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NEW CRITERIA OF SOME BOUNDED APPROXIMATION PROPERTIES

Ju Myung Kim

Abstract. The bounded (resp. bounded compact) approximation property is
well known in the theory of Banach spaces. This paper is concerned with some
bounded approximation properties in the more general setting. We establish
various new criteria of bounded approximation properties.

1. INTRODUCTION AND RESULTSS

Throughout this paper, X and Y are Banach spaces. We denote by τ the
topology of compact convergence on B(X, Y ), the space of bounded linear operators
from X into Y , which is strictly weaker than the operator norm topology; for a net
(Tα) in B(X, Y ) and T ∈ B(X, Y ),

Tα
τ−→ T if and only if sup

x∈K
‖Tαx − Tx‖ −→ 0

for each compact K ⊂ X ; for S ⊂ B(X, Y ) and T ∈ B(X, Y ),

T ∈ Sτ if and only if for each compact K ⊂ X and ε > 0,

there exists a R ∈ S so that sup
x∈K

‖Rx − Tx‖ < ε.

We denote by A(X, Y ) a subspace of B(X, Y ). For example, when A = K or
A = F , we denote by K(X, Y ) and F (X, Y ), respectively, the space of compact
and bounded finite rank linear operators between X and Y . We define A(X, Y ; λ)
as the set {T ∈ A(X, Y ) : ‖T‖ ≤ λ}. A Banach space X is said to have the
A-approximation property (A-AP) if

IX ∈ A(X, X)
τ
,
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where IX is the identity operator on X . For λ ≥ 1, X is said to have the λ-A-
bounded approximation property (λ-A-BAP) if

IX ∈ A(X, X ; λ)
τ
.

If A = F (resp. K), then the properties are well known as the approximation
property and λ-bounded approximation property (resp. the compact approximation
property and λ-bounded compact approximation property) (cf. Casazza [1, Sections
2, 3, 8]). The main purpose of this paper is to establish various criteria of the λ-
A-BAP. Also some similar results for the A-AP are presented.

We are now ready to state main theorems of this paper, which are proved in the
next section.

Theorem 1.1. The following are equivalent.

(a) For every Banach space Y and T ∈ B(X, Y ), T ∈{TS :S∈A(X, X ; λ)}τ .
(b) For every Banach space Y and T ∈ K(X, Y ), T ∈{TS :S∈A(X, X ; λ)}τ .
(c) For every separable reflexive Banach space Y and T ∈ K(X, Y ), T ∈

{TS : S ∈ A(X, X ; λ)}τ .
(d) X has the λ-A-BAP.

In view of Theorem 1.1(c),X has theλ-bounded approximation property(λ-BAP)
if and only if for every separable reflexive Banach space Y and T ∈K(X, Y ), T ∈
{TS :S∈F(X, X ; λ)}τ

. Lima and Oja [7] introduced and investigated the weak
λ-bounded approximation property (weak λ-BAP), which are formally weaker than
λ-BAP, and showed that X has the weak λ-BAP if and only if for every separable re-
flexive Banach space Y and T ∈ K(X, Y ), T ∈{TS :S∈F(X, X), ‖TS‖≤λ‖T‖}τ

[7, Theorem 2.4]. It is not known whether the λ-BAP and weak λ-BAP are differ-
ent. In view of the criteria of these properties, it seems like that they are slightly
different. In [7], the authors conjectured that they are different.

The following is an unbounded version of Theorem 1.1.

Theorem 1.2. The following are equivalent.

(a) For every Banach space Y and T ∈ B(X, Y ), T ∈ {TS : S ∈ A(X, X)}τ .
(b) For every Banach space Y and T ∈ K(X, Y ), T ∈ {TS : S ∈ A(X, X)}τ .
(c) For every separable reflexive Banach space Y and T ∈ K(X, Y ), T ∈

{TS : S ∈ A(X, X)}τ .
(d) X has the A-AP.

In view of Theorem 1.2(c), X has the approximation property (AP) if and
only if for every separable reflexive Banach space Y and T ∈ K(X, Y ), T ∈
{TS : S ∈ F(X, X)}τ . In [7], for the dual space X∗ of X , the authors showed
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that X∗ has the AP if and only if X∗ has the weak 1-BAP [7, Theorem 3.6]. Conse-
quently, for the dual space X∗, for every separable reflexive Banach space Y and T ∈
K(X∗, Y ), T ∈{TS : S ∈ F(X∗, X∗)}τ

if and only if for every separable reflexive
Banach space Y and T ∈ K(X∗, Y ), T ∈ {TS :S∈F(X∗, X∗), ‖TS‖≤‖T‖}τ

. It
is a long standing famous problem whether the AP and 1-BAP are equivalent for
general dual spaces (cf. [1, Problem 3.8]).

Now interchanging domain and codomain spaces we have the same results.

Theorem 1.3. The following are equivalent.

(a) For every Banach space Y and T ∈B(Y, X), T ∈{ST :S∈A(X, X ; λ)}τ .
(b) For every Banach space Y and T ∈K(Y, X), T ∈{ST :S∈A(X, X ; λ)}τ .
(c) For every separable reflexive Banach space Y and T ∈ K(Y, X), T ∈

{ST :S∈A(X, X ; λ)}τ .
(d) X has the λ-A-BAP.

Theorem 1.4. The following are equivalent.

(a) For every Banach space Y and T ∈B(Y, X), T ∈{ST :S∈A(X, X)}τ .
(b) For every Banach space Y and T ∈K(Y, X), T ∈{ST :S∈A(X, X)}τ .
(c) For every separable reflexive Banach space Y and T ∈ K(Y, X), T ∈

{ST : S ∈ A(X, X)}τ .
(d) X has the A-AP.

We now extend Theorems 1.3 and 1.4 as a version of the operator norm topology.

Corollary 1.5. The following are equivalent.

(a) For every Banach space Y and T ∈K(Y, X), T ∈{ST :S∈A(X, X ; λ)}.
(b) For every separable reflexive Banach space Y and T ∈ K(Y, X), T ∈

{ST :S∈A(X, X ; λ)}.
(c) X has the λ-A-BAP.

Proof. (a) =⇒(b) is clear and (b)=⇒(c) follows by Theorem 1.3(c)=⇒(d).
(c) =⇒(a) Let Y be a Banach space and let T ∈ K(Y, X). Let ε > 0. Then by

the assumption there exists S ∈ A(X, X ; λ) so that ‖ST −T‖ = supy∈BY
‖STy−

Ty‖ < ε. Hence T ∈ {ST : S ∈ A(X, X ; λ)}.

Corollary 1.6. The following are equivalent.

(a) For every Banach space Y and T ∈ K(Y, X), T ∈{ST :S∈A(X, X)}.
(b) For every separable reflexive Banach space Y and T ∈ K(Y, X), T ∈

{ST : S ∈ A(X, X)}.
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(c) X has the A-AP.

Proof. (a)=⇒(b) is clear and (b)=⇒(c) follows by Theorem 1.4(c)=⇒(d).
And (c)=⇒(a) follows by the proof of Corollary 1.5(c)=⇒(a).

In general, Theorems 1.1 and 1.2 cannot be extended as the version of the
operator norm topology. Indeed, there exists a Banach space Z so that Z has the 1-
BAP but the dual space Z∗ fails to have the AP (cf. [1, Proposition 1.4]). The well
known result of Grothendieck [4] is that the dual space X ∗ has the AP if and only
if for every Banach space Y and T ∈ K(X, Y ), T ∈ F (X, Y ) (cf. Lindenstrauss
and Tzafriri [8, Theorem 1.e.5]). Therefore it does not hold that for every Banach
space Y and T ∈ K(Z, Y ), T ∈ {TS : S ∈ F(Z, Z)}.

We next characterize the λ-A-BAP in terms of the trace of finite rank oper-
ators. For T ∈ F(X, X) we denote by tr(T ) the trace of T . Recall that for
T =

∑n
i=1 x∗

i (·)xi ∈ F(X, X)

tr(T ) =
n∑

i=1

x∗
i (xi)

and that if T ∈ B(X, Y ), S ∈ B(Y, X), and one of these operators has finite rank,
then

tr(TS) = tr(ST )

(cf. Diestel, Jarchow, and Tonge [3, Lemma 6.1]). We now have

Theorem 1.7. X has the λ-A-BAP if and only if for every T ∈ F(X, X)
|tr(T )| ≤ sup{|tr(TR)| : R ∈ A(X, X ; λ)}.

In the final criterion of λ-A-BAP, we use finite-dimensional subspaces of X .

Theorem 1.8. Suppose F ⊂ A. Then X has the λ-A-BAP if and only if
for every finite-dimensional subspace F of X and ε > 0, there exists a T ∈
A(X, X ; λ+ ε) so that Tx = x for all x ∈ F .

Let N be the family of equivalent norms ||| · ||| on X which of the form
|||x||| = ‖x‖ + Md(x, Z). Here M ranges over nonnegative constants, Z ranges
over finite dimensional subspaces of X , and d(x, Z) = inf{‖x−z‖ : z ∈ Z}. Then
we have

Corollary 1.9. Suppose F ⊂ A. Then X has the λ-A-BAP if and only if for
every ||| · ||| ∈ N (X, ||| · |||) has the λ-A-BAP.

Proof. We only need to prove the “only if” part. Let ||| · ||| ∈ N with
|||x||| = ‖x‖ + Md(x, Z) for x ∈ X . Let F be a finite-dimensional subspace



New Criteria of Some Bounded Approximation Propertie 1093

of X and ε > 0. Since X has the λ-A-BAP, by Theorem 1.8 there exists a
T ∈ A(X, X ; λ+ ε) so that Tx = x for all x ∈ span(F ∪Z). If x ∈ X and z ∈ Z,
then

d(Tx, Z) = d(Tx + z, Z) = d(T (x + z), Z) ≤ ‖T‖‖x + z‖.

It follows that d(Tx, Z) ≤ ‖T‖d(x, Z) for every x ∈ X . Now let x ∈ X with
|||x||| ≤ 1. Then

|||Tx|||=‖Tx‖+Md(Tx,Z)≤‖T‖‖x‖+M‖T‖d(x,Z)=‖T‖|||x|||≤‖T‖≤λ+ε.

Thus T ∈A((X, ||| · |||), (X, ||| · |||); λ+ε). Hence (X, ||| · |||) has the λ-A-BAP.

2. PROOFS OF THEOREMS

The approximation property is one of important properties in Banach space
theory. Grothendieck [4] systematically investigated the approximation property
and showed the following which is one of main tools of the proofs of Theorems 1.1,
1.2, 1.3, and 1.4. For a concrete proof one may see [1, Proposition 2.4] or Choi
and Kim [2, Lemma 3.1].

Fact. (B(X, Y ), τ)∗consists of all functionals f of the form f(T )=
∑

n y∗n(Txn),
where {xn} ⊂ X, {y∗n} ⊂ Y ∗, and

∑
n ‖xn‖‖y∗n‖ < ∞.

Other main tools of the proofs of Theorems 1.1, 1.2, 1.3, and 1.4 are the
following.

Lemma 2.1. (6, Lemmas 1.1 and 2.1). If K is a balanced convex and compact
set in the unit ball BX of X , then there exist a separable reflexive Banach space Z,
a map J : Z −→ X such that J is the inclusion, compact, ‖J‖ ≤ 1, and K ⊂ B Z .

Lemma 2.2. Suppose that (V, T ) is a locally convex space and x ∈ V . If C is
a balanced convex subset of V , then x ∈ C

T if and only if for every f ∈ (V, T )∗

|f(x)| ≤ supy∈C |f(y)|.

Proof. By continuity the“only if”part is clear. To show the“if”part, suppose
x 
∈ C

T . Then by an application of the separation theorem (cf. [9, Theorem 2.2.28])
there exists a f ∈ (V, T )∗ so that Ref(x) < t < Ref(y) for all y ∈ C. Consider
−f . Then we may assume that Ref(x) > t > Ref(y) for all y ∈ C. Since C is
balanced,

|f(x)| > t ≥ sup
y∈C

Ref(y) = sup
y∈C

|f(y)|.

This completes the proof.
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Lemma 2.3. ([9, Corollary 2.2.20]). Suppose that (V, T ) is a locally convex
space and x ∈ V . If W is a subspace of V , then x ∈ W

T if and only if for every
f ∈ (V, T )∗ satisfying f(y) = 0 for all y ∈ W , we have f(x) = 0 .

We are now ready to prove Theorems 1.1, 1.2, 1.3, and 1.4.

Proof of Theorem 1.1.
(a)=⇒(b) and (b)=⇒(c) are clear.
(c)=⇒(d) Let (xn) and (x∗

n) be sequences in X and X ∗, respectively, so that∑
n ‖xn‖‖x∗

n‖ < ∞. We may assume that for every n ‖x∗n‖ ≤ 1, x∗
n −→ 0, and∑

n ‖xn‖ < ∞. Consider the balanced convex and compact co{αx∗n : |α| ≤ 1, n =
1, 2, 3, · · ·} ⊂ BX∗ . Then by Lemma 2.1 there exist a separable reflexive Banach
space Z with co{αx∗

n : |α| ≤ 1, n = 1, 2, 3, · · ·} ⊂ BZ and the inclusion, compact
operator J : Z −→ X∗ with ‖J‖ ≤ 1. By the assumption

J∗QX ∈ {J∗QXS : S ∈ A(X, X ; λ)}τ ⊂ B(X, Z∗),

where QX : X −→ X∗∗ is the natural isometric imbedding. Since
∑

n ‖QZ(x∗
n)‖

‖xn‖ =
∑

n ‖x∗
n‖Z‖xn‖ ≤

∑
n ‖xn‖ < ∞, by Fact

∑
n QZ(x∗

n)( · xn) ∈
(B(X, Z∗), τ)∗.

We now have
∣∣∣
∑
n

x∗
n(xn)

∣∣∣ =
∣∣∣
∑
n

(QXxn)(x∗
n)

∣∣∣

=
∣∣∣
∑
n

(QXxn)J(x∗
n)

∣∣∣

=
∣∣∣
∑
n

(J∗QXxn)(x∗
n)

∣∣∣

=
∣∣∣
∑
n

QZ(x∗
n)(J∗QXxn)

∣∣∣

≤ sup
{∣∣∣

∑
n

QZ(x∗
n)(J∗QXSxn)

∣∣∣ : S ∈ A(X, X ; λ)
}

= sup
{∣∣∣

∑
n

(J∗QXSxn)(x∗
n)

∣∣∣ : S ∈ A(X, X ; λ)
}

= sup
{∣∣∣

∑
n

(QXSxn)Jx∗
n

∣∣∣ : S ∈ A(X, X ; λ)
}

= sup
{∣∣∣

∑
n

(QXSxn)x∗
n

∣∣∣ : S ∈ A(X, X ; λ)
}

= sup
{∣∣∣

∑
n

x∗
n(Sxn)

∣∣∣ : S ∈ A(X, X ; λ)
}
.
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From Fact and Lemma 2.2 IX ∈ A(X, X ; λ)
τ
. Hence X has the λ-A-BAP.

(d)=⇒(a) Let Y be a Banach space and let T ∈ B(X, Y ). Let K ⊂ X be
compact and ε > 0. Then by the assumption there exists S ∈ A(X, X ; λ) so that
‖T‖ supx∈K ‖Sx − x‖ < ε. Thus

sup
x∈K

‖TSx− Tx‖ ≤ ‖T‖ sup
x∈K

‖Sx− x‖ < ε.

Hence T ∈ {TS : S ∈ A(X, X ; λ)}τ
.

Proof of Theorem 1.2. (a)=⇒(b) and (b)=⇒(c) are clear.
(c)=⇒(d) Let (xn) and (x∗

n) be sequences in X and X ∗, respectively, so that∑
n ‖xn‖‖x∗

n‖ < ∞ and
∑

n x∗
n(Sxn) = 0 for every S ∈ A(X, X). By the

assumption and the proof of Theorem 1.1 J∗QX ∈ {J∗QXS : S ∈ A(X, X)}τ ⊂
B(X, Z∗). By the proof of Theorem 1.1

∑
n

QZ(x∗
n)(J∗QXSxn) =

∑
n

x∗
n(Sxn) = 0

for every S ∈ A(X, X). Since J∗QX ∈ {J∗QXS : S ∈ A(X, X)}τ
, by Fact∑

n QZ(x∗
n)(J∗QXxn) = 0. By the proof of Theorem 1.1,

∑
n x∗

n(xn) = 0. From
Fact and Lemma 2.3 IX ∈ A(X, X)

τ
. Hence X has the A-AP.

(d)=⇒(a) See the proof of Theorem 1.1(d)=⇒(a).

Proof of Theorem 1.3. (a)=⇒(b) and (b)=⇒(c) are clear.
(c)=⇒(d) Let (xn) and (x∗

n) be sequences in X and X ∗, respectively, so that∑
n ‖xn‖‖x∗

n‖ < ∞. We may assume that for every n ‖xn‖ ≤ 1, xn −→ 0, and∑
n ‖x∗

n‖ < ∞. Consider the balanced convex and compact co{αxn : |α| ≤ 1, n =
1, 2, 3, · · ·} ⊂ BX . Then by Lemma 2.1 there exist a separable reflexive Banach
space Z with co{αxn : |α| ≤ 1, n = 1, 2, 3, · · ·} ⊂ BZ and the inclusion, compact
operator J : Z −→ X with ‖J‖ ≤ 1. By the assumption

J ∈ {SJ : S ∈ A(X, X ; λ)}τ ⊂ B(Z, X).

By Fact
∑

n x∗
n( · xn) ∈ (B(Z, X), τ)∗ and we have

∣∣∣
∑
n

x∗
n(xn)

∣∣∣ =
∣∣∣
∑
n

x∗
nJxn

∣∣∣

≤ sup
{∣∣∣

∑
n

x∗
n(SJxn)

∣∣∣ : S ∈ A(X, X ; λ)
}

= sup
{∣∣∣

∑
n

x∗
n(Sxn)

∣∣∣ : S ∈ A(X, X ; λ)
}
.
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From Fact and Lemma 2.2 IX ∈ A(X, X ; λ)
τ
. Hence X has the λ-A-BAP.

(d)=⇒(a) Let Y be a Banach space and let T ∈ B(Y, X). Let K ⊂ Y be
compact and ε > 0. Then by the assumption there exists S ∈ A(X, X ; λ) so that

sup
y∈K

‖STy − Ty‖ < ε.

Hence T ∈ {ST : S ∈ A(X, X ; λ)}τ
.

Proof of Theorem 1.4. (a)=⇒(b) and (b)=⇒(c) are clear.
(c)=⇒(d) Let (xn) and (x∗

n) be sequences in X and X ∗, respectively, so that∑
n ‖xn‖‖x∗

n‖ < ∞ and
∑

n x∗
n(Sxn) = 0 for every S ∈ A(X, X). By the

assumption and the proof of Theorem 1.3, J ∈ {SJ : S ∈ A(X, X)}τ ⊂ B(Z, X).
Also ∑

n

x∗
n(SJxn) =

∑
n

x∗
n(Sxn) = 0

for every S ∈ A(X, X). Since J ∈ {SJ : S ∈ A(X, X)}τ ,
∑

n x∗
n(xn) =

∑
n x∗

n

(Jxn) = 0. From Fact and Lemma 2.3 IX ∈ A(X, X)
τ
. Hence X has the A-AP.

(d)=⇒(a) See the proof of Theorem 1.3(d)=⇒(a).
Recall the weak operator topology (wo) on B(X, Y ); for a net (Tα) in B(X, Y )

and T ∈ B(X, Y ),

Tα
wo−→ T if and only if y∗(Tαx) −→ y∗(Tx)

for each x ∈ X and y∗ ∈ Y ∗; (B(X, Y ), wo)∗ consists of all functionals f of the
form f(T ) =

∑m
n=1 y∗n(Txn), where {xn}m

n=1 ⊂ X and {y∗n}m
n=1 ⊂ Y ∗.

To show Theorem 1.7, we need the following lemma.

Lemma 2.4. (cf. Kim [5, Corollary 2.9]). If C is a bounded convex set in
B(X, Y ), then Cwo = Cτ .

Proof of Theorem 1.7. By Lemma 2.4 X has the λ-A-BAP if and only if IX ∈
A(X, X ; λ)

wo
. Also by Lemma 2.2 IX ∈ A(X, X ; λ)

wo
if and only if for every

f ∈ (B(X, X), wo)∗ |f(IX)| ≤ sup{|f(R)| : R ∈ A(X, X ; λ)}. But for every f ∈
(B(X, X), wo)∗ |f(IX)| ≤ sup{|f(R)| : R ∈ A(X, X ; λ)} if and only if for every
{xn}m

n=1 ⊂ X and {x∗
n}m

n=1 ⊂ X∗ |
∑m

n=1 x∗
n(xn)| ≤ sup{|

∑m
n=1 x∗

n(Rxn)| : R ∈
A(X, X ; λ)} if and only if for every T ∈ F(X, X) |tr(T )| ≤ sup{|tr(TR)| : R ∈
A(X, X ; λ)}.

To show the final theorem, we need the following lemma.

Lemma 2.5. (cf. [3, pp. 146-147]). If E is an n-dimensional subspace of a
normed space X , then there exists a projection P from X onto E with ‖P‖ ≤ n.
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Proof of Theorem 1.8. Suppose that X has the λ-A-BAP. Let F be a finite-
dimensional subspace of X and ε > 0. Choose 0 < δ < 1 so that

δ

1− δ
λdim(F ) < ε.

Since BF is compact in X , there exists a S ∈ A(X, X ; λ) so that supx∈BF
‖Sx−

x‖ < δ. So ‖S|F −iF‖ < δ < 1, where iF : F −→ X is the inclusion. If S|F y = 0,
then ‖y‖ = ‖(S|F − iF )y‖ ≤ ‖S|F − iF‖‖y‖. Thus (1−‖S|F − iF‖)‖y‖ ≤ 0 and
so y = 0. Therefore S|F is injective and ‖S|F‖ ≤ ‖S|F − iF‖ + ‖iF‖ < δ + 1.
Consider S|−1

F : S(F ) −→ F . If x = S|Fy ∈ S|F (F ) = S(F ), then ‖y‖ ≤ ‖iF y−
S|Fy‖+‖S|F y‖ ≤ δ‖y‖+‖x‖ and so ‖y‖ < ‖x‖/(1−δ). Consequently ‖S|−1

F x‖ =
‖y‖ < ‖x‖/(1− δ). By Lemma 2.5 there exists a projection P : S(X) −→ S(F )
with ‖P‖ ≤ dim(S(F )) = dim(F ). Put T = (S|−1

F P + iS(X) − P )S. Then
T ∈ A(X, X) since F ⊂ A, and for every x ∈ F

Tx = S|−1
F PSx + Sx− PSx = x.

Let x ∈ X and choose z ∈ F with PSx = Sz. Then we have
‖Tx − Sx‖ = ‖(S|−1

F P + iS(X) − P )Sx− Sx‖
= ‖S|−1

F PSx − PSx‖
= ‖z − Sz‖
= ‖(iF − S|F )z‖
≤ δ‖z‖
= δ‖S|−1

F PSx‖
≤ δ‖S|−1

F ‖‖P‖‖Sx‖

<
δ

1 − δ
dim(F )‖S‖‖x‖

Thus
‖T − S‖ ≤ δ

1 − δ
dim(F )‖S‖ ≤ δ

1 − δ
dim(F )λ.

Hence
‖T‖ ≤ δ

1 − δ
dim(F )λ + λ ≤ λ + ε.

To show the converse, let K be a compact set in X , ε > 0, and δ > 0. Choose
γ > 0 so that (λ + δ + 1)γ < ε. Let x1, · · ·, xm be a γ-net of K. Then by the
assumption there exists a T ∈ A(X, X ; λ + δ) so that Txi = xi for 1 ≤ i ≤ m.
Now let x ∈ K. Then for some 1 ≤ i0 ≤ m ‖x − xi0‖ < γ and so

‖Tx − x‖ ≤ ‖Tx − Txi0‖ + ‖Txi0 − xi0‖ + ‖xi0 − x‖
≤ ‖T‖‖x− xi0‖ + ‖xi0 − x‖
< (λ + δ + 1)γ < ε.
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We have shown that for every compact K ⊂ X, ε > 0, and δ > 0, there exists
T ∈ A(X, X ; λ+ δ) so that supx∈K ‖Tx − x‖ < ε. Now let K be a compact set
in X and ε > 0. Choose δ > 0 so that

δ

λ + δ
sup
x∈K

‖x‖ <
ε

2
.

Then there exists a T ∈ A(X, X ; λ+δ) so that supx∈K ‖Tx−x‖ < ε/2. Consider
λ/(λ + δ)T ∈ A(X, X ; λ). Then we have

sup
x∈K

‖ λ

λ + δ
Tx − x‖ = sup

x∈K
‖ λ

λ + δ
Tx − λ + δ

λ + δ
x‖

≤ λ

λ + δ
sup
x∈K

‖Tx − x‖ +
δ

λ + δ
sup
x∈K

‖x‖

< sup
x∈K

‖Tx − x‖+
ε

2
< ε.

Hence X has the λ-A-BAP.
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