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EXPOSED POINTS AND STRONGLY EXPOSED POINTS IN
MUSIELAK-ORLICZ SEQUENCE SPACES

Zhongrui Shi and Chunyan Liu

Abstract. In this paper we give criteria of exposed points and strongly exposed
points in Musielak-Orlicz sequence spaces endowed with Luxemburg norm.

1. INTRODUCTION

It is well known that both the exposed points and strongly exposed points are
basic concepts in the geometric theory of Banach spaces. They have numerous
application, such as in separation theory and control theory. Criteria for exposed
points and strongly exposed points in all classical Orlicz spaces were given in
[1, 2, 3] . In recent years, Zhao and Cui in [4] discussed the problem in Musielak-
Orlicz sequence spaces under some restriction. In this paper, by counterexamples,
we show that the criteria of extreme points in [15] and exposed points in [4] are
not true, and we give the criteria for exposed points and strongly exposed points
in arbitrary Musielak-Orlicz sequence spaces equipped with Luxemburg norm by
getting rid of the restriction on Musielak-Orlicz function in [4].

Let [X,| - ||] be a Banach space; S(X) and B(X) be the unit sphere and
unit ball of X, respectively; X* be the dual space of X. For x € S(X), denote
Grad(z) = {f € S(X*): f(x) =1}. Apoint z € S(X) is called an extreme point
of B(X)ify,z € B(X)andy+z = 2z implyy = z. Apointz € S(X) is called an
exposed point of B(X) if there exists f € Grad(z) such that 1 = f(z) > f(y) for
all y € B(X)\{x}[5]; moreover, if such f satisfies that z,, € B(X), f(zn) — f(2)
imply z,, — x(n — o0), then z is called a strongly exposed point of B(X)[6],
where f is called an exposed functional of x. It is obvious that an exposed point is
also an extreme point.
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Let N be the set of all natural numbers; R be the set of all real numbers. By
M = {M;}3°, we denote a Musielak-Orlicz function sequence provided that for
each i € N, M; : (—o0, +00) — [0, +o00] satisfying

1. M;(0) = 0, limy, oo M;(u) = oo and M;(u;) < oo for some u; > 0;

2. M;(u) is even convex and left continuous in [0, +00).

p; (u) and p;(u) denote the left-hand and the right-hand derivatives of M;(u),
respectively. The function sequence N = {N;}2°,, where N;(v) = sup,o{ulv| —
M;(u)}, which has the same property as M;(u), is called the complementary func-
tion sequence of M. ¢; (s) = sup{t : p;i(t) < s} and ¢;(s) = sup{t : p;(t) < s}
are the left-hand and the right-hand derivatives of N;(u), respectively[9]. Set

a; =sup{u >0: M;(u) =0}, B; =sup{u>0:M(u) < oo},
&; =sup{u > 0: N;(u) = 0}, B3 =sup{u>0: N;(u) < oo}

M; M;(u —
SCy, ={ueR:Ve>0, M;(u) < Z(U—i—e)—;— (u 5)}

Clearly, SCyy, is the set of all strictly convex points of ;. An interval [a, ]
is called a structurally affine interval of M;(u) (SAI(M;) for short) provided that
M;(u) is affine on [a, b] and it is not affine either on [a — &, b] or on [a, b + ¢] for
all ¢ > 0[9]. Denote

SCy, ={u € SCuy; : F &> 05t M;is affine on [u,u+ €]},

SC]'\Z ={ue SCy, : e >0st M, is affine on [u — ¢, u]}.
It is obviously that

SChr; =R\ | J(an, bn), where [a,,, by) € SAI(M;),n =1,2,---.

We say that M = {M;}2°, satisfies the §9—condition {M € &3 for short} if there
exista > 0, K > 0,ip € N and ¢; > 0(i > ip) with Zmo ¢; < oo such that
M;(2u) < K M;(u)+ ¢; holds for all ¢ > iy and all u with M;(u) < a. It is known
that ks = Iy if and only if M € §9[7].

Let [ denote the space of all real sequences u = {u(i)}%2,. As usual, for
u € 1°, we denote suppu = {i € N : u(i) # 0}. For each u = {u(i)}2; € (°, we
define the modular p,, of u by p,, (u) = Y52, M;(u(i)). The linear set {u € 1°:
p,, (Au) < oo for some A > 0} endowed with Luxemburg norm

. u
HUH(M) =inf{A>0: pM(X) <1}

or the Orlicz norm

[ullar = sup {Zu(i)v(i) Fpy(v) < 1} = inf %(1 +py (ku))

k>0
i=1
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is a Banach space, denoted by /(5 or [y, and it is called the Musielak-Orlicz
sequence space [9, 10, 11]. The subspace {u € Ias : VA > 0,34y such that >,
M;(Au(i)) < oo} equipped with the norm || - || (apy(or || - [|as), which is also a Banach

space, is denoted by A,z (or hias). Denote Oar(u) = inf{A > 0:3,; Mi(%i)) <
oo for some iy }. It is known that 0y (u) = dist(u, h(ap)) = dist(u, har)[12] and
(hear))* = In, (har)* = (v [8, 9, 10, 11].

We say that ¢ € (I5r)* is a singular functional (p € F' for short) if o(u) =0
for all w € hys. The dual space of [, is represented in the form (Iy/)* = Iy @ F,
i.e., each f € (Ip)* has the unique representation f = v + ¢, where ¢ € F and
v € Iy, and v is called the regular functional with (u,v) = .2, u(:)v(¢) for all
u = {u(i)}2; € Iy [8, 9, 10, 11]. It is well known that || f|| = [|v]| x + [[«||
for every f € lZ‘M)[7]. For u € S(l(any)(or S(lar)), we denote RGrad(u) = {v €

S(In)(or S(lwy) : (u,v) =1}
2. MaIN RESULTS

For the convenience of reading, we present some auxiliary lemmas.

Lemma 1. [13]. Let u € Ip; \ {0}. If 3 Ni(B) > 1, then |ully =
1Esuppu

F(1+ p,, (ku)) if and only if k € K p/(u), where Ky (u) = [k}, k}*] and

ur U

k,, = inf {k >0 py(p(klul)) =Y Ni(pi(klu(i)])) > 1} :
=1
ky" =sup{k > 0:py(p(klu])) <1}.

If > Ni(B) < Lthen Jlullar = > |u(d)|5,

iEsuppu iEsuppu

Lemma?2. Letu € l(yy), then f = v+ with Ky (v) # 0, where v € Iy, p € F,
is a support functional of v if and only if

(1) pM(’U,) =1,

@) o(u) = llel,

(3) u(i)v(i) > 0 and p; (|u(i)]) < klv(i)| < pi(Ju(i)]) for all i € N and
k€ KN(’U).

Proof. It can be proceeded in an analogous way as the proof of Theorem 1.76
in [9]. [ ]
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Lemma 3. [14]. Suppose that M € 65. If un, u € l(pr), py, (un) — p,, (u) and
un (i) — u(i) as n — oo for each i € N then lun — ullary — 0.

Lemma 4. u € S(l(p)) is an extreme point of B (I(5s)) if and only if

(i) Ju(i)| = Bii = 1,2,+--) or

(i) (@) py(u) =1;
(b) if u(i) = 0, then o; = 0;
(¢) uli € N:|u(i)] € R\ SCp;} < 1 and if |u(ig)| € R\ SC)y,, then
|uio)| > aviy-

Proof. Necessity. We can obtain that Conditions (i) or (ii)(a), (ii)(b) and
p{i € N:|u(i)| € R\ SCu;,} < 1 are necessary from the process of the proof of
Theorem 1 in [15], where 1 is the counting measure.

If {i € N:|u(i)] € R\ SCum,} = {io} and |u(ip)| € (0, v,), due to oy, €
SCh,, then there is an ¢ > 0 such that [u(io)| £ € (0,q;,). Setting v =
> uli)e; + (ulio) + esignulio))es, and w = 3> u(i)e; + (ulio) — esignu(io))es,,
i#ig i#ig
where .

7
€; = (07 7071707"')7
we have v +w = 2u, v # w and p,,(v) = p,,(w) = p,,(u) = 1, a contradiction
with that u is an extreme point of B(l,y)).
Sufficiency.

Case 1. |u(i)| = Bi(i = 1,2,---). We can get that « is an extreme point by
the same arguments of sufficiency of Theorem 1 in [15].

Case 2. p,,(u) = 1. Letv,w € S(lap)), v+w = 2u. Since 1 = p,, (u) =

pAz(v+w) < W <1, we have p,, (v) = p,,(w) = 1. Hence

o= uoul®) () » (M) 4 Mlwl@) vl + i)y

By the convexity of M;(u), we derive that

v(i) + w(i)
2

Mi(v(i)) + Mi(w(i))

M;(u(i)) = My( 2

) =

By Condition (ii)(c), we get that |u(4)|(i # do) is the strictly convex point of M;(u),
then v (i) = w(7) = w(i)(i # ). Since

M, (v(ig)) =1 =Y Mi(v(i)) =1 =Y Mi(u(i)) = M, (u(io)),

i#ig i#io
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lu(io)| > a4, and M;, is strictly increasing for v > «;,, we see |v(ig)| = |u(io)|.
Similarly, we have |w(ip)| = |u(ip)|. Combining this with v(ig) 4+ w(ip) = 2u(ip),
we obtain u(ig) = v(ig) = w(ip). Hence v = w = w. ]

Remark 1. (Theorem 1 of [15]):
u € S(l(ar) is an extreme point if and only if

() |u(@)| = pi(i = 1,2,---) or py, (u) = 1;
(2) ai = 0(i & suppu);
(3) p{i : |u(?)| is not the strictly convex point of M;(u)} < 1.

Lemma 4 shows that this result is not true.
Next we will discuss the exposed points. First we need to point out that Lemma
3 of [4] is not true.

Remark 2. (Lemma 3 of [4]):
If u € S(i(ap) and |u(i)| # B; for some i € N, then Grad(u) > f = v+p(v €
In, ¢ € F) implies Kn(v) # 0.

Let us see the following counterexample:
Example 1. Define

0 |ul <1
oo Ju| > 1,

Mi(u) = {

then N;(v) =v (i =1,2,---). Take u = (,1,0,---) and v = (0, 1,0, ), then
|lvllv =1 and (u,v) = 1. Since p,,(q(kv)) = 0 < 1 for any k& > 0, then &} = oo,

i.e., KN(’U) = @

Lemma 5. Let u € S(I(5)) be an exposed point of B (I(p)) with |u(i)| # 5;
for some i € suppu. If f = v+ ¢ € S(ZZ‘M))(U € ly,p € F) is an exposed
functional of u, then v # 0 and K y(v) # 0.

Proof. If v =0, then 1 = f(u) = p(u) = p(u — [u],) and u # u — [u],, for
some n € N. This contradicts with the fact that f is an exposed functional of w,
where [u], = (u(1),u(2),---,u(n),0,0,---).

If Ky(v) =0,ie, k = oo, then

. Ni(kv(i))[v(2)] ,
:kli)r&‘ Z — 0 = Z [v(4)|Bs-

iesuppv
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Since
1= f(u) = (u,0) +o(u) = > _v(iu(i) + () < |lv]x + el = [ f] =1,
i=1

we have (v,u) = ||v||x. We claim that suppv =supp u. Otherwise, suppose for
some j € suppwv \ suppu, then

[olln = (v, u) = (v —v(j)ej,u) < [lv—v(ji)ejln

Since 3; > 0(Vi € N, ) it reaches a contradiction:

lolly =D 1o(@)1B: > D [o(@)16i= llv = v(f)ejlln.

€N ieN\{j}
Suppose for some j € suppu \ supp v, then u # u — u(j)e; and
1= f(u) = (v,u) + o(u) = (v,u—u(j)e;) + o(u—u(j)e;) = f(u—u(j)e;),

a contradiction with the fact that f is an exposed functional of w. So, supp v =supp v.
Therefore, we obtain that

lvlly = (v,u) = w(@)o(@) <> Ju@)lv(@)| < Y |v(@)]8i= vy
i=1 i=1 i=1
This contradiction shows that K n(v) # 0. [

Before we prove the following lemmas, similarly to smooth points and strongly
smooth points, we introduce the regular smooth points and strongly regular smooth
points of B(lys). Thatis, u € S(l5r) is said to be a regular smooth point of B(l,,)
if RGrad(u) = {v},i.e, u has and only has one regular supporting functional.
Moreover, a regular smooth point « is called a strongly regular smooth point of
B(la) if for v, € B(l(ny)), (vn,u) — 1 implies v, — v (n — oo).

Lemma 6. Let u € S(Iar). Then w is a regular smooth point of B (I /) if and
only if

(1) if u(é) =0 then &; = 0;
(1) 0 Y csuppu Ni(Bi) < 1, then g on,, Ni(Bi) = 1 or suppu = N.
() 0 Y sequppa Ni(Bi) > 1, then p (p~(Klul)) = 1 or py(p(klul)) = 1 or
p{i:p; (Klu(i)|) < pi(klu(i)])} < 1 where k € Kpr(u).

Proof. The proof is similar to Theorem 1 in [16]. ]
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Lemma 7. Let w € S(Iar). Then w is a strongly regular smooth point if and
only if N € 63 and

(1) if u(é) =0 then &; =0,
(1) 0 Y cuppu Ni(Bi) < 1 then g0, Ni(3;) = 1 and p(suppu)< oo,
() i 3 equppu Ni(3i) > 1, then

@) py(p~(Klul)) =1 or
(b) Orr(ku) < 1 but either p, (p(klul)) = 1 or p{i : p; (klu(z)]) <
pi(klu(i)])} < 1 where k € Ky (u).

Proof. Necessity. First we show that N € 9.

Letv € S(Ix) be the unique element of RGrad(u). Suppose N & 89. If Oy (v) >
0, we take z = 0; if Oy (v) = 0, take 2 € S(I ) with O (z) # O (see Theorem 5
in [17]). Then there exists ¢ € S(F') such that (v — z) = @(—z) # 0.

From pn(z) < 1, take a increasing sequence {m, } suchthat >, . N; (z(i))
< L. Setting v, = > v(i)e;s + Y50, 4y 2(i)e;, we have py (v,) < 1+ 1 and
L 13 > (vn, u) = 300 0(d)u(i)+3272,, 4 2(Du(i) = (v, u) = 1(n — ).
But [|v—va | () > $(v—n) = (U —2—[v]my +[2lm,) = p(v—2) £ 0 (¥n € N),
from || T~ Un [[(nvy — 0, which contradicts with the fact that w is a strongly regular
smooth point. Hence N & &9.

Since w is also a regular smooth point, the condition (I) holds.

When >, cqiopu Ni(Bi) < 1, then 37, oy, Ni(8i) = 1 or suppu = N applying
Lemma 6. Noticing that N € 69, we see that there are at most finite i € supp u
with 3; < oo, 50 pu(suppu)< oo and 3,00, Ni(Bi) = 1.

When >, cquppu Ni(B;) >1, if suppose that (111) dose not hold, then p,, (p~ (k|u|))
< 1and 6(ku) =1, where 1 = ||ulp = (14 p,, (ku)).

Let v is the unique element of RGrad(u). Since p, (v) =1 and p; (k|u(i)|) <
[v(i)| < pi(klu(i)|)(i € N), there exists an i € N satisfying p;_ (k[u(io)|) < |v(io)|.
Set ¢ = Nj,(v(io)) — Niy(p;, (klu(io)])), then 0 < ¢ < 1.

Since 1 = Opr(ku) = nh_)Iglo ||ku — [ku],||ar(see Lemma 1 of [12]), there exists
a sequence {w,} C S(l(n)) such that ||ku — [kuln|lar > 3252, 11 wa(i)ku(i) =
(wn, ku — [kulp) > [[ku — [kuln|la — 2, ie, (ku = [kuln, w,) — 1(n — oo).
Without loss of generality, we may assume that w, = > 72 .| wy(i)e;. For any
n > ip, setting

vn= Y w(i)e;+ p; (klu(io))signu(io)e, + Y cwn(i)e,

iig,i=1 i=n+1

we have
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pn(oa) = > Ni(w(@)) + Nig(py (klu(io))) + Y Ni(cwn(i))

iig,i=1 i=n+1

<Y Ni(w(@) —e+e Y Ni(wa(i)
i=1 i=n+1

= Ni(v(i) — e (1 = py(wn)) < py(v) =1

and as n > ig,
(U, ku) = Z v(@)ku(i) + py, (klu(io)]) klu(io)| + Z cwp, (1) ku(7)
iig,i=1 i=n+1
= > [INi(v(@) + M;(ku(@))] + Nig (v, (Klu(io) )
iig,i=1

+ M, (k|u(io)|) + ¢ (wn, ku — [kul,)
= Z )+ M;(ku(i))] + ¢ (wp, ku — [kul,) — 1)

_>pN( )+p1\4(ku):1+p1\4(ku):k (nﬁoo)v
i.e., (v, u) — 1. But

[on = vllvy = | (Jo(io)| = p3, (Klu(io) ) eioll vy > 0 (n > o),

a contradiction with the fact that « is a strongly regular smooth point.
Sufficiency.

Case 1. Zz‘esuppu (ﬁ) <1

Then 3~ cquppu V (Bi) =1 nd V=) csuppu Bisignu(i)e; is the unique ele-
ment of RGrad(u). Let v, € S(I ) satisfying (v,,u) — 1 (n — o0), then

> u(i) (Bisignu(i)—vn (i) = > Ju(@)] (Bi—va(i)signu(i)) — 0 (n — o).

1Esupp 1ESUpp u
Hence v, (i) — f;signu(i) (Vi € suppu) as n — co. Combining with z(supp u)<
0o, We get

1> py(vn) > Z Ni(vn (i) — Z Ni(Bi) = 1.

1ESuUppu 1ESuUppu

Therefore limy, o0 pyy (vn) = py(v) = 1 and 3 ;oo Ni(vn(i)) — 0(n — 00).
Since &; = 0(i & suppu), v,(i) — 0(i & suppu) as n — oco. By Lemma 3,
[vn = vy — 0 (n — 00).
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Case 2. Y icqppu NilBi) > 1.

Then 1 = ||ullx = £(14p,,(ku)), where k € Kr(u). Letvy, € S(I(n)), (vn, u)
— 1 (n — c0). From

1 (vnu) = %f;vnmku(z)
< %i N00)) + k()] <+, (02) + 3, (k)
< 20+ py () = Jullr = 1(n = o0),
we get
(2.1) Jim py(on) =1,
2.2) i[Ni(vn(i)) 4 Mi(ku(i)) — vn(i)ku()] — 0 (n — o0).

Let v be the unique element of RGrad(w). In order to prove v, — v||(x) — 0,
applying Lemma 3, we only need to verify that lim,, ., v,, (i) = v(4) for all i € N.

Subcase 2.1 p, (p~(k|u|)) = 1.
In this case v = {p; (k|u(i)|)signu(i)}72, is the unique element of RGrad(u).
Now, we will prove

lim v, (i) = p; (klu(i)])signu(i) (vi € N).

n—oo

First, lim |v, ()| > p; (k|u()|) for every i € N. Otherwise, suppose for some

ip € Nand a § > 0 such that lim |v,(io)| < p; (k[u(io)]) — 0. We may assume

lun(io)| < pj;,(Klu(io)|) — & for every n. Consider function f(z) = N (z) +
M, (ku(ig)) — ku(ig)x. Since f is continuous on the bounded closed set D = {z €
R: |z < p;, (Klu(io)|) — 6} and f(z) > 0 (x € D), there exists ¢g > 0 such that
f(z) > g for all x € D. This leads to a contradiction:

0 «— Ny (vn(io)) + Miy (ku(io)) — ku(io)vn(io) > €0 > 0 (n — 00).

Second, suppose limy, .o [va(jo)| > P, (klu(jo)|) for some jo € N, then it
reaches a contradiction:
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n—oo n—oo

i#£3j0

1= lim p,(v,) = lim (ZN U (3 +NJ0(Un(]0)))

> hm ZN vn (1)) + hm Njo(vn(jo))
o ijo
> Y Ni (py (klul@)])) + Njy (03, (lu(io)])) = py (v) = 1.
i#3j0

Summarily, lim, .o |vn(2)] = p; (klu(i)]) (i =1,2,---). If p; (k|u(z)]) = 0, then
hm vp(i) = 0 = wv(i); if p; (k|u(i)]) # 0, then by (2.2), v, (i)u(i) > 0 for large

n and hm vp (i) = p; (k|u(i)|)signu(i). Therefore hm vn(z) v(1).

Subcase 2.2. Oy(ku) <1 and p, (p~(klul)) < py(p(klu])) =
In this case, v = {p;(k|u(i)|)signu(s)}:2, is the unique element of RGrad(u).
Take n > 0 with 6/(ku) <1 —n < 1. We claim

(2.3) lim sup Z v (7)) = 0.
noi= m—+1

Otherwise, there would be an ¢ > 0 and m;,n; — oo (j — oo) such that
Z;‘imﬁl Ni(vn, (i) > €o. Combining with (2.2), it reaches a contradiction:

o0

0 > [Ni (vn, (8) + M; (ku(i)) — v, (i) ku(i)]

Y

> [Ni (vn, (8)) + M; (kui)

(=) (Ni (vn, (8)) + M (1 . nku(i)))]
> > [, @) - = (k)| e =0 6= o0)
=m;+

Similar to the proof of lim |v,(i)| > p; (k|u(i)|)(Vi € N) in Subcase 2.1, we can
g6t Tty oo [v0(3)] < pi (Klui)]) (Vi € N).
If im, |vn(io)] < pi, (Klu(io)|) for some iy € N, |u(ig)] > a4, and

Elu(io)| < Bi,, then there exists an €p > 0 such that

Nyt foutio)l) < N (i Rlutio) ) — .

n—oo
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By (2.3), choosing 41 > ig such that 7%, | Ni(vu(i)) < % for all n, it
reaches a contradiction:

1= hm py(vy) = lim (ZN v (i —i—NZO(vn(zo)))
n—

n—oo

1#i0
L i1 [
< T | D0 Niwa(@) + D0 Nilwa(D) | + lim Niy(vaio)
i=: i=i1+1 oo
i
i1 -
T . 0 . .
< 3 Tom Nitunti)+ 3+ No  tim o))
i
i1 -
. 0 .
< D Ni (i (Klu(@)) + = + Nig (pig (klu(io)])) — o
il;é:io

€0

< ZN (b (klu())) = 5 < pu(p(K|ul) = 5 =1 = .

S0, limy, o |vn(7)| = pi(k|u(i)|) (i = 1,2,---), hence hm vn( ) = pi(klu(i)])
signu(i)(i = 1,2, ---) by the same argument of Subcase 2 1

Subcase 2.3. Oy(ku) <1, py(p~(klul)) <1 < py(p(k|ul)) and there exists
an unique iy € N satisfying p;_(k|u(io)]) < pi,(k|u(io)|)-

In this case, v=3", . p; (klu(i)|)signu(i)e;+ ;! (1 200 Nilp; (Klu(i )\)))
signu(ip)e;, is the unique element of RGrad(u). Repeating the proof of the Subcases
2.1, 2.2, we can prove that lim,, .~ v, (i) = v(i) for any i # . It follows from (2.3)
that lim,,_. Z#ZO (o (1)) = Z#io N;(v(i)). Recalling lim, o py (vy) =
py(v) =1, we have limy, oo Ni, (vn(i0)) = Ni,(v(io)). By the continuity of N, *
at Nio(v(io)), limy, 0 |vn(i0)| = |v(ig)|. Again in virtue of (2.2) lim v, (ig) =
v(ig). SO, limy, 00 v, (7) = v(i) (i=1,2,---). ]

Remark 3. (Theorem 1 of [4]):

Suppose u € S(l(ap)) and |u(io)| # By, for some 4o € N. Then u is an exposed
point if and only if

(D @) oy () =1; ) pli € N: u(@)] € R\ SCh} < 15 (3) if u(@) = 0 then
a; = 0,

(1) py (™ (Jul)) < oo,

() if {i € Nz |u(i)| € R\ SCa,} = {io}, then {i # io : |u(i)| € SC;;, U
SCh»pi ([u@)]) = pi(lu(@)))} =0,
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(IV) if {i € N: [u(i)| €R\SCyr,} = 0, then {i € N : [u(i)| € SCy,,p; (Ju(i)]) =
pillu(@))y =0 or {i € N: [u(i)| € SC;;., p; (Ju(i)]) = pi(|uli)])} = 0.

From the following theorem, we see that this result is not true. We shall establish
a new criterion for exposed points of B(l(,)) and get rid of the limitation in [4].

Theorem 1. u € S(I(5r)) is an exposed point of B (I(y)) if and only if
(1) fu(@)]=pi(i=1,2,--+) or

(1) () py(w) =
(i) ifu(i) =0 then a; =0,

(iii) (1) |u(i)| = B;(Vi € suppu) or
(2) (@) py(p-(Jul)) < oo,
(b) if |u(i)| = i > 0, then M;(w) is not smooth at «;,
(c) if{i e N:|u(i)| € R\ SCh} = 0 then either

{i € N: [u(i)] € SC;;, and p; (Ju(i)]) = pi(lu(i)])} =
or
{i e N: |u(i)| € SCy;, and p; (Ju(i)]) = pi(lu(i)])} =0,
(d) if {i € N : Ju(i)] € R\ SCar,} = {io}, then u(io)] > a,

{i € N\ {io} : |u(i)] € SCy;, USCy, and p; (Ju(i)])
= pi(lu()])} = 0.

Proof. Necessity. Since w is also an extreme point, the condition (1), (I1)(i),
(I(ii) and {i € N : Ju(i)| €e R\SCu,} =0 or {i € N: |u(i)| € R\SCu,} = {io}
and |u(ig)| > v, are necessary.

While |u(i)| < B; for some i esupp u.

Suppose that p, (p~(Ju])) = oco. For an exposed functional of u f = v + ¢,
then v # 0 and Ky (v) # 0 by Lemma 5. Take k € Kx(v), then p; (|u(i)]) <
E(lv(?)|) < pi(Ju(é)]) for all i« € N by Lemma 2. Hence, co = p,(p~(Ju])) <
py(kv) < k — 1, a contradiction. Hence (a) is necessary.

Suppose that |u(j)] = «; > 0 and M;(u) is smooth at «;. Define v/ =
> iz u(i)ei. Then py (v') = p,(u) = 1 and v’ # u. Let f = v + ¢ be an
exposed functional of w and k € Ky (v), then p; (|u(4)[) < klv(j)| < p;(lu(F)]) =
p;(a;) = 0. Notice k& > 1, we have

1= f(u) = (v,u) + o(u) = (v,u') + o(u' +u(j)e;) = (v,u') + pu') = f(u),

which contradicts the fact that u is an exposed point. Hence (b) is necessary.
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While {i € N : [u(i)| € R\ SCyy,} = 0. Suppose

{i e N u(i)] € SCyy, py (Ju(d)]) = pilu(@))) } # 0
{i € N Ju(i)| € SCYp, p; (lu(@)]) = pi(lu(i)])} # 0.

Without loss of generality, we assume that |u(1)| = a1, |u(2)| = be, Where [a;, b;] €
SAI(MZ)(’L = 1,2) and pl_(al) = pl(al), pQ_(bg) = pg(bg). Take £1,€2 >
0 such that |u(1)| + €1 € (a1,b1),|u(2)| — 2 € (ag,b2) and pi(Ju(l)|)e; =
pa(|u(2)])e2. Then Mi (u(1)) + Ma(u(2)) = My(|u(1)| + e1) + Ma(Ju(2)] — e2).
Setting v’ = (u(1l) + e1signu(l), u(2) — easignu(2), u(3),---), we have v’ # u
and p,,(v') = p,(u) = 1. Let f = v + ¢ be an exposed functional of w.
In virtue of Lemma 2, ¢(u) = |[l¢| and u(i)v(i) > 0,p; (|u(i)|) < klv(i)] <
pi(|u(i)|) for all i € N, where k € Kn(v). By the definition of «/, p; (|v/(7)]) <
Ko@) < pi(lw/()]), w/(i)o(i) > 0(¥i € N) and (u') = o(u + ersignu(l)e; —
eosignu(2)es) = p(u) = ||¢||. Again by Lemma 2, we get f(u') = 1, a contradic-
tion with the fact that « is an exposed point. Hence (c) is necessary.
Finally while {i € N : |u(i)] € R\ SCu,} = {io}. Suppose

{i € N: [u(i)| € SCy, USCH,, and p; (Ju(i)]) = pi(|uli)])} # 0.

By repeating the same arguments as above, we also get a contradiction with the fact
that u is an exposed point. Hence (d) is necessary.
Sufficiency. We consider in two cases.

Case 1. |u(i)| = Bi(Vi € suppu).

For any i € suppu, since N;(y) is continuous at 0, there exists v(i) > 0
such that N;(v(i)) < 2. Set v = {v(i)signu(i) }32,, then supp v = supp u, v €
Iy and |lv||x = > |v(4)|B;- Hence Ty € Grad(u). Since supp v = N or

1Esuppu
pyw)= > Mi(B)=1and o; =0 (i € suppu = suppw), by the Lemma 6,
1Esuppu
u = {B;signu(i)}5°, is the unique element of RGrad( ol ). By the definition of

vl
regular smooth point, « is an exposed point of B (Z(M)) .

Case 2. |u(i)| < B; for some ¢ € suppu and p,, (u) = 1.

Denote J = {i € N : p; (lu(i)]) < pi[u(i)])}. When py(p~(Jul)) < oo,
for each i € J we choose ; > 0 such that p; (|u(i)]) + & < pi(Ju(é)|) and
> iga Ni(py (lu(@)])+2ies Nilpy (Juli)]) +ei) < oo. Setw = {w(i)signu(i) 132,

and v = —%—, where
llwll v
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Then
1 (i = —— 3 i(w(7 (e
0 = gy & OO = g 2 (N0 £ M)
= (ulwllylel) +1) 2 elly =1
alls

Hence, v € Grad(u) and |Jw||y € Kn(v).

Subcase 2.1. {i € N : |u(i)] € R\ SCy,} = 0 and {i € N : |u(3)] €
SCy, v (Ju(@)]) = pi (|u(@)])} = 0.

In this case we have g;(||wl|n[v(é)|) = sup{t : pi(t) < [[w|n|o(D)[} = |u(i)]
for all i« € N. So, p,, (¢(||w||y|v|)) = p,(u) = 1. By Conditions (ll)(ii) and
(i) (2)(b), we can get a; = 0 when v(i) = 0. By Lemma 6, RGrad(v) has the
unique element «. i.e., u is an exposed point.

Subcase 2.2. {i € N : |u(i)] € R\ SCy,} = 0 and {i € N : |u(i)] €
SCYp,p; ([u(@)]) = pilu(i)])} = 0.

From g ([wlnlv(i)]) = sup{t : pi(t) < [[wl[n[v(i)]} = |u(i)|(i € N), we
have p,, (¢~ (lw|~|v])) = p,,(u) = 1. By the Condition (I1)(ii) , &z = 0 when
v(i) = 0. According to Lemma 6, we can get that « is the unique element of
RGrad(v). Thus, u is an exposed point.

Subcase 2.3. {i € N : |u(i)| € R\ SCu;} = {io} and {i # io : |u(i)| €
SCyy, USCy i (lu(i)]) = pi(lu(i)])} = 0.

Denote |u(ig)| € (a4, bi,), Where [ai,, bi,] € SAI(M;,). By the definition of v,
a; (x| (2)]) = ai (| w]o(@)]) = Ju(0)| forall i & N\ {io) and g, ([Jw] o io))
= ai, < biy = di(||wllv|v(io)]). Combining (11)(ii) and ()(iii)(2)(d): |u(in)| >
o;,, We have o; = 0 for all ¢ ¢ suppv. In virtue of Lemma 6, w« is the unique
element of RGrad(v) . Hence,  is an exposed point of B (I(y)) - ]

Lemma 8. If M ¢ 69, then B (I(,) does not have any strongly exposed point.

Proof. Letu € S(l(ap)), then O(u) < 1.

While 0(u) = 1.

For any ¢ > 0,5 € N, by the definition of 0, Z;’ij Mi(g) = oo. Take
0=mng <ny <ng <---,such that

f: M; (1“(—’)1> >1 (k=1,2,---).
%

’i:nk_l-f—l
Setu* = u—[ulpk ,where [ulpk =37 u(i)es, then ub € B (Iap) -

For f=v+4 ¢ e Grad(u) (vely,p e F),
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1> f) = (o=t )+ (=)

> nkz_: u(i)v(i) +o(u) = (u,v) + o(u) = f(u) =1 (k — o)
and .
O I S T S

This shows that « is not a strongly exposed point.

While 6(u) < 1. By Lemma 1.7 of [7] we have Grad(u) C S(In) . For
v € Grad(u), since M ¢ 69, by Lemma 7, v is not a strongly regular smooth point
of B(lw), i.e., u is not a strongly exposed point. ]

Finally, we establish the criterion for strongly exposed point of B({(,y)).

Theorem 2. u € S(l(,) is a strongly exposed point of B (I(,) if and only if
M € 69 and

(I> p]\/](u) =1,
(I if u(i) = 0 then a; = 0,

(1) (i) if ju(é)| = B; for all ¢ € supp u, then p(suppu) < oo;
(ii) if ju(7)| < B; for some i € suppu, then
(1) pu(p™(Jul)) < oo,
(2) if Ju(i)| = a; > 0 then M; is not smooth at «;,
(3) if {i e N:|u(i)|e R\ SChy, } =0, then either
{i €N :Ju(i)| € SCp,, pi (Ju(@)]) =pi|u()])} =0 or
{ieN: Ju(@)[ € SCypi (Ju(@)]) =pi(Ju(@))} =0 and O (p~(|ul))
<1, where p~(Jul) = {p; (lu(@)])}Z1;
(4) if{i e N:|u(i)] € R\ SCu;,} = {io}, then |u(ig)| > vy,

{i eN: |u(i)] € SCy, USCH pi (lu(i)]) = pi(\u(i)\)} =0
and O (p~(|ul)) < 1.

Proof. Necessity. By Lemma 8, it follows that M € &9 is necessary.

First we show that |u(i)| = 5; (i € suppu) imply u(suppu)< oo. Otherwise,
u(suppu)= oo. Then for each j € N, Z;‘ij M;(Au(i)) = oo (A > 1). Hence
u & hayy. By M € 89, h(ary = l(ary, it reaches a contradiction u € hyry = l(ap).-

Since w is also an exposed point, by Theorem 1, it is enough to verify:

1 {i € N:[u(i)] € R\ SCy} = 0 and {i € N: [u(i)] € SOy, vy (|ui)]) =
pilu(i)])} # 0 imply 05 (p~ (|ul)) < 1;
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2. {i e N:|u(i)| e R\ SCu,} = {io} implies On(p~(Ju])) < 1.

Let |u(i)| < f3; for some i € suppu. Let v be any exposed functional of u. By
Lemma 5, Ky (v) # (. For k € Kn(v), we have

(2.4) p; ([u(d)]) < klo()] < pi([u(@)]) (Vi € N).

Suppose On(p~(|ul)) = 1 but either {i € N : |u(i)] € R\ SCu,} = {io} or
{i e N: |u(i)] € R\ SCy,} =0 and {i € N : |u(i)| € SC]T/[i,pi_(\u(i)\) =
pi(|u(i)])} # 0. From (2.4), we have Oy (kv) =1 and ¢; (k|v(i)]) < |u(i)|(i € N).
Without loss of generality, we may assume that |u(i)| € (ai,, bi,] and p; (bi,) =
pio(bio) when ’u(lo)‘ = bz‘o, where [aio,bio] € SAI(MZ‘O). Then qi_o(k"l)(’io)‘) =
aiy < lu(io)]. Since M, (u(io)) > Miy(as,) = 0, p,, (¢~ (k|v])) < p,, (u) = 1. By
Lemma 7, v is not a strongly regular smooth point, i.e., u is not a strongly exposed
point.

Sufficiency.

Case 1. |u(i)| = Bi (Vi € supp u) and p(Supp u)< oo.

Let v be a supporting functional of « with suppv =suppu (we can structure v
as the case 1 of sufficiency in Theorem 1). Then v is a strongly regular smooth
point of B(Ix) by Lemma 7. Hence, w is a strongly exposed point of B (Z(M)) .

Case2. {i € N: |u(i)] € R\SCp,} =0and {i € N: |u(i)| € SC]T/[i,pi_(\u(i)\)
= pi(lu(i)])} = 0.

Let v be a supporting functional of « as the case 2 of sufficiency in Theorem
1. Then p,, (¢~ (JJw||n|v])) = p,,(u) = 1. By the condition (Il), o; = 0 when
v(2) = 0. In virtue of Conditions (I) and (I1)(a) of Lemma 7, v is a strongly regular
smooth point of B(ly), i.e., u is a strongly exposed point of B(l(xs))-

Case 3. On(p (|u])) < 1. Then, there are 7 > 0 and i; € N such that
>Z Ni((1+7)p; (Ju(@)])) < oo

For j € J, where J = {i € N : p; (|u(i)|) < pi(Ju(?)|)} and take e; > O satis-
fying p; (u(i)|) +&: < pi(|u(i)|) such that ;}Ni(pf(\u(i)\))+2 Ni(p; (Ju(@)])+

i ieJ
f) <ooad S NI () 3 N0 (u))+2) <
0o. Set w = {wki)slignu(i) >, and v = ‘w’ﬂN,vwhlere
i { ) igd
pi (lu(@))+e ield

Then (v,u) =1, ||lw||xy € Kn(v) and Oy (v) < 1.
Subcase 3.1. {i € N : |u(i)] € R\ SCy;} = 0 and {i € N : |u(i)] €
SCh,»pi ([u(d)]) = pilu(@))} = 0. Then p,, (q(lwllnlv])) = py(u) = 1. By
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Conditions (11) and (111)(ii)(2), o; = 0(¢ ¢ suppw). In virtue of Conditions (I) and
(1)(b) of Lemma 7, v is a strongly regular smooth point of B(ly). i.e., u is a
strongly exposed point of B (I(yy)) -

Subcase 3.2. {i € N: |u(i)] € R\ SCu;} = {io} and {i : [u(i)| € SC}; U
SChp,»i (lu@)]) = pi(lu(@)])} = 0. Then ¢; ([wllvlv(@)]) = @(llwlxlo@)]) =
lu(@)] for i € N\ {io} and g; ([[w|[n[v(io)]) = @i, < biy = iy ([[wllv]v(io)]).
Again by Conditions (I1) and (I11)(ii)(4), oy = 0 if v(i) = 0. Hence v is a strongly
regular smooth point due to Conditions (1) and (ll1)(b) of Lemma 7, i.e., u is a
strongly exposed point. ]

10.

11.
12.

13.
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