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WILLMORE SURFACES IN THE UNIT N-SPHERE

Yu-Chung Chang and Yi-Jung Hsu

Abstract. Let M? be a compact Willmore surface in the n-dimensional unit
sphere. Denote by ¢¢; the tracefree part of the second fundamental form £g;
of M2, and by H the mean curvature vector of A/2. Let ® be the square of
the length of ¢¢; and H = [H|. We prove that if 0 < & < C(1 + H{), where
C =2 whenn =3and C = 3 when n > 4, then either ® = 0 and M? is
totally umbilicor ® = C(1 + H{). In the latter case, either n = 3 and M? is
the Clifford torus or n = 4 and M?2 is the Veronese surface.

1. INTRODUCTION

Let M? be a compact surface in the n-dimensional unit sphere S™. Denote by
[h{;] the second fundamental form of M?, by H* = " h2 the component of the
mean curvature vector H, and by ¢f; the tensor A — HTaéij of the tracefree part of
the second fundamental form [hg;]. Let & denote the square of the length of [¢]
and H the length of H.

The Willmore functional is defined by

W(z) = /Mcp

where the integration is with respect to the area measure of M?2. This functional
is invariant under conformal transformations of S™. The critical surfaces of W are
called Willmore surface (see [2]). More precisely, M? is a Willmore surface if and
only if

H2
ARH 4+ hEShHP — —H =0, 3<a<n,
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where AL is the Laplacian in the normal bundle N M (see [1] and [8]). In other
words, M? is a Willmore surface if and only if

ARH Y oten HP =0 3<a<n.

Any minimal surface in S™ is a Willmore surface. The class of all Willmore surfaces
turns out to be rather large.

It is well known that if H =0 and 0 < ® < 22=2 then M? is the equatorial
sphere, or the Clifford torus, or the Veronese surface (see [3]). Recently, Li extended
the above result to Willmore surfaces (see [5] and [6]). He proved thatif 0 < & < C,
where C' =2 whenn = 3 and C' = 5 when n > 4, then M? is the totally umbilical
sphere, or the Clifford torus, or the Veronese surface. In this paper we shall give a
sharper estimate which improves Li’s results. The crucial point is that we replace
his estimate of AS by the estimate of A®. We will prove the following theorem:

Theorem 1.1. Let M? be a compact Willmore surface in the n-dimensional
unit sphere S™. Then

/ @(C(1+%2)—®)§0
M

where C' =2 for n =3 and C = % for n > 4. In particular, if

H2
0<<I><C(1+?)

then either ® = 0 and M is totally umbilic, or & = C(1 + - ) In the latter case,
either n = 3 and M? is the Clifford torus; or n = 4 and M ? is the Veronese
surface.

Because of the fact that the Willmore functional is conformal invariant, we
construct two examples in the last section. Both of examples show that our result
is no longer working if we make a slight change in the pinching condition.

2. Basic LEMMAS

We begin by introducing some terminologies. Let 2 : M? — S™ be a surface
in the n-dimensional unit sphere S™. We choose a local orthonormal frame field
{e1,--+,en} In S™, restricted to xz(M), so that the vectors e;, ey are tangent to
(M) and {es,---,e,} is a local frame field in the normal bundle N M of M?2.
Let {wy,- - ,wy} denote the dual coframe field in S™. We shall use the following
ranges of indices
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1§17j7k‘a§27 3§a,ﬁ,’y,-~§n.
Then the structure equations are given by

de = Zwiei,
de; = Z wije; + Z hijwjeq — wi,
dea = —> hfwjei+ Y wapes, he = hS,

where [h{] is the second fundamental form of A/ 2. From the structure equations of
M?, the Gauss equations are

(2.1) Rijie = (0xSj1 — Sudjn) + > _(hGuhSy — hiihs),
(2.2) Rig =6+ Y _HhS, — > h§hG,,
(2.3) 2K =2+ H? -8,

(2.4) Rapir = Y _(hishly — highiy),

were K is the Gaussian curvature of M2, S = > (hS ) is the square of the length
of the second fundamental form, H = Y~ H%, = Zh‘“ea is the mean curvature
vector, H = _ hy; if n =3 and H = |H] is the length of mean curvature vector of
M?if n > 4.

The covariant derivative Vg, of the second fundamental form A, of M 2 with
components g, is defined by

D Wi =l + 3 b+ Wy + 3 hijwsa,

and the covariant derivative VA, of Vhg; with components A, is defined by

Then the Codazzi equation and the Ricci formula are given by

(26) Sy — By = o R+ > Sy Rk + > bl Ran.

Let ¢f; denote the tensor iy, — A5 and @ = Z(qﬁ%)2 the square of the length
of the tracefree tensor ¢f;.

Lemma2.1. A0 =3( wk) + 2PN HG + (2 — ‘I’+H72)—ZR3,@12-
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Proof. Using (2.1) (2.2) (2.3) (2.5) and (2.6), we have
DO =Y D
o AtH H?
= ) by + HY — g0y + (2= @ )l + Z¢£¢Rﬁaa‘k
HB
+Z 7Rﬂajiv
B
where A is the Laplacian in the normal bundle. Since 3" ¢¢, = 0, it follows that
1
§A‘I’ = Z k) +Z¢ ik
H2
= > (@87 + D ¢S HE + ( 2—<I>+7)<I>
+ 5 dn Roagk + Y 7(/5% Rgaji
H2
= > ()7 + > 5 HS + 2—¢>+7)<I>
+ Z((b%qﬁgi — 0 Roara + Z ¢12R,8a21 + ¢51Rpa12)
= D (@) + Y o HE + 9( 2—<I>+— ~Y Rl =

Lemma 2.2. 3 ¢¢ H® = L|VLH|?, where [V1H|? = Y (H®).

tjj
H®

Proof. It is an immediate consequence of the fact > ¢7;; = =~ u
Lemma 23.  3( %k)Q > 1|VLH2
Proof.  Since 0 = ¢, + ¢5,, we therefore have ¢, = —¢3; and ¢%5 =

— (999, Which implies

Z( %k)Q = Z [(¢911)° + (¢912)°
+2(¢721)” + 2(¢722)” + (6521)° + (#522)° |
Z 2 [ (¢911)° + (592) + (6511)° + (¢122)%) ]
Z [ (9511 + ¢722)° + (0590 + 0511)° ]

H? HY
S e,

1
Z\VLHP- "

I AV
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Lemma 2.4. ([5] and [6].) Let M? be a compact surface in the n-dimensional
unit sphere S™. Then M? is a Willmore surface if and only if

ALHQ+Z¢%¢Z@H§:O, forall 3<a<n.

Lemma 2.5. Let M? be a compact Willmore surface in the n-dimensional

unit sphere S™. Then
/ \VLH\QS/ dH?.
M M

Equality holds if and only if either n = 3 or n > 4 and ¢, = C;; H* for some
functions C;; at the points where @ # 0 and H # 0.

Proof. By use of Lemma 2.4 and the Cauchy-Schwarz inequality, we have
ViH? = —/ HOALH®
[l = - )%
= [ Xopenen’
M
= o H)?
/| IONLE
< [ e

= / dH?. n
M

Lemma 2.6. 3 (Rapgi2)? < 2z£02%, where C =21if n =3, and C =
3 if n22 4. Equality holds if and only if either n = 3 or n > 4, > (¢%)? =
>_(612)° and 3 ¢ 675 = 0.

Proof. In the case of n =3, > Riﬁm = 0. For n > 4, according to (2.4), we
have

Y (Ragi2)® = D[ D (61:6% — ofid) I
= 4D (65100 — ¢y 65)?
=AY [(@8)2(812)" + (611 (012) — 265101 65201, |
= 8 (811D _(012)° —8(>_ ¢110%)%.
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On the other hand,
O = N (5P =D (617 2D (0%)7+ D _(65,)°
= 2] Z((b%)Q + Z(¢?2)2 ]

It follows that
Z(Ra,@12)2 8 Z((b%)Q Z ¢12 Z ¢11¢12

< 8 (01)7 (6%’

< [Z $11) ‘1'2 (¢72)* 7
(I’2

-z n
2

Lemma 2.7. ([4]) Let M? be a compact minimal surface in the n-dimensional
unit sphere ST If0<S< 4 then either S = 0 and M? is totally geodesic, or
S=4%n=4and M?is the Veronese surface.

|2 H
Lemma28. For n=3, ®> ¢7, = \V2 | \V ‘ = i Hi®;.

Proof. One compute

Z¢?jk
Vo|?
2

[VH|?

40311 + Ad39g — 20111 H1 — 2200 Ho + 5

= 4D¢7, | + AP35y, — 81111 H1 — 8¢TadazoHo

+8p12(p11¢111 Ha + boapazaH1) + 2¢34| VH %,
and Z Gi Hi®; = —Adiyd111Hy — 4dT9ha02Ho + 467, ¢111Hi + 4550220 Ho
+8p12(p11¢111 Ha + boapazaH1) + 2¢35| VH |2

The proof is then straightforward. ]

3. PROOF OF THEOREM

Now, we prove the Theorem. Integrating both sides of the Lemma 2.1 over M2,
we have

0 = / Z ) +Z¢QHQ—|—<I>2—<I>+— ZRam
M
S S anes S
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By using Lemmas 2.2 and 2.3,

1
0 > /[—\viHP \viH\2+<I>(2—<I>+— > Rls1]
M
_ /[ \VLH\2+<I>(2—<I>+— =Y RZgs).
M
From Lemma 2.5, we get
0 > /[——®H2—|—<I>(2—<I>—|—— > R2g]
M

= / ‘I’(Q—‘I""_ ZRa,@m
M

By Lemma 2.6,
H?> 2-C
> 2+ )T _—p?
0 = /M(I)( 4) C
2 H?
(3.2) = /<I>2——<I>+—
9 2
= — P 1+—)—-®

fo<®<C(1+ H{), from (3.1) we can conclude that either & = 0 and M is

totally umbilicor & = C(1 + H{). In the latter case, all the integral inequalities
become equalities.
Forn=3and ® =2(1+ ) > 0, it follows from Lemmas 2.1 and 2.8 that

H? B LA® 3% Y ¢iHy
/Mm?—q’) = /M<§F— 5 3 )

— / (lg _ Vo _ ‘VH\Z > $iiHi®; Z¢inij)
v 2 ® 292 20 d2 0))

_ 1 [VH? ZG%H‘I’ 2 9iHy

= /M(2A10g¢>— 5% 52 . )

VH 2 i Hi P i

|VH|? L 2 b Hi®; Dij; — hij®;
[ e T

[VH? ZH2
/M(_ 2P 2P )

= 0.
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This implies that

2 2
0_/ o+ gy [ 2T
M 2 M 4
Thus M?2 is a minimal surface of S% with S = 2, we conclude that M? is the
Clifford torus (see [3]).

Now we consider the case n > 4 and ® = 3+ 1 H?. Assuming that H (p) # 0 at
some pointp € M?, we shall derive a contradiction. Since by assumption H (p) # 0,
®(p) > 0, Lemma 2.5 gives ¢f; = Ci;H® for some functions C;;. Furthermore,
Lemma 2.6 implies C11(p) = Cia(p) = 0, and hence Ca1(p) = Coa(p) = 0.
This means that ®(p) = 0, a contradiction. This contradiction shows that M? is
a minimal surface with S = % and M? is the Veronese surface (see [4]). This
completes the proof of the Theorem. [ |

4. EXAMPLES

Let D™*! be open unit ball in R™*! and G the conformal group of S™. For
each g € D"*!, let g : S — S™ be the mapping

r+ (p<z,9>4Ng

if 0,
4.1) g(z) = A< z,g>+1) 97
x if ¢g=0,
- 1 — Al i
where A = JiE and = FE when g # 0. Then each conformal transformation

of S™ can be expressed by T o g, where T' is an orthogonal transformation of S™
and g is given by (4.1) (see [7]).

Letx : M? — S™ be acompact Willmore surface. Since the Willmore functional
W is invariant under conformal transformations of S, it follows that Z = g o x is
also a compact Willmore surface. The second fundamental form ng and h; of z
and x, respectively, are related by

ey = A< 2,9 > +1)AS + A < earg > 0ij.

The point of the following examples is that it shows our result may fail to be true
if we make a slight change in the pinching condition.

Example 4.1. Letxz:S' x S' — S2 be the Clifford torus,

z(0, ) = (cos@, sinf, cos g, sing).

1
V2



Willmore Surfaces in the Unit N-Sphere 475

Consider the Willmore surface z. = g o x, where g = (a, 0, a,0) with a = m.
Since the Clifford torus is a minimal surface with ® = 2, we have

2 1
2 i(:osé?—l—i(:os<p—|—1)2——(—icosé?—l—icosw)Q].

1
_ZH6:1—2a2[(\/§ V2 2\ /2 V2

The maximal value of ®. — 2H2 over S! x St is

21+\/§a
1—\/§a

Thus for every e > 0, there is a compact Willmore surface M? in S3, it is not the
Clifford torus, with 0 < ® < 2 4 2% 4 ¢.

D,

Example 4.2. Let z : S?(v/3) — S* be the Veronese surface,

z(0,¢) = (V3cosfsinfsing, v/3cosbsinbcosp, V3 cos? 0 cos @ sin g,

V3

1
> cos? B(cos® p — sin? ), 3 cos® § — sin?6).

Consider the Willmore surface . = g o , where g = (a,a,0,0,0) with a
—Vo+[6+3e(5+55)
T+3e

we must have

. Since the Veronese surface is a minimal surface with ® =

Lol

1 1 2 2a?
o, — EHE =1 2a2{ [ a(sinp + cos p) sin260 + 7 ]2 - %(cosw — sinp)?cos® 6 }.
The maximal value of &, — LH2 over S*(v/3) is
1 2 ., 4

Thus for every e > 0, there is a compact Willmore surface M? in S4, it is not the
. 2
Veronese surface, with 0 < @ < 3+ 2= + ¢
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