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ON A SYSTEM OF NONLINEAR WAVE EQUATIONS

Meng-Rong Li and Long-Yi Tsai*

Abstract. We consider the existence and nonexistence of global solutions of
the following initial-boundary value problem for a system of nonlinear wave
equations in a domain Q x [0,7):

g — Au + miu = —4\(u + av)® — 2Buv?,
Vi — Av + m3v = —4a(u + av)? — 26uv,

where  is a bounded domain in R3 with a smooth boundary. Some sufficient

conditions on the given parameters A, a and (3 for the global existence and
blow-up are imposed. The estimates for the lifespan of solutions is given.

1. INTRODUCTION

In this paper we shall consider the global existence and blow-up of solutions
of the following initial-boundary value problem for a system of nonlinear wave
equations in a bounded domain [0,7") x €2

(1.1) { Uy — Au +miu = —4\(u + awv)? — 2Buv?,

vie — Av + m3v = —4da(u + av)? — 26u?,
with initial conditions

(1.2)

and boundary condition

(1.3) u(z,t) = v(z,t) =0, on IQ x (0,7),
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where Q is a bounded domain in R? with a smooth boundary 952, and X\, 3 and «
are real numbers, and T > 0.

This problem was proposed by Reed [18]. As a model it describes the inter-
actions of scalar fields u, v of mass mj, moy respectively. The system defines the
motion of charged mesons in an electro-magnetic field that was first introduced by
Segal [20].

The global existence and uniqueness of the solutions of the Cauchy problem for
a single wave equation

ug — Au+ f(u) =0, in R" x R",n >3

has been discussed by several authors during the past thirty years. ([1-2, 6, 8, 19,
23, 24]), and some blow up results are obtained by ([3, 5, 8-12, 21-22]). For the
system of hyperbolic equations, only a few existence results are known ([7, 14-17]).

In this paper, we shall discuss the global existence and blow-up properties of
solutions in H1 = C*(0,T, L*(Q)NC%(0, T, H}(Q)) for (1.1) - (1.3) in a bounded
domain in R3. In section 2, we first derive apriori estimate of any solution of linear
wave equation. Then from the uniqueness and existence of solutions of linear
wave equation, we obtain the local existence in Theorem 2.4 by using successive
approximation method. In section 3, we shall prove the local uniqueness and the
global existence of solutions for (1.1) — (1.2). We also show the triviality of the
solution when the initial data are zero functions. In section 4, we first define an
energy function E(t) in (3.1) and show that it is a constant function of . It follows
immediately from some essential identities that will be used later for estimating the
lifespan 7. And then we obtain our main result, Theorem 4.4, which shows the
blow-up of solutions under some restriction on the parameters A, 3 and . The
estimates for the upper bound of blow-up time 7" are also given.

2. LocaL EXISTENCE RESULTS

In this section we shall prove local existence of solutions for nonlinear wave
equation (1.1) with initial and boundary conditions (1.2), (1.3) by using a fixed-point
theorem.

We first give some notations below. Denote C°(0,7,V) and C*(0,T,V) re-
spectively by

C°0,T,V) = {u:[0,T) — V|u is continuous}

and
CY0,T,V) = {u:[0,T) — V|u and u, is continuous}.

Let
H1=CY0,T, L*(Q) nC°(0,T, Hy(2)),
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and
H2=C*0,T,L*(Q) N CY(0,T, Hy(2)),

with the induced norms

lullrn = sup (Jlug]| L2 +[|Vullz2),
0<t<T

and
|ullrz = sup ([Juwllzz + [[Vullg2 + [[Vellz2) -
0<t<T

respectively.
We say f € WH2(0,T, L*(Q)), it means that f € L?(0,7,L?(f2)) and f; €
L*(0,T, Hy (92)).

Before proving the existence theorem for nonlinear wave equations, we need the
existence result for linear wave equation which is given by Lions [13, p. 95] and
Haraux [4,p. 31].

Lemma 2.1. Assume that f € WbY2(0,T,L*(Q)) and that uy € H(Q) N
H2(Q), uy € HY(Q). Then the linear problem

uy — Au+ f(t,z) =0, z € Q, t €[0,7T)
(2.1) u<$70) = uo(ﬂf), ut(w70> = ul(x)7 z € ()
u(z,t) =0 on 0Q x (0,7T)

has a unique solution u € H2.

By using Divergence theorem and Holder inequality, we can get the following
lemma.

Lemma 2.2. (Apriori Estimate). Let u be a solution of (2.1). Then we have
the inequality

t
22 [Dull2(t) < [[Dul[2(0) +/0 1 fll2(r)dr,

where Du = (ug, Vu) and ||Dul|3(t) = /(u? + |Vul?)dz.
Q

By Sobolev inequality and Holder inequality, we also obtain the following trivial
result.

Lemma 2.3. Ifu,v € H2, then u?, u?v, wv? and v> € W12(0,T, L?(Q2)).
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Theorem 2.4. (local existence) If ug,vo € H(Q) and ui,v1 € L*(Q), then
there exists a solution (u,v) of (1.1) — (1.3) in H1 x H1.

Proof. Due to the fact that H2(Q) N H(Q) is dense in H () and HJ(Q) is
dense in L?(), it suffices to consider this problem for ug,vo € H?(2) N H} ()
and uy, vy € H} (). Let {(u™,v™)}m>1 be a sequence of solutions obtained by
considering the following linear wave equations:

23) { (up ™) = AumH = —miu™ — AN (W™ + av™)? — 250 (™),

() — Av™t = —mZe™ — dad (U™ 4 av™) — 28(u™) 2™,

um (:C’ 0) = UO(m)7 (um+1)t(x7 0) = ul(m)v
(2.4) ™ (2, 0) = vo(z), (V™ )i(x,0) = vi(z) in Q,
u™(z,t) = v (z,t) = 0 on 9N x (0,T)

with u!(z,t) = ug(x), v (x,t) = vo().

The existence and uniqueness of the solution (u™,v™) € H2 of (2.3), (2.4) is
guaranteed by Lemma 2.1 since the right hand sides of (2.3) belong to W12(0, T,
L*(9)) due to Lemma 2.3. By Lemma 2.2, we have

[Dum |2 (t) < [ Du™*1|2(0)

(2.5) ¢
+/ [m2u™ + 4X(u™ 4 av™)3 + 26u™ (v™)?||2 (r)dr,
0
[Dv™H|2(t) < [Du™*1(0) ]2
(2.6) ’
—i—/ [m3v™ + 4a(u™ 4 av™) + 280™ (u™)? |9 (r)dr.
0
Denoted by
1
(2.7) 1 = [ Du™2(0) = (]l + [[Vuoll3) % -
1
(2.8) B2 = [[Dv™2(0) = (|[v1]l3 + [IVvol3)

For m > 1, define

(2.9) Gm1 = mi[u™||2 + 210 [[u™ (©™)?||l2 + 4|A] [|(u™ + av™)? 2,
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and
(2100 Gz =m3|v"™ |2+ 2IB| 0™ (@™)?||2 + 4leA] [|(w™ + av™)?||2.
Let
(2.11) A'(t) = | Dw'||2(t) = | Du'll2(t) + [|1DV[|2(8), i > 1,
where Dw® = (Du', Dv') for w'® = (u?,v?).
By Sobolev inequality and Holder inequality, we see that
(2.12) Gm1 + Gma < C||Dw™|[3(t).
From (2.5), we have

t
IDa|12(t) < Br + / (m3luollz + 218| uovd]l2
0

2.13
(2.13) A ([ (o + avp)?||2)dr

< B1 + Guit.

Similarly, we have

t
IDv?|l2(t) < B2 + / (m3lvollz + 216] lvoug|2
0

(2.14) +4|a [|(uo + avg)?|2)dr
< B2 + Ghat.
Note that
(2.15) A%(t) < By + Bo + Ct|| Dw'[13(2)
Define

Jtocr = sup{ | Dullo(t) [0 < ¢ < 7).

Let M be a positive constant such that M > 3y + (2. From (2.16) it follows that
AYt) < M, for 0 <t <7, or ||w!]eor < M.
Thus from (2.15), we have

(2.16) A2 <P+ B+ CtM3 <M for0<t<r,
provided that 7 = M=fi2B2 - That is,

CcM3

(2.17) [w?]loo,r < M.
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Suppose that ||w™||s - < M. By adding (2.5) and (2.6) and by using (2.12), we
have

(2.18) A™FH(E) < 1+ By + C|Dw™|3(t) < M, 0 <t <.
Thus ||[w™ | s+ < M. Therefore we have

(2.19) 0™ |oo,r < M, for m > 1.

Next we shall claim that {w™},,>1 is a Cauchy sequence in H1. From (2.3)
and (2.4), we have

(u™ L —u™)y — A(u™H —u™)
(2.20) = —m2(u™ — u™ L) — AN[(u™ + av™)? — (U™ + o™ 1))

=28 (v™)? — um (™),

(Mt — ™)y — A(v™FT — ™)
(2.21) = —m3 (™ — v 1) — daA[(u™ + av™)? — (U™ + av™T )3

2Bl (wn)? oy,

(u™ — ™) (z,0) =0, (u™ —u™)(z,0) =0, x €,
(2.22) (v — ™) (z,0) = 0, (V™ — ™)y (z,0) =0, z € Q,

(um™t — ™) (z,t) = (V™ —0™)(2,t) = 0 on O x (0,T).
As in the previous argument, we see that

[D(w™ —w™)[|2(¢)
< [ D(w™ —w™)||2(0)

t
4 / {2l — a™ g + mle™ — o™
(2.23) 0

4|1+ |a)||(u™ + av™)3 — (um™ L + av™ )3
+2|8](lu™(v™)? — u™ (™),
+[[o™(w™)? — o™ (w12 ||g) b

From (2.22), we have ||D(w™! —w™)||2(0) = 0. By (2.19), Holder inequality
and Sobolev inequality, we obtain

t
(224) D™ —w™)|l2(¢) < K/ ID(w™ —w™ ) |l2(r)dr, 0<t <7,
0
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where K is a constant depending on «, 3, A, m1, me and Sobolev constant.
Thus by induction we have

225 Jw"™ ! = w" o < K7lw™ — w™ oo < (K7)™7Hw? — w'loo,r

for m > 1. Therefore, for any positive integer p, we get

[w™ P — ™| o,r

<[(K7)™ P2 4 4+ (K7)™ || w? — wl|so,r

1— (Kr)P
= (g7t B e, 0 < K <1,
- K7
K m—1
S(lT)K lw? = w|oo,r — 0 a8 m — 00, if 0 < K7 < 1.
- Kt

Thus {w™},,>1 has a convergent subsequence in H1 and the limit function w =
lim,,, oo w™ in H1 is a local solution of (1.1) — (1.3).

Remark. If ug,vy € H?(Q) N H}(Q) and uy,v1 € H (), then the solution
(u,v) of (1.1) — (1.3) is in H2 x H2.

3. GLOBAL EXISTENCE

In this section, we shall show local uniqueness and global existence of the
solution w = (u,v) for the problem (1.1) — (1.3). Before doing this, we shall
prove that || Dw||2(¢) is uniformly bounded by a constant (independent of ¢) for all
0<t<T, T < o0.

We first define an energy function E(t) by

1
E(t) =z / [|Vu|2 + |Vv|2 +uf + vf + m%uz + m§v2
3.1 2 Ja

+2X (u + av)?t + 26uv?]dx
Lemma 3.1. Let (u,v) be a solution of (1.1) — (1.3). Then

1
E(t)== / {|Vu0|2 + |Vvo|2 + u% + v% + m%ug + m%vﬁ
(3.2) 2 Ja

+2X(ug + avg)? + 2Budvd) .

Proof. we see that Cfi—]f = 0 by using the Divergence theorem, (1.1), (1.2) and
(1.3). Thus E(t) = E(0) for all ¢t > 0.
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Lemma 3.2. Let w = (u,v) be a solution of (1.1) — (1.3). Assume that
(3.3) mi&® +min® 4+ 2X(€ + an)* + 286> > 0 for {,n € R.
Then we have

(3.4) |Dwl|3(t) < 4E(0) for t > 0.

Proof. From (3.2) and (3.3), we get

(3.5) | Dul|3(t) + || Dvl|3(t) < 4E(0) for t > 0.

Remark. For the particular case A > 0,8 > 0,a € R, (3.3) holds. However,
A or 3 may be negative in (3.3).

Since the proof of local uniqueness of the solution of (1.1) — (1.3) is standard,
we omit it here. And the global solution of (1.1), (1.3) can be obtained in an usual
manner due to (3.4). Once we have a local solution in [0, 7), we set

ao(-) = u(,7/2) € Hy(Q), () =v(-,7/2) € Hy(Q)

and
ar(s) = w(-,7/2) € LQ(Q), 1(:) = v(-,7/2) € LQ(Q).

Then we have a local solution (@, ) of (1.1) — (1.3) on [r/2,37/2). By local
uniqueness of solution, we have u = @,v = v on [7/2,7). Now we have extended
the solution (u,v) up to [0,37/2). Continuing in this way, we then obtain a global
solution of (1.1) — (1.3). In conclusion, we have the following result.

Theorem 3.3 (Global Existence). Assume that (3.3) holds, then there exists a
global solution of (1.1) — (1.3).

In the following, we shall prove the triviality of the solution provided that the
initial data are zero functions. We first derive an essential equality that will be used
later.

Lemma 3.4. Let (u,v) € C?*(RT, H}(Q)) be a solution of (1.1) — (1.3). Then

we have

2/(\Vuy2+ \Vo|?)dz

(3.6) Q "
—om(0) -~ 20

— / [2miu® 4+ 2m3v? + 6 (u + aw)? + 68uv?]dz,
Q
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or
2,2 A”(t) 4 2,2
37 2 (uf +v;)dx = — T 2E(0) +2 | [Mu+ aw)® + puv]dz,
Q Q
where
(3.8) At) = /(u2 + v?)(z, t) dz.
Q

Proof. By differentiating (3.8) once and twice respectively, we obtain

(3.9 At) =2 / (uug + voy) de
Q
and
AT (1) —2/(u2 +o2)dz — 2/ Vul? + | Vol

(3.10) o =" Q [

+miu? + m3v? + 4\ (u + av)* + 46u*v?|dx.
By (3.2), we then obtain (3.6). (3.7) follwos directly from (3.10) and (3.6).

Theorem 3.5. Let (u,v) € C?*(RT,H}(Q)) be a solution of (1.1) — (1.3).
Assume that

(3.11) mi€? +min’ +3ME + am)* + 3567 > 0 for &n >0
holds. If ug = 0 = vy, u1 = 0 = vy, then the only global solution of (1.1) — (1.3)

is the trivial solution.

Proof. From the assumptions and (3.1), we have E(0) = 0. By (3.6) and (3.11),
we get

2/(|vu|2+ Vo|?)da
Q

"
(3.12) = —AT(t) — / 2m2u? 4 2m3v? + 6\ (u + av)* + 66u?v?]dx
Q

A// (t)
5
From (3.11), using Poincar¢ inequality yields

<

(3.13) A"(t) +2CqA(t) <0,

where C, is a Poincaré constant. Note that A(0) = 0, A’(0) = 0, we then obtain
A(t) <0 for t > 0. Hence A(t) =0 for ¢t > 0.



566 Meng-Rong Li and Long-Yi Tsai

4. BLow-UP OF SOLUTIONS

In this section, we shall discuss the blow-up property of solutions for a system
(1.1) — (1.3). Before doing this, let us give the following two lemmas that will be
used later.

Lemma 4.1. Let § > 0 and let b(t) : Rt — Rt be a C?-function satisfying

4.1) b'(t) =46+ 1)b'(t) +4(6 + 1)b(t) >0 for t>0.
If
(4.2) b (0) > rab(0),

then V' (t) > 0 for t > 0, where ro = 2(0 + 1) — 24/(0 + 1)0 is the smallest root of
the quadratic equation r* — 4(6 + )r +4(6 +1) = 0.

Proof. Let r1 and 73 be the roots of 72 —4(5+1)r +4(6+1) = 0 with ry < 7.
Then (4.1) is equivalent to

43) (D —r1)(D — r2)b(t) > 0, where D — %.
Integrating (4.3) from 0 to ¢, yeilds

(4.4) V' (t) > r2b(t) + [b'(0) — r2b(0)]e™*".

By (4.2), we obtain b'(t) > 0 for ¢ > 0.

Lemma 4.2. If J(t) is a non-increasing function on [ty, 00), to > 0 and satisfies
the differential inequality

(4.5) J(#)? > a+bJ)*5 for t>t,

where a > 0 and b € R, then there exists a finite positive number T* such that
limy_, 7+ —J(t) = 0 and an upper bound of T* can be estimated respectively in the
following cases :

(i) when b < 0, and J(tg) < min{l, \/,Ib},

(4.6) T* <to+ \/7

1 =
In ,
V=bo [ (1)
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(ii) when b = 0,

J(to)
47 T <t
4.7 <o+ a
(iii) when b > 0,
(4.8) T <to+ 2%% {1 —[1+ cJ(to)];—é} ,

1
where ¢ = (%)HE,
Proof. (i) Since v/c2 —d? > ¢ —d for ¢ > d > 0, from (4.5) it follows that,

T(t) < —va+ V=bJ(t) '+

(4.9)
< —va++/—bJ(t) for t>t.

Thus we get

(4.10) J(t) < [J(to) — v/—(a/b)] e "OV=P 1 \/Z(ab),

and there exists a positive 7% < oo such that lim; ,p«_ J(t) = 0, and an upper
bound of T is given by (4.6).

(ii) When b = 0, from (4.5) we have
J(t) < J(to) — Va(t —tg) for t>t.

Thus there exists 7% < oo such that lim;_,7+_ J(¢) = 0 and an upper bound of 7™
is given by (4.7).

(iii)) When b > 0, from (4.5) we have

@.11) (1) < —\Ja[L+ [eI O],

where ¢ = (a/b)*"5.
By using the following inequality

(4.12) m?+ni > 279m+n)? for m,n>0 and ¢ >1
with ¢ = 2 + %, we obtain

(4.13) J() < —Va2 51+ cJ(1)]H3.
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By solving the differential inequality (4.13), we obtain

(4.14) J(t) < % {—1 + [(1 + cJ(to))*Tls + %2%“ _ to)] _25} .

Hence there exists 7 < oo such that lim;_,7«_ J(¢) = 0, and an upper bound of
T* is given by (4.8).

Hereafter we shall consider the blow-up of the solution under the following
assumption: for fixed o, 3 and A with A2 + 32 # 0, we have

(A4) mi€2 +min® + MéE+ an)t + 8E%9* <0 for &, € R.
Let
(4.15) J(t)=At)™° for t>0,0<6< %

By differentiating (4.16) once and twice respectively, we obtain

(4.16) J'(t) = =8 At) 0714 (t),
and
(4.17) J'(t) =6 A 2 {(6 + 1)[A(1)]* — A()A" (1)} .

Note that by Schwarz inequality and the triangle inequality, we obtain

(4.18) A2 < 4A(8) / (2 + v2)da.
Q
From (4.17) and (4.18), we get
(4.19) J'(t) < =8 A(t) 01K (t) for ¢ > 0,
where
(4.20) K(t)=A"(t) —4(6 + 1) / (uf + v})dz.
Q

By (3.6) and (3.7), we have
(4.21)
K(t) =—4(1+20)E(0) + / [45(|Vul? + [Vo]?) + 2(miu® + m3v?)] dx
Q

+(46 — 2) / [m3u? + m3v? + 2\ (u + av)* + 26u*v?|dz.
Q
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By (A4), we have

(4.22) A'(t) —4(5 +1) /Q(ut2 +v?)dx > —4(1 + 20) E(0).

Now we shall consider three different cases on the sign of the initial energy
E(0).

(i) If E(0) < 0, by integration of (4.22), we have
A(t) > A'(0) — 4(1 + 25)E(0)t for t > 0.

Thus we have A'(t) > 0 for ¢t > t*, where

‘. _ A’(0)
(4.23) t max{m, 0}.

(i) If E(0) = 0, then A”(t) > 0 for ¢ > 0. Furthermore, if A’(0) > 0, then
A'(t) > 0 fort > 0.

(iii) If £(0) > 0, by the triangle inequality, we have

(4.24) A(t) < A(t) + / (uf + v})dz.
Q

From (4.22) and (4.24), we have the following differential inequality

(4.25) A'(t) —4(0+ 1) A'(t) + 4(6 + 1) A(t) + 4(1 4 26) E(0) > 0.
Let
b(t) = A(t) + %, for ¢t > 0.

Then b(t) satisfies (4.1). By Lemma 4.1, we obtain A’(¢t) > 0 for ¢ > 0, provided
that

(4.26) A(0) > {A(O) + %} .

Consequently, we have

Lemma 4.3. Assume that (4.15) holds and that either one of the following
Statements is satisfied :

(i) E£(0) <0,
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(i) E(0) = 0 and A’(0) > 0,
(iii) E(0) > 0 and (4.26) holds.

Then A'(t) > 0 for t > tg, where ty = t* is given by (4.23) in case (i) and to = 0
in cases (ii) and (iii).

Hereafter, we shall find the estimate for the life span of A(¢). From (4.19) and
(4.22), we have

(4.27) J"(t) < 46(1 4 28)E(0)A(t) 271 for t > t,.

Note that J'(t) < 0 for ¢ > to by Lemma 4.3. Hence multiplying (4.27) by J'(¢),
and then integrating from ¢ to ¢, we get

(4.28) J'(t)2 > a+bJ(t)*F5 for t > to,

where

(429) @ =J'(to)* = bJ(to)*+5 = 62 A(te) X 2{A'(to)? — 8E(0)A(to) }
and

(4.30) b = 852E(0).

A/(tO)Z

Note that a > 0 < E(0) < BATET

In the case that E£(0) < 0, we easily obtain the rough estimate for an upper

bound of blow up time 7™ < ty — J(t‘;) . For the remaining cases, by Lemma 4.2,

Tt
we then obtain the following main resuft.

Theorem 4.4. Assume that (4.15) holds and that either one of the following
Statements is satisfied :

(i) E(0) <0,

(i) E(0) = 0 and A’(0) > 0,

(iii) g;gg; > E(0) > 0 and (4.26) holds.

Then any solution (u,v) of (1.1) — (1.3) blows up at time T* in the sense that
limy_, 7+« A(t) = oo. In case (i),

. J(to)
T <ty — —J’(to)'
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Furthermore, if J(tp) < min {1, \ /%b} , then

T* §to+\/%_bln [\/_zb/ {\/_zb—J(to)H.

In case (i),

In case (iii),

* J(tO)
T < tg— .
<to T'(t0)
T < to +23‘3—§1% {1-1+clt) 7}

Here ¢ = (a/b)2+% with a = 62A(tg)~2072{A'(tg)?> — 8E(0)A(to)} and b =
862E(0). Note that in case (i), tg = t* is given in (4.27) and ty = 0 in cases (ii)
and (iii).

Remark. In this paper we give some sufficient conditions for global existence
and blow up of solutions. The estimates of the lifespan of solutions are given. Some
remarks should be mentioned below.

(@)
(if)

(iii)

(iv)

The upper bounds obtained in Theorem 4.4 is not optimal.

In this paper we use the norm supg<; . (||utl 2 + |Vul 2) that is greater
than the norm supOSKT(%HuH 12 + ||Vul|z2). Thus the class we considered
is more restricted.

The classification on the coefficients on A and 3 into two categories - global
existence and blow up is not completely solved yet. It is more complicated
and will be the subject of our future research.

The domain 2 may be unbounded. In this case, we consider the class of
functions with compact support. Analogous results will be obtained.
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