l > Tast(2m+2)(1-1) + (1 + 1)%7
for/ > 0and s = 1,2,...,m + 1. Hence lim, .., 2, = oo and consequently
limn_wo Ton+1 = 0.

If o = 0, then as above z3,_1 € (0,g'(0)) for all n € N and zo; (212 >
Tost(2m2)(1-1) > g 1(p) forall I € NU{0} and s = 1,2, ...,m + 1. Hence the
limits lim; o0 T4 (2m+2) are finite or +-co. Assume that all these limits are finite,
say ps. Since the sequence (z2,—1) is bounded there is finite lim sup,,_, . z2n—1 =
L > 0. Assume that L > 0. Then letting n = 2r — oo in (5) we obtain

L L
L < b < b =L,

= F(ps, ..oy Ps—m—1)  F(g7HB),...,g7(B))
which is a contradiction. Hence L = 0.
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5. THECASE =1, a >0

In this section we consider the equation:

o+ Tp—k
6 x = n € N.
( ) e f(xnv ceey xn—k—l—l)

The equilibrium points z of Eq. (6) satisfy the equation zg(z) =  + «. Since the
function z(g(x) — 1) is increasing there is the unique positive equilibrium z = z*,
of Eq. (6).

Before we formulate and prove the main result we need an auxiliary result which
is incorporated in the following lemma.

Lemma 1. Let i be a function which satisfies the conditions

(a) h(0) > 0.

(b) h(x) is increasing on [0, c0);

(c) z/h(x) is nondecreasing on [0, c0). Then for given I, L, o > 0 such that

I < L, there exist [y and L such that

1. 0<lip<land L < Ly;
2. loh(Lo) < o < h(lp) Lo.

Proof. Since [ < L and by (c¢) we see that [hA(L) < h(l)L. Now we look at
the number «. There are three cases.

(1) (1) Ih(L) < a < h(I)L. There is nothing to prove.

(2) a <Ih(L). Now we may fix L and decrease the number [. By continuity of
the functions xh(L) and h(z)L, and since zh(L) < h(x)L for x < L, we
obtain that there exists [y > 0 such that [ph(L) < a < h(lp)L, as desired.

(3) A(l)L < . Now we may fix [ and increase the number L. By continuity of
the functions [h(x) and h(l)z, and since [h(x) < h(l)x for I < x, we obtain
that there exists L such that [h(Lg) < « < h(l)Ly.

Theorem 3. Consider Eq. (6), where « > 0, k € N, the initial conditions
T, T_g41, ..., 71 and o of Eq. (6) are arbitrary positive numbers, f : R¥ —
R is a continuous function nondecreasing in each variable and increasing in at
least one, the function x/(g(xz) — 1) is nondecreasing and g(0) > 1. Then every
solution of Eq. (6) is bounded and persists.
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Proof. Choose [l and L such that L > max{z_g, ..., zo} and min{x_g, ..., zo} >
[ > 0. By Lemma 1 applied on h(z) = g(x) — 1, we may also assume that
I(g(L)—1) <a<(g(l)—1)L. Now we may use mathematical induction to prove
the result. Assume the statement is true for x _s, ..., xg, ..., x,, that is,

<z <L forall i=—-k,...,0,1,...,n.

Then
o+ Ty a+L
xnv"'vxn—k‘-f—l) o g(l) '

We claim that % < L. But this is obvious since

Tn+1 = f(

a+L<g(l)L & a<(g9(l)—1)L.
Similarly,
O+ Tp_k a+1
Tn, "'7xn—k‘+1) B g(L) '
It is easy to see that x, 1 > [. The proof is therefore complete.

Tn+1 = f(

Corollary 2. Consider the difference equation

o+ Tp—k
k—1
1+ Biwni
i=0

where k € N, a > 0,0; > 0,i =0,....k—1, Y% 8, > 0, the initial conditions
Ty Tokt1,.-,2—1 and xzo of Eq. (7) are nonnegative numbers. Then every
solution of Eq. (7) is bounded and persists.

(7 Tn+1 =

)

Now we are in a position to formulate and prove a global convergence result.

Theorem 4. Consider Eq. (6), where o > 0, & € N, the initial conditions
T, T—g41, ..., 1 and z of Eq. (6) are arbitrary positive numbers, f : R¥ —
R is a continuous function nondecreasing in each variable and increasing in at
least one, the function x/(g(x) —1) is increasing and ¢g(0) > 1. Then every solution
of Eq. (6) converges.

Proof. By Theorem 3 the sequence (z,,) is bounded. Thus there are the finite
liminf, o x, = [ and lim sup,,_, ., x, = L, moreover [ > 0. Letting lim inf,,
and lim sup,, .., in (6) we obtain

o~

a+ L
g(l)

lz& and L <

g(L)
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From this and since =/(g(z) — 1) is increasing we obtain
a>Lig(l)—1) >1(g(L)—1) = a,
which is a contradiction. Hence | = L = x*, as desired.
Remark 1. Theorem 4 solves the open problem in [13].

Remark 2. The condition x/(g(x) — 1) is increasing, in Theorem 4, cannot
be replaced by =/(g(x) — 1) is nondecreasing. Indeed, it is easy to see that the
difference equation

o+ Tp_q

=0,1,..
1+xn7 n - )

Tn+1 =

has period two solutions.

6. THE CASE a =0

In this section we consider Eq. (1) where o = 0. The case a =0 and 6 > 1
was considered in Section 4. If o =0, 8 < 1, then we have

ﬁwn—k

n € N.
Ty oo T ht1)

(8) Tn4+1 =
A
From which it follows that
Tp+l < Brp—r n e N.

Thus the zero equilibrium is a geometrically global attractor for all positive solutions
of Eq. (8) (see, Definition 1 in [6]).

If « =0, =1, then it is easy to prove the following result:
Theorem 5. Assume that « = 0 and f(uq,us,...,ux) iS continuous and
increasing with respect to each variable in a right neighborhood of 0. If it holds

g(0) = 1, then every positive solution of Eq. (8) converges to a period - (k + 1)
solution of the form

p, 0, 0, ... 0, p, O, O, ..., O, p, ...

Remark 3. In [3] the following problem is posed:
Is there a solution of the difference equation

Tp—1
14z,

Tl = , x_1,20>0, n=0,1,2, ..
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such that z,, — 0 as n — oo?
The positive answer to a more general problem is given in [11]. For readers
who are interested in this area we leave the following problem:

Open Problem 1. Let the function f be as in Theorem 5 and ¢(0) = 1 and
k > 2. Is there a solution of Eq. (8) such that z,, — 0 as n — oo?

10.
11.

12.

13.

14.

15.
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