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ANALYTIC SEMIGROUPS ON L?(0,1) AND ON
L?(0,1) GENERATED BY SOME CLASSES OF
SECOND ORDER DIFFERENTIAL OPERATORS

Angelo Favini, Jerome A. Goldstein, and Silvia Romanelli

Abstract. Of concern are singular ordinary differential operators de-
fined on an interval for which the coefficient of ellipticity degenerates
at the boundary of the interval. Thus, for instance, of concern is the
operator A defined by Au := au” + fu’ on the interval (0,1) where
a € C[0,1], « > 0in (0,1) and «(0) = 0 = a(1). We show that, in many
cases, A (with suitable boundary conditions) generates a Cp-semigroup
on various (weighted or not) LP spaces on (0,1) which is analytic. It is
the analyticity that is the focal point.

INTRODUCTION

Given a € C[0,1] with a« > 01in (0,1), a(0) = 0 = a(1), and (3 a real-valued
function in L>(0, 1), we consider the degenerate differential operator

Au = au” + Bu’

and show that under additional regularity (and compatibility) assumptions
on the coefficients a and (3 the operator A, when restricted to suitable do-
mains, generates an analytic semigroup on the space with weight L? (0,1) or
on L?(0,1), where 1 < p < 0.
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Here the weight function w is assumed to be in C]0,1] and w(xz) > 0 on
(0,1), while

L?(0,1) :=={u: (0,1) — C|umeasurable on (0,1) and

|u(z)[Pw(z) de < +oo}

(0,1)
and functions coinciding a.e. are identified. After the classical paper by Feller
[13], a wide literature appeared on operators like A where a and (3 are poly-
nomials, according to many concrete applications. We quote the article [24]
by Vespri for several remarkable results and a considerable list of references
on the subject, embracing the case of domains in R", n > 1, too.

For our purposes, the most interesting result concerning the operator A,
whose domain includes elements v with the so-called Wentzell boundary con-
ditions (i.e.  lim . Au(z) = 0), is due to Clément and Timmermans in [6].

rz—0t,z—

In that paper the authors gave necessary and sufficient conditions on o and 3
in order that (A, D(A)) with

D(A) :=={u € C[0,1] N C?*(0,1)| i Au(z) = 0}

does generate a C,-semigroup on C]0, 1]. Although under general conditions
on « and f3, the analyticity of the semigroup generated by (A, D(A)) is still an
open problem, in recent years this property has been established for suitable
a and [ both in C10, 1] (or particular closed subspaces) and in L” spaces (with
or without weight), provided that the domain of A is correspondingly defined.

For instance, Favini and Romanelli in [11] have recently proved that this
holds in C[0,1] if v/a € C'[0,1] and hence /a is R- admissible (i.e.

/ ¥ (a(e))H dz = oo = / (o) E do),

and

\/ﬁa € C[0,1], B(0) = 0 = B(1).

This last condition is basic in order to transform the resolvent equation (A —
A)u = f into an equivalent problem in

Co(R) := {v € C(R)| lim w(t) =0},

|t]— o0

where some results presented by Lunardi in the monograph [17] can be applied.
Notice that the functions

a(z) =a2m(1 —xz)™, m €N,
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are R-admissible if and only if m > 2, so that the most important case given
by m = 1 cannot be treated in this way, but very recently this case was studied
in [4].

Neverthless, in [10] we showed that A'u := z(1 — z)u” with domain
D(AY) := {u € H'(0,1)]au” € H,(0,1)}, does generate a holomorphic semi-
group on H*(0,1).

The result is obtained by a technique previously applied in [2], exploiting
the well-known Lions method of sesquilinear forms on Hilbert spaces. In [2],
Barbu, Favini and Romanelli studied more precisely generation properties for
the operator oA in the setting of the spaces L?_,(£2), where 2 is an open
bounded subset of R™ with smooth boundary, « is continuous on the closure
of Q, strictly positive on () and vanishes on its boundary. The analyticity
results are gotten via a direct approach to the resolvent operator and, when
n > 2, they hold for p depending on n.

On the other hand, Campiti, Metafune and Pallara in [5] studied regularity
of the semigroup generated by A, when a € C'[0,1] and 3 := o/, so that Au is

d , du
written as — (a——). In such a case, they prove that the Neumann boundary

conditions a’(0) = 0 = aw/(1) are the natural ones for A.

In what follows both the methods in [2] and in [11] will be adapted to deal
with the LP case, with or without weight.

The contents of the paper are organized as follows.

In Section 1, in analogy with the technique applied in [11] for the con-
tinuous case, we establish a preliminary lemma, which allows us to introduce
a suitable lattice isomorphism between Li 7%(0, 1) and LP(R) (1 < p < o0),

provided that /a belongs to C'[0,1]. Therefore, in Section 2, Theorem 2.1,
we show that if in addition % € L>(0,1), then (A, D(A,)) generates a holo-
morphic semigroup on Lp_% (0,1),1 < p < oco. (Here u € D(4,) if and only if
we L? 4 (0,1) and ’
/ QT (@) (@) de < o0, [ @ (@) ()P dz < oo,
0,1) 0,1)

where the derivatives of u are viewed in the sense of distributions.)
Moreover then

D(A,) = {ue L, (0.D)] o + fu’ € I’ _, (0, 1)},

1
2

W=

according to Theorem 2.3.

In order to replace L” 3 (0,1) by L*(0,1), we need some more regularity
on «. In fact, in Theorem 2.4 we see that if, in addition, o« € W2°(0,1) and
% € C'[0,1], then A generates a holomorphic semigroup on L?(0,1), 1 <
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p < 0o, provided that its domain D’(A,) consists of all w € LP(0,1) such that
both the integrals

/( of (@) (2)|P de, /(071) o ()| (2)|? da

are finite.
In particular, if 1 < p < co and

a € C?0,1], B € C[0,1], (0,1),

p
P o>
N
then D’(A,) coincides with
{u e LP(0,1)|au” + pu’ € LP(0,1)},

as shown in Theorem 2.7. Notice that any u € D'(A,) satisfies

. 1 . ptl
_Jm | (e@)Fu@) =0= _lm (a(@)F (@)
and hence a(x)u'(z) - 0asz — 0", x — 1.

Since [ = o' is allowed, we see that under last assumptions our opera-
tor (A, D'(A,)) coincides with that one considered by Campiti, Metafune and
Pallara in [5, Theorem 2.9]. By uniqueness of generators, our slightly more re-
strictive regularity assumptions guarantee better infomation on the behaviour
of u € D'(A,) at the boundary.

Section 3 contains extensions of [2] to § # 0. Indeed, in Theorem 3.2 we
show that if a, 5 € C[0, 1] with

a(0) = 0= a(l), a(x) > 0in (0,1), g € L'(0,1)

and the domain D(A) of A is the completion of C°(0,1) with respect to the
norm

ullDay = llullzs, + lu'll7: + llow” + Bu'|lZs
Ly s . . . 5
where w(z) := s then A is self-adjoint and nonpositive on L2 (0, 1).

Let us observe that under these assumptions L2 (0, 1) coincides algebraically
with L2_,(0,1). Applications of all these results are given to the case

az) =2 (1 —-2), pBx):=2"(1—2)",

with 7 > 2 and suitable k£ > 1.
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In Section 4 we show how the technique developed in Section 3 allows us
to handle also degenerate second order differential operators whose domains
consist of functions defined on the unbounded interval [0, +00).

For the sake of brevity, we confine our treatment to two prominent exam-
ples. The first one concerns the operator associated to the linear Kompaneets
equation, already studied by Goldstein in [15] and by Wang in [25]. We im-
prove some results of Wang, who obtained differentiability properties under
slightly more restrictive regularity assumptions on the coefficients. In par-
ticular, we give a precise justification to some basic a-priori estimates and
integrations by parts in the resolvent equation.

The second example treats the operator Au := zu” +au’, wherea € R, x €
(0, +00) and the considered space is L2, (0, +00).

It was introduced by Feller in [13] and investigated in the very interesting
paper [3] by Brezis, Rosenkrantz and Singer, too. We also indicate how the
behaviour of an element u € D(A) near 0 and co depends in an essential way
on the constant a.

1. PRELIMINARIES

Let us prove some preliminary results which will allow us in Section 2 to
check the analyticity of the semigroup generated by the operator Au := au” +
Bu’, defined in suitable subspaces of (L’l%(O, 1), [l ~3), where 1 < p < oo,
by applying techniques analogous to thgse used in [11], in the setting of the
space C0,1].

In the following, we shall always assume that «, G are real-valued functions
on [0, 1] with o € C0, 1] such that

(1.1) alz) >0, for ze€(0,1), a(0) =0=a(l)

and § € L>(0,1).
Let us recall some definitions and notations.

Definition 1.1. A function « : [0,1] — R is called R-admissible if the
following properties hold:
(i) € Cl0,1] ;
(ii) « satisfies (1.1) ;
oy rd _ o
(iii) J; ﬁ dxr = 400 = f% a(lx) dx.
Now, let us consider the Banach space L?

1
a 2

(0,1) (1 < p < 00) equipped
with the weighted norm

(35
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Let us state the following basic result.

Lemma 1.2. If o € C[0,1] satisfies (1.1) and

(1.2) Va e o, 1],

then the mapping ® : (0,1) — R given by

(1.3) B(x) = / ds € (0,1),

als)’
belongs to C*(0,1) and is strictly increasing together with its inverse ¢ : R —

(0,1), which is differentiable in R.
In addition, if 1 < p < oo, the operator T} defined by

Tyu:=wuo¢
possesses the following properties:

(1) To(L? 4 (0,1)) = LP(R), with |[Tyulltrm) = [[ull -3 (v e L?_4(0,1));
(2) Ty(D(B,)) = W'»(R),

where

D(B,) :={uc L?

—1
o 2

(0,1) N W.LP(0,1)] vau' € L (0, 1)}

Proof. First of all, let us remark that assumption (1.2) implies that /« is
R-admissible. Now, let us consider the mapping P as given in (1.3) and observe
that @ is differentiable in (0,1) with ®'(z) = 1/y/a(z) for x € (0,1). Then,
® € C'(0,1) and is strictly increasing and 1nvert1ble. Its inverse ¢ : R — (0, 1)
is differentiable on R and satisfies

1

Jim 6() =0, Jim 6(1) =1, ¢(t) = o = Jalolt) 1 € R

In order to show (1), we consider u € L” _, (0,1). Thus, uo ¢ is measurable on

« %
R and, moreover,

/\uo¢(t)]pdt: 1de < +00.
R

0 Val(x)

Conversely, from v € LP(R) it follows that

Iv )P
/ da?—/\v )P dy < +o0.
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Hence, Ty (L"

(03

[lwooy@pa= [ el
_ [ W /Gy
o Vol

(0,1)) = L?(R). In addition, if u € D(B,), then

_1
2

dr < +o0.

On the other hand, for all v € W?(R), the mapping v o ® is measurable and,
moreover,

[ W Bl [ WA EDT G,
0 V() 0 a(z)

_ / W ()P dt < +oo.
R

Since W'P(R) = W'?(R), we observe that any u € D(B,) necessarily satisfies

lim  wu(x)=0.
z—0t z—1—
Thus, assertion (2) holds. ]

Remark 1.3. Let us recall that the family of operators (7},(t)):er given
by

T,(u(z) :==u(x+t), teR, uellP(R), z€R,

with 1 < p < o0 is a Cy-group on LP(R), having as generator (A4,,D(A,)),
where

D(4p):= W (R),
A,u:=u/(in the sense of distributions), foru € D(A,)

(see [19, A-I, p.10]). Hence, if o satisfies the assumptions of Lemma 1.2, then
for every 1 < p < 400, the operator Byu := y/au’ with domain D(B,) defined
as in the above lemma, generates the Cy-group on L” _%(0, 1) obtained by

(T,(t))ier via the similarity associated to Ty, according to [19, A-I, 3.0, p.13].

2. ANALYTICITY IN LP

_1
o 2

(0,1) AND IN LP(0,1) (1 <p < 0)

In this section, we shall show that the restrictions of the operator Au :=
au” + fu’ to certain domains generate analytic semigroups both in the spaces
rr 1 (0,1), introduced at the beginning of Section 1, and in the spaces L?(0, 1)
(1a< p < 00).

In analogy with [11, Theorem 2.4], we prove the following result.

187
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Theorem 2.1. Let o € C[0,1] and f € L>(0,1) be such that (1.1) and
(1.2) hold. In addition, assume

(2.1) R L>(0,1).

Ja

Then the operator Cpu := ou” + Bu’ with domain

2

1 1
D(C,) = {ue I’ (0,1) / o (z) P (x)  da < +o0,
@ 0
1 2p—1
/ |u"(z)|Pa(z) ™7 do < +oo},
0

(0,1) for 1 <p < oo.

generates an analytic semigroup on L¥ 1
Proof. In view of Lemma 1.2 and Remark 1.3, the operator (B,, D(B,))
defined as follows

0,1},

1
2

D(B,):={uec L’ ,(0,1)]Jau' € L

Byu:= o/, u € D(B,),

generates a Cy-group of isometries on L” , (0,1). From assumption (1.2), it

1
2

follows that the operator (B2, D(B3)), where

D(B})={u € LZ_%(O, )| Vau' € Li_%((), 1), Va(yau') € Lp_%(O, 1)},

[e%

Blu= \/a(ya)u' + au” = (y/a) Byu + au”, u € D(B?),

generates an analytic semigroup on L 1 (0,1), according to [19, A-II, Corol-
lary 1.13].

Then the operator C,, with domain D(B?) coincides with

and, in view of assumptions (1.2) and (2.1), it is easily seen that

D(C,) = D(B) = (we 12 0.1)] [ |fate (@) Es < 4o,

1 v AT -
|t @l s < o)

where 25&% € L*>=(0,1) by virtue of assumptions (1.2) and (2.1) too.
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Now, by Kallman-Rota inequality (see e.g. [14, Theorem 9.8, p.65]), we
have that

2, < 2 | 1

[Bul? y < 4lBul| gl

for all u € D(B?). Hence, taking also into account the inequality

b2
2ab < ea® + — (e>0,a,beR),
€

we obtain that the operator 25&2‘ B, is Bf,—bounded with B;—bound equal to

0 in the sense of [16, p.190].
Thus, according to [14, Corollary 9, p.42], we can conclude that also
(Cp, D(C,)) generates an analytic semigroup on L” 1 (0,1) and the proof is

complete. n

Remark 2.2. Assumptions (1.2) and (2.1) of the previous theorem assure
that
D(C,)) ={uel?

(0,1)|vVou' € L? ,(0,1), c” + Bu' € LP

P, (0,1}

1 1
2 2

Moreover, a function a satisfying (1.2) necessarily has the property

o/ (z)| < ey/a(z), x € (0,1),

and, therefore, by integration, a(z) < cz? near 0, and a(z) < ¢(1 — z)? near
1. In addition, for every u € D(C,), u(0) = u(1) = 0 and

. / o
;c—>01+1gl—>r a(z)u'(z) = 0.

Concerning the domain D(C,) we obtain this further result.

Theorem 2.3. Under the hypotheses of Theorem 2.1 we have that the
domain D(C,) coincides with

(0,1)}

D'(Cy)={uel’_,(0,1)]ou" + fu’ € L7

1 1
2 2

for1l < p < oo.
Proof. Let 1 < p < oo and (A,,D(A,)), (B,, D(B,)) be the operators

introduced in Remark 1.3 and Theorem 2.1, respectively.
According to Lemma 1.2, let us define
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and observe that v € LP(R) (v € WP(R), resp.) if and only if u € L”f% (0,1)
(u € D(B,), resp.). Hence, from
D(A7) = W*P(R) = {v € L"(R) N Wl (R)|v" € L*(R)},
it follows that
D(B2) = {ue L, (0,1) A W22(0,1)| Blu e L, (0.1},
i.e., the condition B,u € L’l% (0,1) is automatically satisfied if B2u € L”fé (0,1).

Now, arguing as in Theorem 2.1, we have that D(C,) = D(B2) and
208 — o
B
NG

for all u € D(B?). Since 257\;5/ € L>(0,1), D(B?) = D'(C,) and the assertion

holds. ]

Cpu = Biu +

In what follows we shall show that analogous results to Theorem 2.1 and
Theorem 2.3 hold in L?(0,1) too, provided that more regularity is supposed
for a.. In order to accomplish this, we observe that the resolvent estimates are
reduced to ones in Li ~.(0,1) and hence Theorem 2.1 and Theorem 2.3 play

1
2

a key role.

Theorem 2.4. Let 1 < p < oo, and let o € W?>(0,1),3 € L>=(0,1)
satisfy the assumptions (1.1), (2.1) and, in addition,

(2.2) a® e C0,1].

Let D(A,) consist of all uw € LP(0,1) such that
1 1
o(x)u'(x ”d:r<+oo,/ a(z)u” (z)|P dz < oo,
| Wat@u@) ot @)

Ayu:=ou” + pu', ue D(A).

and let

Then (A,, D(A,)) generates a holomorphic semigroup on L*(0,1).

Remark 2.5. As it will be noted in the proof of the theorem, any u €
D(A,) satisfies the boundary conditions
p+1

(2.3) lim  a(z)Fu(z) = lim  ofz) o (z) = 0.

rz—0t,z—1— z—0t,z—1—
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Moreover, Theorem 2.4 refines Theorem 4.6 in Vespri’s paper [24, p.365], giving
both a unified treatment for all 1 < p < oo and an explicit description of
D(A,).

Proof of Theorem 2.4. Let Re A > 0 be sufficiently large and consider
(2.4) Au—au’ — pu’ = fe LP(0,1), wue D(A,).

Multiplying (2.4) by a(z)% and denoting a(z)% u(x) by v(z) and a(z)? f(z)
by g(z), we observe that g € L” , (0,1) and (2.4) reads equivalently

1
2

(2.5) M@o—amwwm—wﬂww—df%vm»+v@ww>:m@,
where v € D(C,), 0 <z < 1, and

0@ 1 ()
o) = (2p)a($)ﬁ( )+ 2p (=) dpra(e)

By (2.2), a% e C'[0,1] implies /a € C'[0,1], while from o € W2>(0,1) and

assumption (2.1) it follows that I is a bounded linear operator on L” 1 (0,1).
Hence, by virtue of Theorem 2.1 the operator
a/
Dy :=av"+ (- —) —yv
p
with domain D(D,) := D(C,) generates an analytic semigroup on L” 1 (0,1),

so that
vll,-3 , = lullze < CINHigll,-y , = CINTHIf Lo

Moreover, there exist ¢, c; € R such that the solution v to (2.5) satisfies

(26) [ W @ra) = de <l
and
27 [ W @) e < alfi.

We only need to translate (2.6), (2.7) into equivalent conditions on u.
Property (2.6) means

1

(2.8) /01’21])(0‘(!1?))21?‘104’(3?)“(96) + (a@) 70/ (2)| (a(@)) T do < oo,

191
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but, for a suitable ¢, € R we obtain

/01 a(:U)l?” |u(x)|1)o/(x)l’a(gg)? dz < ¢, /01 lu(z) [P dz,

because of Remark 2.2.
Therefore (2.8) reduces to

1
/ (@) ()P dx < oo.
0
Concerning (2.7), it reads

1-2p 1 1
4p? o\r 2p

[ (atey2]
+]1)(a(1:))21pla’(x)u’(:v) + (a(z)) " (2)]" da < oo.
On the other hand,
/O (a@) Ha@)) 2 o @)@ d

is estimated by c3||ul|}, for a suitable constant cs.
Moreover, by Remark 2.2 again,

Al<a<m>>P—%<a<x>>%—"|a"<w>|p|u<x>|pd:v < cllullty,

/<f<a<x>>”%<a<x>>%p|a’<x>|f’ru'<x>|pdx < ¢ fo (@)l (@)l da.

Hence (2.7) affirms nothing else than

/01 la(z)u" (z)|P de < oo.

Application of Remark 2.2 to v = aru guarantees that

CJm (a@)Fu@) =0=lim /o)) (@),
Now .
o) (@) B o/ (2)u(z) = afa) “cfz)u@

tends to 0 as + — 07 and © — 17. Hence, for all u € D(A,), we have the
boundary conditions (2.3).
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On the other hand, it is an easy matter to verify that if v € D(C,) satisfies
(2.5), with g = a% f, f € LP(0,1), then u := o~ % v € D(A,) satisfies (2.4).
This concludes the proof. [

Remark 2.6. All u € D(A,) satisfy in fact the generalized Neumann
boundary conditions of the type

IHOE?]?*)I* az)u(z) =0,

pt+1 p—1

for a(x)u'(z) = (a(x))? u/(x)(a(z))? and (a(m))%u’(x) tends to 0 as
2z — 0T and x — 17, in view of Remark 2.5. Our result can be hence compared
to that one by Campiti, Metafune and Pallara in [5].

Theorem 2.7. Let 1 < p < oo and a € C?[0,1],8 € C[0,1] verify
assumptions (1.1), (2.1) and (2.2). Then, the domain D(A,) coincides with

X, = {ue L?(0,1)| au” + Bu’ € L*(0,1)}.

Proof. Clearly X, contains D(A,). Now, if Re A > 0 is sufficiently large,
for f € L?(0,1) let us consider the resolvent equation

(2.9) M —au” — Bu' = f

with v € X,. Multiplying (2.9) by (a(z)) 7, we see that it is equivalent to the
equation in L” _, (0,1) as follows:

1
2

/

(2.10) A —av” — (8 — %)v' +v =g,

where g(z) := (a(z))? f(z), in the unknown v given by v(z) := (a(z))7u(z),
and with
a'(x) 1 (1+2p)(o'(2))*

V(z) == 2pa(m)ﬁ(x) + %0‘”(1‘) - 4p2a(x)

In view of the new assumptions, (notice that necessarily /a € C*[0,1] by
(2.2)), the function v is in C[0, 1].
Now we apply Theorem 2.3 and deduce that the operator (D, D(D,)) with

/

D(Dy)={v € L2y (0. )] v + (5= ")’ =y € L7, (0,1)},

_1
2

/

Dyv:=av" + (8 — %)v' — v, v € D(D,),

193
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generates an analytic semigroup on L” 1 (0,1).
Thus, denoting by ¢ the same function introduced in Lemma 1.2, it suf-
fices to observe that the present assumptions assure that v o ¢ is uniformly

continuous on R, so that we can apply [17, Theorem 3.1.3, p.73], since p > 1.

Therefore,
[vll -5, = lullee < A gl -y, = clATHI e
and
" aI(I) / p
1 ez (z) + (B(x) - (@) — (@) ()]
(2.11) / L dz < & I},
0 a(r)

where v solves (2.10). Taking into account that v = o u, (2.11) reads equiv-
alently

1
/O |a(@)u”(z) + Bla)u’ ()" dz < ¢ fI[70,
which characterizes X,. Since
L2(0,1) = (A= 4)(D(4,)) € (A= 4,)(X,) = L7(0, 1),

necessarily D(A,) = X,,. We want to remark that since v is a solution of (2.10)
in Lpf% (0,1), we have

lim (vo@)(t) =0, lim (vog)(t)=0,

|t/ —+o0 |t|—+oo
so that
1. ﬁ = = l ! = U.
mﬂolglﬁr(a(x)) @) =0 mﬁol,r:?ﬂr a@)u(z) =0
Hence, the proof is complete. [

Using the ideas of Remark 2.2 and taking into account Remark 2.5, we
deduce the following

Corollary 2.8. Let 1 < p < oo and o € C?0,1],8 € C[0,1] verify
assumptions (1.1), (2.1) and (2.2). Then, the operator (K,, D(K,)) given by

D(K,):={u e L?(0,1)| (/) 4+ Bu’ € LP(0,1)},
Kyu:= (au') + pu', u e D(K,)

generates an analytic semigroup on L*(0,1).
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Proof. Under our regularity assumptions, it suffices to observe that K,u =
au” + (6 4 o)u’ and, on the other hand, § + o’ has precisely the properties
that allow the application of Theorem 2.7. [

Example. Let a(z) := 2/(1 —x)7, f(z) := 2*(1 —2)*, where j, k > 1 and
x € [0,1]. Then Theorems 2.1 and 2.3 hold, provided that j > 2 and k > S

If, in addition, j > 2p, then Theorems 2.4 and 2.7 apply too. Here j, k need
not be integers.

3. A GENERATION THEOREM FOR Au := au” + fu’ N L?(0,1)

Here we shall consider the space L2 (0,1), with a suitable w, in order
to obtain analyticity results for the semigroup generated by Au := au” +
Bu', where the mappings o and 3 are more general than in Section 2. The
arguments we shall use are similar to those in [2], as already observed in the
Introduction.

We begin our discussion by stating a preliminary lemma.

Lemma 3.1. Let ,3 € C[0,1] be such that a satisfies (1.1) and £ €
L'(0,1). If we introduce

1 L2 g
(3.1) w(x) == oz(a:)ef2 “ z € (0,1),
then the operator (A, D(A)) with
Au = au” + B/, u € D(A),

and D(A) given by the completion of C5°(0,1) with respect to the norm
lullpeay = llullzz + lw'llZ2 + lou” + Bu'lZ,

is self-adjoint and nonpositive in L2 (0,1). Moreover, the domain of A is equiv-
alently described by
D(A) ={u € L, (0,1) N H,(0,1)|u € H,(0,1),

w

(3-2> 1 7B g
w(ef% Y e 12(0,1)).

Proof. 1% step.
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We show that A is symmetric and nonpositive. Indeed, if u,v € D(A),
there exist two sequences (un)neny and (v,)nen in C5°(0,1) such that

Hun - UHD(A) — 0, HUn - UHD(A) — 0.

Thus

© B g

(e = [ () ae @)+ B @)o) do

_ / L5 @y + 22y @)yo(e) da
B d . Jy&mdt o
_ /0 (T @) () de

1 @ p(t)
= lim —(ef% = dtu’n(:r:))ﬁn@) dx

n—oo [ x
EIOW _ 1ore8my,
= Jim (e @@ - [ @) o)
= 5(t) 4
=i [T o)

0
_ / S5 56 % ) () doe

j‘ﬂ” B() 4
/ 1 w(t) )UI(J)) dr = <'LL, A’U)L?ﬂ

Note also that the above calculation (with v = v) shows that

=or
(Au, u) / f* |u(x)|> dx < 0 (unlessu = constant),

whence Awu is nonpositive.
2" step. Let us observe that D(A) C L2?(0,1) N H!(0,1) and if we

T B

IW /)/

interpret au” + fu’ as wt(e’3 then by arguing as in [18] we deduce

that D(A) satisfies (3.2).

37! step. Since a symmetric operator which is onto is self-adjoint (see
e.g. [26, Chapter VII 3, Corollary, p.199]), in order to complete the proof it
suffices to show that I — A is onto X := L2(0,1). For this goal, we observe
that if V' is the Hilbert space obtained by the completion of C5°(0,1) with
respect to the norm

[ullv = IIUHX+ ' (z)]" dx)*,
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which is equivalent to (||lu]|% + [|[w/[|22)% by the assumption £ € L!(0, 1), then
the equation

(3.3) u— Au = f,

where f € X, admits a weak formulation : to find v € V such that

3.0 [ weu@o e+ [ o v @eETar = [ w@i@)i

for each ¢ € V.

The left-hand side of (3.4) defines a quadratic form B(u, ¢) on V x V which
is continuous and coercive on V' x V. Hence, by the Lax-Milgram theorem (cf.
[22, Lemma 2.2.1, p.26]), equation (3.4) has a unique weak solution u € V for
all f € X (C V™). Let

D(B) :={u e V|¢— B(u,¢)is continuous on V
with respect to ||.||x}

Since V is dense in X, for each u € D(E) the mapping ¢ € V' — B(u, ¢) can
be extended to a continuous functional on X and, consequently, there exists a
unique element in X, say Bu, such that B(u,¢) = (Eu, ¢). By [22, Theorems
2.2.2 and 2.2.3, pp.28-29], B is an isomorphism from D(B) onto X, so that
for all f € X there exists a unique v € D(B) satisfying (3.4). On the other
hand, if we observe that (3.4) holds for all ¢ € C2°(0,1) it is deduced that the

L oJr 28
1 a(t
AC

derivative - u’) in the sense of distributions fulfils

i [ R
| w@u@)de - [ wpe@) el " ) @i da
1 [
- [ w@)s(@)é@) e,
T B(t) .
and w4 (e’s * /) € X. Therefore Bu = f means just that the solution
u belongs in fact to the required space D(A) with (I — A)u = f.
The proof is now complete. [

Since a nonpositive self-adjoint operator acting in a space X such that
R(I — A) = X is sectorial in {z € C||argz| < 7}, according to [14, Theorem
5.4, p.34], we obtain the following result which extends [2, Theorem 1.2] to
the case # # 0 (in the one-dimensional case).

Theorem 3.2. Under the same assumptions of Lemma 3.1, the operator
Au = au” + pu’ with domain D(A) as before, generates a uniformly bounded
semigroup on L2 (0,1), which is analytic in the right half plane.
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Remark 3.3. The self-adjointness of A could be proven in an alternative

way as in Metafune and Pallara [18]. To this purpose, we want to notice that,
I0)

if the assumption g € L'(0,1) is replaced by e “#“™ " ¢ L'(0,1), and we
change H!(0,1) to

z B(t)

{u e X\/0 ef% Wdt|u'(a?)]2dx < 00, u(0) = u(l) = 0},

our approach furnishes an alternative method to prove Proposition 3.5 in [18].
We also observe that if 2 € L'(0,1) and w € L*(0,1), then we have a
regular Sturm-Liouville operator and it is already known from [7] that

D(A) = {u € AC|0,1]|v' € AC[0,1], an” + Bu’ € L2(0,1), u(0) = u(1) = 0}

is a domain entailing that (A, D(A)) is self-adjoint and nonpositive on L2 (0, 1).
On the other hand, if

1 1 1 ]‘
w L10.5), w ¢ L'(5.1)

and

* B(t)

1 1 T B(t
/ w(z)|u(x)|* dx < +o0, / w(x)|w(m)71(ef% o dtu’)']2 dx < 400,
0 0

then [18, Lemma 3.3] implies that u(z) — 0 as z — 0, 1 and hence the operator
A coincides with the maximal operator A,; whose domain is given by

D(Ay) ={u e L?(0,1)|u,u’ € AC).(0,1),

w

Z I — =1 ff%dt/ 2
au” + fu = w(e’2 u') e L2(0,1)}.

Example. Let a(z) := 2(1—z)?, f(z) := z*(1 — z)*, where j,k > 0 and
x € [0, 1]. Then Theorem 3.2 applies when k > j — 1.

4. SOME EXAMPLES ON THE UNBOUNDED INTERVAL (0, +00)

In this section we shall show that the technique of Section 3 works in the
infinite interval (0,+00) too. To this aim, we shall introduce the space with
weight L2 (0, +00), where w is suitably chosen depending on the coefficients
of the considered operator.

Example 1. Let us consider the linear Kompaneets equation
ou 1 0 ou

5 = %%[a(x)(% +k(z)u)], t>0, x>0,
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with initial condition
U(O,CL’) = Uo(x)a x>0,
and boundary conditions

du

a(o)(5

r—0,6—+00 T

(t,x) + k(x)u(t,x)] =0, ¢t>0.

For this equation, in the general nonlinear case, we refer to J. A. Goldstein in
[15], while for the linear case we quote K. Wang in [25].

We shall prove an analyticity result, extending Wang’s theorem [25, p.568]
in that weaker regularity will be assumed regarding «, 3.

More precisely, we make the following assumptions :

(4.1) a € C(0,400), B € L |(0,4+00), a(x) > 0 and B(x) > 0 for all z €

loc

(0,400), a(x) = O(a’) as  — 0 for some j > 1;
(4.2) k€ C(0,400);
(4.3) if y(x) == e "O% 4 € (0, +00), then

OO@dt<+oo;

0 ’Y(t)

.. () . (@)

To begin with our analysis, we observe that the differential operator
1 / !
Wu = —[a(u' + ku)]
g
is formally expressed by means of
1 « /
Wu= —(—(yu)'),
ﬂ( ,y( ))

where ' denotes the derivative.
Let us introduce the weighted-L? space (X, (,-)) by

X :={u:(0,4+00) — C|umeasurable, / B(z)y(z)|u(x)|* de < +oo}.
0
Endowed with the inner product

(u,v) := /OOO Bx)y(z)u(x)v(x)dr, wu,ve X,

199
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the pair (X, (-,-)) is a Hilbert space. Let V' be the Hilbert space

V= {uECl(O,oo)ﬁX]/Ooojgg](’y-u)’(x)]2dx<+oo,
T2 @y @) da < oo
L GG o w Y @) de < +o0)
with the inner product (-,-)y given by
* a(z) : ny
(wv)v = (w,v)+ | m(’%u) (@)(y - v)'(z) da
o V(x) a "N « —\/\/
+/ m(*( )) () (= (v - 0)) (2) da

for u,v € V. That is, u € C'(0,00) belongs to V if and only if the following
conditions hold
(z)

/O @) dr < toc,

/°° V(@) o)

(yu)' ()| de < 400,

a(z)

7(1‘) « N 2
/0 FC )y @)F d < +oo.

In view of (4.4), any element u of V' has the property that

o@) 7(@)

%mmyeﬂ%a+wx

so that lim &
r— 400 FY(I)

Moreover, there exists

(yu)'(x) exists and equals zero.

a(x)

.
w0 5 (x)

(vu)'(z) =X eC.

On the other hand, if A # 0, then necessarily

1
/ Lﬂ;) dr < +o00,
o a(z)
contradicting (4.1).
Hence, any element u of V satisfies the boundary conditions
a(z)
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Our next goal is to show that the operator (A, D(A)), where D(A) :=V, and
Au = W, u € D(A),

is symmetric (with respect to the inner product (-,-)) and nonpositive. Let
u,v be given in V. Then

()= [ @)@ A ) @)ola) da
() d

EPRRICCLO)

T a(x) d d
[t @ e

We know that the above two integrals converge and thus there exist both
limits

=

2
SN—

a(z) d T
o @ V@ 0EE),

z—0t YT

AL @) )

oo ~v(x) dx

We show that they vanish.
Let hm ) d (. qp)(z)(y(z)v(z)) = 1 # 0. Since u € V, we have

+ v(x) dx

o(x) _
2o w@i= [ FC 6w

| 58 dﬂ%/f 1012 3wy
/ ﬁ<g ) Jullv
TBE) L
< 0 ’Y()dt)

Hence, there is a positive constant ¢; such that
[y (@)o()]* =
T
0o (1)

where x € (0,0) for a suitable 6 > 0. This implies that
B(z)

6@ )% dz > v ()
| B @) / g

ﬂ
=¢[lo / —dt
1 8 0 ’Y(t) 0
:+OO,

201
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a contradiction because of (4.3).

Analogously, if hrn :Eg L (y-u)(z)(y(x)v(z)) = p # 0, from

a(z)
v(z)

rw@l=1- [ G C 0w

*BE) 4t
<([ 2y,

we can repeat the same argument, taking into account (4.3) again, because

B(z)
ﬁ(@ 2 “ v(w)
—=|v(x)v(x > —

with € [0, 00) for a suitable § > 1, implies that

> B(z) 2v(z)|?dr > —c < 1@ x = —cq|log f(z)]5°
/57(36)]7()()]61 > 1/5 f(x)d 1[log f(2)]57,

where f(z):= [~ % dt — 0, as * — +oo. This cannot happen if v € X.
Therefore

(o) = = [T 2L (o) (00 a) do

A second integration by parts yields
(Au,v) = (v, Au) for u,v € V.

Moreover, (Au,u) <0 for all u € V.
Now, let us consider the sesquilinear form b(u,v) defined on V; x V; by

)= (woh+ [ S0 L 0wl 0 @)

where u,v € Vi and V; is the Hilbert space given by

d

dx(v-f)(x)ﬁdw < oo}

V= {f: 00) el e x [ 20
equipped with the inner product
(u,v)y, = b(u,v).
Hence, for all u € D(A) we have

(I = A)u,u) = blu,u) = [lullf,.
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Using similar arguments as in [22, p.25], we observe that V; < X — V}* and
I — A can be extended as a continuous and coercive operator (still denoted by
I—A) from V; to Vi*. Thus the Lax-Milgram theorem and similar remarks as
in the proof of Lemma 3.1 imply that

X CVy C R(I - A).

Therefore, (A, D(A)) is self-adjoint.
This completes the proof that (A, D(A)) generates an analytic semigroup
on X.

Remark 4.1. If we take
k(z) =k, >0, a(x) := 27, B(z) := 2*
with j > 1 and s > 0, then all assumptions (4.1)-(4.4) are satisfied.

Example 2. Let us consider the problem

o\t T T\t P

2
{ 0 s )= 2%t x)—l—aa—Z(t,x), ta >0,
u(0,2) = uo(z), x>0,

with a € R and the related operator
A = zu” + au/, z € (0,400).

A basic study of this operator, or the related operator (xu)” + au’, which is
of great importance in the theory of probability, was done by W. Feller in [13]
and by H. Brezis, W. Rosenkrantz and B. Singer in [3]. These authors [3]
showed that A; with domain

D(A)) :={u € C*(Ry) N By| Ayu € By, lirél+ xu”(x) = 0},

where

BE .= {f :[0,4+00) — C|fY continuous and bounded on [0, +o0),
ligrn fO2)=0,7=0,1,...,k} (k€N)

and

By :={f :]0,+00) — C| f continuous and bounded on [0, +00),
lim f(z) =0},

r——+00

generates a Cy-semigroup of contractions in By, provided that a > 0.
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More recently, in [1] S. Angenent established the analyticity of the semi-
group generated by

b—1
Ayu:=u"+ —u', be C, Reb+m > 0,
T

on

E,,:={f € D'(0,00)| f™bounded and uniformly continuous on
[0, +00), fEF1(0) =0, 1 <2k +1 < m}

with domain
D(AQ) = Em N Em+2-

It is easily seen (e.g. in [3]) that a change of variable transforms an operator
like A, into an operator A;. In what follows, we shall treat A; in an L?-space
with weight. To accomplish this, we observe that, formally,

d  ,du
2

but the assumptions required in the treatment of Example 1 fail here, provided
that

Ay =gt

a(z) =z pz):=2""" k(z):=0.

Then, we introduce Y := D(A;) as the completion of C§°(0, 00) with respect
to the inner product

) / " o u(2) () dr + /O " o (2)7 () da

0
© . d, du(z), d, ,do(x)
l—a 7 (,.a (e
+/0 o dac(x dx )dx(w dzx )dz

for u,v € C§°(0,00). Let us denote by W the completion of C5°(0,00) with
respect to the inner product

, V) = /0 " e lu(a)o (@) da + /O " o ()9 (2) da,
where u,v € C5°(0,00) and by X the space
X :={u: (0,+00) — C|umeasurable, /OOO 2" Hu(z)|? dr < o}
equipped with the inner product

(u,v) ::/ 2 lu(z)v(z) dz, u,veE X,
0



Analytic Semigroups on L%, (0,1) and on LP(0,1). 205

and the related norm ||.||.
Let
b(ua U) = <U7U>W7 u,v € w.

Then, similar arguments to those used in Example 1 show that the operator
B associated to b(u,v) is an isomorphism from W to its dual space W* (with
respect to the inner product in X). Moreover, if A is the operator associated
to the sesquilinear form a(u,v) on W x W given by

a(u,v) := /OOO % (x)v' (x) dz,

and A is the part of A in X, then ] — A = B, where B is the part of B in X.
Hence, I — A is an isomorphism from D(A) onto X.
But D(A) = D(A;) and Au = Aju for all uw € C§°(0,00). On the other
hand, the equalities

(Ayu,v) = /ODO %(m“u'(w))@(m) dx
_ /O " o () () da
_ /0 h u(g;)di(xﬂ@'(x))dx

X
= <U, A1U>

for all u,v € D(A;), show that A; is symmetric on X.

Therefore, since A; is nonpositive, we conclude that (A;, D(A,)) is self-
adjoint and nonpositive, hence it generates an analytic semigroup on X. More-
over, if we apply Hardy’s inequality, which says that

|t < (o [ e ar
0 lo—1]" Jo

whenever 1 < p < 00, 0 # 1 and u € C§°(0,00) (cf. inequality (11) in [23, p.
262]), we deduce that

a <1 implies 3 lim u(x) € C,

z—0t

a <0 implies 3 lim u(z)=0= lim z%/'(z),

x—0t xT— 00

a>1 implies 3 lir+n u(z) =0= lirél+ ' (z),

for all u € D(A,).
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Further, if a # 1, by virtue of Hardy’s inequality again, for any u € D(A;)
we have -
/ 2~ ) |2/ (2)|* da < oo,
0
so that

e}
/ ' (z) 2 dr < .
0

Since -
/ o' 2 (x) + az® '/ (x) P dr < oo,
0

we deduce that -
/ o't (2))? de < 400
0
for all u € D(A,).
Therefore, if a > 1, then necessarily liIJP u'(z) = 0 too.

Final remarks. Now we want to discuss a special class of examples to
illustrate why we focus on analyticity and not on other aspects of positive
semigroups (such as dominant eigenvalues, irreducibility, etc.).

Let X = C[0,+00] := {u € C[0,+00)| m1_1)14110011(3:) < oo} and denote by
Xo = Cy(0,+00), the space of all continuous (real) functions on (0, +0o0) that
vanish at both 0 and co. Let ¢ € R and for a € R let

Aqu(x) = 2%u’ (x) + cx® '/ (x).

Let
D(B,) :={u e XNC?*0,+0)| Ayu € X},

D(Ca) = {U S XO N C2(0, +OO)’ Aau € Xo},

and let B, (resp. C,) be the restriction of A, to D(B,) (resp. D(C,)).
Then B, comes equipped with the Wentzell boundary conditions, that is,
for w € D(B,), B,u vanishes on the spatial boundary. The same is true for
C,, but in this case we may equivalently view the boundary condition as being
the homogeneous Dirichlet one. To see this, consider the resolvent problem

A — Au=nh

for A > 0. When h € X, then v € X, if and only if A,u € Xy, i.e., the
Dirichlet and Wentzell boundary conditions are equivalent for C,. We will
show below that C, has no eigenvalue for a # 0. (Of course, B,1 = 0, but
1 € X\ Xy; that is why we are focusing on C, and not on B,. ) The unusual
spectral behavior of C,, is caused by the singular behavior of the coefficients
of A, at the spatial endpoints.
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The positive operators arising from Markov processes are generators of
analytic semigroups when they are uniformly elliptic. These semigroups are
analytic on lots of spaces, including Cla,b] and L?(a,b). The question of the
analyticity of positive semigroups generated by nonuniformly elliptic operators
is in general very difficult to answer and the focus of this paper is to answer
this question affirmatively in some cases. But let us now return to B, and C,,.

For A > 0, let U(\) be the scaling transformation defined by U(\) f(x) :=
f(Az). Then U (M) is an isometric isomorphism on both X and X, and (U(\)) ™!
=U(1/)\). It is easy to see that

UN)LALU(N) = A4,

for all A > 0, @ € R. Consequently, B, (and C,, too) is isometrically equivalent
to any positive multiple of itself if a # 2. Thus if y is a nonzero eigenvalue of
either B, or C, (and if o # 2), then so is Ap for all positive A\. Now consider
p =0 : the general solution of

v (z) + cx® '/ (z) = 0

is given by u(z) = ¢; + cox' ¢ unless ¢ = 1; when it is, u(z) = ¢; + ¢ log .
Then 0 is not an eigenvalue of C,,. Finally consider the case of a = 2. To solve

2*u" (x) + caxu' (z) = pu(z),

we seek solutions of the form u(x) = z” and we get

r= %(1 —ct\/(c—1)2+4p),
interpreting 2% as x%(cos(blog z)+isin(blog z)). In all cases, it easily follows
that Cs has no eigenvalues and B, has no nonzero eigenvalues.
The function ¢ defined by () = tan(3t) is a diffeomorphism from [0, 1]
onto [0, o).
Let Vf:= fo for f € X and let

D, :=VB, V1
E,=VC, VL.

Then D, (resp. E,) is the restriction of VA,V v := Byv” + 10" to C[0,1]
(resp. C,(0,1)) with Wentzell (resp. homogeneous Dirichlet) boundary condi-
tions. Here

Ba(t) := %[tan(gt)]“{l + tan2(gt)}_2,
Bui(t) = %[tan2(gt)]a—l[(c _9) tan2(gt) {1+ tanZ(gt)}_Q_
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Near t = 0,
Ba(t) ~ const. t*,  [(1(t) ~ const. t*;

while near t =1,

B35(t) ~ const. [tan (gt)]“,
m a—3 .
B1(t) =~ const. [tan (§t)] it c#2,
B1(t) =~ const. [tan (gt)](’_5 it e=2.
It follows that for ¢ < 2,

Bi(t)
Ba(t)

~ const.t mnear t=20

and

g;gg ~2 ktan(gt) near t=1,

where k£ > 0 (resp. k=0, k <0) if ¢ > 2 (resp. ¢ =2, ¢ < 2).
It follows that

t Bi1(s)

W(t):=e 420" ¢ £Y(0,1),

and so D, is densely defined, m-dissipative and generates a positive Cy-
semigroup on C[0, 1] by the theorem of Clément and Timmermans [6]. Since
eP=(Cy(0,1)) C Cy(0,1), it follows that the same is true for E, on Cy(0,1).
Consequently, B, on X and C, on X, generate positive Cp- semigroups.
Concerning analyticity of the semigroup generated by C,,, we point out that
very recent results by Campiti and Metafune [4] assure that A,with domain

Dy(C,) :={ue D(C,)| 2%, z*u” bounded at + oo}

generates an analytic semigroup on C[0,+oc], provided that 0 < o < 2 and
c<1.

On the other hand, for a« = 2, B, generates an analytic semigroup on
C[0, 4+o00] by virtue of [12, Theorem 1.2].
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