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EXPOSED POINTS AND STRONGLY EXPOSED POINTS IN
MUSIELAK-ORLICZ SEQUENCE SPACES

Zhongrui Shi and Chunyan Liu

Abstract. In this paper we give criteria of exposed points and strongly exposed
points in Musielak-Orlicz sequence spaces endowed with Luxemburg norm.

1. INTRODUCTION

It is well known that both the exposed points and strongly exposed points are
basic concepts in the geometric theory of Banach spaces. They have numerous
application, such as in separation theory and control theory. Criteria for exposed
points and strongly exposed points in all classical Orlicz spaces were given in
[1, 2, 3] . In recent years, Zhao and Cui in [4] discussed the problem in Musielak-
Orlicz sequence spaces under some restriction. In this paper, by counterexamples,
we show that the criteria of extreme points in [15] and exposed points in [4] are
not true, and we give the criteria for exposed points and strongly exposed points
in arbitrary Musielak-Orlicz sequence spaces equipped with Luxemburg norm by
getting rid of the restriction on Musielak-Orlicz function in [4].

Let [X, ‖ · ‖] be a Banach space; S(X) and B(X) be the unit sphere and
unit ball of X, respectively; X∗ be the dual space of X. For x ∈ S(X), denote
Grad(x) = {f ∈ S(X∗) : f(x) = 1}. A point x ∈ S(X) is called an extreme point
of B(X) if y, z ∈ B(X) and y+z = 2x imply y = z. A point x ∈ S(X) is called an
exposed point of B(X) if there exists f ∈ Grad(x) such that 1 = f(x) > f(y) for
all y ∈ B(X)\{x}[5]; moreover, if such f satisfies that xn ∈ B(X), f(xn)→ f(x)
imply xn → x(n → ∞), then x is called a strongly exposed point of B(X)[6],
where f is called an exposed functional of x. It is obvious that an exposed point is
also an extreme point.
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Let N be the set of all natural numbers; R be the set of all real numbers. By
M = {Mi}∞i=1 we denote a Musielak-Orlicz function sequence provided that for
each i ∈ N, Mi : (−∞, +∞)→ [0, +∞] satisfying

1. Mi(0) = 0, limu→∞ Mi(u) =∞ and Mi(ui) <∞ for some ui > 0;
2. Mi(u) is even convex and left continuous in [0, +∞).
p−i (u) and pi(u) denote the left-hand and the right-hand derivatives of Mi(u),

respectively. The function sequence N = {Ni}∞i=1, where Ni(v) = supu>0{u|v| −
Mi(u)}, which has the same property as Mi(u), is called the complementary func-
tion sequence of M. q−i (s) = sup{t : pi(t) < s} and qi(s) = sup{t : pi(t) ≤ s}
are the left-hand and the right-hand derivatives of Ni(u), respectively[9]. Set

αi = sup{u ≥ 0 : Mi(u) = 0}, βi = sup{u > 0 : Mi(u) <∞},
α̃i = sup{u ≥ 0 : Ni(u) = 0}, β̃i = sup{u > 0 : Ni(u) <∞}

SCMi = {u ∈ R : ∀ ε > 0, Mi(u) <
Mi(u + ε) + Mi(u− ε)

2
}.

Clearly, SCMi is the set of all strictly convex points of Mi. An interval [a, b]
is called a structurally affine interval of Mi(u) (SAI(Mi) for short) provided that
Mi(u) is affine on [a, b] and it is not affine either on [a− ε, b] or on [a, b + ε] for
all ε > 0[9]. Denote

SC−
Mi

= {u ∈ SCMi : ∃ ε > 0 s.t. Mi is affine on [u, u + ε]} ,
SC+

Mi
= {u ∈ SCMi : ∃ ε > 0 s.t. Mi is affine on [u− ε, u]} .

It is obviously that

SCMi = R \
⋃
n

(an, bn), where [an, bn] ∈ SAI(Mi), n = 1, 2, · · · .

We say that M = {Mi}∞i=1 satisfies the δ0
2−condition {M ∈ δ0

2 for short} if there
exist a > 0, K > 0, i0 ∈ N and ci ≥ 0(i > i0) with

∑
i>i0

ci < ∞ such that
Mi(2u) ≤ KMi(u)+ ci holds for all i > i0 and all u with Mi(u) ≤ a. It is known
that hM = lM if and only if M ∈ δ0

2[7].
Let l0 denote the space of all real sequences u = {u(i)}∞i=1. As usual, for

u ∈ l0, we denote suppu = {i ∈ N : u(i) 	= 0}. For each u = {u(i)}∞i=1 ∈ l0, we
define the modular ρM of u by ρM (u) =

∑∞
i=1 Mi(u(i)). The linear set {u ∈ l0 :

ρ
M

(λu) <∞ for some λ > 0} endowed with Luxemburg norm

‖u‖(M ) = inf{λ > 0 : ρM (
u

λ
) ≤ 1}

or the Orlicz norm

‖u‖M = sup

{ ∞∑
i=1

u(i)v(i) : ρN (v) ≤ 1

}
= inf

k>0

1
k
(1 + ρM (ku))
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is a Banach space, denoted by l(M ) or lM , and it is called the Musielak-Orlicz
sequence space [9, 10, 11]. The subspace {u ∈ lM : ∀λ > 0, ∃ iλ such that

∑
i>iλ

Mi(λu(i)) <∞} equipped with the norm ‖·‖(M )(or ‖·‖M ), which is also a Banach
space, is denoted by h(M )(or hM ). Denote θM (u) = inf{λ > 0:

∑
i>iλ

Mi(
u(i)
λ ) <

∞ for some iλ}. It is known that θM (u) = dist(u, h(M )) = dist(u, hM)[12] and
(h(M ))∗ = lN , (hM )∗ = l(N) [8, 9, 10, 11].

We say that ϕ ∈ (lM)∗ is a singular functional (ϕ ∈ F for short) if ϕ(u) = 0
for all u ∈ hM . The dual space of lM is represented in the form (lM)∗ = lN ⊕ F,

i.e., each f ∈ (lM)∗ has the unique representation f = v + ϕ, where ϕ ∈ F and
v ∈ lN , and v is called the regular functional with 〈u, v〉 =

∑∞
i=1 u(i)v(i) for all

u = {u(i)}∞i=1 ∈ l(M ) [8, 9, 10, 11]. It is well known that ‖f‖ = ‖v‖N + ‖ϕ‖
for every f ∈ l∗(M )[7]. For u ∈ S(l(M ))(or S(lM)), we denote RGrad(u) = {v ∈
S(lN)(or S(l(N)) : 〈u, v〉 = 1}.

2. MAIN RESULTS

For the convenience of reading, we present some auxiliary lemmas.

Lemma 1. [13]. Let u ∈ lM \ {0}. If
∑

i∈suppu
Ni(β̃i) > 1, then ‖u‖M =

1
k (1 + ρM (ku)) if and only if k ∈ KM(u), where KM(u) = [k∗

u, k∗∗
u ] and

k∗
u = inf

{
k > 0 : ρN (p(k|u|)) =

∞∑
i=1

Ni(pi(k|u(i)|))≥ 1

}
,

k∗∗
u = sup {k > 0 : ρN (p(k|u|))≤ 1} .

If
∑

i∈suppu
Ni(β̃i) ≤ 1, then ‖u‖M =

∑
i∈suppu

|u(i)|β̃i,

Lemma 2. Let u ∈ l(M ), then f = v+ϕ with KN(v) 	= ∅, where v ∈ lN , ϕ ∈ F ,
is a support functional of u if and only if

(1) ρ
M

(u) = 1,

(2) ϕ(u) = ‖ϕ‖,
(3) u(i)v(i) ≥ 0 and p−i (|u(i)|) ≤ k|v(i)| ≤ pi(|u(i)|) for all i ∈ N and

k ∈ KN(v).

Proof. It can be proceeded in an analogous way as the proof of Theorem 1.76
in [9].
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Lemma 3. [14]. Suppose that M ∈ δ 0
2. If un, u ∈ l(M ), ρM

(un)→ ρ
M

(u) and
un(i)→ u(i) as n→∞ for each i ∈ N then ‖un − u‖(M )→ 0.

Lemma 4. u ∈ S(l(M )) is an extreme point of B
(
l(M )

)
if and only if

(i) |u(i)| = βi(i = 1, 2, · · ·) or

(ii) (a) ρ
M

(u) = 1;

(b) if u(i) = 0, then αi = 0;

(c) µ{i ∈ N : |u(i)| ∈ R \ SCMi} ≤ 1 and if |u(i0)| ∈ R \ SCMi0
then

|u(i0)| > αi0 .

Proof. Necessity. We can obtain that Conditions (i) or (ii)(a), (ii)(b) and
µ{i ∈ N : |u(i)| ∈ R \ SCMi} ≤ 1 are necessary from the process of the proof of
Theorem 1 in [15], where µ is the counting measure.

If {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0} and |u(i0)| ∈ (0, αi0), due to αi0 ∈
SCMi0

, then there is an ε > 0 such that |u(i0)| ± ε ∈ (0, αi0). Setting v =∑
i�=i0

u(i)ei +(u(i0)+ εsignu(i0))ei0 and w =
∑
i�=i0

u(i)ei +(u(i0)− εsignu(i0))ei0,

where
i

ei = (0, · · · , 0, 1, 0, · · ·),
we have v + w = 2u, v 	= w and ρ

M
(v) = ρ

M
(w) = ρ

M
(u) = 1, a contradiction

with that u is an extreme point of B(l(M )).
Sufficiency.

Case 1. |u(i)| = βi(i = 1, 2, · · ·). We can get that u is an extreme point by
the same arguments of sufficiency of Theorem 1 in [15].

Case 2. ρM (u) = 1. Let v, w ∈ S(l(M )), v + w = 2u. Since 1 = ρM (u) =

ρM ( v+w
2 ) ≤ ρ

M
(v)+ρ

M
(w)

2 ≤ 1, we have ρM (v) = ρM (w) = 1. Hence

0 =
ρ

M
(v) + ρ

M
(w)

2
−ρM (u) =

∞∑
i=1

(Mi(v(i)) + Mi(w(i))
2

−Mi(
v(i) + w(i)

2
)
)
.

By the convexity of Mi(u), we derive that

Mi(u(i)) = Mi(
v(i) + w(i)

2
) =

Mi(v(i)) + Mi(w(i))
2

.

By Condition (ii)(c), we get that |u(i)|(i 	= i0) is the strictly convex point of Mi(u),
then v(i) = w(i) = u(i)(i 	= i0). Since

Mi0(v(i0)) = 1−
∑
i�=i0

Mi(v(i)) = 1−
∑
i�=i0

Mi(u(i)) = Mi0(u(i0)),
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|u(i0)| > αi0 and Mi0 is strictly increasing for u > αi0 , we see |v(i0)| = |u(i0)|.
Similarly, we have |w(i0)| = |u(i0)|. Combining this with v(i0) + w(i0) = 2u(i0),
we obtain u(i0) = v(i0) = w(i0). Hence v = w = u.

Remark 1. (Theorem 1 of [15]):
u ∈ S(l(M )) is an extreme point if and only if
(1) |u(i)| = βi(i = 1, 2, · · ·) or ρM (u) = 1;
(2) αi = 0(i 	∈ suppu);
(3) µ{i : |u(i)| is not the strictly convex point of Mi(u)} ≤ 1.

Lemma 4 shows that this result is not true.
Next we will discuss the exposed points. First we need to point out that Lemma

3 of [4] is not true.

Remark 2. (Lemma 3 of [4]):
If u ∈ S(l(M )) and |u(i)| 	= βi for some i ∈ N, then Grad(u) � f = v+ϕ(v ∈

lN , ϕ ∈ F ) implies KN(v) 	= ∅.
Let us see the following counterexample:

Example 1. Define

Mi(u) =
{

0 |u| ≤ 1
∞ |u| > 1,

then Ni(v) = v (i = 1, 2, · · ·). Take u = (1
2 , 1, 0, · · ·) and v = (0, 1, 0, · · · ), then

‖v‖N = 1 and 〈u, v〉 = 1. Since ρM (q(kv)) = 0 < 1 for any k > 0, then k∗v =∞,
i.e., KN (v) = ∅.

Lemma 5. Let u ∈ S(l(M )) be an exposed point of B
(
l(M )

)
with |u(i)| 	= βi

for some i ∈ suppu. If f = v + ϕ ∈ S(l∗(M ))(v ∈ lN , ϕ ∈ F ) is an exposed
functional of u, then v 	= 0 and KN(v) 	= ∅.

Proof. If v = 0, then 1 = f(u) = ϕ(u) = ϕ(u− [u]n) and u 	= u − [u]n for
some n ∈ N. This contradicts with the fact that f is an exposed functional of u,
where [u]n = (u(1), u(2), · · · , u(n), 0, 0, · · ·).

If KN (v) = ∅,i.e, k∗v =∞, then

‖v‖N = lim
k→∞

1
k
(1 + ρ

N
(kv)) = lim

k→∞

∑
i∈suppv

Ni(kv(i))
k

= lim
k→∞

∑
i∈suppv

Ni(kv(i))|v(i)|
k|v(i)| =

∑
i∈suppv

|v(i)|βi.
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Since

1 = f(u) = 〈u, v〉+ ϕ(u) =
∞∑
i=1

v(i)u(i) + ϕ(u) ≤ ‖v‖N + ‖ϕ‖ = ‖f‖ = 1,

we have 〈v, u〉 = ‖v‖N . We claim that supp v =supp u. Otherwise, suppose for
some j ∈ supp v \ supp u, then

‖v‖N = 〈v, u〉 = 〈v − v(j)ej, u〉 ≤ ‖v − v(j)ej‖N .

Since βi > 0(∀i ∈ N, ) it reaches a contradiction:

‖v‖N =
∑
i∈N

|v(i)|βi >
∑

i∈N\{j}
|v(i)|βi = ‖v − v(j)ej‖N .

Suppose for some j ∈ supp u \ supp v, then u 	= u− u(j)ej and

1 = f(u) = 〈v, u〉+ ϕ(u) = 〈v, u− u(j)ej〉+ ϕ(u− u(j)ej) = f(u− u(j)ej),

a contradiction with the fact that f is an exposed functional of u. So, supp u =supp v.

Therefore, we obtain that

‖v‖N = 〈v, u〉 =
∞∑
i=1

u(i)v(i)≤
∞∑
i=1

|u(i)‖v(i)|<
∞∑
i=1

|v(i)|βi = ‖v‖N .

This contradiction shows that KN(v) 	= ∅.
Before we prove the following lemmas, similarly to smooth points and strongly

smooth points, we introduce the regular smooth points and strongly regular smooth
points of B(lM). That is, u ∈ S(lM) is said to be a regular smooth point of B(lM )
if RGrad(u) = {v},i.e, u has and only has one regular supporting functional.
Moreover, a regular smooth point u is called a strongly regular smooth point of
B(lM) if for vn ∈ B(l(N)), 〈vn, u〉 → 1 implies vn → v (n→∞).

Lemma 6. Let u ∈ S(lM). Then u is a regular smooth point of B (l M) if and
only if

(I) if u(i) = 0 then α̃i = 0;

(II) if
∑

i∈suppu Ni(β̃i) ≤ 1, then
∑

i∈suppu Ni(β̃i) = 1 or suppu = N.

(III) if
∑

i∈suppu Ni(β̃i) > 1, then ρN (p−(k|u|)) = 1 or ρN (p(k|u|)) = 1 or
µ{i : p−i (k|u(i)|) < pi(k|u(i)|)} ≤ 1 where k ∈ KM(u).

Proof. The proof is similar to Theorem 1 in [16].
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Lemma 7. Let u ∈ S(lM). Then u is a strongly regular smooth point if and
only if N ∈ δ0

2 and
(I) if u(i) = 0 then α̃i = 0,

(II) if
∑

i∈suppu Ni(β̃i) ≤ 1 then
∑

i∈suppu Ni(β̃i) = 1 and µ(supp u)<∞,

(III) if
∑

i∈suppu Ni(β̃i) > 1, then

(a) ρ
N
(p−(k|u|)) = 1 or

(b) θM(ku) < 1 but either ρN (p(k|u|)) = 1 or µ{i : p−i (k|u(i)|) <
pi(k|u(i)|)} ≤ 1 where k ∈ KM (u).

Proof. Necessity. First we show that N ∈ δ0
2 .

Let v ∈ S(lN) be the unique element of RGrad(u). Suppose N 	∈ δ0
2 . If θN (v) >

0, we take z = 0; if θN (v) = 0, take z ∈ S(l(N)) with θN (z) 	= 0 (see Theorem 5
in [17]). Then there exists ϕ ∈ S(F ) such that ϕ(v − z) = ϕ(−z) 	= 0.

From ρN (z) ≤ 1, take a increasing sequence {mn} such that
∑

i=mn+1 Ni(z(i))
< 1

n . Setting vn =
∑mn

i=1 v(i)ei +
∑∞

i=mn+1 z(i)ei, we have ρ
N
(vn) < 1 + 1

n and
1← 1+ 1

n ≥ 〈vn, u〉 = ∑mn
i=1 v(i)u(i)+

∑∞
i=mn+1 z(i)u(i)→ 〈v, u〉 = 1(n→∞).

But ‖v−vn‖(N) ≥ ϕ(v−vn) = ϕ(v−z−[v]mn +[z]mn) = ϕ(v−z) 	= 0 (∀n ∈ N),
from ‖ vn

1+ 1
n

−vn‖(N) → 0, which contradicts with the fact that u is a strongly regular

smooth point. Hence N ∈ δ0
2.

Since u is also a regular smooth point, the condition (I) holds.
When

∑
i∈suppu Ni(β̃i) ≤ 1, then

∑
i∈suppu Ni(β̃i) = 1 or supp u = N applying

Lemma 6. Noticing that N ∈ δ0
2 , we see that there are at most finite i ∈ supp u

with β̃i <∞, so µ(supp u)<∞ and
∑

i∈suppu Ni(β̃i) = 1.

When
∑

i∈suppu Ni(β̃i)>1, if suppose that (III) dose not hold, then ρN (p−(k|u|))
< 1 and θ(ku) = 1, where 1 = ‖u‖M = 1

k (1 + ρM (ku)).
Let v is the unique element of RGrad(u). Since ρ

N
(v) = 1 and p−i (k|u(i)|) ≤

|v(i)| ≤ pi(k|u(i)|)(i ∈ N), there exists an i0 ∈ N satisfying p−i0(k|u(i0)|) < |v(i0)|.
Set c = Ni0(v(i0))−Ni0(p

−
i0

(k|u(i0)|)), then 0 < c < 1.
Since 1 = θM(ku) = lim

n→∞ ‖ku − [ku]n‖M (see Lemma 1 of [12]), there exists
a sequence {wn} ⊂ S(l(N)) such that ‖ku − [ku]n‖M ≥

∑∞
i=n+1 wn(i)ku(i) =

〈wn, ku− [ku]n〉 ≥ ‖ku − [ku]n‖M − 1
n , i.e., 〈ku− [ku]n, wn〉 → 1(n → ∞).

Without loss of generality, we may assume that wn =
∑∞

i=n+1 wn(i)ei. For any
n > i0, setting

vn =
n∑

i�=i0,i=1

v(i)ei + p−i0(k|u(i0)|)signu(i0)ei0 +
∞∑

i=n+1

cwn(i)ei,

we have
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ρ
N

(vn) =
n∑

i�=i0,i=1

Ni(v(i)) + Ni0(p
−
i0

(k|u(i0)|)) +
∞∑

i=n+1

Ni(cwn(i))

≤
n∑

i=1

Ni(v(i))− c + c

∞∑
i=n+1

Ni(wn(i))

=
n∑

i=1

Ni(v(i))− c (1− ρN (wn)) ≤ ρN (v) = 1

and as n > i0,

〈vn, ku〉 =
n∑

i�=i0,i=1

v(i)ku(i) + p−i0(k|u(i0)|)k|u(i0)|+
∞∑

i=n+1

cwn(i)ku(i)

=
n∑

i�=i0,i=1

[Ni(v(i)) + Mi(ku(i))] + Ni0(p
−
i0

(k|u(i0)|))

+ Mi0(k|u(i0)|) + c 〈wn, ku− [ku]n〉

=
n∑

i=1

[Ni(v(i)) + Mi(ku(i))] + c (〈wn, ku− [ku]n〉 − 1)

→ ρN (v) + ρM (ku) = 1 + ρM (ku) = k (n→∞),

i.e., 〈vn, u〉 → 1. But

‖vn − v‖(N) ≥ ‖(|v(i0)| − p−i0(k|u(i0)|))ei0‖(N) > 0 (n > i0),

a contradiction with the fact that u is a strongly regular smooth point.
Sufficiency.

Case 1.
∑

i∈suppu Ni(β̃i) ≤ 1.

Then
∑

i∈suppu Ni(β̃i) = 1 and v =
∑

i∈suppu β̃isignu(i)ei is the unique ele-
ment of RGrad(u). Let vn ∈ S(l(N)) satisfying 〈vn, u〉 → 1 (n→∞), then∑
i∈suppu

u(i)
(
β̃isignu(i)−vn(i)

)
=
∑

i∈suppu

|u(i)|(β̃i−vn(i)signu(i)
)→ 0 (n→∞).

Hence vn(i) → β̃isignu(i) (∀i ∈ supp u) as n → ∞. Combining with µ(supp u)<
∞, we get

1 ≥ ρN (vn) ≥
∑

i∈suppu

Ni(vn(i))→
∑

i∈suppu

Ni(β̃i) = 1.

Therefore limn→∞ ρN (vn) = ρN (v) = 1 and
∑

i�∈suppu Ni(vn(i)) → 0 (n → ∞).
Since α̃i = 0 (i 	∈ supp u), vn(i) → 0 (i 	∈ suppu) as n → ∞. By Lemma 3,
‖vn − v‖(N)→ 0 (n→∞).



Exposed Points in Musielak-Orlicz Sequence Spaces 313

Case 2.
∑

i∈suppu Ni(β̃i) > 1.

Then 1 = ‖u‖M = 1
k (1+ρM (ku)), where k ∈ KM(u). Let vn ∈ S(l(N)), 〈vn, u〉

→ 1 (n→∞). From

1← 〈vn, u〉 = 1
k

∞∑
i=1

vn(i)ku(i)

≤ 1
k

∞∑
i=1

[Ni(vn(i)) + Mi(ku(i))] ≤ 1
k

(ρ
N
(vn) + ρ

M
(ku))

≤ 1
k
(1 + ρM (ku)) = ‖u‖M = 1 (n→∞),

we get

(2.1) lim
n→∞ ρN (vn) = 1,

(2.2)
∞∑
i=1

[Ni(vn(i)) + Mi(ku(i))− vn(i)ku(i)]→ 0 (n→∞).

Let v be the unique element of RGrad(u). In order to prove ‖vn − v‖(N)→ 0,
applying Lemma 3, we only need to verify that limn→∞ vn(i) = v(i) for all i ∈ N.

Subcase 2.1 ρN (p−(k|u|)) = 1.

In this case v = {p−i (k|u(i)|)signu(i)}∞i=1 is the unique element of RGrad(u).
Now, we will prove

lim
n→∞ vn(i) = p−i (k|u(i)|)signu(i) (∀i ∈ N).

First, lim
n→∞

|vn(i)| ≥ p−i (k|u(i)|) for every i ∈ N. Otherwise, suppose for some

i0 ∈ N and a δ > 0 such that lim
n→∞

|vn(i0)| < p−i0(k|u(i0)|) − δ. We may assume

|vn(i0)| ≤ p−i0(k|u(i0)|) − δ for every n. Consider function f(x) = Ni0(x) +
Mi0(ku(i0))−ku(i0)x. Since f is continuous on the bounded closed set D = {x ∈
R : |x| ≤ p−i0(k|u(i0)|)− δ} and f(x) > 0 (x ∈ D), there exists ε0 > 0 such that
f(x) ≥ ε0 for all x ∈ D. This leads to a contradiction:

0← Ni0(vn(i0)) + Mi0(ku(i0))− ku(i0)vn(i0) ≥ ε0 > 0 (n→∞).

Second, suppose limn→∞ |vn(j0)| > p−j0(k|u(j0)|) for some j0 ∈ N, then it
reaches a contradiction:
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1 = lim
n→∞ ρN (vn) = lim

n→∞


∑

i�=j0

Ni(vn(i)) + Nj0(vn(j0))




≥ lim
n→∞

∑
i�=j0

Ni(vn(i)) + lim
n→∞ Nj0(vn(j0))

>
∑
i�=j0

Ni

(
p−i (k|u(i)|))+ Nj0(p

−
j0

(k|u(j0)|)) = ρN (v) = 1.

Summarily, limn→∞ |vn(i)| = p−i (k|u(i)|) (i = 1, 2, · · · ). If p−i (k|u(i)|) = 0, then
lim

n→∞ vn(i) = 0 = v(i); if p−i (k|u(i)|) 	= 0, then by (2.2), vn(i)u(i) > 0 for large

n and lim
n→∞ vn(i) = p−i (k|u(i)|)signu(i). Therefore lim

n→∞ vn(i) = v(i).

Subcase 2.2. θM (ku) < 1 and ρN (p−(k|u|)) < ρN (p(k|u|)) = 1.
In this case, v = {pi(k|u(i)|)signu(i)}∞i=1 is the unique element of RGrad(u).

Take η > 0 with θM(ku) < 1− η < 1. We claim

lim
m→∞ sup

n

∞∑
i=m+1

Ni(vn(i)) = 0.(2.3)

Otherwise, there would be an ε0 > 0 and mj, nj → ∞ (j → ∞) such that∑∞
i=mj+1 Ni(vnj (i)) ≥ ε0. Combining with (2.2), it reaches a contradiction:

0←
∞∑

i=mj+1

[
Ni

(
vnj(i)

)
+ Mi (ku(i))− vnj(i)ku(i)

]

≥
∞∑

i=mj+1

[
Ni

(
vnj(i)

)
+ Mi (ku(i))

−(1− η)
(

Ni

(
vnj (i)

)
+ Mi

(
1

1− η
ku(i)

))]

≥
∞∑

i=mj+1

[
ηNi

(
vnj (i)

)− (1− η)Mi

(
1

1− η
ku(i)

)]
→ ηε0 > 0 (j →∞).

Similar to the proof of lim
n→∞

|vn(i)| ≥ p−i (k|u(i)|)(∀i ∈ N) in Subcase 2.1, we can

get limn→∞ |vn(i)| ≤ pi (k|u(i)|) (∀ i ∈ N).
If limn→∞ |vn(i0)| < pi0 (k|u(i0)|) for some i0 ∈ N, |u(i0)| > αi0 and

k|u(i0)| ≤ βi0 , then there exists an ε0 > 0 such that

Ni0

(
lim

n→∞
|vn(i0)|

)
< Ni0 (pi0(k|u(i0)|))− ε0.
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By (2.3), choosing i1 > i0 such that
∑∞

i=i1+1 Ni(vn(i)) < ε0
2 for all n, it

reaches a contradiction:

1 = lim
n→∞ ρN (vn) = lim

n→∞


∑

i�=i0

Ni(vn(i)) + Ni0(vn(i0))




≤ lim
n→∞


 i1∑

i=1
i�=i0

Ni(vn(i)) +
∞∑

i=i1+1

Ni(vn(i))


+ lim

n→∞
Ni0(vn(i0))

≤
i1∑

i=1
i�=i0

lim
n→∞Ni(vn(i)) +

ε0

2
+ Ni0

(
lim

n→∞
|vn(i0)|

)

≤
i1∑

i=1
i�=i0

Ni (pi (k|u(i)|)) +
ε0

2
+ Ni0 (pi0(k|u(i0)|))− ε0

≤
i1∑

i=1

Ni (pi (k|u(i)|))− ε0

2
≤ ρ

N
(p(k|u|))− ε0

2
= 1− ε0

2
.

So, limn→∞ |vn(i)| = pi(k|u(i)|) (i = 1, 2, · · · ), hence lim
n→∞ vn(i) = pi(k|u(i)|)

signu(i)(i = 1, 2, · · · ) by the same argument of Subcase 2.1.

Subcase 2.3. θM (ku) < 1, ρN (p−(k|u|)) < 1 < ρN (p(k|u|)) and there exists
an unique i0 ∈ N satisfying p−i0(k|u(i0)|) < pi0(k|u(i0)|).

In this case, v=
∑

i�=i0
p−i (k|u(i)|)signu(i)ei+N−1

i0

(
1−∑i�=i0

Ni(p−i (k|u(i)|))
)

signu(i0)ei0 is the unique element of RGrad(u). Repeating the proof of the Subcases
2.1, 2.2, we can prove that limn→∞ vn(i) = v(i) for any i 	= i0. It follows from (2.3)
that limn→∞

∑
i�=i0

Ni(vn(i)) =
∑

i�=i0
Ni(v(i)). Recalling limn→∞ ρN (vn) =

ρ
N
(v) = 1, we have limn→∞ Ni0(vn(i0)) = Ni0(v(i0)). By the continuity of N−1

i0
at Ni0(v(i0)), limn→∞ |vn(i0)| = |v(i0)|. Again in virtue of (2.2) lim

n→∞ vn(i0) =

v(i0). So, limn→∞ vn(i) = v(i) (i = 1, 2, · · · ).

Remark 3. (Theorem 1 of [4]):
Suppose u ∈ S(l(M )) and |u(i0)| 	= βi0 for some i0 ∈ N. Then u is an exposed

point if and only if

(I) (1) ρM (u) = 1; (2) µ{i ∈ N : |u(i)| ∈ R \ SCMi} ≤ 1; (3) if u(i) = 0 then
αi = 0,

(II) ρ
N
(p−(|u|)) <∞,

(II) if {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0}, then {i 	= i0 : |u(i)| ∈ SC−
Mi
∪

SC+
Mi

, p−i (|u(i)|) = pi(|u(i)|)}= ∅,
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(IV) if {i ∈ N : |u(i)|∈R\SCMi} = ∅, then {i ∈ N : |u(i)| ∈ SC−
Mi

, p−i (|u(i)|) =
pi(|u(i)|)}=∅ or {i ∈ N : |u(i)| ∈ SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)}= ∅.

From the following theorem, we see that this result is not true. We shall establish
a new criterion for exposed points of B(l(M )) and get rid of the limitation in [4].

Theorem 1. u ∈ S(l(M )) is an exposed point of B
(
l(M )

)
if and only if

(I) |u(i)| = βi(i = 1, 2, · · ·) or

(II) (i) ρ
M

(u) = 1,

(ii) if u(i) = 0 then αi = 0,

(iii) (1) |u(i)| = βi(∀i ∈ supp u) or
(2) (a) ρN (p−(|u|)) <∞,

(b) if |u(i)| = αi > 0, then Mi(u) is not smooth at α i,

(c) if {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ then either

{i ∈ N : |u(i)| ∈ SC−
Mi

and p−i (|u(i)|) = pi(|u(i)|)}= ∅
or

{i ∈ N : |u(i)| ∈ SC+
Mi

and p−i (|u(i)|) = pi(|u(i)|)}= ∅,
(d) if {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0}, then |u(i0)| > αi0 ,

{i ∈ N \ {i0} : |u(i)| ∈ SC−
Mi
∪ SC+

Mi
and p−i (|u(i)|)

= pi(|u(i)|)}= ∅.

Proof. Necessity. Since u is also an extreme point, the condition (I), (II)(i),
(II)(ii) and {i ∈ N : |u(i)| ∈ R\SCMi} = ∅ or {i ∈ N : |u(i)| ∈ R\SCMi} = {i0}
and |u(i0)| > αi0 are necessary.

While |u(i)| < βi for some i ∈supp u.
Suppose that ρ

N
(p−(|u|)) = ∞. For an exposed functional of u f = v + ϕ,

then v 	= 0 and KN (v) 	= ∅ by Lemma 5. Take k ∈ KN (v), then p−i (|u(i)|) ≤
k(|v(i)|) ≤ pi(|u(i)|) for all i ∈ N by Lemma 2. Hence, ∞ = ρ

N
(p−(|u|)) ≤

ρN (kv) ≤ k − 1, a contradiction. Hence (a) is necessary.
Suppose that |u(j)| = αj > 0 and Mj(u) is smooth at αj. Define u′ =∑

i�=j u(i)ei. Then ρM (u′) = ρM (u) = 1 and u′ 	= u. Let f = v + ϕ be an
exposed functional of u and k ∈ KN(v), then p−j (|u(j)|)≤ k|v(j)| ≤ pj(|u(j)|) =
pj(αj) = 0. Notice k ≥ 1, we have

1 = f(u) = 〈v, u〉+ ϕ(u) =
〈
v, u′〉+ ϕ(u′ + u(j)ej) =

〈
v, u′〉+ ϕ(u′) = f(u′),

which contradicts the fact that u is an exposed point. Hence (b) is necessary.
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While {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅. Suppose

{i ∈ N : |u(i)| ∈ SC−
Mi

, p−i (|u(i)|) = pi(|u(i)|)} 	= ∅
{i ∈ N : |u(i)| ∈ SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)} 	= ∅.

Without loss of generality, we assume that |u(1)| = a1, |u(2)|= b2, where [ai, bi] ∈
SAI(Mi)(i = 1, 2) and p−1 (a1) = p1(a1), p−2 (b2) = p2(b2). Take ε1, ε2 >

0 such that |u(1)| + ε1 ∈ (a1, b1), |u(2)| − ε2 ∈ (a2, b2) and p1(|u(1)|)ε1 =
p2(|u(2)|)ε2. Then M1(u(1)) + M2(u(2)) = M1(|u(1)|+ ε1) + M2(|u(2)| − ε2).
Setting u′ = (u(1) + ε1signu(1), u(2)− ε2signu(2), u(3), · · ·), we have u′ 	= u

and ρM (u′) = ρM (u) = 1. Let f = v + ϕ be an exposed functional of u.
In virtue of Lemma 2, ϕ(u) = ‖ϕ‖ and u(i)v(i) ≥ 0, p−i (|u(i)|) ≤ k|v(i)| ≤
pi(|u(i)|) for all i ∈ N, where k ∈ KN(v). By the definition of u′, p−i (|u′(i)|) ≤
k|v(i)| ≤ pi(|u′(i)|), u′(i)v(i) ≥ 0(∀i ∈ N) and ϕ(u′) = ϕ(u + ε1signu(1)e1 −
ε2signu(2)e2) = ϕ(u) = ‖ϕ‖. Again by Lemma 2, we get f(u′) = 1, a contradic-
tion with the fact that u is an exposed point. Hence (c) is necessary.

Finally while {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0}. Suppose

{i ∈ N : |u(i)| ∈ SC−
Mi
∪ SC+

Mi
and p−i (|u(i)|) = pi(|u(i)|)} 	= ∅.

By repeating the same arguments as above, we also get a contradiction with the fact
that u is an exposed point. Hence (d) is necessary.

Sufficiency. We consider in two cases.

Case 1. |u(i)|= βi(∀ i ∈ suppu).
For any i ∈ suppu, since Ni(y) is continuous at 0, there exists v(i) > 0

such that Ni(v(i)) < 1
2i . Set v = {v(i)signu(i)}∞i=1, then supp v = supp u, v ∈

lN and ‖v‖N =
∑

i∈suppu
|v(i)|βi. Hence v

‖v‖N
∈ Grad(u). Since supp u = N or

ρM (u) =
∑

i∈suppu
Mi(βi) = 1 and αi = 0 (i 	∈ suppu = suppv), by the Lemma 6,

u = {βisignu(i)}∞i=1 is the unique element of RGrad( v
‖v‖N

). By the definition of
regular smooth point, u is an exposed point of B

(
l(M )

)
.

Case 2. |u(i)|< βi for some i ∈ suppu and ρM (u) = 1.
Denote J = {i ∈ N : p−i (|u(i)|) < pi(|u(i)|)}. When ρ

N
(p−(|u|)) < ∞,

for each i ∈ J we choose εi > 0 such that p−i (|u(i)|) + εi < pi(|u(i)|) and∑
i�∈J Ni(p−i (|u(i)|))+∑i∈J Ni(p−i (|u(i)|)+εi) <∞. Set w = {w(i)signu(i)}∞i=1

and v = w
‖w‖N

, where

w(i) =
{

p−i (|u(i)|) i 	∈ J

p−i (|u(i)|) + εi i ∈ J
.



318 Zhongrui Shi and Chunyan Liu

Then

1 ≥〈v, u〉 = 1
‖w‖N

∞∑
i=1

w(i)|u(i)|= 1
‖w‖N

∞∑
i=1

(Ni(w(i)) + Mi(u(i)))

=
1
‖w‖N (ρN (‖w‖N |v|) + 1) ≥ ‖v‖N = 1.

Hence, v ∈ Grad(u) and ‖w‖N ∈ KN (v).

Subcase 2.1. {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ and {i ∈ N : |u(i)| ∈
SC−

Mi
, p−i (|u(i)|) = pi (|u(i)|)} = ∅.

In this case we have qi(‖w‖N |v(i)|) = sup{t : pi(t) ≤ ‖w‖N |v(i)|} = |u(i)|
for all i ∈ N. So, ρM (q(‖w‖N |v|)) = ρM (u) = 1. By Conditions (II)(ii) and
(II)(iii)(2)(b), we can get αi = 0 when v(i) = 0. By Lemma 6, RGrad(v) has the
unique element u. i.e., u is an exposed point.

Subcase 2.2. {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ and {i ∈ N : |u(i)| ∈
SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)}= ∅.

From q−i (‖w‖N |v(i)|) = sup{t : pi(t) < ‖w‖N |v(i)|} = |u(i)|(i ∈ N), we
have ρ

M
(q−(‖w‖N |v|)) = ρ

M
(u) = 1. By the Condition (II)(ii) , αi = 0 when

v(i) = 0. According to Lemma 6, we can get that u is the unique element of
RGrad(v). Thus, u is an exposed point.

Subcase 2.3. {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0} and {i 	= i0 : |u(i)| ∈
SC−

Mi
∪ SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)}= ∅.

Denote |u(i0)| ∈ (ai0, bi0), where [ai0, bi0] ∈ SAI(Mi0). By the definition of v,

q−i (‖w‖N |v(i)|) = qi(‖w‖N |v(i)|) = |u(i)| for all i ∈ N\{i0} and q−i0(‖w‖N |v(i0)|)
= ai0 < bi0 = qi0(‖w‖N |v(i0)|). Combining (II)(ii) and (II)(iii)(2)(d): |u(i0)| >
αi0, we have αi = 0 for all i 	∈ suppv. In virtue of Lemma 6, u is the unique
element of RGrad(v) . Hence, u is an exposed point of B

(
l(M )

)
.

Lemma 8. If M 	∈ δ0
2 , then B

(
l(M )

)
does not have any strongly exposed point.

Proof. Let u ∈ S(l(M )), then θ(u) ≤ 1.
While θ(u) = 1.

For any ε > 0, j ∈ N, by the definition of θ,
∑∞

i=j Mi(
u(i)
1−ε) = ∞. Take

0 = n0 < n1 < n2 < · · · , such that

nk∑
i=nk−1+1

Mi

(
u(i)
1− 1

k

)
> 1 (k = 1, 2, · · ·).

Set uk = u− [u]nk
nk−1

, where [u]nk
nk−1

=
∑nk

i=nk−1+1 u(i)ei, then uk ∈ B
(
l(M )

)
.

For f = v + ϕ ∈ Grad(u) (v ∈ lN , ϕ ∈ F ),
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1 ≥ f(uk) =
〈
u− [u]nk

nk−1
, v
〉

+ ϕ
(
u− [u]nk

nk−1

)

≥
nk−1∑
i=1

u(i)v(i) + ϕ(u)→ 〈u, v〉+ ϕ(u) = f(u) = 1 (k →∞)

and ∥∥∥u− uk
∥∥∥

(M )
=
∥∥∥[u]nk

nk−1

∥∥∥
(M )
≥ 1− 1

k
→ 1 (k →∞).

This shows that u is not a strongly exposed point.
While θ(u) < 1. By Lemma 1.7 of [7] we have Grad(u) ⊂ S(lN) . For

v ∈ Grad(u), since M 	∈ δ0
2, by Lemma 7, v is not a strongly regular smooth point

of B(lN ), i.e., u is not a strongly exposed point.

Finally, we establish the criterion for strongly exposed point of B(l(M )).

Theorem 2. u ∈ S(l(M )) is a strongly exposed point of B
(
l(M )

)
if and only if

M ∈ δ0
2 and

(I) ρ
M

(u) = 1,

(II) if u(i) = 0 then αi = 0,

(III) (i) if |u(i)| = βi for all i ∈ supp u, then µ(supp u) <∞;

(ii) if |u(i)| < βi for some i ∈ suppu, then
(1) ρN (p−(|u|)) <∞,

(2) if |u(i)| = αi > 0 then Mi is not smooth at α i,

(3) if {i ∈ N : |u(i)|∈ R \ SCMi}=∅, then either
{i∈N : |u(i)|∈SC+

Mi
, p−i (|u(i)|)=pi(|u(i)|)}=∅ or

{i∈N : |u(i)|∈SC−
Mi

p−i (|u(i)|)=pi(|u(i)|)}=∅ and θN (p−(|u|))
<1, where p−(|u|) = {p−i (|u(i)|)}∞i=1,

(4) if {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0}, then |u(i0)| > αi0 ,{
i ∈ N : |u(i)| ∈ SC−

Mi

⋃
SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)

}
= ∅

and θN (p−(|u|)) < 1.

Proof. Necessity. By Lemma 8, it follows that M ∈ δ0
2 is necessary.

First we show that |u(i)| = βi (i ∈ supp u) imply µ(supp u)< ∞. Otherwise,
µ(supp u)= ∞. Then for each j ∈ N,

∑∞
i>j Mi(λu(i)) = ∞ (λ > 1). Hence

u 	∈ h(M ). By M ∈ δ0
2 , h(M ) = l(M ), it reaches a contradiction u ∈ h(M ) = l(M ).

Since u is also an exposed point, by Theorem 1, it is enough to verify:

1. {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ and {i ∈ N : |u(i)| ∈ SC+
Mi

, p−i (|u(i)|) =
pi(|u(i)|)} 	= ∅ imply θN (p−(|u|)) < 1;
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2. {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0} implies θN (p−(|u|)) < 1.

Let |u(i)| < βi for some i ∈ suppu. Let v be any exposed functional of u. By
Lemma 5, KN (v) 	= ∅. For k ∈ KN(v), we have

p−i (|u(i)|)≤ k|v(i)| ≤ pi(|u(i)|) (∀i ∈ N).(2.4)

Suppose θN (p−(|u|)) = 1 but either {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0} or
{i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ and {i ∈ N : |u(i)| ∈ SC+

Mi
, p−i (|u(i)|) =

pi(|u(i)|)} 	= ∅. From (2.4), we have θN (kv) = 1 and q−i (k|v(i)|)≤ |u(i)|(i ∈ N).
Without loss of generality, we may assume that |u(i0)| ∈ (ai0, bi0] and p−i0(bi0) =
pi0(bi0) when |u(i0)| = bi0, where [ ai0, bi0 ] ∈ SAI(Mi0). Then q−i0(k|v(i0)|) =
ai0 < |u(i0)|. Since Mi0(u(i0)) > Mi0(αi0) = 0, ρM (q−(k|v|)) < ρM (u) = 1. By
Lemma 7, v is not a strongly regular smooth point, i.e., u is not a strongly exposed
point.

Sufficiency.

Case 1. |u(i)| = βi (∀ i ∈ supp u) and µ(supp u)<∞.
Let v be a supporting functional of u with suppv =suppu (we can structure v

as the case 1 of sufficiency in Theorem 1). Then v is a strongly regular smooth
point of B(lN ) by Lemma 7. Hence, u is a strongly exposed point of B

(
l(M )

)
.

Case 2. {i ∈ N : |u(i)| ∈ R\SCMi} = ∅ and {i ∈ N : |u(i)| ∈ SC+
Mi

, p−i (|u(i)|)
= pi(|u(i)|)} = ∅.

Let v be a supporting functional of u as the case 2 of sufficiency in Theorem
1. Then ρM (q−(‖w‖N |v|)) = ρM (u) = 1. By the condition (II), αi = 0 when
v(i) = 0. In virtue of Conditions (I) and (III)(a) of Lemma 7, v is a strongly regular
smooth point of B(lN ), i.e., u is a strongly exposed point of B(l(M )).

Case 3. θN(p−(|u|)) < 1. Then, there are τ > 0 and i1 ∈ N such that∑
i>i1

Ni((1 + τ)p−i (|u(i)|)) <∞.

For j ∈ J , where J = {i ∈ N : p−i (|u(i)|) < pi(|u(i)|)} and take εi > 0 satis-
fying p−i (|u(i)|)+εi < pi(|u(i)|) such that

∑
i�∈J

Ni(p−i (|u(i)|))+∑
i∈J

Ni(p−i (|u(i)|)+
εi) <∞ and

∑
i�∈J,i>i1

Ni((1+τ)p−i (|u(i)|))+ ∑
i∈J,i>i1

Ni((1+τ)(p−i (|u(i)|)+εi)) <

∞. Set w = {w(i)signu(i)}∞i=1 and v = w
‖w‖N

, where

w(i) =

{
p−i (|u(i)|) i 	∈ J

p−i (|u(i)|) + εi i ∈ J

Then 〈v, u〉= 1, ‖w‖N ∈ KN(v) and θN (v) < 1.

Subcase 3.1. {i ∈ N : |u(i)| ∈ R \ SCMi} = ∅ and {i ∈ N : |u(i)| ∈
SC−

Mi
, p−i (|u(i)|) = pi(|u(i)|)} = ∅. Then ρM (q(‖w‖N |v|)) = ρM (u) = 1. By
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Conditions (II) and (III)(ii)(2), αi = 0(i 	∈ suppv). In virtue of Conditions (I) and
(III)(b) of Lemma 7, v is a strongly regular smooth point of B(lN ). i.e., u is a
strongly exposed point of B

(
l(M )

)
.

Subcase 3.2. {i ∈ N : |u(i)| ∈ R \ SCMi} = {i0} and {i : |u(i)| ∈ SC−
Mi

⋃
SC+

Mi
, p−i (|u(i)|) = pi(|u(i)|)} = ∅. Then q−i (‖w‖N |v(i)|) = qi(‖w‖N |v(i)|) =

|u(i)| for i ∈ N \ {i0} and q−i0(‖w‖N |v(i0)|) = ai0 < bi0 = qi0(‖w‖N |v(i0)|).
Again by Conditions (II) and (III)(ii)(4), αi = 0 if v(i) = 0. Hence v is a strongly
regular smooth point due to Conditions (I) and (III)(b) of Lemma 7, i.e., u is a
strongly exposed point.
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