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WILLMORE SURFACES IN THE UNIT N -SPHERE

Yu-Chung Chang and Yi-Jung Hsu

Abstract. Let M2 be a compact Willmore surface in the n-dimensional unit
sphere. Denote by φα

ij the tracefree part of the second fundamental form hα
ij

of M2, and by H the mean curvature vector of M2. Let Φ be the square of
the length of φα

ij and H = |H|. We prove that if 0 ≤ Φ ≤ C(1 + H2

8 ), where
C = 2 when n = 3 and C = 4

3
when n ≥ 4, then either Φ = 0 and M 2 is

totally umbilic or Φ = C(1 + H2

8 ). In the latter case, either n = 3 and M2 is
the Clifford torus or n = 4 and M 2 is the Veronese surface.

1. INTRODUCTION

Let M 2 be a compact surface in the n-dimensional unit sphere Sn. Denote by
[hα

ij] the second fundamental form of M2, by Hα =
∑

hα
ii the component of the

mean curvature vector H, and by φα
ij the tensor hα

ij − Hα

2 δij of the tracefree part of
the second fundamental form [hα

ij]. Let Φ denote the square of the length of [φα
ij]

and H the length of H.
The Willmore functional is defined by

W (x) =
∫

M
Φ

where the integration is with respect to the area measure of M 2. This functional
is invariant under conformal transformations of Sn. The critical surfaces of W are
called Willmore surface (see [2]). More precisely, M2 is a Willmore surface if and
only if

�⊥Hα +
∑

hα
ijh

β
ijH

β − H2

2
Hα = 0, 3 ≤ α ≤ n,
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where �⊥ is the Laplacian in the normal bundle NM (see [1] and [8]). In other
words, M2 is a Willmore surface if and only if

�⊥Hα +
∑

φα
ijφ

β
ijH

β = 0, 3 ≤ α ≤ n.

Any minimal surface in Sn is a Willmore surface. The class of all Willmore surfaces
turns out to be rather large.

It is well known that if H = 0 and 0 ≤ Φ ≤ 2n−4
2n−5 , then M 2 is the equatorial

sphere, or the Clifford torus, or the Veronese surface (see [3]). Recently, Li extended
the above result to Willmore surfaces (see [5] and [6]). He proved that if 0 ≤ Φ ≤ C,

where C = 2 when n = 3 and C = 4
3 when n ≥ 4, then M 2 is the totally umbilical

sphere, or the Clifford torus, or the Veronese surface. In this paper we shall give a
sharper estimate which improves Li’s results. The crucial point is that we replace
his estimate of �S by the estimate of �Φ. We will prove the following theorem:

Theorem 1.1. Let M2 be a compact Willmore surface in the n-dimensional
unit sphere Sn. Then

∫
M

Φ ( C(1 +
H2

8
) − Φ ) ≤ 0

where C = 2 for n = 3 and C = 4
3 for n ≥ 4. In particular, if

0 ≤ Φ ≤ C(1 +
H2

8
),

then either Φ = 0 and M is totally umbilic, or Φ = C(1 + H2

8 ). In the latter case,
either n = 3 and M 2 is the Clifford torus; or n = 4 and M 2 is the Veronese
surface.

Because of the fact that the Willmore functional is conformal invariant, we
construct two examples in the last section. Both of examples show that our result
is no longer working if we make a slight change in the pinching condition.

2. BASIC LEMMAS

We begin by introducing some terminologies. Let x : M2 → Sn be a surface
in the n-dimensional unit sphere S n. We choose a local orthonormal frame field
{e1, · · · , en} in Sn, restricted to x(M), so that the vectors e1, e2 are tangent to
x(M) and {e3, · · · , en} is a local frame field in the normal bundle NM of M 2.
Let {ω1, · · · , ωn} denote the dual coframe field in Sn. We shall use the following
ranges of indices
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1 ≤ i, j, k, · · · ≤ 2; 3 ≤ α, β, γ, · · · ≤ n.

Then the structure equations are given by

dx =
∑

ωiei,

dei =
∑

ωijej +
∑

hα
ijωjeα − ωix,

deα = −
∑

hα
ijωjei +

∑
ωαβeβ , hα

ij = hα
ji,

where [hα
ij] is the second fundamental form of M2. From the structure equations of

M2, the Gauss equations are

Rijkl = (δikδjl − δilδjk) +
∑

(hα
ikhα

jl − hα
ilh

α
jk),(2.1)

Rik = δik +
∑

Hαhα
ik −

∑
hα

ijh
α
jk,(2.2)

2K = 2 + H2 − S,(2.3)

Rαβkl =
∑

(hα
kih

β
il − hα

lih
β
ik),(2.4)

were K is the Gaussian curvature of M 2, S =
∑

(hα
ij)

2 is the square of the length
of the second fundamental form, H =

∑
Hαeα =

∑
hα

iieα is the mean curvature
vector, H =

∑
hii if n = 3 and H = |H| is the length of mean curvature vector of

M2 if n ≥ 4.

The covariant derivative ∇hα
ij of the second fundamental form hα

ij of M2 with
components hα

ijk is defined by
∑

hα
ijkωk = dhα

ij +
∑

hα
kjωki +

∑
hα

ikωkj +
∑

hβ
ijωβα,

and the covariant derivative ∇2hα
ij of ∇hα

ij with components hα
ijkl is defined by

∑
hα

ijklωl = dhα
ijk +

∑
hα

ljkωli +
∑

hα
ilkωlj +

∑
hα

ijlωlk +
∑

hβ
ijkωβα.

Then the Codazzi equation and the Ricci formula are given by

hα
ijk − hα

ikj = 0,(2.5)

hα
ijkl − hα

ijlk =
∑

hα
mjRmikl +

∑
hα

imRmjkl +
∑

hβ
ijRβαkl.(2.6)

Let φα
ij denote the tensor hα

ij − Hα

2 δij and Φ =
∑

(φα
ij)

2 the square of the length
of the tracefree tensor φα

ij .

Lemma 2.1. 1
2�Φ =

∑
(φα

ijk)
2 +

∑
φα

ijH
α
ij + Φ(2− Φ + H2

2 ) − ∑
R2

αβ12.
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Proof. Using (2.1) (2.2) (2.3) (2.5) and (2.6), we have

�φα
ij =

∑
φα

ijkk

=
∑

φα
kkij + Hα

ij −
�⊥Hα

2
δij + (2 − Φ +

H2

2
)φα

ij +
∑

φβ
kiRβαjk

+
∑
β

Hβ

2
Rβαji,

where �⊥ is the Laplacian in the normal bundle. Since
∑

φα
kk = 0, it follows that

1
2
�Φ =

∑
(φα

ijk)
2 +

∑
φα

ijφ
α
ijkk

=
∑

(φα
ijk)

2 +
∑

φα
ijH

α
ij + (2 − Φ +

H2

2
)Φ

+
∑

φα
ijφ

β
kiRβαjk +

∑ Hβ

2
φα

ijRβαji

=
∑

(φα
ijk)

2 +
∑

φα
ijH

α
ij + (2 − Φ +

H2

2
)Φ

+
∑

(φα
i1φ

β
2i − φα

i2φ
β
1i)Rβα12 +

∑ Hβ

2
(φα

12Rβα21 + φα
21Rβα12)

=
∑

(φα
ijk)

2 +
∑

φα
ijH

α
ij + Φ(2 − Φ +

H2

2
) −

∑
R2

αβ12.

Lemma 2.2.
∑

φα
ijjH

α
i = 1

2 |∇⊥
H|2, where |∇⊥

H|2 =
∑

(Hα
i )2.

Proof. It is an immediate consequence of the fact
∑

φα
ijj = Hα

i
2 .

Lemma 2.3.
∑

(φα
ijk)

2 ≥ 1
4 |∇⊥

H|2.
Proof. Since 0 = φα

11 + φα
22, we therefore have φα

111 = −φα
221 and φα

112 =
−φα

222, which implies

∑
(φα

ijk)2 =
∑

[ (φα
111)

2 + (φα
112)

2

+2(φα
121)

2 + 2(φα
122)

2 + (φα
221)

2 + (φα
222)

2 ]

=
∑

2 [ (φα
111)

2 + (φα
222)

2 + (φα
211)

2 + (φα
122)

2) ]

≥
∑

[ (φα
111 + φα

122)
2 + (φα

222 + φα
211)

2 ]

=
∑

[ (
Hα

1

2
)2 + (

Hα
2

2
)2) ]

=
1
4
| ∇⊥

H |2 .
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Lemma 2.4. ([5] and [6].) Let M 2 be a compact surface in the n-dimensional
unit sphere Sn. Then M2 is a Willmore surface if and only if

�⊥Hα +
∑

φα
ijφ

β
ijH

β = 0, for all 3 ≤ α ≤ n.

Lemma 2.5. Let M2 be a compact Willmore surface in the n-dimensional
unit sphere Sn. Then ∫

M
|∇⊥

H|2 ≤
∫

M
ΦH2.

Equality holds if and only if either n = 3 or n ≥ 4 and φ α
ij = CijH

α for some
functions Cij at the points where Φ �= 0 and H �= 0.

Proof. By use of Lemma 2.4 and the Cauchy-Schwarz inequality, we have∫
M

|∇⊥
H|2 = −

∫
M

∑
Hα�⊥Hα

=
∫

M

∑
φα

ijφ
β
ijH

αHβ

=
∫

M

∑
i,j

(
∑
α

φα
ijH

α)2

≤
∫

M
(
∑

(φα
ij)

2)(
∑

(Hα)2)

=
∫

M
ΦH2.

Lemma 2.6.
∑

(Rαβ12)2 ≤ 2−C
C Φ2, where C = 2 if n = 3, and C =

4
3 if n ≥ 4. Equality holds if and only if either n = 3 or n ≥ 4,

∑
(φα

11)
2 =∑

(φα
12)

2 and
∑

φα
11φ

α
12 = 0.

Proof. In the case of n = 3,
∑

R2
αβ12 = 0. For n ≥ 4, according to (2.4), we

have∑
(Rαβ12)2 =

∑
[
∑

(φβ
1iφ

α
i2 − φα

1iφ
β
i2) ]2

= 4
∑

(φα
11φ

β
12 − φβ

11φ
α
12)

2

= 4
∑

[ (φα
11)

2(φβ
12)

2 + (φβ
11)

2(φα
12)

2 − 2φα
11φ

β
11φ

α
12φ

β
12 ]

= 8
∑

(φα
11)

2
∑

(φα
12)

2 − 8(
∑

φα
11φ

α
12)

2.
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On the other hand,

Φ =
∑

(φα
ij)

2 =
∑

(φα
11)

2 + 2
∑

(φα
12)

2 +
∑

(φα
22)

2

= 2 [
∑

(φα
11)

2 +
∑

(φα
12)

2 ].

It follows that∑
(Rαβ12)2 = 8 [

∑
(φα

11)
2
∑

(φα
12)

2 − (
∑

φα
11φ

α
12)

2 ]

≤ 8
∑

(φα
11)

2
∑

(φα
12)

2

≤ 2 [
∑

(φα
11)

2 +
∑

(φα
12)

2 ]2

=
Φ2

2
.

Lemma 2.7. ([4]) Let M 2 be a compact minimal surface in the n-dimensional
unit sphere Sn. If 0 ≤ S ≤ 4

3 then either S = 0 and M 2 is totally geodesic, or
S = 4

3 , n = 4 and M 2 is the Veronese surface.

Lemma 2.8. For n = 3, Φ
∑

φ2
ijk =

|∇Φ|2
2

+ Φ
|∇H |2

2
−

∑
φijHiΦj .

Proof. One compute
∑

φ2
ijk = 4φ2

111 + 4φ2
222 − 2φ111H1 − 2φ222H2 +

|∇H |2
2

,

|∇Φ|2
2

= 4Φφ2
111 + 4Φφ2

222 − 8φ2
12φ111H1 − 8φ2

12φ222H2

+8φ12(φ11φ111H2 + φ22φ222H1) + 2φ2
12|∇H |2,

and
∑

φijHiΦj = −4φ2
12φ111H1 − 4φ2

12φ222H2 + 4φ2
11φ111H1 + 4φ2

22φ222H2

+8φ12(φ11φ111H2 + φ22φ222H1) + 2φ2
12|∇H |2.

The proof is then straightforward.

3. PROOF OF THEOREM

Now, we prove the Theorem. Integrating both sides of the Lemma 2.1 over M2,
we have

0 =
∫

M
[
∑

(φα
ijk)

2 +
∑

φα
ijH

α
ij + Φ(2 − Φ +

H2

2
) −

∑
R2

αβ12 ]

=
∫

M
[
∑

(φα
ijk)

2 −
∑

φα
ijjH

α
i + Φ(2− Φ +

H2

2
) −

∑
R2

αβ12 ].
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By using Lemmas 2.2 and 2.3,

0 ≥
∫

M
[

1
4
|∇⊥

H|2 − 1
2
|∇⊥

H|2 + Φ(2− Φ +
H2

2
) −

∑
R2

αβ12 ]

=
∫

M
[ −1

4
|∇⊥

H|2 + Φ(2− Φ +
H2

2
) −

∑
R2

αβ12 ].

From Lemma 2.5, we get

0 ≥
∫

M
[ −1

4
ΦH2 + Φ(2 − Φ +

H2

2
) −

∑
R2

αβ12 ]

=
∫

M
Φ(2− Φ +

H2

4
) −

∑
R2

αβ12.

By Lemma 2.6,

0 ≥
∫

M
Φ(2− Φ +

H2

4
) − 2 − C

C
Φ2

=
∫

M
Φ(2− 2

C
Φ +

H2

4
)

=
2
C

∫
M

Φ(C(1 +
H2

8
) − Φ).

(3.1)

If 0 ≤ Φ ≤ C(1 + H2

8 ), from (3.1) we can conclude that either Φ = 0 and M is
totally umbilic or Φ = C(1 + H2

8 ). In the latter case, all the integral inequalities
become equalities.
For n = 3 and Φ = 2(1 + H2

8 ) > 0, it follows from Lemmas 2.1 and 2.8 that
∫

M
(2 +

H2

2
− Φ) =

∫
M

(
1
2
�Φ
Φ

−
∑

φ2
ijk

Φ
−

∑
φijHij

Φ
)

=
∫

M

(
1
2
�Φ
Φ

− |∇Φ|2
2Φ2

− |∇H |2
2Φ

+
∑

φijHiΦj

Φ2
−

∑
φijHij

Φ
)

=
∫

M
(
1
2
� logΦ − |∇H |2

2Φ
+

∑
φijHiΦj

Φ2
−

∑
φijHij

Φ
)

=
∫

M
(−|∇H |2

2Φ
+

∑
φijHiΦj

Φ2
+

∑
(
φij

Φ
)jHi)

=
∫

M

(−|∇H |2
2Φ

+
∑

φijHiΦj

Φ2
+

∑ Φφijj − φijΦj

Φ2
Hi)

=
∫

M
(−|∇H |2

2Φ
+

∑
H2

i

2Φ
)

= 0.
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This implies that

0 =
∫

M
(2 +

H2

2
− Φ) =

∫
M

H2

4
.

Thus M 2 is a minimal surface of S3 with S = 2, we conclude that M 2 is the
Clifford torus (see [3]).

Now we consider the case n ≥ 4 and Φ = 4
3 + 1

6H2. Assuming that H(p) �= 0 at
some point p ∈ M2, we shall derive a contradiction. Since by assumption H(p) �= 0,

Φ(p) > 0, Lemma 2.5 gives φα
ij = CijH

α for some functions Cij . Furthermore,
Lemma 2.6 implies C11(p) = C12(p) = 0, and hence C21(p) = C22(p) = 0.
This means that Φ(p) = 0, a contradiction. This contradiction shows that M 2 is
a minimal surface with S = 4

3 and M2 is the Veronese surface (see [4]). This
completes the proof of the Theorem.

4. EXAMPLES

Let Dn+1 be open unit ball in R
n+1 and G the conformal group of Sn. For

each g ∈ Dn+1, let g : Sn → Sn be the mapping

g(x) =




x + (µ < x, g > +λ)g
λ(< x, g > +1)

if g �= 0,

x if g = 0,
(4.1)

where λ = 1√
1−|g|2 and µ = λ−1

|g|2 when g �= 0. Then each conformal transformation
of Sn can be expressed by T ◦ g, where T is an orthogonal transformation of Sn

and g is given by (4.1) (see [7]).
Let x : M 2 → Sn be a compact Willmore surface. Since the Willmore functional

W is invariant under conformal transformations of Sn, it follows that x̄ = g ◦ x is
also a compact Willmore surface. The second fundamental form h̄α

ij and hα
ij of x̄

and x, respectively, are related by

h̄α
ij = λ(< x, g > +1)hα

ij + λ < eα, g > δij .

The point of the following examples is that it shows our result may fail to be true
if we make a slight change in the pinching condition.

Example 4.1. Let x : S1 × S1 → S3 be the Clifford torus,

x(θ, ϕ) =
1√
2
(cos θ, sin θ, cos ϕ, sin ϕ).
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Consider the Willmore surface xε = g ◦ x, where g = (a, 0, a, 0) with a = ε√
2(4+ε)

.
Since the Clifford torus is a minimal surface with Φ = 2, we have

Φε− 1
4
H2

ε =
2

1 − 2a2
[ (

a√
2

cos θ+
a√
2

cosϕ+1)2− 1
2
(− a√

2
cos θ+

a√
2

cos ϕ)2 ].

The maximal value of Φε − 1
4H2

ε over S1 × S1 is

2
1 +

√
2a

1 −√
2a

= 2 + ε.

Thus for every ε > 0, there is a compact Willmore surface M2 in S3, it is not the
Clifford torus, with 0 < Φ ≤ 2 + H2

4 + ε.

Example 4.2. Let x : S2(
√

3) → S4 be the Veronese surface,

x(θ, ϕ) = (
√

3 cos θ sin θ sinϕ,
√

3 cos θ sin θ cos ϕ,
√

3 cos2 θ cosϕ sinϕ,√
3

2
cos2 θ(cos2 ϕ − sin2 ϕ),

1
2

cos2 θ − sin2 θ).

Consider the Willmore surface xε = g ◦ x, where g = (a, a, 0, 0, 0) with a =
−√

6+
√

6+3ε( 7
2
+ 3ε

2
)

7+3ε . Since the Veronese surface is a minimal surface with Φ = 4
3 ,

we must have

Φε − 1
6
H2

ε =
1

1− 2a2
{ [ a(sinϕ + cos ϕ) sin2θ +

2√
3

]2 − 2a2

3
(cosϕ− sinϕ)2 cos2 θ }.

The maximal value of Φε − 1
6H2

ε over S2(
√

3) is

1
1 − 2a2

(a +
2√
3
)2 =

4
3

+ ε.

Thus for every ε > 0, there is a compact Willmore surface M2 in S4, it is not the
Veronese surface, with 0 < Φ ≤ 4

3 + H2

6 + ε.
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