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ON FUNCTIONS STARLIKE WITH RESPECT TO
SYMMETRIC AND CONJUGATE POINTS

T. V. Sudharsan, P. Balasubrahmanyam, and K. G. Subramanian

Abstract. A class Si(«, ) of functions f, regular and univalent in

(o]

D = {z: |z2| < 1} given by f(2) = z+ Y, a,2" and satisfying the
n=2

condition

o /()
7 - F(—2) 1‘ </ ’ 7 — (=)

z€ D,0<a<1,0< 8 <1isintroduced and studied. An analogous
class S*(a, ) is also examined.

+1|,

1. INTRODUCTION

Let S be the class of functions f, regular ard univalent in D = {z : |z| < 1}
given by

(1.1) f@)=24> ana"
n=2

Let S* be the subclass of S consisting of functions starlike in D. It is well
known [4] that f € S* if and only if Re {zf/(z)/f(2)} > 0 for z € D.

Let S? be the subclass of S consisting of functions given by (1.1) satisfying
Re {(z2f'(2)/(f(2) — f(==2))} > 0 for z € D. These functions are called
starlike with respect to symmetric points and were introduced by Sakaguchi[5].
Recently ELAshwa and Thomas [2] have obtained various results concerning
functions in S} and two other classes namely the class S of functions starlike
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with respect to conjugate points and the class S}, of functions starlike with
respect to symmetric conjugate points.

In this paper,we introduce the class S¥(a, 3) of functions f, regular and
univalent in D given by (1.1) and satisfying the condition

2f'(2)
f(z) = f(=2)

zeD,0<a<1,0< (<1,

S¥(1,1) is precisely the class S¥. In this paper we obtain coefficient esti-
mates for functions in the class S¥(a, 3). We also obtain a sufficient condition
for a function to belong to the class S¥(a, 3).

We also consider the class S} (o, ) of functions f,regular in D with f(0) =
0 and f/(0) = 1 and satisfying

/
’zf(z) _ 1’ - B’
f(2)+f(2)
with0<a<1l,0<f@<1landze€eD.
The class S¥ (1,1) is precisely the class S*. We analogously obtain coeffi-
cient estimates for functions in the class S¥(a, 3).

—1’<ﬂ‘f+1

azf'(z)

iD+im

2. COEFFICIENT ESTIMATES
We need a lemma of Lakshminarasimhan [3].

Lemma 2.1. Let H(z) be analytic in D and satisfy the condition

1—H(z)
2 T <f
2€D,0<a<1,0< <1 with HO)=1. Then we have
1
(2.2) H(z):HOZSfZ))

where ¢(2) is analytic in D and |¢(2)| < B for z € D. Conversely any function
H(z) given by (2.2) above is analytic in D and satisfies (2.1).

We now prove a lemma, which is used to obtain the coefficient estimates
for functions in the class S¥(a, 8) and S} (a, B).

Lemma 2.2. Let f and g belong to S and satisfy
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azf'(z

9(2)

2f'(2)

(2.3) ()

)+1‘

—1‘<5‘

0<a<1,0<p<1andz € D, with f given by (1.1), and g(z) = z+ > by2".
n=2
Then forn > 2

n—1

(2.4) [nan, — bn|> < 2(af?+1) Z klag| [bk| (Jai| = |b1] = 1).
k=1

Proof. We use the method of Clunie and-keogh [1] and Thomas [6]. By
Lemma 2.1 we have
2f'(z) _ 1-2¢(2)
g(z)  1+aze(z)’
¢(z) is analytic in D and |¢(z)| < 3 for z € D. Then

o) — o) | L= 20(2)
40 =06) | Trosg ]
(o)
[azf'(2) + g(2)]26(2) = g(2) — 2f'(2).
Now if N
Y(z) = 2¢(z) = Z tn2",
n=1
then
|(2)] < Bz for z € D.
Therefore
az + z+ X i napz" + i bnz”] li tnz”]
(2.5) n=2 n=2 n=1

oo o
= Z bp2" — Z napz".
n=2 n=2
Equating the coefficient of 2" in (2.5), we have
by —nay, = (a+ Dty—1 + (a2ag + bo)ty—o+ ...+ (a(n — 1)ap—1 + bp—1)t1.

Thus the coefficient combination on the right side of (2.5) depends only
upon the coefficients combination («2ag +b2), ... (a(n—1)an—1 +b,—1) on the
left side.

29
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Hence for n > 2 we can write

n—1
(a+1)z+ Z(akak + ) 2F | h(2)
(2.6) . k=2 .
=> (b — kag)z® + > cr2” (say).
k=2 k=n+1

Squaring the moduli of both sides of (2.6) and integrating along |z| = r < 1
and on using the fact that |[¢(z)| < 3]z], we obtain

Z‘kak_bk|2 2k+ Z ‘Ck:|2 2k

k=n+1
n—1

< B2 [(a+ )22+ |akay, + by|[*r?
k=2

Letting » — 1 on the left side of this inequality, we obtain

n—1

Z\kak—bky2<52(1+a + 62> |akay + by
k=2 k=2

This implies that

n—1 n—1

Inan — bnl? <B2(1 + a)? + B2 Z lakay + by)? — Z |kay, — by
k=2 k=2

(2.7) <BA(1+a)? + (252 — 1) Zk2|ak|2 2_1) zw

n—1 nl

+20¢,82 Z k\akbk| + 2 Z k]ak] ’bk|
k=2 k=2

n—1 n—1

Inan — bal* < 262> klag| |bx +2 klag| [bk|
k=1 k=1

(lar| =1b1] =1),since 0 < <1,0< B < 1.

Theorem 2.1. Let f and g belong to S and be given as in Lemma 2.2.
Then forn > 2

Inay, — byl* < 2(af? + 1)CA(L - 1/n, f)Y?A(1 - 1/n, g)*/?
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where A(r, f) denotes the area enclosed by f(|z| = r) and where C is a con-
stant.

Proof. We have by (2.4) of lemma (2.2)
n—1
|na, — bn]2 < 2(aﬁ2 +1) Z klag| |bk| (la1] = |b1] = 1).
k=1

The Cauchy-Schwarz inequality gives for 0 < r < 1

1/2

n—1 1/2 n—1
[na, — bp|? <2032 (Z k\ak\2> <Z k|bk]2>
k=1
1/2 ) 1/2
+2 (Z k?|ak|2> (Z k‘bk|2>
2 /n—1 1/2 n—1 1/2
2065 (Z ax|2r 2k> (Z ko |be |2 2k>
9 n— n— /2
+ o <Z k?|ak|27“2k> (Z k‘|bk|27“2k>
k=1 k=1

2032 2
< on A(n f)1/2A(7’, 9)1/2 + WA(Ta f)1/2A(T7 9)1/27

r

o0
since A(r, f) =7 3. nlan|*r?".
n—1

Choosing r =1 — 1/n for n > 2, the result follows.

Remark 2.1. When a = 3 = 1, we obtain Theorem 1 (i) of EL-Ashwah
and Thomas [2].

Theorem 2.2. Let f € Si(a,3) and be given by (1.1). Then

(1) m?lagm|* <1/2(af® +1) (Z(Qj - 1)\a2j—1|2> ,m =1, o] =1

j=1
m—1

(i) (m—1)2agm-1> < 1/2(af>+1) | D (25 — Dagj—1|* |, m > 2.
7j=1

Further, if a8 < 1,
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2 m m
amnﬂ@MQSﬂ41(2]@fm)+ﬁ§1<23%—nmﬁnﬂ

j=1 j=1
form >1,la;| =1 and
1 m—1
> lagjaf?
=1
ﬁ+1 '
22]—1\a21 2], m>2.

The inequalities (i) and (ii) are sharp.

(i) (m = 1)2lasmal? < 2

Proof. Since f € S¥(«,3), by Lemma 2.1 we have f(/( 2) — h(z), where g

)
is an odd star like function with g(z) = % and h(z) = 1l+;j¢> , (%)

analytic in D and |¢(z)| < 8 for z € D. Thus, with g(z) = z+ Z agp—122"1
n=2

for z € D, using (2.4) of Lemma 2.2 with b,, suitably chosen, the inequalities
(i) and (ii) in the theorem follow. Indeed, when a3 < 1 using (2.7) of Lemma
2.2

n—1 n—1
Inan —bp|* < (B2 = 1) Y [bk> +2(84+1) > klax| |bk|
= k=1

and the inequalities (iii) and (iv) follow.

The inequalities (i) and (ii) are sharp as can be seen from the function
f(z) = 1/2(aB? + 1)1%; we note that when o = 8 = 1, inequalities (i) and
(ii) give Theorem 2(i) and (ii) of EL-Ashwah and Thomas [2].

Theorem 2.3. If f € Si(«, 3) with af < 1, then a, = 0(1/n) asn — oo.

Proof. We observe that when af < 1, for f € S¥(a,f), % is
bounded. We first prove that

n—1
(n— (= (-1") Jaal? < 4B+ 1) X klax (Jaa] = [br] = 1).
k=1

If f e S*a,p) is given by (1.1), we have using Lemms 2.1
2f'(2) 1—2¢(2)

f(2) = f(=2) 1+ az¢(z)’
¢(z) is analytic in D and |¢(z)| < 8 for z € D. Then

lozf'(2) + f(2) = f(=2)]26(2) = [f(2) — f(=2)] = 2f'(2).
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Now if N
B(2) = 20(2) = 3 ta",
n=0
then
|f(2)] < Bz for z € D.
Therefore
az + « Z nayz" + 2z + Z anz™(1 — (_Dn)] <Z tnz”>
(2'8) n=2 n=2 n=0

Z+ i(u —(—1)m) - n)anz"] .
Equating coefﬁcientz of 2" in (2.8), we have

(1= (=" =n) =@+ a1+ (022 + (1= (=1)) Ju, + ...
+(a(n = Dan-1 + (1= (=1)"1) ).

Thus the coefficient combination on the right side of (2.8) depends only
upon the coefficient combination

(a2a9 + (1 — (—1)2), (an—=1ap—1 + (1 — (—1)"_1))
on the left side. Hence for n > 2 we can write

n—1

(a+2)z+ ) (ak+(1— (—1)'?))%2’“] ¥(2)

k=2

(2.9) N ~
=S (- (1R - Rt S e (say).
k=2 k=n+1
Squaring the moduli of both sides of (2.9) and integrating along |z| = r < 1,
we obtain on using the fact that |¢(2)| < B|z]

n

o 5

k=2 k=n+1

n—1
<P (4222 + > (ak+ (11— (—1)k))2\ak\2r2’“1 .
k=2

Letting r — 1 on the left side of the inequality we obtain

n

> (k= (1= (=1)")|ax|* < 52

k=2

(o +2)% + nz_j(ak +(1- (_1)‘6))2] .

k=2

63



64 T. V. Sudharsan, P. Balasubrahmanyam, and K. G. Subramanian

This implies

n—1
(n— (1= (=1)")?[anl* < B22+a)* + 52 (ak + (1 = (=1)"))?|ax
k=2
n—1
= (k= (1= (=1)")*[ax?
k=2

n—1
< BF2+a)?+ (0?82 -1) Z k2]ak]2
k=2

(2.10) -
H(B=1) Y (1= (=1)F)|ax|?
k=2
n—1
+208% Y k(1 = (=1)")[ax|?
k=2
+22k (1= (=1)")|az?
(or)
n—1 n—1
(n— (1= (=1)")|an> < 48 klap|* + 4 klax/|?
(2.11) M
1) > Klagl* (laa] = |ba] = 1)
k=1
since af < 1.

It remains to show that a,, = 0(1/n) as n — co. From (2.11) we have
(2.12) (n— (1= (=1)"))*|anl* < 4(6+1) < +Zk|ak|2>

Since % is bounded, it follows that f(z) is bounded. Now following
Clunie and Keogh [1] we conclude that A, the area of the image of f(z) is
given by

(2.13) A= <1+ Zk\akP),
k=2

8.8 o
and consequently, > k|ax|? < oo and hence r, = Y klag|*> — 0 as n — oo.
k=2 =

Thus we have
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n—1

(2.14) Z klag)? = Z Tk —Tkt1) = r2 — 1 = 0(1) as n — oo.
k=2

Using (2.12) and (2.14), we have a,, = 0(1/n) as n — oc.
3. SUFFICIENT CONDITION
We obtain a sufficient condition for functions to belong to the class S¥(a, 3).

&)
Theorem 3.1. Let f(z) = z+ Y. anz™ be analytic in the unit disc D. If
n=2
for0<a<1,1/2<p<1

oo (1 + ﬁa)n ﬁ(l _ (_1)n) . (1 _ (_1)n)
;::2{5(2+a)—1 B2+a)—1 lan| <1,
or equivalently,
= [(1 + Bar)2m|azm|
| —“ *56“) (2m + Dlazmia| +2(8 ~ Dlaznia]] _

B2+a)—1 -
then f(z) belongs to the class S¥(«, 3).

Proof. We use the method of Clvnic and Keogh [1]. Suppose that f(z) =
z+ > apz", then for |z| < 1
n=2

2f(2) = f(2) = f(=2)| = Blazf'(2) + f(2) = f(=2)]

e} e}
= |z 4 Z nanz" — 2z — Z(l — (=) apz"
n=2 n=2

—f|az + ainanz" +2z+4 i(l —(=1)Manz
n=2
—z+ Z nay,z" — i 1—(=D)™anz"
n=2
z(2+a) + aZnanz” + i(l — (=1)")anz
n=2 n=2
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—z4 ) (n—(1—(=1)")an"
n=2

22+a)+a) (na+(1-(=1)"))anz"

n=2

<D (== (=1")lanlr™ +7
n=2

-

-

(2+a)r = (an+(1- (1)”))%?”]

n=2

< lZ(n — (1= (=D)"lan| +1 =82+ ) + Y Blan+ (1= (=1)"))lan||

n=2 n=2

< [t +aBn+ (B - (=1)") = (1= (=1)")] |an| = (B2 +a) = 1]

n=2
< [Z(l + Ba)2m|asm| + Z{(l + Ba) (2m + 1)|agm+1]
m=1 m=1

1208 = Vlasms |} — (B2 +a) — 1)}
<0 by(3.1).
Hence it follows that in |2z < 1
Ao azf!(2)
\(ﬂ@—ﬂ=ﬂ Q/<ﬂ@—fea*”ﬂ<5

so that f(z) € S¥(a, ). We note that

f(Z):Z— (ﬁ(2+0&)—1) g
(1+Ba)yn+ (B(1 = (=)") = (1= (=1)"))

is an extremal function with respect to the theorem

(i) (s )l
forz=10<a<1,1/2<f<ln=23...

Remark 3.1. Theorem 3.1 can be used to show that na, — 0 as slowly
as we desire, that is, given any sequence ¢, — 0 there exists a f such that

o0
|na,| > €, for infinitely many n. In fact, it is clear that Y. nla,| < k. Given
n=1
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o0 o0
€n, — 0 such that |na,| > €, we choose k > Z nlay,| > Z €n. If €, — 0 is so

chosen that Z en = k/2 and |a,| > 2= then Z nl|an,| > k.

Hence there exists a f such that |na,| > €, for infinitely many n. In fact,
the function

f(z) = 1/2(aB + 1)1 € S(a,$),0 S a < 1,1/2< B < 1, but

lan| > 1.

i { A+pBajn AU = (D" = (A= (1))

= 1B2+a)-1 B2+ a)—1

4. COEFFICIENT ESTIMATES FOrR THE CLASS S (a, 3)

Theorem 4.1. Let f € S¥(a, 3) and be given by (1.1). Then for n > 2

(n+ 1) \an\Q <2 aﬁQ +1) (Z k|ak|2>

Proof. The theorem follows immediately from Lemma 2.2. The inequality
in the above Theorem (3.2) is sharp as can be seen from

z

(1-2)*

Corollary 4.1. Let f € Si(a,3) and suppose A(r, f) < A, a constant.
Then forn > 2

F(z) = 1/2(af + 1)

1/2
(n+ 1)]an| < <2(a[32+ 1)‘:) .

Remark 4.1. When a = 3 =1, we get the corresponding results of EL -
Ashwah and Thomas [2].

REFERENCES

1. J. Clunie and F. R. Keogh, On starlike and schlit functions, J. London. Math.
Soc. 35 (1960), 229-233.

2. R. M. El-Ashwa and D. K. Thomas, Some subclasses of close-to-convex func-
tions, J. Ramanujan Math. Soc. 2 (1987), 86-100.

3. T. V. Lakshminarasimhan, On subclasses of functions starlike in the unit disc,
J. Indian. Math. Soc. 41 (1977), 233-243.

67



68 T. V. Sudharsan, P. Balasubrahmanyam, and K. G. Subramanian

4. Z. Nehari, Conformal Mapping, McGraw-Hill, 1952.

5. K. Sakaguchi, On certain univalent mapping, J. Math. Soc. Japan 11 (1959),
72-75.

6. D. K. Thomas, On starlike and close-to-convex univalent functions, J. London
Math. Soc. 42 (1967), 472-435.

T. V. Sudharsan
Department of Mathematics, S.I.V.E.T. College
Gowriwakkam, Madras - 601 302, India

P. Balasubrahmanyam and K. G. Subramanian
Department of Mathematics, Madras Christian College
Madras - 600 059, India



