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HYPERSURFACES IN SPACE FORMS SATISFYING
THE CONDITION Lyx = Az + b

Luis J. Alias* and S. M. B. Kashani

Abstract. We study hypersurfaces either in the sphere S*** or in the hyper-

bolic space H”*! whose position vector x satisfies the condition L,z = Az + b,
where Ly, is the linearized operator of the (k + 1)-th mean curvature of the

hypersurface for a fixed k = 0,...,n — 1, A € R®+2)x(+2) js 3 con-

stant matrix and b € R™*2 is a constant vector. For every k, we prove
that when A is self-adjoint and b = 0, the only hypersurfaces satisfying that

condition are hypersurfaces with zero (k + 1)-th mean curvature and con-

stant k-th mean curvature, and open pieces of standard Riemannian prod-

ucts of the form S™(v/1 — r2) x S*~™(r) c S**!, with 0 < r < 1, and

H™(—V1 +r2) x S*=™(r) c H**!, with » > 0. If Hy, is constant, we also

obtain a classification result for the case where b # 0.

1. INTRODUCTION

In [4] and inspired by Garay’s extension of Takahashi theorem [18, 6, 7] and its
subsequent generalizations and extensions [8, 11, 10, 12, 2, 3], the first author jointly
with Gurbuz started the study of hypersurfaces in the Euclidean space satisfying the
general condition Lyz = Az + b, where A € R(t1)x(n+1) js 3 constant matrix
and b € R™*! is a constant vector (we refer the reader to the Introduction of [4]
for further details). In particular, the following classification result was given in [4,
Theorem 1].
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Theorem 1.1. Let 2 : M™ — R™*! be an orientable hypersurface immersed
into the Euclidean space and let L be the linearized operator of the (k + 1)-th
mean curvature of M, for some fixed & = 0, ..., n—1. Then the immersion satisfies
the condition Lz = Az + b for some constant matrix 4 € R (»*1)*(+1) and some
constant vector b € R™+! if and only if it is one of the following hypersurfaces in
Rn—f—l:

(1) a hypersurface with zero (k + 1)-th mean curvature,
(2) an open piece of a round hypersphere S™(r),

(3) an open piece of a generalized right spherical cylinder S™(r) x R"~™, with
k+1<m<n-—1.

In this paper, and as a natural continuation of the study started in [4], we consider
the study of hypersurfaces M™ immersed either into the sphere S ¢ R™*2 or into
the hyperbolic space H**+! C R’f“ whose position vector x satisfies the condition
Lyx = Az + b. Here and for a fixed integer k = 0,...,n — 1, Ly stands for the
linearized operator of the (k+ 1)-th mean curvature of the hypersurface, denoted by
Hpy1, A € ROH2x(42) s 3 constant matrix and b € R"*2 is a constant vector.
For the sake of simplifying the notation and unifying the statements of our main
results, let us denote by M”*! either the sphere S"*! c R"*2 if ¢ = 1, or the
hyperbolic space H"*! ¢ R if ¢ = —1. In this new situation, the codimension
of the manifold M™ in the (pseudo)-Euclidean space Rg“ where it is lying is 2,
which increases the difficulty of the problem. In the case where A is self-adjoint
and b = 0 we are able to give the following classification result.

Theorem 1.2. Let x : M™ — M?*! C R7*2 be an orientable hypersurface im-
mersed either into the Euclidean sphere S™*1 < R"*2 (if ¢ = 1) or into the
hyperbolic space H" ! C R’f“ (if ¢ = —1), and let L be the linearized operator
of the (k + 1)-th mean curvature of M, for some fixed £ = 0,...,n — 1. Then the
immersion satisfies the condition L px = Az for some self-adjoint constant matrix
A e R(2)x(+2) if and only if it is one of the following hypersurfaces:

(1) ahypersurface having zero (k+1)-th mean curvature and constant k-th mean
curvature;

(2) an open piece of a standard Riemannian product S (v/1 — 72) x S*"™(r) C
St o< r<1,ife=1;

(3) anopen piece of a standard Riemannian product H " (—+/1 + r2)xS" " (r) C
H*t, r >0, if c = —1.

Let us recall that every compact hypersurface immersed into the hyperbolic space
H™*! has an elliptic point, that is, a point where all the principal curvatures are
positive (for a proof see, for instance, [5, Lemma 8]). The same happens for every
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compact hypersurface immersed into an open hemisphere Sﬁ“ (see, for instance,
[1, Section 3] for a proof in the case n = 2, although the proof works also in
the general n-dimensional case). In particular, this implies that there exists no
compact hypersurface either in H"*! or in S’! with vanishing (k + 1)-th mean
curvature, for every £ = 0,...,n — 1. Since the standard Riemannian products
S™(V1 —1r2) x S*™™(r) C S™*! are not contained in an open hemisphere, then
we have the following non-existence result as a consequence of our Theorem 1.2.

Corollary 1.3. There exists no compact orientable hypersurface either in H "*!
orin STI satisfying the condition L 2 = Ax for some self-adjoint constant matrix
A € RO2)x(n+2) \where L, stands for any of the linearized operators of the
higher order mean curvatures.

When k = 1 the operator L, is the operator (0 introduced by Cheng and Yau in
[9] for the study of hypersurfaces with constant scalar curvature. In that case, since
the scalar curvature of M is given by n(n — 1)(c+ Ha) (see equation (2)) we get
the following consequence.

Corollary 1.4. Let = : M™ — M}t C RP"2 be an orientable hypersurface
immersed either into the Euclidean sphere S™*1 ¢ R™*2 (if ¢ = 1) or into the
hyperbolic space H"*! R’f“ (if ¢ = —1), and let O be the Cheng and Yau
operator on M. Then the immersion satisfies the condition [z = Ax for some self-
adjoint constant matrix A € R ("+2)x("+2) if and only if it is one of the following
hypersurfaces:

(1) ahypersurface having constant scalar curvature n(n—1)c and constant mean
curvature;

(2) an open piece of a standard Riemannian product S ™ (/1 — 72) x S""(r) C
St o< r<1,ife=1;

(3) an open piece of a standard Riemannian product H " (—+/1 + r2)xS" " (r) C
H" - >0, ifc=—1.

In particular, when n = 2, and taking into account that the only surfaces either in
S? or H? having constant mean curvature and constant Gaussian (or scalar) curvature
equal to the Gaussian curvature of the ambient space are the totally geodesic ones,
we obtain the following result.

Corollary 15. Let = : M? — M C R be an orientable surface immersed
either into the Euclidean sphere S* ¢ R* (if ¢ = 1) or into the hyperbolic space
H3 C R} (if ¢ = —1), and let L; = [0 be the Cheng and Yau operator of M.
Then the immersion satisfies the condition x = Ax for some self-adjoint constant
matrix A € R®>®) if and only if it is one of the following surfaces:
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(1) an open piece of either a totally geodesic round sphere S? C S? or a standard
Riemannian product S'(v/1 —r2) x S'(r) c S?, 0 < r < 1, if c = 1;

(2) an open piece of either a totally geodesic hyperbolic plane H 2 C H? or
a standard Riemannian product H!(—+v/1+72) x Si(r) c H3, r > 0, if
c=—1.

Remark 1.6. A different but related result to our Theorem 1.2 has been proved
recently by Yang and Liu in [19]. In fact, instead of assuming that A is self-adjoint,
they assume that Hy, is constant and reach the same classification. Specifically, they
use the method of moving frames to derive the basic equations for the hypersurface
and then, following the techniques introduced by Alias, Ferrandez and Lucas in [3]
for the case £ = 0 and extended by Alias and Gurbuz in [4] for general &, they
prove that the hypersurface must be one of the standard examples.

On the other hand, in the case where A is self-adjoint and b = 0 we are able to
prove the following classification result.

Theorem 1.7. Let z : M™ — M?*! C R7*2 be an orientable hypersurface im-
mersed either into the Euclidean sphere S™*1 < R"*2 (if ¢ = 1) or into the
hyperbolic space H" ! C R’f“ (if ¢ = —1), and let L be the linearized operator
of the (k + 1)-th mean curvature of M, for some fixed £ = 0,...,n — 1. Assume
that Hy, is constant. Then the immersion satisfies the condition L oz = Ax + b for
some self-adjoint constant matrix A € R ("*2*("+2) and some non-zero constant
vector b € R™*2 if and only if:

(i) ¢ =1 and it is an open piece of a totally umbilical round sphere S "(r) C
St o<r<1.
(i) ¢ = —1 and it is one of the following hypersurfaces in H "*!:

(1) an open piece of a totally umbilical hyperbolic space H"(—r), r > 1,
(2) an open piece of a totally umbilical round sphere S™(r), » > 0,
(3) an open piece of a totally umbilical Euclidean space R .

2. PRELIMINARIES

Throughout this paper we will consider both the case of hypersurfaces immersed
into the Euclidean sphere

STH-I — {II,' = ({I;O7 c. .,.’L’n+1) < Rn+2 : <TI,',.’L'> = 1},

and the case of hypersurfaces immersed into the hyperbolic space H**!. In this
last case, it will be appropriate to use the Minkowski space model of hyperbolic
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space. Write R72 for R"*+2, with coordinates (o, . . ., z,+1), endowed with the
Lorentzian metric
(,)=—daf +daf+ - +dal ;.

Then
H* = {x € R : (2, 2) = —1,20 > 0}

is a complete spacelike hypersurface in R’f“ with constant sectional curvature —1
which provides the Minkowski space model for the hyperbolic space.

In order to simplify our notation, we will denote by M**! either the sphere
sttt ¢ R™2 if ¢ = 1, or the hyperbolic space H"*! ¢ R if ¢ = —1. We
will also denote by (, ), without distinction, both the Euclidean metric on R"*2 and
the Lorentzian metric on R?“, as well as the corresponding (Riemannian) metrics
induced on M and on M. Consider = : M™ — Mp*t! C RPH2 (with ¢ = 0 if
c=1,and ¢ = 1 if ¢ = —1) a connected orientable hypersurface immersed into
M2+ with Gauss map N. Throughout this paper we will denote by V°, V and V
the Levi-Civita connections on Rg“, M2+ and M, respectively. Then, the basic
Gauss and Weingarten formulae of the hypersurface are written as

VoxY =VxY — (X, Y)r =VxY + (SX,Y)N — (X, Y)x

and B
SX =-VxN=-V°xN,

for all tangent vector fields X,Y € X (M), where S : X(M) — X (M) stands for
the shape operator (or Weingarten endomorphism) of M with respect to the chosen
orientation N. As is well known, S defines a self-adjoint linear operator on each
tangent plane 7, M, and its eigenvalues 1 (p), . . ., k,(p) are the principal curvatures
of the hypersurface. Associated to the shape operator there are n algebraic invariants
given by

s1(p) = on(k1(D), - ka(p)), 1<k <n,

where o, : R™ — R is the elementary symmetric function in R™ given by

0r(T1, .. xy) = Z Tiy . Ty

i< <,
Observe that the characteristic polynomial of S can be writen in terms of the s;’s
as
1) Qs(t) = det(t] — 8) = (—1)*spt" ",
k=0

where sy = 1 by definition. The k-th mean curvature Hj of the hypersurface is
then defined by

(Z)Hk =5k, 0<k<n.
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In particular, when £ = 1 H; = (1/n) " ki = (1/n)trace(S) = H is
nothing but the mean curvature of M, which is the main extrinsic curvature of the
hypersurface. On the other hand, H> defines a geometric quantity which is related
to the (intrinsic) scalar curvature of M. Indeed, it follows from the Gauss equation
of M that its Ricci curvature is given by

Ric(X,Y) = (n — 1)e(X,Y) +nH(SX,Y) — (§X,SY), X,Y € X(M),
and then the scalar curvature of M is

tr(Ric) = n(n — 1)c +n?H? — tr(5?)

(2) n 2 n
=n(n—1)c+ (E /@) — E k2 =n(n—1)(c+ Hy).
i=1

=1

In general, when k& is odd the curvature Hy is extrinsic (and its sign depends on
the chosen orientation), while when & is even the curvature Hj, is intrinsic and its
value does not depend on the chosen orientation.

The classical Newton transformations Py, : X' (M) — X(M) are defined induc-
tively from the shape operator S by

Py=1 and Py=sl —SoPy=(})Hpl — S0Py,
for every k =1...,n, where I denotes the identity in X(M). Equivalently,

k k

Pi= (~WspyS7 =) (1) (")) Hr—jS".

J=0 J=0

Note that by the Cayley-Hamilton theorem, we have B, = 0 from (1). Observe also
that when £ is even, the definition of P, does not depend on the chosen orientation,
but when £ is odd there is a change of sign in the definition of Py.

Let us recall that each Py (p) is also a self-adjoint linear operator on each tangent
plane T,,M which commutes with S(p). Indeed, S(p) and Py (p) can be simultane-
ously diagonalized: if {ey,...,e,} are the eigenvectors of S(p) corresponding to
the eigenvalues k1 (p), ..., kn(p), respectively, then they are also the eigenvectors
of P, (p) with corresponding eigenvalues given by

@ wix®) = L ) m@) =Y ki) (0),

ox;
! i1 <o g yi

for every 1 < i < n. From here it can be easily seen that

(4) trace(Py) = (n — k)sx = cpHy,
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(5) trace(S o Py) = (k+ 1)skr1=crHp11,
and
(6) trace(S? o Pp)=(s15p1 — (k+2)sp12)= (k—?—l) (nH1Hyy1—(n—k—1)Hy12),
where
ck=(m—k)(p) = F+1)(1)
These properties are all algebraic, and they can be found, for instance, in [15].
There is still another non-algebraic property of P; that we need, which can be found,

for instance, in [14, Lemma A] and [16, Equation (4.4)] (see also [4, page 118]).
The property we need is the following equation,

(1) tr(PyoVxS) = (Vspp1, X) = (1) (VHri1, X), for X € X(M),

where VS denotes the covariant differential of S,
VS(Y,X) = (sz)Y = Vx(SY) - S(ny), XY € X(M)

Associated to each Newton transformation P, we consider the second order
linear differential operator Ly, : C°°(M)—C> (M) given by

Li(f) = trace(Py o V2f).

Here V2 f : X (M)—X (M) denotes the self-adjoint linear operator metrically equiv-
alent to the hessian of f and given by

<V2f(X),Y>:<VX(Vf),Y>, X,YEX(M).

Consider {E, ..., E,} a local orthonormal frame on M and observe that

n

div(PL(V£) = Y ((VeP)(VLE)+> (P(VEVf), E)
=1 =1
= (divP,, Vf) + Li(f),

where div denotes here the divergence on M and

divPy := trace(VP) = Y (Vi Pi)(Ei).
i=1
Obviously, div Py = div I = 0. Now Codazzi equation jointly with (7) imply that
divP, = 0 also for every k > 1 [14, Lemma B]. To see it observe that, from the
inductive definition of P, we have

(VePo)(E;) = (})(VHy, E)E; — (VE,S 0 Po_1)E; — (S0 Vg, Pi_1)E;,
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so that

divP, = ()VHr - > (VE,S)(Pe1E;) — S(divP,_1).
i=1
By Codazzi equation we know that V.S is symmetric, and then for every X € X' (M)

n n n

> A(VES)(PraEi), X) = > (Pe1BEi, (V,S) X)) (P 1Ei, (VxS)E;)
=1 =1 =1
= tr(Pk_l OV)(S) = (Z) <VHk,X>

In other words,

> (VE,S)(PecrEi) = (1) VHy,
=1
and then
divP, = —S(divPy_1).

Since divPy = 0, this yields divP, = 0 for every k. As a consequence, Li(f) =
div(P,(V f)) is a divergence form differential operator on M.

3. ExXAMPLES

Letz : M™ — M2+ C Rg” be an orientable hypersurface immersed into M?*1,
with Gauss map N. For a fixed arbitrary vector a € R"*2, let us consider the co-
ordinate function (a, z) on M. From V°a = 0 we see that

X((a,2)) = (X,a) = (X,aT),

for every vector field X € X (M), where ' € X(M) denotes the tangential
component of «,

(8) a=a' + {a, N)N + c(a, z)z.

Then the gradient of (a,x) on M is given by V{(a,z) = a'. By taking covariant
derivative in (8) and using the Gauss and Weingarten formulae, we also have from
V°a = 0 that

9 VxV{a,z)=Vxa' =(a, N)SX —c(a,z)X,

for every tangent vector field X € X (M). Therefore, by (5) we find that

(10) Ly(a,x) = (a, N)tr(SoPy)—c{a, z)tr(Py) = cxHg+1{a, N)—ccpHy(a, ).
That is

(11) Lyx = cHiy4 1 N — cep Hyx.
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Example 3.1. It follows from (11) that every hypersurface with vanishing (k +
1)-th mean curvature and having constant k-th mean curvature Hj, trivially satisfies
Lyx = Az 4+ b with A = —ccpHyl, 0 € ROT2X(142) and b = 0.

Example 3.2. (Totally umbilical hypersurfaces in S**1). As is well-known,
the totally umbilical hypersurfaces of S**! are the n-dimensional round spheres of
radius 0 < < 1 which are obtained by intersecting S"*! with affine hyperplanes.
Specifically, take a € R"*2 a unit constant vector and, for a given 7 € (-1, 1), let

M, ={z eSS {a,z) =7} =S" (V1 - 72).

Then M., is a totally umbilical hypersurface in S**! with Gauss map N(z) =
(1/v/1—72)(a — 72) and shape operator S = 7/v/1—72I. In particular, its
higher order mean curvatures are given by

Tk

Hy, = (1— r2)k/2’

k=0,...,n.
Therefore, by equation (11) we see that M, satisfies the condition Lyz = Az + b
for every k =0,...,n — 1, with

k k+1

B CLT
and b= —(1 — 72)(k+2)/2a.

—CpT I
(1 — 72)(k+2)/2 n+2

In particular, b = 0 only when 7 = 0, and then M, = S™ is a totally geodesic round
sphere.

Example 3.3. (Totally umbilical hypersurfaces in H"*!).  Similarly to the
case of the sphere, the totally umbilical hypersurfaces of H**! are also obtained
by intersecting H™*! with affine hyperplanes of R?“, but in this case there are
three different types of hypersurfaces, depending on the causal character of the
hyperplane. To be more precise, take a € R} a non-zero constant vector such
that (a,a) € {1,0,—1}, and, for a given 7 € R, let

M, ={z € H"" : (a,z) = T}.

Then, when (a,a) + 72 > 0, M, is a totally umbilical hypersurface in H"**,
Observe that when (a, a) = 1 there is no restriction on the value of 7 and M, =
H"(—+/1+ 72) is a hyperbolic n-space of radius —v/1 + 72. On the other hand,
if (a,a) = —1then |7| > 1 and M, = S"(v/72 — 1) is a round n-sphere of radius
V72 — 1. Finally, when (a,a) = 0 then 7 # 0 and M, = R" is a Euclidean space.

The Gauss map of M, is given by N(x) = (1/+/{a, a) + 72)(a+7x), its shape
operator is S = —7/+/{(a,a) + 721, and its higher order mean curvatures are given
by
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(-1t
({a, a) +72)k/2’
Therefore, by equation (11) we see that M, satisfies the condition Lz = Ax + b
for every k =0,...,n— 1, with

_ (_1)kck<av a>7_k
~ ((a,a) + 72)(k+2)/2

Hy, = k=0,...,n.

(—1)k+1ck7k+1
({a,a) + ) EFD2"

In particular, b = 0 only when 7 = 0, and then M, = H" is a totally geodesic
hyperbolic space. On the other hand, the totally umbilical Euclidean spaces in
H"+! (corresponding to the case (a,a) = 0) satisfy the condition Lz = Az +b
with A = 0.

Inio and b=

Example 3.4. (Standard Riemannian products in S**! and H"*!). Here we
will consider the case where M is a standard Riemannian product; that is, M is
either the Riemannian product S™(v/1 — r2) x S~ (r) C S**! with 0 < r < 1,
or the Riemannian product H™(—+v/1 +r2) x S*™(r) c H""! with » > 0, for
a certain m = 1,...,n — 1. After a rigid motion of the ambient space, we may
consider that M is defined by the equation

M={zeMrt! 22+ 22, =r*}h
In that case, the Gauss map on M is
N(z) — —cr —cr V1 —er? V1 —ecr?
(fI,') - \/ﬁqmv EERE mxmv r Tm+1y -+ T‘II;TH—I .
and its the principal curvatures are

cr —V/1 —cr?

Klz."zﬂm:77 Km‘f'l:"'_ﬂn_
V1 —cr? r

In particular, the higher order mean curvatures are all constant. Therefore, using
(11) we get that

Lk,{I,' = ()\1‘07 .. .,)\xm, HTm+41, - - /’an‘f'l)

where A and p are both constants,

) —cepHgqr H ckHii1V1 — er? ol
= —F—=— — CCi 11, = - CCRAE-
V1—cr? H r

That is, M satisfies the condition L x = Az + b with b = 0 and

A =diag[\, ... A fy ., pl.
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4, SoME COMPUTATIONS AND FIRST AUXILIARY RESULTS

In Section 3 we have computed the operator L acting on the coordinate func-
tions of a hypersurface. On the other hand, consider now the coordinate functions
of its Gauss map N, that is, the function (a, N) on M, where a € R"*? is a fixed
arbitrary vector. From V°a = 0 we also see that

X((a,N)) = —(8X,a) = —(X, S(a"))
for every vector field X € X' (M), so that
V(a,N)=—S(a").
Therefore, from (9) we get

Vx(Vi{a,N)) = =Vx(Sa') = -VS(a',X)—-S(Vxa')

(12)
= —(VxS)a' — (a, N)S*X + ¢(a, z)SX.

By Codazzi equation we know that V.S is symmetric and then
VS(a', X)=VS(X,a")=(V,rS)X.
Therefore using this in (12), jointly with (6) and (7), we get
Lila, N) = —tr(Py o V,75) — (a, N)tr(S% o Py) + c(a, x)tr(S o Py)
= _(kil)<VHk+1va>

— (1) (nH1Hyyy = (n — k = 1)Hgy2)(a, N)

+cepHiy1(a, x).

(13)

In other words,
LiN = = (1) VHis
(14) _(ki1)(nH1Hk+1 —(n—k—1)Hg2)N
+(ki1)c(k + 1) Hp 1.
Let us assume that, for a fixed k = 0,...,n — 1, the immersion
z: M" — M?H C R3+2

satisfies the condition

(15) Lyx = Az + b,
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for a constant matrix A € R("+2)x(n+2) and a constant vector b € R"+2. From (11)
we get that

(16) Ax=—b+cpHyy1 N—cepHpx=—b" +(cpHyp1—(b, N)) N—c(cp Hy+ (b, x)),

where b € X(M) denotes the tangential component of b. Now, if we take covariant
derivative in (15) and use the equation (11) as well as Weingarten formula, we obtain

(17) AX = —cpHp415X — ccpHy X + ¢ (VHyi1, X)N — ccp(VHy, X )z

for every tangent vector field X € X' (M). On the other hand, taking into account
that

Li(fg) = (Lkf)g + f(Lkg) +2(P(Vf),Vg), f,g€C>(M),
we also get from (10) and (13) that
Lk(Lk<a, .’L‘>)
= —cg (k-?—l)Hk‘f'l (VHpi1,a) — 2¢((S o Py)(VHgi1), a) — 2ccip(Pe(VHy), a)

—Cg ((kil)Hk"'l(nHlHk"'l — (n—k—l)H/H_g) +CCkaHk+1—Lka+1> <a, N>
+cp (CCkH;§+1 + ckHlf — chHk) (a,x).

Equivalently,
Li(Li)
= —cg (kil)Hk+1VHk+1 — 2¢4(S o Py)(VHpgt1) — 2cc Pp(VHy)
—Ck ((kil)Hk‘H (nHlHkH — (n—k— 1)Hk+2) —I—CCkaH/H_l — Lka+1> N
2 2
+cp (cckaH + e Hp — chHk) T.

From here, by applying the operator I, on both sides of (15) and using again (11),
we have

Hyp AN

= —(411) Hr1 VHy g1 — 2(S © P)(VHgp1) — 2¢Py(V Hy)

(18)
_ (( o1 ) it (WH Hygoy — (n—k—1) i) +cop Hy Hyt — LkaH) N

+ (cckH,§+1 + ckHlf — chHk) T+ cHpAx.
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Using here (16), we get

Hys1 AN
9 = — (1) Hye1 VHpsr — 2(S 0 Pp)(VHyy1) — 2¢P(VHy) — cHpb'
_ <( oy) Hicor (nHy Hyggoy — (n—k—1) Hy ) +cHi (b, N>—Lka+1> N

+ (cckH,§+1 — cHy(b,x) — chHk) T.

4.1. The case where A is self-adjoint

From (17) we have
(20) (AX,Y) = (X, AY)

for every tangent vector fields X,Y € X (M). In other words, the endomorphism
determined by A is always self-adjoint when restricted to the tangent hyperplanes
of the hypersurface. Therefore, A is self-adjoint if and only if the three following
equalities hold

(21) (AX,z) = (x, AX) forevery X € X(M),
(22) (AX,N)=(X,AN) forevery X € X(M),
and

(23) (AN, z) = (N, Ax).

From (16) and (17) it easily follows that (21) is equivalent to
(24) Vib,z) =b'" = ¢, VHy,

that is, (b, ) — cx Hj, is constant on M. On the other hand, from (17) and (18), and
using also (24), it follows that, at points where Hy1 # 0, (22) is equivalent to

(S0 P)(VHis1) + (k+2)(,5) VHrp1 =

H
(25) k1,

(2P:(VHy) + ¢, H,VHy) .
k+1

Finally, using again (24) we have by (10) that

1
(26) Lka = aLka), x> = Hk—f—l <b, N> — CHk<b, 1‘>
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Observe also that
(Az,x) = —(b, x) — ccpHy.

Therefore, from (18) we get that
Hy 1 (AN, z) = cgHE ) + ceyHE — Ly Hy, + cHy(Az, x)
= cxHE .y — Hiy1(b, N)
= Hp1(N, Ax).

Thus we have that, at points where Hy1 # 0, the first two equalities (21) and (22)
imply the third one (23).
Now we are ready to prove the following auxiliary result.

Lemma 4.1. Let z : M™ — M2F! C Rg” be an orientable hypersurface sat-
isfying the condition L,z = Ax + b, for some self-adjoint constant matrix A €
R(+2)x(n+2) and some constant vector b € R™+2. Then Hj, is constant if and only
if Hyy1 IS constant.

Proof. Assume that Hy, is constant and let us consider the open set
U={peM:VHi,(p)#0}.

Our objective is to show that ¢/ is empty. Assume that ¢/ is non-empty. From (25)
we have that

2
Hont (SoPy)(VHpt1) + (E+2) (k—?—l)VHk‘f'l =0 on U.
Equivalently,
kE+2,,
(S o Pk)(ka-f—l) = _T(k+1)Hk+1ka+1 on U.

Then, reasoning exactly as Alias and Gurbuz in [4, Lemma 5] (starting from equation
(23) in [4]) we conclude that H 1 is locally constant on ¢4, which is a contradiction.
Actually, the proof in [4] works also here word by word, with the only observation
that, since we are assuming that H. is constant, (17) reduces now to

AX = —CkH/H_lSX —cepHp X + Ck<VHk+1,X>N.

Therefore, instead of having AE; = —ci Hyy1k;E;, now we have AE; = —ci(Hp41
k; + cHy)E; for every m + 1 < i < n (see the last paragraph of the proof of [4,
Lemma 5]). But H;. being constant, that makes no difference to the reasoning.
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Conversely, assume now that Hy. is constant and let us consider the open set
V={pe M :VH}({p) #0}.

Our objective now is to show that V is empty. Let us consider first the case where
Hy+1 = 0 and assume that V is non-empty. In this case, by (24) and (26), (19)
reduces to

—2¢Py(VHy) — cc H,V H, — cHy (b, N)N = 0.

Thus, (b, N) = 0 on V. By (16) this gives (AN, z) = (N, Az) = 0 and, since
(AN, X) = (N, AX) = 0forevery X € X (M), we obtainthat AN = (AN, N)N;;
that is, IV is an eigenvector of A with corresponding eigenvalue A = (AN, N). In
particular, A is locally constant on V. Therefore,

AX = —cepHp X — cep(VHy, X)x
AN = AN
Az = —cVHy, — ¢(2¢Hy, + o)z,
where oo = (b, x) — ¢, Hy, and X are both locally constant on V. Then,
tr(A) = —nccpHy, + A — ¢(2¢c,Hy, + ) = constant,

which implies that H, is locally constant on V, which is a contradiction.
On the other hand, if Hy; # 0 is constant and we assume that V' is non-empty,
then from (25) we have that

2P,(VHy)+ ciH,VH, =0 on V.
Equivalently,
27) Py(VHy) = —%"“HWHk on V.

Here, we will follow a similar reasoning to that in [4, Lemma 5]. Consider
{E1,...,E,} a local orthonormal frame of principal directions of S such that
SE; = k;E; forevery i =1,...,n, and then

PyE; = pip B,

with

k

(28) ik = Z(_l)j(kzj)Hk—jﬂg = > Kk

7=0 i1<~~~<’ik,’i]'7£’i
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Therefore, writing

n

VHi =Y (VHy, E)E;
=1
we see that (27) is equivalent to

C
(VHy, E;) <Mz‘,k + Eka> =0 on V
for every : = 1,...,n. Thus, for every i such that (V Hy, E;) # 0 on V we get
Ck
(29) Hig = =~ Hp

This implies that (V Hy, E;) = 0 necessarily for some i. Otherwise, we would have
(29) for every i = 1,...,n, which would imply

ne,
ckHy = tr(Py) =Y piiy = ———Hp,

and thus H; = 0 on V, which is a contradiction.

Therefore, re-arranging the local orthonormal frame if necessary, we may assume
that for some 1 < m < nwehave (VHy, E;) #0fori=1,...,m, (VHg, E;) =0
fori = m+1,...,n, and k1 < kg < --- < K, The integer m measures
the number of linearly independent principal directions of VHy, and VHy is a
principal direction of S if and only if m = 1. From (29) we know that

C
(30) Hik == g = —5 Hi #0 on V.

Thus, by (28) it follows that k1 < k2 < --- < K, are m distinct real roots of the
following polynomial equation of degree ,

k

Q) = Y= (") Hist! =~ H.

j=0
In particular m < k. On the other hand, each x; is also a root of the characteristic
polynomial of S, which can be written as
n
kyn—k ‘ —j
Qs(t) = (1) Q) + Y (—1) () Hyt" .
j=k+1

Then, k1 < kg < - -+ < Ky, are also m distinct real roots of the following polynomial
equation of degree n — k,

n
Ck _ . .
()R 3 (1 () H e =0,
j=k+1
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In particular, m < n — k, that is, n — m > k. Now we claim that

(31) Pk = =k = Y KiK.

M<iy <<

The proof of (31) follows exactly as the proof of equation (29) in [4] and we omit
it here.
Finally, from equation (17) we have

AE; = —ci(Hyy15; + cHy) E;

for every m+1 < i < n. Therefore, every —q,(Hp4+1x;+cHy) withi = m+1,...n
is a constant eigenvalue «; of the constant matrix A. Then,

o; + ccp Hy,

Ki = foreveryi=m-+1,...n

ckHp41

and from (31) and (30) we get that

k
Ck -1
—EHk: Z ﬂil"'ﬂik:% Z (o +eerHy) - - - (o +cep Hy,)
m<iy <--<iy e kr1 m<iy <--<iy

on V. But this means that Hy is locally constant on V, which is a contradiction
with the definition of V. This finishes the proof of Lemma 4.1. |

5. ProoF oF THEOREM 1.2

We have already checked in Section 3 that each one of the hypersurfaces men-
tioned in Theorem 1.2 does satisfy the condition Lix = Az for a self-adjoint con-
stant matrix A. Conversely, let us assume that z : M™ — M?+! C Rg” satisfies
the condition Lz = Ax for some self-adjoint constant matrix 4 € R("+2)x(n+2),
Since b = 0, from (24) we get that Hj. is constant on M. Thus, by Lemma 4.1
we know that Hy. 4 is also constant on M. If Hi,.q = 0 there is nothing to prove.
Then, we may assume that Hy,, is a non-zero constant and Hj, is also constant.
Then from (17) and (18) we obtain

(32) AX = —cxHp 415X — cep Hp X

for every tangent vector field X € X(M), and

H? H
(33) AN = aN + ¢ <ch+1 + —*k )x—i—c i Ax,

Hij Hij
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with
= _(kL)(nHlHkH —(n—k —1)Hyy2) — ccp H.

Taking covariant derivative in (33) and using (32) we have for every X € X' (M)

H? H
VOox(AN) = (Va, X)N — aSX + ¢, <ch+1 4 —k )X +oe—F AX
Hiq1 Hiy

(Va, X)N+ (%) (nH1Hyp1 — (n—k—1) Hyg2S X +copHy 1 X.

On the other hand, from (32) we also find that
Vox(AN) = A(V°xN) = —A(SX) = ¢, Hy,415%X + cepH,SX

It follows from here that (Va, X) = 0 for every X € X (M), that is, « is constant
on M, and also that the shape operator S satisfies the following quadratic equation

S24+\S —cl =0,

where H
A= — & gtk

c = constant.
crHpqq Hy 1

As a consequence, either M is totally umbilical in M+ (but not totally geodesic,
because of Hyyq # 0) or M is an isoparametric hypersurface of M?+! with two
constant principal curvatures. The former cannot occur, because the only totally
umbilical hypersurfaces in M7?*! which satisfy Liz = Az with b = 0 are the
totally geodesic ones (see Examples 3.2 and 3.3). In the latter, from well-known
results by Lawson [13, Lemma 2] and Ryan [17, Theorem 2.5] we conclude that
M is an open piece of a standard Riemannian product.

6. PrROOF OoF THEOREM 1.7

We have already checked in Section 3 that each one of the hypersurfaces men-
tioned in Theorem 1.7 does satisfy the condition Lz = Ax + b for a self-adjoint
constant matrix A. Conversely, let us assume that = : M™ — Mzt C RI+? sat-
isfies the condition Lz = Az + b for some self-adjoint constant matrix A €
R(n+2)x(n+2) and some non-zero constant vector b € R*+2. Since Hj is assumed
to be constant, by Lemma 4.1 we know that Hy and Hy. are both constant on
M. The case Hy,1 = 0 cannot occur, because in that case we have b = 0 (Ex-
ample 3.1). Therefore, we have that Hj; is a non-zero constant and Hy, is also
constant. Then from (17) and (18) we obtain

(34) AX = —cp Hi115X — cep Hip X



Hypersurfaces in Space Forms Satisfying Lyx = Az + b 1975

for every tangent vector field X € X(M), and

Hy,
Hy 1

H2
(35) AN = aN + ¢ <ch+1 + —k> T+ec Ax,

Hiy
with
a=—(4)(nHiHyg1 — (n — k — 1) Hyyo) — cepHy.
Taking covariant derivative in (35) and using (34) we have for every X € X' (M)
2

H
Vox(AN) = <VO¢,X>N—O¢SX—|—Ck <CHk+1 + T k >X+C
k+1

Hy,

AX
Hi

= (Va, X)N+(,}y) (nH Hpy1—(n—k—1)Hy 25X +ccp Hy 1 X
On the other hand, from (34) we also find that
VOx(AN) = A(V°xN) = —A(SX) = ¢, Hp15*X + ccr HpSX

It follows from here that (Va, X) = 0 for every X € X (M), that is, « is constant
on M, and also that the shape operator S satisfies the following quadratic equation

S2 4 \S — ¢l =0,

where
(6%

)\_

= = constant.
ckHp41

+ 26Hk+1
As a consequence, either M is totally umbilical in M?*! or M is an isoparametric
hypersurface of M?*!1 with two constant principal curvatures. In the latter, from
well-known results by Lawson [13, Lemma 2] and Ryan [17, Theorem 2.5] we
would get that M is an open piece of a standard Riemannian product, but this
case cannot occur because they satisfy the condition Lyz = Ax + b with b = 0
(Example 3.4).
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