TAIWANESE JOURNAL OF MATHEMATICS
Vol. 7, No. 4, pp. 615-629, December 2003
This paper is available online at http://www.math.nthu.edu.tw/tjm/

SQUARE-FREE @Q; COMPONENTS IN TTM

Lih-Chung Wang and Fei-Hwang Chang

Abstract. With tame transformation method (TTM), T. Moh invented a cryp-
tosystem. The success of the system relies on the construction of the Qg
component. Some constructions of (J; components are known but most of the
Q1 components have square terms. There are some possible risks for square
terms. In this paper, we give a systematic construction of square-free Qg
components to avoid the possible attacks.

1. INTRODUCTION

In 1997, T. Moh invented a cryptosystem using tame transformation method
(TTM) [5]. This cryptosystem is much faster than other public key systems. The
speed of the system even can match the speed of secret-key systems (DES etc.).
However, the success of the system relies on the construction of the (), component.
Some construction of ) components are known but most of the )5 components
have square terms. There are some potential risks for square terms. One potential
risk is that many terms might vanish after differentiation. Thus the information of
the tame automorphisms might release. Another possible risk is that a perfect-square
Q@ component is ‘linear’ for the computational purpose. Such @), component might
reduce the complexity of the whole system. The existence of QJg components with
non-square terms was first shown in Moh’s paper [6]. Chou, Guan and Chen found
examples for square-free (Jg components. (See [1], [3]) In this paper, we give a
systematic construction of square-free () components.

Let K be a field. An automorphism ¢; : K™ — K" is a tame automorphism if ¢;
is an invertible affine transformation or, after a permutation of indices if necessary,
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of the following form

x1 ®i1 1
T2 bi2 T2 + fa(z1)
oy = ’ =\
xj bij zj+ fi(x1, 20, ,xj-1)
Tn Qbi,n an‘l'fn(xlax%'" ,ZL‘n,1)

where f; is a polynomial of (j — 1) variables.
From now on, let K be a finite field of 2° elements, p : K™ — K" (m < n) be
the embedding of the following form

Tl
€2
Tl
Z2
1Y . = Tm
: 0
Tm
0

and 7 : K” — K™ be the projection such that 7o p =idgm. Let m = ¢4 0 p3 0 ¢ ©
po¢r : K™ — K", where ¢;’s are tame automorphisms. We assume that ¢o and ¢3
are non-affine, ¢; and ¢, are affine. The polynomial map of 7 and the finite field
K will be announced as the public key. Let (z1,z2,- - ,2;,) be a plaintext. Then
m(x1, T2, -+ ,Xm) is the ciphertext. The legitimate receiver recover the plaintext
by g1t oT oyt opzt oyt The private key is the set of ¢;’s.

To implement the above TTM principle efficiently, Moh needs the following
conditions.

o 7 send the zero vector of K™ to the zero vector of K.

e The component ¢ ; of

x1 1
9 T2 + f2(&71)
) : I
¢ xj zj+ fi(x1, 22, ,2j-1)
Tn Tp + folT1, 22, Tp_1)

is of degree at most 2. (Note that this condition is not really necessary. See
Examples of Implementation.)
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e ¢3 is of the form

x1 z1+ fi(ze, x3, - ,2n)
¢)3 J"] — xj+fj(33371:45"' 7x'n)
Tj+1 Tj+1
T, T,

such that the degrees of f;’s are big enough.

e The highest homogeneous parts of components of ¢35 o ¢2 o p are linearly
independent and of degree 2.

For security reason, Moh requires the following condition.

Choose ¢ and j polynomials I (x1,x2, - ,Tm),... ,lj(z1, 22, , ) of
degree 2 such that f1,..., f; in ¢3 are minimal generating polynomials of /1, ... ,[;
with respect to ¢2 o p. (For definition of minimal generating, see below.) If an f;
in ¢3 is of degree k£ and satisfy the above security condition, we will call such f;
a Qx component. Our main result is a systematic construction of ) components
such that ¢ o p, ¢3 and ¢3 o o o p are square-free.

2. CONSTRUCTION OF SQUARE-FREE ()}, COMPONENTS

Let ¢ : K™ — K" is a polynomial map. This map

z1 yl(xlax%"' 7:17771)

T2 Y2 (w1, T2, , Tm)
el | =

Tm yn(mlax2a"' ,.’L’m)

induces a ring homomorphism

Qaﬁ : K[ylay27"' 7y’n] — K[.’L‘l,.’L‘Q,"' 7:17771]
Q(ylay27"' 7yn) — Q(yl(x17x27”' 7xm)a"' ,yn(CCLCCQa"‘ ,(Em))

Given a polynomial [(x1,x2, -+ ,Zm) € Klx1, 22, -+, Tm], Q(I) is called a gen-
erating polynomial of | (over y1,ys,- -+ ,yn) if ©*(Q) = 1. If Q is of the minimal
degree among all possible generating polynomial of [, then it is called a minimal
generating polynomial of [, and its degree is called the generating degree of [, in
symbol gen deg(l). If [ is not in the image of ¢, then we define gen deg(l) = oo.
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Given l(z1,x2, - ,Zm) € K[z1,29, -,z ] and the generating degree k > 1,
we want to choose appropriate

y1(w1)
Ya(w1,72) T
: s z2
= o
ym(l‘lal‘%"' a$m) 20°P
Tm
yn(131a L2y 733m)

such that we can construct a Qx(l) which is a minimal generating polynomial of [
OVer Y1,Y2,"** yYn-

2.1. Basic Replacement Patterns

Let us start from that £ = 2 and | = z,2xg. Let s1, s2, s3, 54, a and 3 be six
different integers, consider the following eight polynomial expressions.

Y65 = T + Ts1Tsz Y69 = Tass
Ye6 = T3 + Ts,Tsy Y70 = TRTsy
Y67 = Tsy + Lals, Y11 = Ts1Tsy
Y68 = Tsy T TpTsy Y72 = Ts53Tsy-

It is easy to check that Q2(za23) = Y6sYe6 + Y6768 + Yeoyro + Y71 + Y71yr2 is
the minimal generating polynomial of [ over wgs, ys6, - - - ,y72. Then choose the
other y;(x1,x2,---) such that Q2 is the minimal generating polynomial of I over
Y1,Y2, - ,Y100. Note that y5 and yes can be moved to y, and yg if s;’s are less
than « and S.

For k = 2 and | = z,, the construction is similar. Let y73 = = + To 3.

Q2(xy) = y73 + Q2(T0x3).

2.2. Construction of Q)

To create a Q3(zq23), consider the above first pattern

Ye5 = T + Ts1Tsz Y69 = Talss
Y66 = T3 + X5, Xs, Y70 = TETsy
Y67 = Tsy + Lalsy, Y11 = Ts1Tsy
Y68 = Tsy T TTsy Y72 = Ts3Tsy-

Then replace y7o with a Qa(xs,zs,). Hence

Q3(zaxs) = YesYss + YerYss + Yeoyro + Y71 + Y11 Q2(TssTs,)-
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That is, consider

Y65 = Ta T Ts;Tsy Y69 = Talss
Y66 = T3 + TsyTsy Y70 = TBTs,y
Y61 = Tsy + Talsy Y11 = Ts1Tsy
Y68 = Tsy T TpTsg

Y12 = Tsy + Tt Tty Y76 = Ts3Tts
Y13 = Tsy + Teu Tty Y77 = Ty Tty
Y74 = Tt; + Ts3Tty Y78 = Tty Tty
Y15 = Tty + Tsy Tty Y79 = Ttz Tty

where t;’s are another 4 different integers. Then
Q3(xars) = Ys5y66 + YerYes + Yeoyro + Y71 + yr1Q2(Xs;xs,)
= Y6sY66 + Y6768 + Yeoyr0 + yr1 + yr1(Yr2yr3 + yrayrs + Yreyrr + yrs + Yrsyro)
Similarly, we can construct

Q3(7y) = yso + Q3(Tap)
where ygo = 74 + To23.
To create a Q4(xqg), you can have two choices. One is by induction
Q4(xag) = Yes5Y66 + Y6768 + Yooy70 + yY11Q3(Ts3Ts,)-
The other is

Qu(zazp) = Q2(0)Q2(Ts)-

By induction on k, you can get a bunch of choices to construct Q.

2.3. More Complicated Replacement Patterns

We should point out that there are more complicated replacement patterns. Here
we give two patterns.

(1) For

Y65 = To + Ty + Ts,Ts,
Ye6 = T + L1 Lsg

Y67 = Ts; + TTsy

Y68 = Tsy T Talsy + Ts3Tsy
Y69 = Talsy

Y70 = TpTss

Y11 = TpTsy

Y72 = L5 Tsy

Y13 = Ts53Tsy

we have Q2 (zas) = Y71 + Y72 + YssYe6 + Y6768 + Yeoyro + Y71y73 + Yr2y73.



620 Lih-Chung Wang and Fei-Hwang Chang

(2) For

Yes = T + Ts1Tsy Y71 = L5y Tsy

Yoo = T3 + Ts,Tsy, Y12 = TRTsy;
Yo7 = TpTs, Y73 = Ts5Tsq
Y68 = Tsg + TssLsy, Y14 = Talsg
Y69 = Talsy Y15 = Ts51Tsy

Yo = Tsy + TsgLsg Y16 = Ts3Tsy

we have Q2(zaT3) = YssYss + Y6768 + Ysoyro + Yr1Yr2 + Y73y7ra + Yr5Y76.

3. DEMONSTRATION OF (Qg

Here we give three examples to demonstrate how different ()g’s are and how
casy to create (Qg’s systematically. For the convenience of readers, we let [ to be a
monomial of degree 2. Note that it is easy to make ! complicated.

Example 1

Yor = T27 + T11X12 Y40 = T40 + T37X38 Y53 = T19 + 22231
Yog = Tag T T13%14 Y41 = T11 + X14%27 Y54 = X21 + X20T32
Y29 = T29 + T15%16 Y42 = T13 + T12%28 Y55 = T19T21

Y30 = T30 T T17T18 Y43 = T11Z13 Ys6 = T20T22
Y31 = T31 + T19T20 Y44 = T12T14 Y57 = T20T31
Y32 = T32 + T21T22 Y45 = T12X27 Y58 = T22T32
Y33 = X33 + T23T24 Y46 = T14%28 Y59 = T23 + T26T33

Y34 = T34 + T25%26 Y47 = T15 + T18%29 Y60 = T25 + T24T34
Y35 = T35 + T27x28 Y48 = T17 + T16X30 Y61 = T23%25

Y36 = T36 T T29%30 Y49 = T15T17 Y62 = T24T26
Y37 = T37 + 31232 Y50 = T16T18 Y63 = T24T33
Y3g = T38 + T33%34 Y51 = T16T29 Y64 = T26T34

Y39 = T39 + T35236 Y52 = T18T30

With the above y;’s, we can construct the following two (Jg components.

Qs{r39740) = [yY30+ (Y35 + Y43 + Y27Y28 + Ya1Ya2 + Y43Ya4 + Ya5Y46)
(Y36 + Y49 + Y20Y30 + Ya7Yas + Ya9Ys0 + Ys1Ys52)]

[ya0+ (Y37 + Y55 + Y31Y32 + Ys3Ys4 + Y55Y56 + Ys57Ys8)
(Y38 + Y61 + Y33Y34 + Ys0¥e0 + Y6162 + Ye3Yea)]-
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Example 2
Y41 = T41 + T40%1 Y61 = T61 + T58T60 Ys1 = Z25T51
Ya2 = T42 + T37239 Y62 = Te2 + T58T59 Yg2 = T29T48
Y43 = T43 + T41 + T38T40 Y63 = T63 + T56T59 Ys3 = T33T45
Y44 = T44 + T20T41 Y64 = Te4 + T57T60 Yg4 = T37T42
Y45 = T45 + T33T35 Ye5 = T24 T 21253 + T21T55 Y85 = T53T54
Ya6 = Ta6 T Ta4 + T34T36 Y66 = T28 1+ T25T50 T L25T52  Y’6 = T50T51
Y47 = T47 + T19T41 Y67 = T32 T T29T47 + T29T49 Y87 = T47748
Y48 = T48 + L2931 Y68 = T36 + T33%44 + T33T46 Ysg = T44T45
Y49 = T49 + T47 + T30T32 Y69 = T40 T T37T41 + T37T43 Y39 = T41T42
Y50 = Ts50 + T18%41 Y70 = T23 + T22T54 Yoo = T23T24
Y51 = Ts1 + Tas5T27 Y71 = Ta7 + T26T51 Y91 = T27T28
Ys2 = T2 + Tso + T26T28 Y72 = T31 1 T30248 Y92 = T31232
Y53 = T3 + T17%41 Y73 = X35 + T34%45 Y93 = X35T36
Ys4 = T4 + 21223 Yr4 = X39 + T38T42 Y94 = T39Z40
Ys5 = Ts5 + T3 + T22T24 Y75 = T22T55 Yo5 = T21T22
Ys6 = Tse T T42T43 Y76 = T26T52 Y96 = T25T26
Y57 = T57 T T45T46 Y77 = T30T49 Yo7 = T29T30
Ys8 = T8 + T48T49 Y78 = T34%46 Y98 = T33T34
Y59 = Ts9 + T51T52 Y19 = T38T43 Y99 = T37X38
Y60 = T60 T T54T55 Yso = T21T54 Y100 = T16T41

With the above y;’s, we can construct the following two (Jg components.

Qs(xe264) = [Yoat (Yoo + Y85 + Yoo + Y54¥55 + Yesy70 + Y75Y80 + Y85Y95 + Y90Y95)
Y57 + Yss + Yo3 + YasYa6 + Yesy73 + Yrsyss + Yssyos + Y93Yos)]

[Ye2+ (Y50 + Y86 + Yo1 + Y5152 + Yesyr1 + Y76Ys1 + YseY96 + Y91Y96)
Y58 + Y87 + Yoo + Yasya9 + Yeryr2 + Yrryse + ysryor + Yo2yor)].

)

)

)

)

Ys6 + Yso + Yoa + Ya2v43 + Yeoyra + YroYs4 + Y89Yo9 + Y94l99)]
[ye1+ (Y60 + Yss + Yoo + Ys4ys5 + Yesyr0 + Yr5Yso + YssY9s + Y90Y9s

(
(
(
(
Qs(x61763) = [Y63+ (Y59 + Y86 + Yo1 + Y5152 + Ye6y71 + Y76Ys1 + Y86Y96 + Y91Y96
(
(
(yss + ys7 + Yo2 + Yasyao + Yeryr2 + Yr7Ys2 + Ysryor + Yo2yo7)]-

Example 3

Y41 = T41 + 17218 Y61 = Ts5 + T39T40 Y81 = T23T44
Y42 = T42 + T19T20 Y62 = T53 + T37T38  Ys2 = T19T42
Y43 = T43 + T21%22 Y63 = T54T58 Yg3 = T37x53
Y44 = T4q4 + T23T24 Y64 = T56L57 Ys4 = T33T51
Y45 = T4s + T25%26 Y65 = T40 + T37T55 Y85 = T29T49
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Ya6 = T46 + T27T28
Ya7 = Ta7 + T41242
Y48 = T48 + T43T44
Y49 = T49 + T29T30
Y50 = T50 + T31T32

Y66 = T36 T T33T52
Y67 = T32 T T29T50
Y68 = T28 + T25T46
Y69 = T24 + T21T44
Y70 = T20 + T17Y42

Ys6 = T25T45
Ys7 = T21743
Ysg = T17T41
Ys9 = T38T40
Yoo = T34T36

Ys1 = 51 + T33%34 Y71 = T38 + T39T53 Y91 = T30T32
Ys2 = T2 + T35%36 Y72 = T34 + T35T51 Y92 = T26T28
Y53 = T53 + T49T50 Y73 = T30 + T31T49 Y93 = T22T24
Ys4 = T4 + T45T46 Y74 = T26 + T27T45 Y94 = T18T20
Ys5 = Ts5 + T51T52 Y75 = T22 + T23%43 Y95 = T37L39
Ys6 = Ts6 T T47248 Y16 = T18 + T19T41 Y96 = T33%35
Ys7 = 57 + T53Ts4 Y77 = L3955 Yo7 = T29T31
Ys8 = T58 + T55%56 Y78 = T35T52 Yo = T25T27
Y59 = Ts9 + T53T55 Y19 = T31T50 Yo9 = T21T23
Y60 = T60 T T54T56 Y80 = T27T46 Y100 = T177T19

With the above y;’s, we can construct the following two (Jg components.

Qs{r58257) = [yYse+ (Yas + Y93 + Ya3Yaa + Yeoyrs + Ys1Ysr + Y93Y99)
(Yar + Yoa + ya1Ya2 + Yroy7e + Ys2vss + Yo4¥y100)]
[(y54+ Y92 + Yasyas + Yesyra + YsoYse + Yo2yos)
(Y89 + Y6162 + Yesyr1 + Y77Ys3 + YsoYas)]
Y64 (Y55 + Yoo+ Ys51Ys2 + YesYr2 + Yr8Ys4 + Yo0Yo6)
+y63(Y53 + Yo1+Y49Y50 + Y6773 + Yr9yss + Yo1Yo7) + Ys7Yss.

Qs(ws59760) = {Y60 + (Y56 + (Y48 + Y93 + Y43Yaa + Y6oY75 + Ys1Y87 + Y93Y99)
(Yar + Yoa + Ya1Ya2 + Yroyre + Ys2yss + Y94Y100)]
(Y54 + Yo2 + Ya5Ya6 + Yesy74 + Ysoyse + Y92y9s) }
(Y59 + Y89 + Y61Y62 + Yes5y71 + Y77Y83 + Y89y ).

4. FURTHER DISCUSSION ON IMPLEMENTATION

The following implementation example 1 gives more complicated Moh’s im-
plementation, which ¢3 has eight Qx-components. The following implementation
example 2 demonstrates another possibility that we can make some entries of ¢2
become of degree 8 and the public key is still of degree 2. In fact, it is not hard to
create ¢o and ¢3 of high degrees such that the public key is still of degree 2. Note
that these two implementations have been routinely checked to avoid the attack of
XL method [7].



In this example, let n = 100 and m = 49. Define

Y1

Y2

Y3

Ya

Ys

Ye

Yy

Ys

Y9
Y10
Y11
Y12
Y13
Y14
Y15
Yie
Yir
Y18
Y19
Y20
Y21
Y22
Y23
Y24
Y25
Y26
Y27
Y28
Y29
Y30
Y31
Y32
Y33
Y34

Square-Free (0 Component

Implementation Example 1

=1
= 29

=23+ 122
= T4 + T273
=5+ 2123

T + T35

= X7 + T2X5
=28 + 15
= T9 + 578

10 + 378
T11 + T9Z10
T12 + 810
13 + T9T11
T14 + T5T13
15 + ToT14
T16 + 10215
17 + T11%16
r18 + T12%17
19 + T13218
T20 + T14%19
T21 + T15220
T2 + T16T21
T93 + T17%22
T4 + T18T23
To5 + T19%24
T26 + T20X25
To7 + T21%26
Tog + T22X27
T29 + T23%28
T30 + T24%29
31 + T25230
T32 + T26231
33 + T27X32
T34 + T28T33

Y35
Y36
Y37
Y3s
Y39
Y40
Ya1
Y42
Y43
Yaq
Yas
Y6
Yar
Yas
Y49
Y50
Ys1
Y52
Y53
Y54
Ys5
Ys6
Ys7
Ys8
Y59
Y60
Y61
Y62
Y63
Y64
Y65
Y66
Y67

= X35 + 19733

T36 + T20X34
T37 + T21235
T38 + T22X36
T39 + T23%37
T40 + T24X38
T41 + T25%39
T42 + T26X40
T43 + TorTy
T44 + T28T42
T45 + T29X43
T46 + T30%44
T47 + T31%45
T48 + 12713
T49 + T46X47
T30 + T45%46
T31 + T44%47
T2g + T43%44
T29 + T42%45
T26 + T41%42
To7 + T40%43
T24 + T39X40
T25 + 38741
Tog + T37X38
Z23 + T3639
T20 + T35%36
T21 + T34X37
T18 + T33%34
T19 + 32235
T16 + T15X32
T17 + 14733
T44% 46

= T45T47

Except the following 8 entries, z; = y;
B - 7-

Y68
Ye9
Y7o
Y71
Yyr2
Y3
Yra
Yrs
Yre
Yrr
Yyrs
Y9
Yso
Ys1
Ys2
Ys3
Ys4
Yss
Ys6
Yysr
Yss
Ys9
Y90
Ya1
Y92
Ya3
Y94
Yo5
Yoo
Yot
Yos
Y99

= T42T44

L4345

= T40T42

T41%43
T38T40
x39T41

= T36738

T37T39
L34T36
I35L37
Z32T34
I33T35

= 214732

T15%33

10 + T9T12
T11 + T8T13
T30731
28729
T26X27
L2425
T22723
T20221
18719
T16%17
T14%15
T8T12
T9T13
T10%11

8Ty

T49T5
T48T5

= T47T5

Y100 = T46T5

623
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21 =y1 + (Ya9 + (Ya6yar + Ysoys1 + YesYer + Ysa + Ysa(Yaayas + Ys2Ys3 + YesYeo+
Y85 + Ys5(Ya2v43 + Ysayss + yroyr1 + Yse + yse(Yaoyar + YseYst + yYrayrz+
ys7 + Ys7(Y3sYy39 + Yssyso + yrayrs + yss + yss(yseysr + YsoYs1 + Yreyrr+
Ygo + Yso(Y34Y35 + Y62Y63 + Y7879 + Yoo + Yoo (Y2933 + Y6465 + Ysoys1+
Yo1 + Y91Y92))))))))) (Va8 + Y12Y13 + Ys2ys3 + Y93Yo4 + Y95 + Y95Y96)

= T1 + T48T49

20 =Y + (YaaYas + Ys2ys3 + Yeseo + Yss + Ys5(Vaoyaz + Ysayss + yroyr + yse+
g6 (Yaoyar + Yseys7 + yr2yr3 + ys7 + ys7(Y38Y39 + Ys8Ys9 + Yrayrs + Yss+
Yyss (Y3637 + Yeoye1 + Yreyrr + Yso + Yso(Y34Y3s + Ye2Ye3 + Yrsyr9 + Yoo+
Y90 (Y32Y33 + Y6aYes + Ysoyst + Yo1 + Yo1¥92)))))))
= X2 + T44%45

z3 =y3 + (Y38Y39 + Yssys9 + Yrayrs + yss + Yss(Ys36ys7 + YeoYs1 + Yr6yrr + Yso+
Y89 (Y34Y35 + Y62Y63 + Y78Y79 + Yoo + Yoo (y32Y33 + Y6aYes + Ysoys1 + Y1+

y91y92))))
= T3+ T1T2 + T38T39

24 = Ya + (Ya2y43 + Ys54Ys5 + Yroy71 + Yse + Yse (Yaoya1 + Yseyst + Yr2yr3 + ysr+
ys7(Y3sy30 + Yssyso + yrayrs + yss + Yss(Y36Y37 + YeoYe1 + Yreyrr + Yso+
Ys9(Y34y35 + Ye2y63 + Yrsyro + Yoo + Yoo (¥32Y33 + Yea¥es + Ysoys1 + Yo1 -+
Y91992))))))

= T4+ T1X3 + T42%43

26 =Y6 + (Y36Y37 + YeoUe1 + Yr6yr7 + Yso + Yo (Y34Yy3s + Ye2Ye3 + Yrsyr9 + Yoo+
Y90 (Y3233 + Y6aYes + Ysoys1 + Yo1 + Yoa1Y92)))
= Xg + Tox4 + T36X37

27 =y7 + (Y32Y33 + Y6aVes + Ys0Ys1 + Yo1 + Y91Y92)
= X7 + T2x5 + T32X33

28 =Yg + (Y34Y35 + Ye2ve63 + Y78y + Yoo + Yoo (Y3233 + YeaYes + Ysoys1 + Yo1+
Y91Y92))
= X8 + T2oxg + T34X35

29 =Y + (Yaoya1 + YseYs7 + Yr2yrs + ys7 + Ys7(Y38Y39 + Yssyse + Yrayrs + yss+
yss(yseYs7 + YeoYs1 + Yrey77 + Yso + yso(Y34Yss + Ye2Ye3 + Yrsyro + Yoo+
Y90 (Y32Y33 + Y6aYes + Ysoys1 + Yo1 + Yo1¥Y92)))))
= X9 + TaX7 + T40%41
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Implementation Example 2

In this example, let n = 100 and m = 60.

Y1
Y2
Y3
Y4
Ys
Ye
Yy
Y8
Yo
Y10
Y11
Y12
Y13
Y14
Y15
Y16
Yir
Y18
Y19
Y20
Y21
Y22
Y23
Y24
Y25
Y26
Yar

Y28

Y29
Y30
Y31

Tl

2

xr3 + 122
T4 + To2X3
T5 + X374
T + T4y
T7 + X5%6
T8 + Texy
Tg9 + T7x8
T10 + T8T9
T11 + T9T10
T12 + x8T10
13 + T7T10
T14 + T6T10
T15 + T5T10
T16 + T4T10
T17 + T3T10

= x18 + 16717

T19 + T17218
T20 + 18719
21
22
23
24
25
T26
27

T28

T29 + 16218
T30 + 17219
r31 + xo3-
T24T25T26°
L27T28229"
T30

21 = Ty1 + y21Y28
Z2 = Y2 + Y22Y27
23 = Y3

R4 = Y4

25 = Y5

26 = Y6

2T =Yr

28 = Y8

29 = Y9

Z10 = Y10

211 = Y11

212 = Y12

213 = Y13

214 = Y14

215 = Y15 + Y24Ya7 + Y25Y71
216 = Y16 + Y26Y60 + Y21Y74
217 = Y17 + Y25Y58 + Y21Y77
218 = Y18 + Y27Ys56 + Y22Ys6
219 = Y19 + Y23Y38 + Y22Y61
220 = Y20 + Y25Y40 + Y21Y62
Z21 = Y21 + Y26Y98 + Y22Y65
222 = Y22 + Y26Y42 + Y23Y76
223 = Y23 + Y28Y45 + Y24Y72
224 = Y24 + Y25Ys55 + Y27Y81
Z25 = Y25 + Y27Y48 + Y2683
226 = Y26 + Y27Y35 + Y28Y63

Zo7 = Yor + Ys51Y53 + Ys7yso+

Yo4 + Y78Yo1 + Y94Y96

228 = Y28 + Ys57Ys59 + Ys5Yss+

Y100 + Y80Ys2 1 Y100
(Yo4 + Ys51Y53 + ysr-
Y89 + Y78Yo1 + Y94Y96)
229 = Y29
230 = Y30

231 = Y31 + Y32¥y33 + Y34Y36+

Y37Y39 + Y61Y62 + Ys3-
Y64 + Ye7Y70 + Y73Y76
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T1 + 21228

T2 + T22T27

xr3 + T1x9

T4 + XTo2x3

T5 + 324

T + X425

T7 + T5X6

xrg + Tex7

X9 + xT7x8

T10 + 89

T11 + T9T10

T12 + X8T10

T13 + Z7T10

T14 + T6T10

T15 + Ts5T10 + T24T47
T16 + T4T10 + T26T60
T17 + X3%10 + T25T58
18 + 16217 + T27T56
T19 + T17218 + T23738
T20 + 18719 + T25T40
To1 + T22%23 + T26T49
T29 + T26X42

To3 + X28x45

T24 + T25T55

To5 + T27X48

T26 + T27T35

Ta7 + 51253

Tag + T57X59

ZT29 + T16%18

T30 + 17219

T31 + 232233 + T34T36+
L3739 + T24%28
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Y32

Y33

Y34

Y35
Y36
Ysr

Y38
Y39
Ya0
Ya1
Ya2
Ya3
Ya4
Ya5
Y46
Yar
Y48
Ya9
Y50
Ys1
Y52
Y53
Ys4
Ys5
Ys6
Ys7
Y58
Y59
Y60
Y61
Ye2
Y63
Y64
Y65
Y66
Ye7
Y68

= x32 + Ta3-

L24X25226

= x33 + Tar*

T28L29L30

= T34 + T23

T25T33

= X35 + T28T32

T36 + T24%26
37 + Tor:
T29X32

= x38 + T22733

T39 + 28730
T40 + 21236
T41 + T23%24
T42 + T23%37
43 + T25%26
T44 + T27X28
T45 + T24T44
T46 + 29730
Ta7 + T25%41
T48 + 26732
T49 + T25%47
T50 + 33748
T51 + 35738
T52 + T27X50
T53 + T40242
Ts4 + T32X51
T55 + T27X48
T56 1 T22T51
T57 + T46T51
T58 + 21233
T59 + T47%53
T60 + T21243
23733

T25T36

T27T32

T29T39

23 + T26%41
To7 + 30T 44
Tog + T26X34

= X5 + T24T43

Lih-Chung Wang and Fei-Hwang Chang

Z32 = Y32 + Ya1Y43 + Y65Y6s T
Yr1Yr4

233 = Y33 + Y44Y46 + Y66Y69T
Yr2Y7s

234 = Y34 + Ya9Ys50 + Y77Y99+
Y79Y97 + Ys1Y95

%35 = Y35

236 = Y36

237 = Y37 + Ys2Ys54 + Ys3Y93+
Y84Y92 + Y86Y90

238 = Y38
239 = Y39
240 = Y40
241 = Y41
242 = Y42
243 = Y43
244 = Y44
245 = Y45
246 = Y46
247 = Y47
248 = Y48
249 = Y49
250 = Y50
251 = Y51
252 = Y52
253 = Y53
254 = Ys4
255 = Y55
256 = Y56
257 = Y57
258 = Y58
259 = Y59
260 = Y60
261 = Yo61
262 = Y62
263 = Y63
264 = Yo64
265 = Y65
266 — Y66
267 = Y67
268 = Y68

T32 + T23%25

T33 + X27x29

T34 + T47T48

T35 + T28T32
36 + T24%26
T37 + T50%51

38 + 22733
39 + 28730
T40 + T21236
T41 + T23X24
T42 + X23X37
43 + T25%26
T44 + X27X08
Tas + T24%44
T46 + 29X 30
Ta7 + T2sT41
T48 + 26T 32
Ta9 + Ta5T47
T50 + 33248
T51 + 35238
T52 + T27X50
T53 + T40%42
Ts4 + 32251
T55 + To7X48
Ts6 + T22T51
T57 + T46T51
T58 + 21233
T59 + X47%53
T60 + T21243
T23733

25236

T27x32

29239

23 + T26T41
To7 + X30%44
Tog + L2634
To5 + L2443

+ T41%43

+ T44%46

+ T49250

+ T52T54



Y69
Yo
Yym
Yyr2
Y73
Yr4
Yrs
Y76
Y
Yyrs
Y9
Yso
Ys1
Ys2
Ys3
Ys4
Yss
Ys6
Ys7
Yss
Y89
Y90
Ya1
Y92
Y93
Yoa
Yos
Yo6
Yo7
Yos
Y99

= T29 + T28%46

To4 + X30X37
L2441
T28% 44
T30%34

= T26T43

L30T46
L2637

= T25T33

3851
T47 + X33%49
T51T57
T25%48
T53%59
L2732

= T50 + T32T52

T47 + T51X59
T27T51

= X35 + 42751

T46 + T53%57
T40 + T38L50
T32T54
L4253
T51 + XT27X54
T29 + T52T54

= T35740

3347
38742

= 48 + XT25T50

T49 + T22T41

= X923 + T49T50

Y100 = T46T47

Square-Free (0 Component

269 = Y69
270 = Y70
271 = Y71
272 = Y72
273 = Y73
274 = Y14
275 = Y75
276 = Y76
zZrr = Y7
z78 = Y78
279 = Y19
280 = Y80
281 = Y81
282 = Ys2
283 = Y83
284 = Ys4
285 = Y85
286 = Ys6
287 = Y7
288 = Y88
289 = Y89
290 = Y90
291 = Y91
292 = Y92
293 = Y93
294 = Y94
295 = Y95
296 = Y96
297 = Y97
298 = Y98
299 = Y99
2100 = Y100

T29 + T28%46
T24 + T30X37
T24%41
T28%44
T30L34
T26T43
T30T46
T26237
Z25%33
T38T51
T47 + 33249
T51T57
T25%48
T53T59
T27T32
T50 + £32252
Ta7 + 51259
T27%51
T35 + T42T51
T46 + T53%57
T40 + 38753
T32T50
L4253
T51 + X27X54
T29 + T52T54
T35T40
T33%47
T38T42
48 + X25T50
T49 + T22241
To3 + X49T50
T46L47

5. ABOUT THE DECOMPOSITION OF ¢3 © ¢a
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We want to point out an obvious fact that the decomposition of ¢3 o ¢ is not
unique. In the following example, we show that the composition of ¢ and ¢3 has
another decomposition (up to permutations) ¢, and ¢4, which are both of degree 2.
Note that the original ¢3 has a ()4 component. Hence, we shall keep in mind that a
Q@ component with big n sometimes still gives a weak key since the composition
of ¢ and ¢3 may have another decomposition. There are some tricks to create
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Q),, components such that the situation happened in the following example can be
avoided. We hope to return to this matter elsewhere. However, decompositions of
polynomial maps into tame transformations for higher dimension are still completely
unknown.

Y1 =11 z1 = Y1 + Qua(wgzy) = 71 + T8TY
Y2 = @2 + a3 Z2 = Y2 =z +ai
Ys =23 +T1T2 23 =1Y3 =3+ 2122
Y4 = T4+ T2T3 24 =Y4 = T4+ 223
Ys = T + 25 Z5 = Ys = x5 + 75
Y6 = Te + TaTs 26 = Y6 = Te + T45
Y1 =7 +Tsx6 27 = Y1 =7+ T5T6
Ys = T8 +T1T4 28 =1Y8 =3+ T124
Y9 = Tg + TaT7 29 = Y9 = T9 + T4T7

Y10 = 21 +T3T5 210 = Y10 =T1 + 2325

Y11 = T4 + T2Te 211 = Y11 = x4 + T2xg

Y12 = T125 212 = Y12 = T1%s

Y13 = T4 213 = Y13 = T2T4

Y14 = T2X5 214 = Y14 = T2X5

Y15 = T3T6 215 = Y15 = T3T¢

Y16 = T3T4 216 = Y16 = T3%4

Yir = Tely 217 = Y17 = TeT7

Y18 = T2 + T4xg 218 = Y18 = X2 + T4%g

Y19 = 25 + T3T7 219 = Y19 = T5 + T3X7

where Q4 (zsx9) = (Y14 + Y3Ys + Y10y11 + yi2y13 + Y1ay15) (Y15 + Yayr + y1ayis +
Y1617 + Y18Y19)

Y1 = T3 21 =y1 + Qa(w174) =28+ 2174
Y2 = Tg 2y = y1 + Qo(waxy) = w9 + w47
Y3 =21 +T8T9 23 = Y3 = T1 + 2Ty
Ys = x2 + a3 24 = Y4 =z +af
Ys = T3 +T1T2 25 =Y5 =3+ T122
Y6 = T4 + T2T3 26 = Yo = T4 + T3
y7:az5+xi Z7 =1Y7 :x5+xi
Y8 = Te + TaTs 28 =Yg = T6 + T4Ts5
Yo =T7 +TsTe 29 = Y9 =7 + T5T6
Y10 =21 +T3T5 210 = Y10 =T1 + 235
Y11 = T4 + T2%e 211 = Y11 = X4 + T2Xg
Y12 = T1%x5 212 = Y12 = T1%s5

Y13 = T2T4 213 = Y13 = ToT4
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Y14 = 2225 214 = Y14 = X275
Y15 = T3Te 215 = Y15 = X3T¢
Y16 = T3%4 216 = Y16 = X374
Y17 = Tex7 217 = Yir = TeT7
Y18 = T2 + T4X6 218 = Y18 = T2 + T4%g
Y19 = T5 +T3T7 219 = Y19 =5 + T327

where Q2(z124) = (Y14 + Y3Ys + Y10y11 + Y12y13 + y1ay15) and Qa(zaxy) =
(y15 + yay7 + Y14Y15 + Y16Y17 + Y18Y19)
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