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CONVERGENCE OF DOUBLE LAGUERRE SERIES

Chang-Pao Chen and Chin-Cheng Lin

Abstract. Let smn(x; y) denote the rectangular partial sums of the double
Laguerre series with the coefficients fcjkg. We give sufficient conditions
on fcjkg to obtain the regular convergence and weighted Lr-convergence of
smn(x; y).

1. INTRODUCTION

For a ¸ 0, let Lan(t) denote the n-th Laguerre polynomial of order a defined by

Lan(t) =
1

n!
t¡aet

dn

dtn
(tn+ae¡t); n = 0; 1; 2; ¢ ¢ ¢ :

Then fLan(t)g1n=0 forms a complete orthogonal set in L2(R+; tae¡tdt). The prob-
lems of the mean convergence and the pointwise convergence of different types
of Laguerre series (including those with respect to the systems feLan(t)g1n=0 and
flan(t)g1n=0) have been studied by many authors in the last four decades, e.g., Askey-
Wainger [1], Chen-Lin [3], Dl-ugosz [4], Muckenhoupt [6, 7, 8], and Stempak [9,
10, 11].

In this paper, we consider the following double Laguerre series
1X
j=0

1X
k=0

cjkL
a
j (x)Lak(y); x; y 2 R+; :1(1)

where fcjk : j; k ¸ 0g satisfies the following conditions for some p 2 N:

jcjkj (¹j¹k)p=2¡1=4£(¹j; ¹k) ¡! 0 as maxfj; kg ! 1;(1.2)
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lim
n!1

1X
j=0

j¢p0cjnj (¹j¹n)p=2¡1=4£(¹j; ¹n) = 0;(1.3)

lim
m!1

1X
k=0

j¢0pcmkj ( ¹m¹k)p=2¡1=4£( ¹m; ¹k) = 0;(1.4)

1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)p=2¡1=4£(¹j; ¹k) <1:(1.5)

Here ¹» ´ maxf»; 1g, £ is a suitable positive function on [1;1)£ [1;1), and the
finite-order differences ¢pqcjk are defined by

¢pqcjk =

pX
s=0

qX
t=0

(¡1)s+t
µ
p

s

¶µ
q

t

¶
cj+s;k+t:

The conditions (1:2) ¡ (1:5) describe certain concept of bounded variation, which
are closely related to those in [3, Theorem 2]. We pay attention to the following
two cases:

(i) £(x; y) = (xy)a=2,

(ii) £(x; y) = (xy)a=2µ(x)#(y),

where µ; # are two positive increasing functions defined on [1;1).
Let smn(x; y) denote the rectangular partial sums of series (1.1) defined by

smn(x; y) =
mX
j=0

nX
k=0

cjkL
a
j (x)Lak(y):

We say that the series (1.1) converges regularly to f(x; y) if smn(x; y) ! f(x; y)
as minfm;ng ! 1, the row series

P1
j=0 cjkL

a
j (x)Lak(y) converges for each fixed

value of k, and the column series
P1
k=0 cjkL

a
j (x)Lak(y) converges for each fixed

value of j (cf. [5]). For E µ R+£R+, the series (1.1) is said to converge uniformly
on E to f(x; y) if smn(x; y) ! f(x; y) uniformly on E as minfm;ng ! 1. Set

kfkr;Á =

µZ 1

0

Z 1

0
jf(x; y)jrjÁ(x; y)j dxdy

¶1=r

:

Note that k ¢ krr;Á defines a metric for 0 < r < 1, and k ¢ kr;Á is a norm for r ¸ 1.
In this paper, we are concerned with the following convergence problems of

series (1.1):
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(i) the regular convergence and its mean convergence with respect to k ¢ kr;Á for
0 < r < 1 and £(x; y) = (xy)a=2;

(ii) the regular convergence and its mean convergence with respect to k ¢ kr;Á for
r ¸ 1 and £(x; y) = (xy)a=2µ(x)#(y).

As a corollary of case (ii), we obtain a result which has the same format as [8,
Theorem 12] (see Corollary 3.2). A detailed argument on these problems will be
given in next two sections. Throughout this paper C, Cp, and Cap denote constants,
which are not necessarily the same at each occurrence.

2. CONVERGENCE FOR 0 < r < 1 AND £(x; y) = (xy)a=2

Let fcjk : j; k ¸ 0g satisfy conditions (1:2)¡ (1:5) for £(x; y) = (xy)a=2 with
a ¸ 0; that is,

jcjkj (¹j¹k)(a+p)=2¡1=4 ¡! 0 as maxfj; kg ! 1;(1.20)

lim
n!1

1X
j=0

j¢p0cjnj (¹j¹n)(a+p)=2¡1=4 = 0;(1.30)

lim
m!1

1X
k=0

j¢0pcmkj ( ¹m¹k)(a+p)=2¡1=4 = 0;(1.40)

1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4 <1:(1.50)

The main result in this section reads as follows.

Theorem 2.1. Let a ¸ 0 and p ¸ 1. Assume that fcjkg satisfies conditions
(1:20)¡ (1:50). Then the series (1:1) converges regularly to some function f(x; y)
for all x; y > 0; and the convergence is uniform on any rectangle f² ∙ x ∙ ®; ± ∙
y ∙ ¯g; where 0 < ² < ® <1 and 0 < ± < ¯ <1. Moreover, for 0 < r < 1=p;
¸ > r; and ¿ ¸ r(a=2¡ 1=4); we have

(i) jf(x; y)jre¡¸(x+y)=2(xy)¿ 2 L1(R+ £ R+);

(ii) ksmn¡fkr;Á ! 0 as minfm;ng ! 1; where Á(x; y) = O
¡
e¡¸(x+y)=2(xy)¿

¢
.

The conclusion (i) of Theorem 2.1 displays the Lebesgue integrability of jf(x; y)jr
with respect to the weight function e¡¸(x+y)=2(xy)¿ , where f(x; y) is the limiting
function of series (1.1). The case ¸ = 1 and ¿ = a=2 reduces the weight function
into the form e¡(x+y)=2(xy)a=2. This is the two-dimensional case of the weight
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function e¡t=2ta=2, which appears in the definition of the Laguerre function Lan(t)
and is involved in the inequality of the form

ksn(t)U(t)kp ∙ C kf(t)V (t)kp

considered in [1, 8]. As for ¸ = r and ¿ = r(a+p)=2, it is of interest in connection
with the weight function³ t

1 + t

´∙
(1 + t)¹(1 + log+ t)ºe¡tr=2tr(a+p)=2;

which plays the role of [U(t)]r considered in [8, Theorems 7-12] (see Corollary 3.2
for further comments regarding this).

Proof of Theorem 2.1. From [1, 8] we can find an absolute constant C such
that ¯̄̄

Lbj(t)
¯̄̄
∙ Cet=2t¡b=2¡1=4(¹j)b=2¡1=4(¹t )1=2;

for all j, all t, and all b = a; a + 1; ¢ ¢ ¢ ; a + p. For x; y > 0 and m;n > 0, the
summation by parts and the equation

Pn
k=0 L

a
k(t) = La+1

n (t) (cf. [12, Eq. (5.1.13)])
yield

smn(x; y) =
mX
j=0

nX
k=0

(¢ppcjk)L
a+p
j (x)La+p

k (y)

+

p¡1X
t=0

mX
j=0

(¢ptcj;n+1)La+p
j (x)La+t+1

n (y)

+

p¡1X
s=0

nX
k=0

(¢spcm+1;k)L
a+s+1
m (x)La+p

k (y)

+

p¡1X
s=0

p¡1X
t=0

(¢stcm+1;n+1)La+s+1
m (x)La+t+1

n (y):

(2.2)

Using (2.1), we get the following estimates:

mX
j=0

nX
k=0

¯̄
(¢ppcjk)L

a+p
j (x)La+p

k (y)
¯̄

∙ C
0@ mX
j=0

nX
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4

1A
£e(x+y)=2(xy)¡(a+p)=2¡1=4(¹x¹y)1=2

(2.3)
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and
p¡1X
t=0

mX
j=0

¯̄
(¢ptcj;n+1)La+p

j (x)La+t+1
n (y)

¯̄
∙ C

p¡1X
t=0

tX
v=0

µ
t

v

¶ 0@ mX
j=0

j¢p0cj;n+1+vj (¹j¹n)(a+p)=2¡1=4

1A
£e(x+y)=2x¡(a+p)=2¡1=4y¡(a+t+1)=2¡1=4(¹x¹y)1=2

∙ C
Ã

supk>n

mX
j=0

j¢p0cjkj (¹j¹k)(a+p)=2¡1=4

!

£e(x+y)=2x¡(a+p)=2¡1=4(¹x¹y)1=2

Ã
p¡1X
t=0

2ty¡(a+t+1)=2¡1=4

!
:

(2.4)

Similarly, we have

p¡1X
s=0

nX
k=0

¯̄
(¢spcm+1;k)L

a+s+1
m (x)La+p

k (y)
¯̄

∙ C
Ã

supj>m

nX
k=0

j¢0pcjkj (¹j¹k)(a+p)=2¡1=4

!

£e(x+y)=2y¡(a+p)=2¡1=4(¹x¹y)1=2

Ã
p¡1X
s=0

2sx¡(a+s+1)=2¡1=4

!(2.5)

and
p¡1X
s=0

p¡1X
t=0

¯̄
(¢stcm+1;n+1)La+s+1

m (x)La+t+1
n (y)

¯̄
∙ C

p¡1X
s=0

p¡1X
t=0

sX
u=0

tX
v=0

µ
s

u

¶µ
t

v

¶ ¯̄
¢00cm+1+u;n+1+v

¯̄
( ¹m¹n)(a+p)=2¡1=4

£e(x+y)=2(¹x¹y)1=2x¡(a+s+1)=2¡1=4y¡(a+t+1)=2¡1=4

∙ C
Ã

supj>m;k>n jcjkj (¹j¹k)(a+p)=2¡1=4

!
e(x+y)=2(¹x¹y)1=2

£
p¡1X
s=0

p¡1X
t=0

2s+tx¡(a+s+1)=2¡1=4y¡(a+t+1)=2¡1=4:

(2.6)

Putting (1:20)¡ (1:50) and (2:2)¡ (2:6) together, we infer that smn(x; y) converges
to some function f(x; y) for x; y > 0, and the convergence is uniform on any
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rectangle f² ∙ x ∙ ®; ± ∙ y ∙ ¯g, where 0 < ² < ® < 1 and 0 < ± < ¯ < 1.
The same argument as the above also shows that series (1.1) converges regularly to
f(x; y) for x; y > 0. Moreover,

f(x; y) =

1X
j=0

1X
k=0

(¢ppcjk)L
a+p
j (x)La+p

k (y):(2.7)

Let 0 < r < 1=p, ¸ > r, and ¿ ¸ r(a=2 ¡ 1=4). We have r ¡ ¸ < 0 and
¿ ¡ r ¡a+p

2 + 1
4

¢
> ¡1: This implies

ª(®; ¯)´
Z 1

0

Z 1

0
e(r¡¸)(x+y)=2x¿¡r(®=2+1=4)y¿¡r(¯=2+1=4)(¹x¹y)r=2 dxdy;

<1
for all ®; ¯ = a; a+ 1; ¢ ¢ ¢ ; a+ p. By (2.3) and (2.7), we infer thatZ 1

0

Z 1

0
jf(x; y)jre¡¸(x+y)=2(xy)¿ dxdy

∙ C
½ 1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4

¾r
ª(a+ p; a+ p)

<1;

which says that jf(x; y)jre¡¸(x+y)=2(xy)¿ 2 L1(R+ £ R+). Let Á(x; y) =
O(e¡¸(x+y)=2(xy)¿ ). Set ¤mn ´ f(j; k) 2 Z+ £ Z+ : j > m or k > ng. We
have 0 < r < 1. Using (1:20)¡ (1:50) and (2:2)¡ (2:7), we obtain

ksmn ¡ fkrr;Á

∙ C
ÃX

¤mn

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4

!r

ª(a+ p; a+ p)

+C

Ã
supk>n

mX
j=0

j¢p0cjkj (¹j¹k)(a+p)=2¡1=4

!r p¡1X
t=0

2trª(a+ p; a+ t+ 1)

+C

Ã
supj>m

nX
k=0

j¢0pcjkj (¹j¹k)(a+p)=2¡1=4

!r p¡1X
s=0

2srª(a+ s+ 1; a+ p)

+C

Ã
supj>m;k>n jcjkj (¹j¹k)(a+p)=2¡1=4

!r p¡1X
s=0

p¡1X
t=0

2r(s+t)ª(a+ s+ 1; a+ t+ 1)

¡! 0 as minfm;ng ! 1:
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3. CONVERGENCE FOR r ¸ 1 AND £(x; y) = (xy)a=2µ(x)#(y)

Theorem 2.1 deals with the case 0 < r < 1 only. In this section we investigate
the validity of the following statements for r ¸ 1:

jf(x; y)jrÁ(x)Ã(y) 2 L1(R+ £ R+);(3.1) Z 1

0

Z 1

0
jsmn(x; y)¡ f(x; y)jrjÁ(x)Ã(y)j dxdy

¡! 0 as minfm;ng ! 1;
(3.2)

where Á and Ã are two measurable functions on R+. This corresponds to the case
Á(x; y) = Á(x)Ã(y) in Theorem 2.1. To ensure the truth of (3.1) and (3.2), we
shall replace (1:20)¡ (1:50) by the following stronger conditions:

jcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k) ¡! 0 as maxfj; kg ! 1;(1.200)

lim
n!1

1X
j=0

j¢p0cjnj (¹j¹n)(a+p)=2¡1=4 µ(¹j)#(¹n) = 0;(1.300)

lim
m!1

1X
k=0

j¢0pcmkj ( ¹m¹k)(a+p)=2¡1=4 µ( ¹m)#(¹k) = 0;(1.400)

1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k) <1;(1.500)

where µ and # are two positive increasing functions defined on [1;1). For this
purpose, we introduce the concept of “type Ir®” below, which is an analogue of “type
I” in [2]. We say that (Á; µ) is a pair of type Ir® if there is an absolute constant C
such that

½1=4

µZ 1=½

0
etr=2t¡®r=2jÁ(t)j dt

¶1=r

+ ½1=6

µZ 1

1=½
etr=2t¡®r=2¡r=4jÁ(t)j dt

¶1=r

∙ Cµ(½) for all ½ ¸ 1:

Theorem 3.1. Let a ¸ 0 and p; r ¸ 1. Assume that µ and # are two positive
increasing functions defined on [1;1) and fcjkg satisfies (1:200) ¡ (1:500). Then
series (1:1) converges regularly to some function f(x; y) for all x; y > 0; and
the convergence is uniform on any rectangle f² ∙ x ∙ ®; ± ∙ y ∙ ¯g; where
0 < ² < ® < 1 and 0 < ± < ¯ < 1. Moreover; if (Á; µ) and (Ã; #) are of type
Ira+p; then (3:1) and (3:2) hold.
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An elementary calculation says that the type Ir® pair (Á; µ) can be chosen from
the following type of functions mentioned in [8]:

Á(t) = O

µ³ t

1 + t

´∙
(1 + t)¹(1 + log+ t)ºe¡tr=2t®r=2

¶
;

where ∙ > ¡1, ¹ ∙ r=4¡ 1, º < ¡1, log+ t = maxflog t; 0g, and

µ(½) =

8><>:
½¡(∙+1)=r+5=12 for ¡ 1 < ∙ < r=4¡ 1

½1=6 maxf(log ½)1=r; 1g for ∙ = r=4¡ 1

½1=6 for ∙ > r=4¡ 1

:

In particular, (Á; µ) and (Ã; #) are of type Ira+p, where µ(½) = #(½) = ½1=6,
Á(x) = [U(x)]r, Ã(y) = [V (y)]r, and

U(x) =
³ x

1 + x

´∙1

(1 + x)¹1(1 + log+ x)º1e¡x=2x(a+p)=2;

V (y) =
³ y

1 + y

´∙2

(1 + y)¹2(1 + log+ y)º2e¡y=2y(a+p)=2:

Here we assume that ∙j > 1=4 ¡ 1=r, ¹j ∙ 1=4 ¡ 1=r, and ºj < ¡1=r for j = 1
and 2. In this case, conditions (1:200)¡ (1:500) become

jcjkj (¹j¹k)(a+p)=2¡1=12 ¡! 0 as maxfj; kg ! 1;(1.2000)

lim
n!1

1X
j=0

j¢p0cjnj (¹j¹n)(a+p)=2¡1=12 = 0;(1.3000)

lim
m!1

1X
k=0

j¢0pcmkj ( ¹m¹k)(a+p)=2¡1=12 = 0;(1.4000)

1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=12 <1:(1.5000)

Hence Theorem 3.1 has the following consequence, which gives the same format as
[8, Theorem 12].

Corollary 3.2. Let a ¸ 0; p; r ¸ 1; fcjkg satisfy (1:2000) ¡ (1:5000); and U; V
be given as above. Then series (1:1) converges regularly to some function f(x; y)
for all x; y > 0; and the convergence is uniform on any rectangle f² ∙ x ∙
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®; ± ∙ y ∙ ¯g; where 0 < ² < ® < 1 and 0 < ± < ¯ < 1. Moreover;
f(x; y)U(x)V (y) 2 Lr(R+ £R+) andZ 1

0

Z 1

0

³
jsmn(x; y)¡ f(x; y)jjU(x)V (y)j

´r
dxdy

¡! 0 as minfm;ng ! 1:
To prove Theorem 3.1, we need the following lemma.

Lemma 3.3. Let a ¸ 0; p; r ¸ 1; and (Á; µ) be of type Ira+p. Then there exists
an absolute constant C such thatµZ 1

0
jLa+k
j (t)jrjÁ(t)j dt

¶1=r

∙ C ¹j(a+p)=2¡1=4µ(¹j)

for all j and for all 0 ∙ k ∙ p.
Proof of Lemma 3.3. From [1, 8] we can find two positive constants C and °,

independent of ®; t, and j, such that

¯̄
L®j (t)

¯̄ ∙
8>>>><>>>>:
C et=2 j® if 0 ∙ t ∙ 1=º

C et=2 t¡®=2¡1=4 j®=2¡1=4 if 1=º < t ∙ º=2
C et=2 t¡®=2 j®=2¡1=3 if º=2 < t ∙ 3º=2

C et=2¡°t t¡®=2 j®=2 if 3º=2 < t <1

;

where j ¸ 1; º = 4j + 2® + 2, and ® = a; a+ 1; ¢ ¢ ¢ ; a + p. For 1=º ∙ t ∙ 1=j,
we have jt¡®=2¡1=4 j®=2¡1=4j ∙ Cj®, and so the inequality jL®j (t)j ∙ Cet=2j® can
be extended from [0; 1=º] to [0; 1=j]. Obviously, we have

sup
t¸0;0∙k∙p

je¡°tt(p¡k+1)=2j <1:

Hence, for 0 ∙ k ∙ p and ½ = ¹j,µZ 1

0
jLa+k
j (t)jrjÁ(t)j dt

¶1=r

∙ C
(

¹ja+k

µZ 1=½

0
etr=2jÁ(t)j dt

¶1=r

+¹j(a+k)=2¡1=4

µZ º=2

1=½
etr=2t¡(a+k)r=2¡r=4jÁ(t)j dt

¶1=r

+¹j(a+k)=2¡1=3

µZ 3º=2

º=2
etr=2t¡(a+k)r=2jÁ(t)j dt

¶1=r

+¹j(a+k)=2

µZ 1

3º=2
etr=2¡°trt¡(a+k)r=2jÁ(t)j dt

¶1=r
)
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∙ C ¹j(a+p)=2¡1=4

(
½1=4

µZ 1=½

0
etr=2t¡(a+p)r=2jÁ(t)j dt

¶1=r

+

µZ º=2

1=½
etr=2t¡(a+p)r=2¡r=4jÁ(t)j dt

¶1=r

+½1=6

µZ 3º=2

º=2
etr=2t¡(a+p)r=2¡r=4jÁ(t)j dt

¶1=r

+

µZ 1

3º=2
etr=2t¡(a+p)r=2¡r=4jÁ(t)j dt

¶1=r
)

∙ C ¹j(a+p)=2¡1=4µ(¹j):

Proof of Theorem 3.1. Obviously, conditions (1.200)¡(1.500) imply (1.20)¡(1.50).
Hence, by Theorem 2.1, series (1.1) converges regularly to some function f(x; y)
for all x; y > 0, and the convergence is uniform on any rectangle f² ∙ x ∙ ®; ± ∙
y ∙ ¯g, where 0 < ² < ® <1 and 0 < ± < ¯ <1. As proved in Theorem 2.1,
for x; y > 0, we have

mX
j=0

nX
k=0

(¢ppcjk)L
a+p
j (x)La+p

k (y) ¡! f(x; y) as minfm;ng ! 1:(3.3)

Set

®kj =

µZ 1

0
jLa+k
j (x)jrjÁ(x)j dx

¶1=r

; ¯kj =

µZ 1

0
jLa+k
j (y)jrjÃ(y)j dy

¶1=r

:

Lemma 3.3 tells us that ®kj ∙ C¹j(a+p)=2¡1=4µ(¹j) and ¯kj ∙ C¹j(a+p)=2¡1=4#(¹j),
where 0 ∙ k ∙ p. By (3.3), Fatou’s lemma, and Minkowski’s inequality, we infer
that µZ 1

0

Z 1

0
jf(x; y)jrjÁ(x)Ã(y)j dxdy

¶1=r

∙ C
½

lim inf
m!1

mX
j=0

mX
k=0

j¢ppcjkj®pj¯pk
¾

∙ C
½ 1X
j=0

1X
k=0

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

¾
<1:

Moreover, let ¤mn consist of all (j; k) with j > m or k > n. By (2.2), (3.3), and
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(1.200)¡ (1.500), we getµZ 1

0

Z 1

0
jsmn(x; y)¡ f(x; y)jrjÁ(x)Ã(y)j dxdy

¶1=r

∙ C
( X

¤mn

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

+

p¡1X
t=0

tX
v=0

µ
t

v

¶Ã
mX
j=0

j¢p0cj;n+1+vj (¹j¹n)(a+p)=2¡1=4µ(¹j)#(¹n)

!

+

p¡1X
s=0

sX
u=0

µ
s

u

¶ Ã
nX
k=0

j¢0pcm+1+u;kj ( ¹m¹k)(a+p)=2¡1=4µ( ¹m)#(¹k)

!

+

p¡1X
s;t=0

sX
u=0

tX
v=0

µ
s

u

¶µ
t

v

¶
j¢00cm+1+u;n+1+vj ( ¹m¹n)(a+p)=2¡1=4 µ( ¹m)#(¹n)

)

∙ C
( X

¤mn

j¢ppcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

+2p
µ

supk>n

mX
j=0

j¢p0cjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

¶
+2p

µ
supj>m

nX
k=0

j¢0pcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

¶
+22p

µ
supj>m;k>n jcjkj (¹j¹k)(a+p)=2¡1=4 µ(¹j)#(¹k)

¶)
¡! 0 as minfm;ng ! 1:
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