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NOTES ON MULTIVARIATE PRE-WAVELET
DECOMPOSITION

Kuei-Fang Chang

Abstract. We introduce the Wiener space and then consider wavelets
which are not necessarily compactly supported but have a decay condition
at infinity. Under the Wiener condition, a wavelet and its bi-orthogonal
wavelet have the same rate of decay at infinity and the same moment. Un-
der a certain sufficient condition, we prove the existence of a pre-wavelet
basis in the multi-dimensional case. Furthermore, pre-wavelets and their
bi-orthogonal pre-wavelets have the same rate of decay at infinity and
the same number of vanishing moments.

1. INTRODUCTION

We assume that ¢ belongs to the Wiener space M(R") (see later) and has
stable integer translates. If ¢ satisfies a 2-scale dilation equation with mask
a, then ¢ admits a multi-resolution of L?(R™). In the 1-dimensional case, it
is well-known that we can construct many pre-wavelets from ¢ (see [9]). But
we want to construct a pre-wavelet in M(R) that allows us to extend our
method to multivariate wavelet decomposition. In the multidimensional case,
we have to find more than one function to construct a pre-wavelet basis. Jia
and Micchelli [9] showed that the existence of a pre-wavelet basis is equivalent
to the extensibility of a 2"-tuple (a”),e; over the commutative Banach algebra
A containing all discrete Fourier transforms of ¢!-sequences, where I is the set
of all extreme points of the unit cube [0, 1]* and

av(€) := Z a25+u€2m6'5, vel;, £eR".
BeZ™
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70 Kuei-Fang Chang

For £ € R™, let F(€) be the vector in C2" whose components are

F(§) = (a"(§) :v €1),

and let F' be Holder continuous. Then it will be shown that F' is extensible, and
hence a pre-wavelet basis can be constructed. In constructing a pre-wavelet
basis, there is a difference between univariate and multivariate spaces; that
is, if n > 1 and ¢ in M(R™) admits a multi-resolution analysis in L?(R"™),
then there may not exist a pre-wavelet basis. But in the univariate case, this
is always true. Under the Wiener condition, a wavelet and its bi-orthogonal
wavelet have the same rate of decay at infinity and the same moment. Under
a certain sufficient condition, we prove the existence of a pre-wavelet basis in
the multi-dimensional case. Furthermore, pre-wavelets and their bi-orthogonal
pre-wavelets have the same rate of decay at infinity and the same number of
vanishing moments. An example of a non-tensor-product spline-wavelet (the
bivariate box spline) will be given.

2. MULTIVARIATE PRE-WAVELET DECOMPOSITION

The Wiener class, denoted by M(R"), is defined as the set of all continuous

functions on R" satisfying the Wiener condition ||f]| :== || fllw + || f]le < oo,
where
[ fllw = max | f(z + k)| < oo.
nezn z€[0,1]™

Poisson summation formula is a beautiful result incorporating ideas from both
Fourier series and Fourier transforms, and it has had many applications to
number theory, partial differential equations and probability theory as well
as wavelets. The following theorem proves that every member of the Wiener
class enjoys Poisson summation formula (see [7, p. 246]).

Theorem 2.1. Suppose that f belongs to the Wiener class M(R™). Then
the equalities

S flatk) = Y fen

kezm kezn

and

> (k) = 37 €+ k)

kezn kezmn

hold pointwise, and all four series converge absolutely and uniformly on [0, 1]™.

For convenience in notation, we define the following:
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Definition 2.2. Let f be a complex-valued function on R". We define
the following operators T,, D,, and conjugation as follows:

Translation: (T, f)(x) = f(zx+a) for a € R™;
Dilation: (D,f)(z) = f(ax) for a € R;
Conjugation: f*(x) = f(—x).

The following terminology “pre-wavelet” was first used by Battle [1].

Definition 2.3. A pre-wavelet is a square-integrable function v such that
(27 - +k) is orthogonal to (2™ - +n) for all k,n € Z and all integers j # m
and {Y(27 - +k):j € Z, k € Z"} forms a Riesz basis.

Suppose that ¢ belongs to M(R™) and satisfies a 2-scale dilation equation

(2.4) o(x) = Z arp(2z + k), x€R"

kezn

This implies that the sequence a belongs to ¢*(Z"). We call the coefficient
sequence a of Equation (2.4) a mask. Let V, := V?, V,; := {f(27") : f € Vo}
and let W, be the orthogonal complement of V; in V;;;. When n > 1, we
have to find more than one function to construct a pre-wavelet basis. Thus it
is natural to consider the stability of the integer translates of functions. Let
1, ..., be functions in M(R™). These functions give a linear operator

S
Lo, wsi(ala---vas)szj*’aj, a',...,a® € *(Z").
j=1

Thus Ly, 4. is a bounded linear operator from (¢2(Z™"))* into L*(R™). The
family of integer translates of v;; that is, the family

{Tw; - kez;j=1,...,s}

is a stable family if there is a positive constant A such that
HLI/A ,,,,, ws(alv'”vas)HQ > AZHQJHQ
j=1

Jia and Micchelli [9] showed that the existence of a pre-wavelet basis for W,
is equivalent to the extensibility of the 2"-tuple (517 Jver over A, where I is the
set of all extreme points of the unit cube [0, 1]* and

(2.5) ar(§) = Z azpi, P v e, €€R™

Bezn
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We denote by A the commutative Banach algebra consisting of all continuous
periodic functions of period 1 having absolutely convergent Fourier series [13,
p. 266].

Definition 2.6. An s-tuple of elements of A, (py,...,ps) is extensible over
A if there exist s? elements p;r € A (j,k =1,2,...,s) such that p;, = py for
all k and the matrix (p;x(2)) is nonsingular for all z on the torus 7.

_ Jia and Micchelli [10] gave a necessary condition for the extensibility of
(b,)ver- Let  be a subset of R”. We say that F': Q — C* is Holder continuous
provided there is some p € (0,1] and constant A > 0 such that

£ (x) = F(y)

co S Az = yllgn, @,y €.

Theorem 2.7 [10]. Let F(&) = (fi1(§),..., [s(&)), & € R™ be a vector
whose coordinates are trigonometric series

&)= ale¥™™*, teRrn,

kezm

such that F(&) € C*\ {0} for all { € R™. If n < 2s — 1 and for some p > 0,

(2.8) Do lEIP fai] < oo, G=1,...,s,

kezn
then there is an invertible s X s matriz M (§) for all & € R™ such that the first
row of M (&) is F(&) and the remaining rows are trigonometric polynomials.

Notice that Condition (2.8) ensures that the map F' is Holder continuous.
The proof of Theorem 2.7 is based on the idea that if F'is a Holder mapping
from some subset Q of R” into R®* and n < s, then F(£2) has Lebesgue measure
zero in R®. Indeed, Theorem 2.7 is a general version of Sard’s Theorem (see
[6, p. 204-205]). But the above theorem is not true for all continuous maps.
It is an application of the Hahn-Mazuriewicz theorem (see [8, p. 129]) that
there exists a continuous map of the unit interval [0, 1] onto the n-cube [0, 1]"
for all n.

We are interested in finding a sufficient condition such that the condition
(2.8) holds. This is related to a Wiener-Tauberian Theorem with a “weight”.
Let o be a positive sequence satisfying the condition

(2.9) ok +1) < o(k)o(l) for all k1 € Z".

Following Gelfand, et al. [4] for one-dimension or Mitjagin [12] and Lei [11]
for multi-dimensions, we denote by W{o| the set of all formal power series
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[ =2 kezr ap X" for which

1F] =" laxl o (k) < oo

kezn

Here X is an indeterminate vector, X := (Xy,...,X,,). It plays the role of a
dummy variable in defining the formal power series. From (2.9) it follows that
if W{o] contains two series f = >, @, X* and g = Y, b, X", it also contains
their formal product

Ter g (fea)r

m

and that

/gl

E E am—lbl
m l

< S Jamololm — 1)l (0)
= I£1 gl

Thus Wo] is a Banach algebra having a unit under the formal operations
on power series. Let M be a maximal ideal of Wo]. Then the residue class
algebra Wo|/M is isomorphic to the complex number field. If we denote by
f(M) the complex number corresponding to f € Wio] under this canonical
mapping, then |f(M)| < || f||. For each p € {1,...,n}, the complex number
X, (M) is non-zero since X, is invertible. Let z be the element in C" whose
p-th component is X,(M). Then for each k € Z", 2* = X*(M) and

a(m)

2| = | X*(M)| < | X*|| = o (k).
This leads us to consider the set
S, ={2eC"\{0}:|z*| <o(k) forallkez"}.

It is clear that for any formal power series >, a; X" in W{o], the power series
>, axz"® converges uniformly in z on S,. This implies that every element f in
Wo] defines a continuous function on S,, still denoted by f.

In our application, o is chosen by

(2.10) o(x) = (1+[lz])?, = eR",

where p is a positive number. Thus, o(z+vy) < o(z)o(y). Lei [11] proved that
S, is exactly T™ where T™ is the torus in C". The following theorem follows
immediately from [4, Sect. 6, Theorem 1].
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Theorem 2.11. Let o be as in (2.10). If f is a member of Wlo] and if
G is analytic on a neighborhood of the range of the function on T™, then there
exists a member g in Wlo] such that G(f(z)) = g(z) for all z € T".

This theorem is useful in estimating the decay rate of ¢ in terms of that of
¢, where ¢ is a stable function, and ¢ is a bi-orthogonal stable function with
respect to ¢. We can show that ¢ has the same decay rate.

Theorem 2.12. Let p be a positive number. If ¢ belongs to C'(R™) with
ool < oo and has stable shifts, then there exists a sequence b for which the
formal power series g := Y, by Xy, is in W{o] and q~5 = ¢ ' b has stable shifts
with ||o¢]|, < oo.

Proof. Let a be the sequence given by a; := ¢ * ¢*(k) and let f be the
formal power series Y, a, X*. We want to show that f belongs to W{o]. For
any k € Z" and x € R", we have

SoWlal < ToW) [ 16t +Kde
< X [ 0@ eo)w +Rlda
< 22/ (00)( + )| [(06)(x + k + 1)|der
< ool < oo

Thus, f € W{o]. Since ¢ has stable shifts, f(z) is positive on T™ (see |9,
Theorem 3.3]). By Theorem 2.11, there exists a sequence b for which the
formal power series g := Y, by X" is in W{o| and

This implies that~q~5 = ¢ *' b is bi-orthogonal with respect to ¢. Finally, in
order to show |lo¢||, < oo, we note that

Z max |(c¢)(z+ k)| < ZZ max [(o¢)(x +k+1)| |o(l)b]

z€[0,1]™ z€[0,1]™
< HfﬂﬁHw lgll < oo
That is [0, < . O

Corollary 2.13. Assume the hypotheses of Theorem 2.12 and suppose ¢
satisfies a 2-scale dilation equation with mask a; that is ¢(x/2) = >, apP(x +
k). Then the condition (2.8) holds.
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Proof. Define a function h by

. (o
- Dl/QO—,

h:

where D/, is the dilation operation by 1/ 2. Thus h is bounded and continuous
on R™. By Theorem 2.12, it follows that ¢ satisfies |||, < oo and then

SoWiad < Yo [ [o(3) )
< X [ lot@ote + 1) o)+ i
< ~ (T
< ellodle [ 5|00 (51|
< lllllodl? < oc.
Consequently, the condition (2.8) holds. O

Now we employ Theorem 2.7 to construct pre-wavelet functions in M (R").
The following lemmas and theorems are taken from [2, Sect. 4.3].

Lemma 2.14. Suppose that F' is defined by
F(§) = (a”(§) :v €I), EER",

where a” are in (2.5). Then F is a continuous map from [0,1]" into C*\ {0}
with s = 2™.

Lemma 2.15. Assume the hypotheses of Corollary 2.13 and Lemma 2.14.
Then there exist 2" functions ¢, v € I, in M(R"™) such that

(1) ¢y € V¢7 ¢0 = (rb and Vl = ZVEIVQSV)
(ii) the integer translates of ¢,, v € I, form a stable family.

The following lemma is proved by a Gram-Schmidt orthogonalization pro-
cess (see [9]). Define

Plondad . — {Zdj ¥ ¢ dl € 2(2"),j = 1,...,8} )
j=1

Lemma 2.16. Suppose that ¢1,...,¢, € M(R™) have stable integer trans-
lates. Then there are vy,...,%, € M(R™) NV} and an s x s lower-
triangular matriz N = (di;), where di; € £1(Z") such that 1; = Y75_, dij ¥ b5,
and d;; > 0. Moreover

75
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(i) 1 = ¢, (du = 1)a
(i) Vitrotsd = Plvnvel

(iii) V¥ (j =1,...,s) are mutually orthogonal subspaces of L*(R™).
Define
V;/’ = { Z bk;DQka;w :be fz(Zn)} .
kezn

Combining Lemmas 2.14-16, we have the following theorem.

Theorem 2.17. Suppose that ¢ belongs to M(R") with |0, < oo (as in
Theorem 2.9) and has stable shifts. Let ¢ satisfy the 2-scale dilation equation
(2.1). Then there are 2™ functions ¢, v € I, in M(R") such that

(1) Yy € V1, Yo = &,

(ii) Vw”J_Vw ,vEV eI jETZ,
(iii) W @uef\{o}V , J €EZ,

(iv) LQ(R") = DjezWV;.

It follows from Theorem 2.7 that F is extensible since n < 2"T1—1 = 25—1;
that is, there is an invertible s x s matrix M (§), € € [0, 1],

M(é) = (myy’)u,u'elv

where m,,, is defined as in (2.5). Indeed, mg, = a”,v € I, and the remaining
entries are trigonometric polynomials. Using this matrix we define functions

(2.18) ¢y =Y My, ¥ DoT,¢, vel

v'el
Thus we obtain

= Zay * DZTI/¢ =ax D2¢ = Qb,

vel

and ¢, belongs to M(R") for all v € I.
We have a similar result in Corollary 2.13; that is, for any f € L?*(R"), f
can be recovered by the pre-wavelet basis

Wi i€z, ke, andv eI\ {0}}.

Corollary 2.19. Under the hypotheses of Theorem 2.17, there are pre-
wavelet functions 1, v € I\ {0}, such that for any f € L*(R"),

F= 2 3= > > > (fuh)vh

veI\{0} jE€Z keZr vEI\{0} jEZ keZn
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in the L*-sense, where z?u is the dual of 9.

It is natural to ask what conditions can guarantee that this family
W i€z, ke, andvel\{0}}

is a Riesz basis for L?(R™); that is, there are two positive constants A and B
such that the linear operator

(@ :velI\{0})— Y > > ayuh

veI\{0} jEZ keZ™

is bounded by

A Y el <

velI\{0}

DD ahy

veI\{0} JEZ keZ™

<B > la"|l:

) vel\{0}

for all a¥ € ¢*(Z x Z"). The following is an application to Theorem 2.17.

Theorem 2.20. Adopt the hypotheses of Theorem 2.18 and suppose that
{1, } is a pre-wavelet basis 1, (v € T\ {0}) having stable shifts. Then {¢jk}yj k

is a Riesz basis (hence a frame) and {w i tvgk 8 the dual frame with (13, 1,!) v
— 5yy’5]j’6kk’ .

Next, we will prove that ¢ and 1, have the same regularity.

Theorem 2.21. If ¢ belongs to M(R") with ||o¢|w + ||0d|. < oo and has
stable shifts, then ||o1, ||, < 0o and ¥, € C*(R™) N M(R") for all v € I\ {0}.

Proof. Assume that m,,, = (m* ,)rezn. Then

logullw = max |o(z + k)¢, (z + k)]

heZn z€[0,1]™

= Z n[lélﬁ lo(x + k) mef*gi) 2(z + k) + )|

T xe " el

= max |o(z + k) ZZngb (2(x 4+ k) + v +1)]
kezn "€ Vel lezn

< /

< D> ml, :cg[l(?i( lo(z + k)p(2x + 2k + ' +1)]
lezmv'el

< (Z Z Im!,| ) Z max lo(2x + 2k)p(2z + 2k +1)| < 00

Vel lezn kezn “E0"

7
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since m,,,» € A. Finally, we want to show that Hmﬁ,,”w < 0o. This is depen-
dent on

Gl©) = [ m o 920 4 el
Rn

v'el
= / Z Z m,,,¢(2x + v + 1)e > dx
R jezn vier
= Z Z mf,vy/ / d(2x + v + e ™" dy
lezn v'el R
oy—v'—1 1
= S Sml [ ey
lezn v'el R" 2
= X Yy / Bly)e 2B em 0t gy
i S
_ i (<
where H (&) i= 35 1 Speymb, €™ 08 The function H(€) is continuous
on [0,1]*. Thus, C = max |H(£)| < co and
g€lo,1]™
lovullw = ; (A lo(§+E)Y,(§+ )
ez
B €+ k:)
= 3 s o6+ HE 0O (5
ezn
€+ k‘> ’
< AV
- Ckgn 52[10&,11]" &+ k)9 < 2
< Y max a(5+k)q3(§+k)) < .
kezn SEL0A"
This implies that 1, € C?(R"™) and hence ¢, € C*(R™) N M(R"™). O

It is well known that if ¢ has stable shifts, then so does its dual qg We will
show that if {1, },c; has stable shifts, then so does {1, },¢;. In what follows
it is more convenient to use vector notation. Therefore, let

= (¢, :vel\{0})"
and let R R
O(w) := Z Y(w+ k)Y (w+ k),

where (W) = [, e 2™“%1p(z)dx denotes the Fourier transform of 1. Then
the matrix ©(w) is nonnegative-definite for all w. Using Poisson summation



Multivariate Pre-wavelet Decomposition 79

formula

ST y7) (k)™ =3 " h(w + k) (w + k),

k

we have

OW) = (e )R
= S([, v mwrway) e

We next extend the result of [5] about the necessary and sufficient condition
for the set of integer translate of v,’s to be a Riesz basis of V[, in the Wiener
class. Since the proof is similar, we omit it.

Theorem 2.22. The collection By = {¢,(- + k) : v € I\ {0};k € 2"}
forms a Riesz basis for Wy if and only if ©(w) is positive-definite for all w.

Assume that {T,,¢, : v € I\ {0};n € Z"} is a Riesz base of W. If we
define r := 2" — 1 and

1/;: (&17"')1/;T)T
by

(2.23) ) =071,

where © = (0,,,) and ©~! = (©,}). Then by Parseval’s Identity, we have
(W, Tythy) = 6,,:0,0 (see [5]). Thus, ¢ is a dual vector of 1. Moreover, we
can show that v, is in M(R") for all j = 1,2,...,r. Since ©(w) is positive-
definite and periodically continuous for all w, all the entries of ©!(w) are in
M(R™). By Poisson summation formula, we have

(2.24) 0 ' (w) = Z ene” 2T
nezn

where (e,)nezn is a sequence of r X r matrices with entries in [*(Z"). From
(2.23) and (2.24), we get

(2:25) d(x) =Y ep(z —1).

lezm™

This implies that 4, is in M(R") for all v € I\ {0}.

Corollary 2.26. If {1,,v € I\ {0}} is stable, then {¢,,v € I\ {0}} has
stable shifts.

79
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Proof. By Theorem 2.22, it suffices to show that

= 3 d(w+ ) (w + k)

kezn

is positive-definite for all w. We have

r*O(w)r = Z x*lZ(w + kz)%(w +k)z

keZn
= Z 2O Hw)(w + k) (w + k)0 Hw)z = 207 (w)x > 0

keZn
for all 0 # 2 € C". Thus ©(w) is positive-definite for all w. O

Corollary 2.27. Let ¢ belong to M(R") with |0d||lw < 0o and let ¢ have
stable shifts. Then 1, € C*(C") N M(R™).

Proof. By Theorem 2.21, we have

T

Z 06;},1[1”,

v'=1

lo, |l =

r
S My Z Hawu’Hw < 0,
v'=1

w

where M, = max {0;1(¢) : v/ € I\ {0}} since O} € A. Thus, ¢, €

cefo,1)n

CP(R™) N M(R™). 0

By (2.18), we have the equation

(2.28) W (;) = > Qui(z+n),

nezr

where (Q,,)nezn is a sequence of r X r matrices with entries in [*(Z"). It follows
from Theorem 2.7 that (Q,)necz» belongs to I*(Z").

Theorem 2.29. Let 1), belong to M(R™) and satisfy Equations (2.18). If
Q. = (Qu.(n)), then {Q,., (n) }nezn must be in I*(Z") for all v,v' € T\ {0}.

Next, we will prove that 1), has the same decay rate as v, for all v € I\{0}.
Recall that ||o fl, = max, No(z+ k) f(z+EK)|.

GZ » 2€[0,1]

Theorem 2.30. Suppose that 1, belongs to M(R™) with ||o, ||, < oo for
allv e I'\ {0}. Let a,, (k) =1, *% (k). Then Y. o(k)|a,. (k)| < oo for all
kELr

v,v' € I\ {0}.
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Proof.
S () |av, (k)] = ‘/ 0o (@), (z + k)| do
kez™ kEZ”
< z/ (o) (@)] (04, (& + k)| da
kezm
<y Z/ (o) (@ + 1)] [(00) (@ + k + 1)|de
kezn 1ezn Y 10,1

< llovullwllog) [l < oo

Using Theorem 2.30 we can prove that ¢, and 1@ have the same decay
rate.

Theorem 2.31. If ¥, belongs to M(R") with |o¢,]|., < oo, then the
function 1), defined by Equation (2.23) satisfies ||o1), || < 0o for allv € I\{0}.

Proof. By Poisson summation formula, we know that

— Z w*w*(k)e%riwk‘

kezn
Let O, (w) = 3 a,(k)e*™™* where a,, (k) = 1, * % (k). Using Theorem
kein

2.30, we obtain a sequence {a,,(k)}rezn satisfying

Z o(k)|a,, (k)| < oo

kezn
forall v, v’ € I\{0}. Since O(w) is positive-definite and periodically continuous
for all w, we have det(©(w)) > m for all w, where m > 0. If we let A, be
the matrix obtained from © by deleting its v-th row and v/-th column, then

(= D)+ det( Ay, (w))

D) det (A, (w)),
ToH6(0) (1) det( Ay (1)

0, (w) =

vv

1
< =
m

where |v| denotes the sum of its components. Thus ©;, is bounded. Moreover,

we have that ©; is a finite linear combination of the entries of ©(w). Let
0, (w)= % CW( Je 2™k Then
kEZn

Z o(k)|c (k)| < oo

kezn

for all v,/ € I'\ {0} since W (o) is a Banach algebra. Using Equations (2.24)
and (2.25), we have

U(z) =) el —1),

lezn

81
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where e(l) = (c,./(1))7,_,. Hence for all v = 1,2,...,r, we obtain

x+m ZZCW/ wu $—l+m)|

lezn v'=1

<y Z max (o) (z +m —1)||o()en (1)]

1n
mezn lezn et “E0:1

<y [uw;nw (Z a<Z>rcwl<l>|>

lezn

H(NZJUHW = max
i z€[0,1]™

< 00. a

Finally, we want to show that the function 1;,, has the same number of
vanishing moments as 1, for all v € [I.

Definition 2.32. Let k,m € N and o(z) = (1 + ||z]))*, k¥ > m + 1, and
let D™ be the space defined by D™ := {f(z) : o(z)|f(z)| is bounded on R"}.
A function f in D™ has N vanishing moments with N < m if f satisfies

/ 2’ f(x)de =0, forall0<p<N and N f(z)dx # 0,
n RTL
where p is a positive integer.

Theorem 2.33. Let ¢, € DN for v e I\ {0}, and let v, and 1), have N;
and Ny vanishing moments, respectively, where N1, No < N. Then Ny = Ns.

Proof. Since 1, has N, vanishing moments, we have ¢V => 1 Z
lezn
Cow (D), (x — 1) where {c,,/ (1) }1ez» is absolutely convergent and

/n a? ¢, (x)dx = / P (Z > e (Dt (z — l)) d

v'=11lezn

= > > ewll / i,z — 1)dz = 0

v'=11ez"

for each 0 < p < N;. Thus, N; < N,. On the other hand, it is easy to

prove v, € DV from v, € DV. By Equation (2.23), there exists a sequence

{d,, (k)} € I"(Z") such that ¥, (x) = >, > du (k)Y (z + k) and hence
kezm

we obtain N; > N,. Thus N; = Ns. O

Example 2.34. Let

Il
| — |
O
O =
= O
)
— =
| I
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Then the box spline By satisfies the 2-scale dilation equation (2.1) with mask
a given by
a(§) =277(1+ 21)* (1 + 22)*(1 + 2122).

By is C! with compact support and has stable integer translates since the
matrix X is unimodular (see [3]). Moreover, By belongs to M(R?) (see [2]).
By (2.5), we have (see [9])

— 1
a’(z) = g(l + 21+ 29 + 52122),
~ 1

a'%(z) = §(2 + 42y + 221 22),

ol 1

a’(z) = §(2 + 4z, + 22129),

—~ 1

a'%(z) = §(5 + 21+ 20 + 2129).

Furthermore, by using Lemmas 2.11-12 we see that the function F(§) :=
(a”(¢) : v € I) is Holder continuous from [0, 1]? into C2?\ {0} and hence F
is extensible; that is, the matrix

a0 g0 g gn
1 0 0 0
1 4 0 1
1 0 4 1

has determinant —8. Using this matrix we can define functions

Yoo(w) = Bx(z),

Yro(x) := Bx(2z),

Yo1(x) := Bx(2z) + 4Bx (22 + (1,0)) + Bx(2x + (1, 1)),
t11(2z) := Bx(2z) + 4Bx (22 + (0,1)) + Bx(2x + (1,1))

for all z € R? and 1),,, v € I. These have stable integer translates in V; and are
of class C'*(R?) with compact support. By Theorems 2.12 and 2.20, the decay
rate of the bi-orthogonal Riesz bases is the same with that of ¢,. But, in
practice, we have difficulty in computing the Gram-Schmidt orthogonalization
process, for instance, since the overlap function of Bx is
(B, By)(E) = 3 < sin(7é;) )4 ( sin(7és) )4 ( sin (&, + 7Es) )2
(& + B1) m(& + B2) (& + B+ & + Ba2)

Bez?
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for all £ := (&;,&,) € R%. This is hard to put into explicit form as a trigonomet-
ric series. The overlap function of a box spline can be expressed by applying
Poisson summation formula. Indeed, given the symmetric box spline

MXUX = BX *B;},

where B%(z) := Bx(—x), we have the generalized Euler-Frobenius Laurent
polynomial
(2.36) (Bx,Bx)(§) = > Mxux(B)e*™7<.

Bez?

Note that (2.36) is finite since the support of My x is the set
5 .
doaltyr-1<t;<1; j=1,2,3,4,5
j=1

This implies that the overlap function of By is a trigonometric polynomial.
We may use numerical methods to treat this problem. There is a positive
number p = 1 such that ||0Bx|, + |0Bx|lw < 0o where o(z) = 1 + |z| and
hence for each v € I'\ {0}, ¥, € C'(R?) by Corollary 2.27. O
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