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SOME UNIFORM ESTIMATES IN PRODUCTS
OF RANDOM MATRICES

Jhishen Tsay*

Abstract. For each product of random matrices, there associated an
invariant measure on the projective space. The convergence to the in-
variant measure is exponentially fast. In this paper we give uniform
estimates on the exponential convergence when the distribution of the
random matrices depends on a compact set of parameters.

1. INTRODUCTION

The limit theory of products of random matrices, initiated by Bellman, was
fully developed by many mathematicians. The subject matter is to understand
the asymptotic behavior of norms and matrix elements of the random prod-
ucts. For each random product there is an associated Lyapunov exponent
which gives a measure of the exponential growth rate of the matrix norm.
However, unlike the usual situation, the Lyapunov exponent cannot be cal-
culated directly from the distribution of the random matrices in most of the
cases. The formula for the Lyapunov exponent involves an invariant measure
on the projective space. Le Page [9] shows that the convergence to the invari-
ant measure is exponentially fast. The exponent depends on the distribution
of the random matrices. It is important to have uniform estimates when the
distribution of the random matrices depends on a set of parameters. The uni-
form estimates will be useful when one studies the scattering problem for the
discrete random Schrédinger wave equations. In this paper we derive uniform
estimates for the exponential convergence to the invariant measure and for the
large deviation of matrix elements.
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2. RANDOM MATRICES

Let {A,,n > 1} be a sequence of i.i.d. random d x d invertible matrices
with common distribution u. We are interested in the asymptotic behavior
of products A, --- A;. We assume that p has support in SL(d,R), set of real
d x d matrices with determinant one. Let S, = A, ---A;. Suppose that a
usual vector norm and a usual matrix norm in R? have been chosen. Let
log™ # = max{log z,0}.

Definition 1. Suppose that E[log™ ||A,||] < co. The Lyapunov exponent
~ associated with p is defined by

n—oo

— lim ~Elog | A, -+ A,].
n

The existence of the Lyapunov exponent can be easily proved by consider-
ing the subadditive sequence E[log||4, --- A;||]. It is proved by Furstenberg
and Kesten [4], and is an easy consequence of Kingman’s subadditive ergodic
theorem [7], that under same hypothesis we have, with probability one,

1
v = lim *logHAnAlH
n—oo n,

Unlike the classical law of large numbers the Lyapunov exponent cannot be
calculated directly from p in most of the cases. The formula for 7 involves an
auxiliary measure on the projective space P(R? of R? [3].

Let = be a unit vector in R?. Let u; = x, and for n = 2,3, - - -,

A A
[An—1 - Arz||’

Unp

It is clear that the process {(A,,u,),n > 1} is a Markov chain on the phase
space SL(d,R) x S%1 where S¢~! is the unit sphere in R¢, and that

log ||A, -+ - Ajz|| = Zlog | g |-
k=1

Thus if the process is ergodic then one expects that the limit

n—oo

B(z) = lim ~log |4, - Ayz]
n

exists almost surely, and can be expressed as an average with respect to an
invariant measure on the phase space. This leads to the consideration of the
invariant measure on the projective space P(R?). The limit §(z) is closely
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related to the Lyapunov exponent. A full account of the discussion of the
relationship between v and ((z) can be found in [10].

For two non-zero vectors z,y € R?, we say = ~ y if x = cy for some ¢ € R.
The projective space P(R?) is the quotient space R*\{0}/ ~. For z € R¥\ {0},
7 denotes its equivalent class in P(R?). For M € SL(d,R?), we set M-T = Muz.
For @, v € P(R?), define

NIk
S(a,0) = |1 = (o o) ] — |sind],
( l Fll” Tl |

where 6 is the angle between @ and ©. It is not hard to check that d(u, )
is a metric on P(R?), and is equal to |u Av|/(|Ju] -||v]), where |JuAv| is
the norm of the exterior product of w,v. Let p be a probability measure on
SL(d,R%), and v be a probability measure on P(R%).

Definition 2. pu v is the probability measure on P(R?) which satisfies

/f Y % (T //fodp M)dv(z)

for all bounded Borel function f on P(R?).
We say that v is p-invariant if p* v = v. The following theorem [5] shows
the relationship between the invariant measures and the Lyapunov exponent.

Theorem 1. Let {A,,n > 1} be a sequence of i.i.d. random matrices
with common distribution p. Suppose that p has support in SL(d,R), and that
Ellog" ||A1||] < oo. Then, with probability one,

1
v = lim —log||4, - A
n—oo n,

_ [Mz]| , _
sup//log Tz du(M)dv(T),

where the sup s taken over all p-invariant measures.

and

In the situation that there is only one p-invariant measure v on P(R?), we
have a simple expression for . But this does not mean we can calculate ~
easily. Since in most of the cases, the p-invariant measures are not available.

Let T, be the smallest closed semigroup which contains the support of u.
Let (M) = max(log™ | M]||,log" |M~||) for M € SL(d,R). A distribution p
on SL(d,R) is said to have a finite exponential moment if [ e™Mdu(M) is
finite for some 7 > 0. We assume throughout this paper that all the distribu-
tions in our discussion have finite exponential moments.
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Definition 3. A subset S of SL(d,R) is said to be irreducible if there is
no proper linear subspace V of R? such that M (V) =V for all M € S. S is
said to be strongly irreducible if there does not exist a finite union of proper
linear subspaces of R? which is invariant under the action of the elements of S.
S is said to be contracting if there is a sequence {M,,,n > 0} in S for which
| M,,||~" M, converges to a rank-one matrix.

The importance of being strongly irreducible and contracting is indicated
by the fact that if 7}, is strongly irreducible and contracting, then there exists
a unique p-invariant distribution on P(R?) and v > 0 [6]. The uniqueness of
the invariant distribution plays an extremely important role in the theory of
products of random matrices.

Let ¢ be a continuous function on P(R?) and o > 0. We define

I8la = sup |6(@)] +sup 2@~ 00

ﬂEP(Rd) UFAv (5('&/,@)0‘

With these notations, we have
E[3(S, @) = [ (M - aydy" (M) = P"6(a).

where 1" is the nth convolution power of . Let C(«) be the set of continuous
functions ¢ on P(R?) for which ||¢||, is finite. Note that ||¢|la < [|¢|a if
a < . The following proposition is due to Le Page [9]. It shows that the
distribution of S,, - 4 converges to the p-invariant distribution v exponentially
fast.

Proposition 1. If T, is strongly irreducible and contracting, then there
exist ag,c1 > 0,0 < p; < 1 such that for 0 < a < «q , the operators P and @
defined on C(«) are bounded and satisfy

1P = Qlla < c1p}

The next proposition is from Guivarc’h and Raugi [6]. It tells about the
regularity of the invariant distribution.

Proposition 2. If T, is strongly irreducible and contracting, then there
exists B > 0 such that

U A -
|i1|13/{y<i,1>} dv(u) < oo.
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We know that the Lyapunov exponent gives the growth rate of the vectors
and matrix elements. A large deviation result for vectors has been proved by
Le Page [9].

Proposition 3. IfT), is strongly irreducible and contracting, then for each
€ > 0 there exists a > 0 such that for all unit vectors u € R?,

1
Pr {\log | Spull —~| > e} <e
n
for large n.

We now prove a large deviation result for matrix elements.

Theorem 2. If T, is strongly irreducible and contracting, then for all
€ > 0 there exists a > 0 such that for all unit vectors u,v € R?,

1
Pr {|log |(Spu,v)| —~] > e} <e "
n
for large n.

Proof.

Pr{|[(S,u,v)| < e}

(1) . .
< Pr{[|Saull < "2} + Pr{|[(S,u, v)| < e~#"[|S,ull}.
The first term in (1) is bounded by e~ *" for some a; > 0 by Proposition 3.

To find an upper bound for the second term in (1), we shall use Propositions
1 and 2. Define f, : [0,1] — R by

1 if0<t<e 3",
fn(t) = 2 — teén if 6—5”7 <t< 26—§n’
0 otherwise.

Note that 0 < f,(¢t) < 1. It is easy to see that for all ¢,¢ € [0, 1]
| fult) = fu(t)] < |t —t']e2".

Therefore if we define ¢, : P(R?) — R by ¢,,(@0) = f, (522, we have [|¢y,[|o <

flel
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ez” + 1 for « < 1. Then

Pr{|(Shu,v)| < e 2"(|Syull}

[(Sww,0)| _ . }
= Pr{ S e 2n
1Sl

AL
<t rssiufy )] - [ () o
o [0 (M) v

< IP" = Qlalldalla + E |5, ('ﬁﬁ’)} |

From Proposition 1 we know that [|[P" — Q|| < e™"" for some b > 0. The first
term in (2) is bounded by e~(®*=%)" 4+ e~ For the second term in (2), since
0 < fu.(t) <1, we have

o e ()< (it encs)

2 tE H|<M>|ﬂ |

The large deviation result follows by making e small and by using Proposition
2. The other case is a direct consequence of Proposition 3. ]

Since the metric 0 is related to the exterior power of vectors, we will apply
the theory of products of random matrices to subspaces of A"R? (1 < r <
d) instead of R?. Let A"R? (the exterior power of R?) denote the space of
alternating r-linear forms on the dual space (R?)* of R%. For vy, vy, ..., v, € R?
and f1, fa, ..., fr € (R?)*, we set

(Ul AN DWARRE Avr)(flaf%' : '7fr) = det[{fi(vj)}i,j]'

The linear space A"R? is a C?-dimensional vector space (C? is the binomial
coefficient). If {e1, ez, ..., €4} is the standard basis of R?, then {e;, Aeg, A+ -+ A
e, 1 <iy <iy<---<i,<d} is an orthonormal basis of A"R? [2, Chap. II].
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We define an inner product on A"R? by
(Ur Aug A A, o1 Avg A Awg) = det[{{u, vy) b 41,

where (-,-) is the usual inner product in R¢. For M € SL(d,R), we define a
linear mapping A" M in A"R¢ by

AN M(vy Avg A+ Av.) = Moy A Moy A -+ A Mo,.

Note that A"(AB) = (A" A)(A"B). We now define the rth Lyapunov exponent
v, for r =1,...,d inductively by

- 1
> = lim —Ellog || A" S]]

i=1

In other words, >"'_, 7; is the Lyapunov exponent associated with the matrices
A"S, acting on A"RY. Obviously, 71 > 72 > -+ > v4. The set {;} also
describes the exponential growth of the moduli of the eigenvalues of S, as n
becomes large.

In our application the random matrices are symplectic. A 2d x 2d matrix
M is said to be symplectic if it satisfies the equation M'JM = J, where

0 I
and [ is the d x d identity matrix. The Lyapunov exponents associated with
symplectic matrices satisfy the equation voq,1_; = —7; for ¢ = 1,2,...,d.

This can be seen by the fact that the products of symplectic matrices are also
symplectic and if \ is an eigenvalue of a symplectic matrix M, then so is A~ !:

det{M — \"'I} = det{M.J — X' MJM"} = det{M J} det{I — \"*M'} = 0.

3. MAIN RESULTS

In this section we consider that the distribution of the random matrices,
denoted as pg, depends on a parameter E. We will show that the propositions
in section 2 can be extended from a fixed real parameter F to a compact set F'
of real numbers. We assume that 7}, is strongly irreducible and contracting,
and that pg has a uniform finite exponential moment for £ € F'. We can show
that there exist 7, K > 0 such that [e™™)duz(M) < K < oo for all E € F.
It is shown in [1] that n~! E[log ||SFul|] converges to v, (F) uniformly in F € F
and u € R? with ||u]| = 1. This implies that the top Lyapunov exponent is
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continuous in . From the assumption 7}, being strongly irreducible and con-
tracting, we know that the top Lyapunov exponent ~; (F) is strictly positive,
and that the top two Lyapunov exponents, v;(F) and vo(F), are distinct [6,
Thm 6.1, §I11.6, Part A]. The uniform convergence and the continuity of the
Lyapunov exponent will play the central role in our derivations.

Theorem 3. There exist ag,b; > 0,0 < ry < 1 such that for all 0 < a <
Qo,

1Pg = Qella < bury
forall E € F.

We will need the following lemmas.

Lemma 1. There exist N,c; > 0 such that for alln > N,

1 E - E5
sup —F logw < - <0
azo 1 6(“7”)
foroll E € F.
Proof. From the equation (@, ) = |[u Av|| X |lul]|~*||v||~*, we deduce that
E- QEx
Lim lE logw
n—oo n d(u,v)
1 E E 1 E
—lim L [log Pn @A S g gy L g 19
n—oon [lu Aol neoom [[ul

=%(E) —n(E).

Since the top two Lyapunov exponents are distinct, we have v, (E) > v2(FE).
The proof follows by the uniform convergence to the top Lyapunov exponent.
|

Lemma 2. There exist ag,cs > 0,0 < p3 < 1 such that for all 0 < a < ay,

sup F
AT

— | < c3p;

d(u,v)™

forall E € F.

Proof. Let
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It is not hard to check that a, is subadditive: a, ., < @, + a,,. This implies

that
o(Sya, SFo)* ||
o(u,v)>

1
lim — log {supE I jpg In

n—oon AT

n—oo n n

From the inequality e® <1+ z + (2?/2)el”l, we deduce that

E - En\a
sup E [5(& u, S¥0)

astv 6(u, v)e
8(SEu, SEv)
< n '~ n
@ = teomps o RS
2
a? 8(SEu, SEv) 5(SEu, SFv)

Note that |log || A" Mul|| < ri(M)||u|| [1]. From the assumption on the moment
of the random potential, the expectation in the last term of (3) is uniformly
bounded. The right-hand side of (3) can be made strictly less than 1 uniformly
by choosing « small and using Lemma 1. [

We now prove Theorem 3. For any ¢ € C(«),
|(Pg — Qe)é(u) — (P — Qp)é()| _ |Ppo(u) — Pro(v)|

5(a, )" 5(a, o)
<ma(o) [ 2 o)

On the other hand, since vg is pg-invariant,
(P = Q)o@ =| [ oMaduz (1) ~ [ o(M)dy(M)dvi(0)

< [ 16(07) - G(0M5) duay (M) ()
5(SEu, va)“]

< ma(Q)E [ 503, 0)°

< ma(P)csps -

This implies ||Pp — Qg|la < 2¢3p5. |

A proof of the proposition on the regularity of the invariant measure
(Proposition 2) can be found in [1, Thm 2.1, §VI.2, Part A]. Following the
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proof and using Lemma 2, it is not hard to check that the result of Proposi-
tion 2 can be extended from a fixed parameter to a compact set of parameters.
The proof is tedious but straightforward, and is omitted.

Theorem 4. For each € > 0 there exists an a > 0 such that for all
Jull =1,

1
Pr {|n log [|SZul| — 1 (E)| > e} <o

forall E € F.

Proof. Let t be a small positive number. We have

Pr{log ||Syul — nyi(E) > ne} < Elexp{t(log ||Syul — n(v:(E) +€))}],
and

1
(4) log Pr {nlog 1SPull —n(E) > e} < —nte + log B[||SEul] - nt (E).
Again, we use the inequality e < 14 x + (22/2)ell to deduce
t2
E[IS;ul] < 1+ B[]S, ull] + 3 Bl(log |15, ull)” exp{t|log |5 u[[}]-

Let £ = 14 (n/(infr v (F))), where 7 is a small positive number. By applying
the Cauchy-Schwarz inequality, the expectation in the last term of the above
inequality can be bounded by a positive number ¢,, depending on F only. From
Lemma 1, we can find ngy such that

E[HSfoth] <1+ t€ngA (E) + t2cp,.

By iterating the inequality and using the fact that the convergence of the limit
n~'E[log ||SEu||] to the top Lyapunov exponent is uniform in |jul| = 1, we get

E[||SFull'] < (1 4 t&non (B) + t7cp,) ™ T
This implies that
1 n
ﬁlog E[||SFul|"] < tém (E) + ;Otﬁfyl(E) +O().

By choosing ¢, 7 > 0 small enough, the right-hand side of (4) is strictly negative
(uniformly in E € F'). The other case can be proved in a similar manner. =

Following the proof of Theorem 2 and using Theorems 3 and 4 and the gen-
eralization of Proposition 2, we have the following generalization of Theorem
2.
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Theorem 5. For each ¢ > 0 there exists a > 0 such that for all unit
vectors u,v € R?,

1
Pr{|=og (S u,v)| 1| 2 ¢f <
n
forall E € F.

4. APPLICATION

Let {V,,} be a sequence of i.i.d. real random variables. We assume that
E[|V1]?] < oo for some o > 0. Let the Hamiltonian operator H be defined on
1*(Z) as

Hu, =2u, —up_1 — Ups1 + Vyou,.
The one-dimensional discrete random Schrédinger wave equation is

diy
—— = Huy,.
? dt Wy
The way to solve the wave equation is to look at the eigenvalue equation
Hu = Fu.

The real number E is considered as the energy parameter. In scattering the-
ory, one is interested in the superposition of waves with different energy pa-
rameters. It would be very helpful to have uniform estimates in the energy
parameters.

The eigenvalue equation can be expressed in vector form as

- 3]

1 0 Up—1
We may rewrite this as

Yn+1 = Anyn

Thus, given the initial condition y; we can integrate the equation and get the
final result
Yng1 = Ap - A1y

It is clear that the asymptotic behavior of the solution of the eigenvalue
equation is strongly related to the random product A, ---A;. Denote the
distribution of the random matrices A, by pug. It has been proved that if the
support of the distribution of V; contains an open subset of R, then 7}, is
strongly irreducible and contracting [8]. Note that all the matrices A, have
determinant one, and are symplectic. The results in the above section apply
to the scattering problem of the discrete random Schrédinger wave equation.
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