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Abstract. The first part of the paper deals with finding the heat kernel by
probabilistic methods for the 1-dimensional elliptic differential operator %(1 +

z?) d‘i—i—i— (V14 22+%) L. In the second part we apply the same method to the

2-dimensional operator %(88,—2 +24/1 + 23 % +(1 +x§)88,—2) + 1290,
xr7 xr10x x5

and provide explicit formulas for its heat kernel.

1. INTRODUCTION

The use of probabilistic methods to find heat kernels for second order differential
operators was initiated by Kolmogorov [6] in early 1930s, who investigated the heat
kernel for the following degenerated operator on R?

9% — 0,

In late 1970s Hulanicki [5] and Gaveau [4] used probabilistic methods and Brownian
motion to determine the heat kernel for the Heisenberg-Laplacian, i.e. the subelliptic
operator on R3 given by

1 1
5(095 —290,)% + 5(@, —220,)%

The first part of the present paper deals with the heat kernel IC(x¢, z; ¢) of the
I-dimensional elliptic operator

1 o d? 5, Ty d
(1.1) L=g(+a") 5+ (Vi+a+3)—.
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i.e., finding the solution of

oK =LK, t>0,z€R,
lim /C it) = I, ,
tl\I-‘% (1‘,1‘07 ) O(x)

where 0, stands for the Dirac distribution centered at xy.

There are quite a few methods for computing heat kernels that can be found
in the literature, sometimes several of them being applicable to the same operator.
However, for the operator (1.1) most of the methods do not yield immediate results.
The radical coefficients make the method of path integrals difficult to apply. Other
methods like Van Vleck’s formula of Feynman-Kac’s formula are also not applicable
for this operator. The Fourier transform method cannot be successfully applied
because of the nonconstant coefficients. The “geometric method” discussed for
instance in [3], chap.10, is not feasible here since the associated bicharacteristics
system is nonlinear and hard to solve here and the associated action is difficult to
produce. The interesting feature of the operator (1.1) is that it represents an example
where the probabilistic method is the most appropriate.

The probabilistic method associates a stochastic differential equation (SDE) with
the aforementioned operator. The next step is to show that the SDE has a unique
solution, given an initial condition, and to solve the SDE explicitly. Then one needs
to find the probability density function of the solution stochastic process. This will
provide us with the deserved heat kernel. It is worth to note that in this case all the
above steps can be done with no much difficulty. The main results of this paper are
given below.

Theorem 1.1. The heat kernel of the operator (1.1) is given by

B Ly e
(&
V2mt z + /1 +

(1.2) K(zg,z;t) = ) t>0.

Theorem 1.2. The heat kernel of the operator

1/ 02 0?2 0?2 1
= (== +2¢/1+2a2 1+ 22) = | + =220,
A 2 <8x% + —|—1‘2 81‘181‘2 +( —|—1‘2) 835%) + 21‘28 2

is equal to

K(x07x7t)
acl—ac?
_ L 1 T2 + v 1—|—1‘% —2%,/(9[:1—9[:(1))2—%(sinh_l(a[,*g)—sinh_l(acg))2
21t \/1+a3 | 29+/1 + (29)2

with t > 0, where © = (x1,T2), o = (29, 29).
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2. THE ProOOF OF THEOREM 1.1

Consider the following time-homogeneous Ito diffusion equation

1
2.1) dX;= <\/1 +Xt2+§Xt> dt +1/1+ X? dW, Xo = o,

where W; denotes the Brownian motion starting at Wy = 0. In order to show the
existence and uniqueness of a stochastic process (X;);>o satisfying the equation
with Xg = xg, we shall use the following result (see Theorem 5.2.1 and Definition
7.1.1. of [8]):

Theorem 2.1. If the time-homogeneous Ito diffusion
dX; = b(Xy)dt 4+ o(Xy)dWy, Xo =120
satisfies the Lipschitz condition
b(z) = b(y)| +o(z) —o(y)| < Dz —y|,  Vz,yeR,

then there is a unique solution (X)i>0 with Xo = x.

In our case the drift and diffusion coefficients are given by b(z) = v/1 + x2—|—%x,
and o(z) = /1 + 22. Since

|z +y] < ] N Yl
Vita?+ 1+ = Vi+22+ 142 Vi+a?+/1+y?
o=y

V1+22 V1 +22

then the next estimation holds

lo(2) —o(y)| = V1 +22 — V1 +42| =

|22 — ¢
Vita?+ 1+

_ [z + |
VIt 2+ /11¢? eyl eyl

and then

1
[b() = b()| < V1422 = VI+ 32|+ gl —y)
<ole—yl+gle—yl =2z —y
z—yltgle—yl=gle—yl
Using the previous estimations we obtain the Lipschitz condition with D = 9/2

b(a) ~ )| + |o(@) ~ o)l < Sle—yl, Ve eR
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By Theorem 2.1, there is a unique solution X; for the SDE (2.1). In order to find
the solution X, invoking the uniqueness, it suffices to guess a solution. We shall
construct in the following the solution explicitly.

Consider the process Uy = ¢+t + W, with W; Brownian motion and constant
¢ = sinh™!(zp) and construct the process X; = sinh(U;). It is easy to verify that
Xo = xg. Applying Ito’s formula we obtain

1
dX; = cosh(Uy) dU, + ; sinh U (dU;)?
1
= cosh(Uy) (dt + dWy) + 5 sinh(Uy) dt
1
= (cosh(Ut) -+ 5 sinh(Ut)) dt + cosh(U;) dWy

1
— ( 1 + sinh?(U;) + 3 sinh(Ut)> dt + /1 + sinh?(U;) dW;

1
= (J1+x2+ §Xt> dt + /1 + X2dW,.
Hence

2.2) X; =sinh(c+t+W;),  ¢=sinh~(x)

is the solution of the equation (2.1).
The generator of the aforementioned process X; is the second partial differential
operator A defined by

Af(z) = Tim (XD = ()

2
.0 n ) f € CO(R)v

where E* is the conditional expectation operator, given Xy = x, see [8], p.121.
Using standard properties of generators, we obtain that
1 d? d

A= =o)L 4
57 (x)de—i—b(x)dx L,

with L given by (1.1). In order to find the transition density of X, which is the
heat kernel of L, one needs to compute first the the conditional distribution function
of Xt

Fx|x,(z|20) = P(X; < x| Xo = z9) = P(sinh(U;) < 2| Uy = sinh™" o)
(c+t+W; <sinh™'z|c=sinh~! )
(W; <sinh ™'z —c—t|c=sinh~!xz)
= P(W; <sinh™'z —sinh ™! 29 — 1)
sinh ™! z—sinh ™' zo—t 2
= / e 2t du,

o V2t

so the transition density of X; is
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1 (sinh_1 x—sinh ! aco—t)2

e 2t , t>0.

(2.3) pi(wo, ) = FX|X0($\$0) =

dz

2t

Fig. 1. The transition density as a function of x, with 9 = 0 in the cases: ¢t = 1,
t = 0.5 and ¢ = 0.25. For ¢ small the graph tends to the Dirac distribution
centered at xg = 0.

Elementary algebraic computations show that

x+ V1422
xo—f-\/l—i—xg7
12x—|—\/1—|—x2 x+\/1+x2

—2t1n

xo 4+ /1 + a3 xo—i—\/l—i—xo

Substituting in (2.3) yields the transition density

sinh™' z — sinh™* zo = In

(sinh ™!z — sinh ™!z — t)?

2
B} _ 19,2 ac+\/1+ac _t
1 z4+V1i+=z 2 /i1l 2

2.4) pi(xo, ) = e ,
o 0) = o 2o + /1 + a2

Standard properties of stochastic processes state that (2.4) is the heat kernel of the
operator (1.1). The proof of Theorem 2.4 is thus finished. The density function is
represented in Fig. 1 for xg = 0 at the instances t = 1, t = 0.5 and ¢t = 0.25. The
distribution is skewed and has fatter tails to the right. This means that more heat
propagates from x( to the right rather than to the left.

t>0.

3. THE PrROOF OF THEOREM 1.2

Let W7 (t) and Wh(t) be two independent Brownian motions starting at 0, and
consider the following system of SDE in the matrix form
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3.1 ( 228 ) = ( %Xg(t) ) dt + ( (1) 1+1X2(t)2 ) ( %ﬁ% )

with the coefficients

0 1 1 T 1 V1 + 3
b p— p— p— 2 .
(=) (%m)’ ’ ( 1+w%>’ i (vwx% 1+ a3

Since we have the estimations
1
b(z) = b(w)] + lo(@) = o ()] < Slwa — ol + [y/1+23 = /1413

5
< 5\962 —ye| < Slz -yl

O

where |02 = 3 |045]2, the Lipschitz condition holds, and hence there is a unique
process X; which satisfies the SDE system (3.1) starting at Xo = zg = (29, 29),
for any given point 2y € R2.

In order to find the solution, invoking the uniqueness, it suffices to construct
a solution. Consider the 2-dimensional stochastic process X; = (Xi(t), Xa(t))
defined by

X1(t) = Wi(t) + Wa(t) + =
Xo(t) = sinh (Wa(t) +¢), c=sinh™'(z9).

It is easy to check that the process starts at Xo = (29, 29) = 2 and satisfies the
following stochastic differential system of equations

dX1(t) = dWi(t) + dWa(t)
dXs(t) = cosh (Walt) + ) dWa(t) + %Xg(t) dt
= V14 Xo(t)2 dWa(t) + %XQ(t) dt.
Standard results of stochastic processes yield the following generator for X;
1 0* o)
A=< ;(JJT)UM + Zj: bj(x)%j
1

1 1 Vitai) 92 (0 (0. 00)
2\ 1422 1+23 ) 0x;0x; 372 o

1/ 02 92 92 1
= —| =—5 +24/1 2 1 2y — o -
2 <8x% * +1‘2 81‘181‘2 +( +1‘2) 835%) + 21‘28 2

The heat kernel for the aforementioned operator A is given by the transition
density of the process X; = (X;(t), X2(t)), which will be obtained in terms of the
transition density of the 2-dimensional Brownian motion (W7 (t), Wa(t)).
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The transformation
T1 = U +uz + x?

zy = sinh(ug +¢), ¢=sinh™!(z9)

has the inverse

(3.2) uy = (z1 — 29) — (sinh™(22) — sinh ™ (29))
(3.3) uy = sinh™!(z5) — sinh™*(z9),

with the nonsingular Jacobian

1
det O(u1, us) = #0

z1,22)  \/1+a3
Standard results of transformations of distributions (see for instance [7], p.111) yield
the density function of X,

pe(z0, 1) = fX‘XO (x|x0) = fw,.ws (ul(xo,x),uz(xo,x)) det 5%11,53
(3.4) = fw (w0, 2)) fw, (ua(wo, )) det %
1 | u3 1 1 1 _

e 2t e 2t = —— ¢
V27t V27t V143 2mt /1 + a2
with u given by (3.2) — (3.3). A computation provides

[ul® = ui +u3
= (21 — 29)% = 2(z; — x?)(sinh_l(m) - sinh_l(xg))
+2(sinh ™! (o) — sinh_l(xg))2
/1 2

= (r1—29)?=2(x;—2%) In 3U2—|———|—w022—|—2(sinh_1(av2)—sinh_l(avg))2

2+ /14 (23)

and hence

] —ac(l)

1’2+\/1+1‘%

75+ /1 + (25)?

2
— 2%(1‘1—&:(1))2—% (sinh_l(mg)—sinh_l(mg)) )

Substituting in (3.4) leads to the desired result.
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