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REGULARITY AND VANISHING MOMENTS OF
MULTIWAVELETS*

Kuei-Fang Chang, Sue-Jen Shih, and Chiou-Mei Chang

Abstract. We introduce the Wiener space and then consider wavelets
which are not necessarily compactly supported but have a decay condition
at infinity. Under the Wiener condition, several scaling functions and
their dual functions have the same rate of decay at infinity. Furthermore,
multiwavelets and their bi-orthogonal multiwavelets have the same rate
of decay at infinity and the same number of vanishing moments.

1. INTRODUCTION

Wavelet theory has been explored extensively in both theory and appli-
cations in the last decade. The main advantage of wavelets is due to their
time-frequency locations represented by the translates and dilates of a single
function. It is well known that an orthonormal wavelet with compact support
and certain regularity can not have any symmetry (see [2]). Geronimo et al.
[3] constructed two functions whose translates and dilates form an orthonor-
mal basis for L?(R). They are continuous, very good time-localized and of
certain symmetry. In this section, we first define a multiresolution analysis of
multiplicity r for any positive integer r (see [3]).

Definition 1.1. A multiresolution analysis of multiplicity ris a sequence
of closed subspaces {V}}rez of L*(R) satisfying the following properties:

(i) Vi C Viyy for all k € Z.
(i) Npez Ve = {0} and U,y Vi is dense in L*(R).
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(iii) f € Vi <= f(2) € Viyy for all k € Z.

(iv) Let By = {¢a(-+1) : o =1,---,7;1 € Z}. Then By is a Riesz basis of
Vo, i.e., By is a basis of Vj and there exist positive constants R, and R,

such that
RlzZ\C ZZC (-+1) <R2§:Z|C
a=1 leZ a=1 [eZ a=1 leZ

for any square summable {C, (1) }iez.

The Wiener class, denoted by M(R), is defined as the set of all continuous
functions on R satisfying the Wiener condition ||f|| := || fllw + || flle < oo,
where

[ fllw == Z max |[f(z + k)| = > xrpalle < oo,

keZ
Poisson summation formula is a beautiful result incorporating ideas from both
Fourier series and Fourier transforms, and it has had many applications to
number theory, partial differential equations and probability theory as well
as wavelets. The following theorem proves that every member of the Wiener
class enjoys Poisson summation formula (see [4, p. 246]).

Theorem 1.2. Suppose that f belongs to the Wiener class M(R). Then

the equalities R _
S S+ k)= X flaer

keZ kER
and
S S(k)e 2 =37 flg + k)
keZ kEZ

hold pointwise, and all four series converge absolutely and uniformly on [0, 1].

We shall assume throughout that ¢; and v; belong to M(R) for all j =
1,2,---,r. Let Vg :W{Tn¢] 1j=12,---;min ¢ Z}> Vi= {DZf : f € ‘/0}7
where T, is the translation operator that translates by n and D, is the dilation
operator that dilates by 2. We let W, be the orthogonal complement of V
in Vi and ¢, € Wy for j = 1,2,---,r. Let ¢ and v be represented by the
following vectors

¢:(¢1>"'7¢T)T; ¢:(¢17"'7wT)T7
and let

=Y o(w+ k)¢ (w+k), T(w):=> th(w+K)p"(w+k),

keZ keZ
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where ¢* = %t, P* = Et, ® and U are r x r matrices.

Using Poisson’s summation formula we get

o) =3 ([ 6w = 00" )y ) 7 = 36507 (W),

kEZ kEZ

and

W) = 3 ([ 0o = 1w )dy) 7 = S w9

kEZ

The matrices ®(w), ¥(w) are positive-semidefinite for all w. The following
is an extension of Geronimo et al. [3], which they proved in the compactly
supported case. Since the proof is similar, we omit it.

Theorem 1.3. The collection {Ty¢; : j = 1,2,---,r; k € Z} forms
a Riesz basis for Vy if and only if ®(w) is positive-definite for all w, and
{Tip; -5 =1,2,---,1r; k € Z} forms a Riesz basis for Wy if and only if U(w)
1s positive-definite for all w.

Assume that {T,,¢; : j =1,2,---, myneZand{T,¢; : j =1,2,---, 1 n €
Z} are Riesz bases of Vj, and Wy, respectively. If we define

é:(é17"'7$7")T7 1;:(1[}17"'71[}7“)T
by R R
(1.4) =079, =09,
where ® = (®;;), ¥ = (¥;;) and &' = (), U"! = (V;!). Then by
Parseval’s identity, we have (¢;, T,¢r) = )jk0n0 (see [5]). Thus ¢ is a dual
vector of ¢. Similarly, we can prove that v is a dual vector of ¥. Moreover,
we can show that ¢; is in M(R) for all j =1,2,---, r. Since ®(w) is positive-

definite and periodically continuous for all w, all the entries of ®~!(w) are in
M(R). By Poisson’s summation formula, we have

(1.5) O (w) = Zene”””“’,

nez

where (e,,),ez is a sequence of r X r matrices with entries in (*(Z). From (1.4)
and (1.5), we get

(1.6) ola) =D ep(x—1).

IEZ
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This implies that qz;j is in M(R) for all j =1,2,---, r. Similarly, we can prove
that ﬁj isin M(R) forall j =1,2,---,r

By definition of a multiresolution analysis of multiplicity r, we have the
equations

(1.7) qﬁ(%) = Zanb(m+n), ( ) Zanb r+n),

nez

where (P,)nez and (@, )nez are sequences of r x r matrices with entries in
1*(Z). Moreover, we can prove that the entries of (P,),cz and (Q,)neBbz
belong to I*(Z).

Theorem 1.8. Let ¢;,1; belong to M(R) and satisfy Equations (1.6). If
P, = (P;j(n)) and Q,, = (Qij(n)), then {P;;(n)}nez and {Qi;(n)}nez must be
in 1Y(Z) for alli,j=1,2,--- 7

Proof. Since

() ZZPZI Jou(z +n),

nez l=1
we obtain
A ——
[o(3)0@+ds = Y Puln ) [ énla+ )5 + )d
nEZl 1
- ZZPZZ 5l] nk_PzJ(k)
nez l=1

This implies that

Sipml = | [o(3)5 6 R

< [lG)x

< 2([@illalldsllw < oo

~'(l‘+k3)‘dl‘

Consequently, the sequence { P;;(n)},ez belongs to I*(Z) for all 4,5 = 1,2, -
Similarly, we can prove that {Q;;(n)}.ez belongs to I'(Z) for all Z,j
1,2+, 7

Taking the Fourier transform of both sides of Equations (1.7) and letting

_ Z PUGQWivu’ Q(U) — Z Qve27riuu’

VEZ VEZ

Dllﬁ

we obtain the relations
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. Uy - /U 5 UN A U
(1.9) o =P(3)é(3),  dw=0(3)d(3):
where P,@ are r x r matrices with entries in C[0,1] since {P;;(n)},ez and

{Qi;j(n)}nez belong to I*(Z).

2. NECESSARY CONDITIONS FOR THE DECAY RATE AND REGULARITY

In this section, we continue to use the notations in Section 1. First we
prove that qz~5j has the same decay rate as ¢, for all j = 1,2,---,r. For this
purpose, a lemma is needed. Let o(x) = (1 + |z])” where p > 0 and |[o f]], =
> kez MaXo<z<1 |o(x + k) f(x + k).

Lemma 2.1. If the sequences {ay}rez and {by}rez satisfy 3 ,cq 0(k)(ax|
+|bi|) < 00, then Y, p0(n)(|c,]) < oo, where ¢, = Y agb, for alln € Z.

k+l=n
Proof. Z )(|enl) = Za(n) Z axb
nez nez k+l=n
<X > o F)laxb]
neZ k+1=n
< Za(k)\ak\] [Za(l)]bd] < o0. o
kEZ leZ

Theorem 2.2. Suppose that ¢; belongs to M(R) with ||o¢i||. < oo for
all i = 1,2,---,7. Let a;;(k) = ¢; x ¢5(k). Then > o(k)|a;;(k)| < oo fol all
kez

i,j:1,2,"'77’

Proof.

S olas®) = Yot [ a2+ b)|d

kEZ kEZ
< Z/\m o)l (00,)(x + k) |da
kEZL
< 35 [ o)+ 01106, + K+ Dldz
kEZ IEL
< lodillullod;llu < . o

Using Theorem 2.2 we can prove that v; and qgi have the same decay rate.
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Theorem 2.3. If ¢; belongs to M(R) with ||o¢;||., < oo, then the functzon
&; defined by Equation (1.4) satisfies HaqﬁZHw < oo foralli=1,2,-

Proof. By Poisson’s summation formula, we know that

— Zd)* d)*(k)eQOiwk'
keZ
Let ®;; Zaw ™" where a;;(k) = ¢; * ¢3(k). Using Theorem 2.2,

kEZ
we obtain a sequence {a;;(k)}rez satisfying

> ak)]ay (k)| < oo

kEZ
for all i,7 = 1,2,---,r. Since ®(w) is positive-definite and periodically con-
tinuous for all w, we have det(®(w)) > m for all w, where m > 0. If we let
A;; be the matrix obtained from ® by deleting its i-th row and j-th column,
then

_1)it+J .
(I)i_jl(w) _ ( 1)det6(1§)t((;{)])l(w)) < %(fl)i_‘—jdet(z‘lji(w)).
Thus @[jl is bounded. Moreover, we have that (Ifl is the finite linear combi-
nation of the entries of ®(w). Let ®;; = cij(k)e2"* Then by Lemma
21, kez
> a(k)]es (k)| < oo
keZ

for all i,7 =1,2,---,r. Using Equations (1.5) and (1.6), we have
d(x) =D e(l)p(x 1),
=

where e(l) = (ci5(1)); ;—,- Hence for all i = 1,2,---,7, we obtain

logill = Zorgggllawrm )33 el — 1+ m)

I€Z k=1

> Zzoglag [(oow) (@ +m — )| |o(D)ew(l)]
meZ lEZ k=1

ZT: [Hmbk“w (ZU(Z)Cik(l)O} < 0. 0O

lez

IN

IN

Corollary 2.4. If ¢; satisfies a 2-scale dilation equation

( ) Zanb r+n),

nez



Regularity and Vanishing Moments of Multiwavelets 309

where P, = (P;(n)) for all i,j = 1,2,---,r, and ||o¢;|l, < oo for all i =
1,2,---,r, then > o(n)|Py;(n)| < oo foralli,j=1,2,---,r

neZ

Proof. Since
0= [0

we have
x
P;; < il 5 +
nze:Za(nﬂ (n)] nez / (2) x+n)|dx
< 2)6:(3)| lo(@ +n)é;(x +n)lda
nGZ
o(x) sz x
s uwjuw/Ra(@a(z) o (2)]
< b llallll 2 [ o@)l6()lda]
< ool |2 [ 5 oto oo+ Djas
lez
< 2llodsllullhllwlodills < oo,
since h(z) = 2% is bounded. O

o(3)

In the following theorem, we will show that the function v; has the same
decay rate as the function ¢; for all j =1,2,---,r

Theorem 2.5. If ¢; and 1); belong to M(R) with ||c¢;|l, < oo for all
j = 1,2,---,r, and satisfy Equations (1.7), then ||oy;|l, < oo for all j =
1,2,

Proof. Let Q,, = (Q;j(n)) and P, = (P;;(n)) for all 4,j =1,2,---,r. By
Theorem 1.8, we know that {Q;;(n)}nez and {P;;(n)},cz belong to I*(Z) for
all 4,7 =1,2,---,r. Hence, we have

ZZPJZ (bl 2(L’+7’L>
nezZ l=1

and

ZZQ]I )1 (2x +n).

nez l=1
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Since [[o¢;|l» < 0o, we have

lodylle = 3 max ol + k)a;(x + k)
kez — —

= Orgjzclax—l—k: ZZ n)o,(2z + 2k +n)
kez nez =1
< DD 1P max |o(z + k)éu(22 + 2k + n)]
I=1 nez kez ==
< ZZU(nHPJ;(n)\ Z max |o(2z + 2k 4+ n)¢,(2z + 2k + n)|
=1 nez A
< ZZO’( Zmax|0¢)l (2z + k)|
= 1n€Z
< 23S o)) lodill < .
=1 neZ

and so

loville = Y max o+ k) (z + k)|
kez — —

= max olx+k) ZZQN Vo1 (2x + 2k +n)
ke

0<z<
Z nezZ l=1

< Z Z 1Qj1(n)] %Olgnggl lo(x + k)¢ (22 + 2k + n)| < oo,

=1 nezZ

since {Q;;(n)}nez belongs to ['(Z) for all 4,5 = 1,2,---,7. Thus, we get
||0'¢ij<OOfOI' allj:172,...7r. -

The following corollary is an application of Theorem 2.3.

Corollary 2.6. Under the hypotheses of Theorem 2.3, the function 1@-
defined by Equation (1.4) satisfies the condition ||ot;|l, < oo for all j =
1,2,.--)r

We extend the result of Corollary 2.4 to the following.

Corollary 2.7. Under the hypotheses of Theorem 2.5, we have

> a(n)|Qij(n)] < oo

nez

foralli,j=1,2,---,r
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Next, we want to show that qz;j and 1; have the same regularity as ¢, for
all j = 1,2, We let C?(R) be the set of functions f which satisfy the
condition ||o f||; < oo (see [2, p. 216]).

Theorem 2.8. Suppose that ¢; and 1; belong to M(R) with |0, < 00
forall j =1,2,---r, and satisfy Equation (1.7). Then ¢; and 1; belong to
the class C”(R) ﬂM(R).

Proof. Let ®*(w) = (®;;'(w)). Then {®;;'(w)} is bounded for all i, j =

]

1,2,---,7r. By (1.4), we have

é;j = Z (D;zlq;z ’
=1

and thus

lodllw =

-1
Jji

T
<M; ) llodll < oo,
w

i=1

where M; = max |®;'|. Hence ¢; € C?(R). Next, by (1.7), we have that

1<i<lr

Y S (L)

vEZ i=1

where {Q;;(v)},ez belongs to [*(Z) for all ¢, =1,2,---,r. Thus

||O-’9;j||w = Jnax |0’1/J](:p + k)|
keZ
= 3 g ol ) DS e IQ 0 (T >’
rez 0Sost veZ i=1
- (Tt k
< D) Qv lzorgagl o(x+ k)b, ( 5 )‘
veZ i=1 x
< DD 1@ Zorgggl ‘U x4 k)i (x + k)‘
’UEZ i=1
< YY1 ol < o,
i=1 vEZ
since {Q;;(v)}ez is absolutely convergent. Thus ¢; € C*(R). O

The following is a corollary to Theorem 2.8.

Corollary 2.9. Under the hypotheses of Theorem 2.8, the function 1@-
defined by Equation (1.4) has the same regularity as ¢;, that is, ¢; € C?(R)
forallj=1,2,---,r
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Finally, we want to show that the function 1j~)j defined by Equation (1.4)
has the same number of vanishing moments as v;, for all j =1,2,---,r.

Definition 2.10. Let o(z) = (1 + |z])*, & > m + 1, and let D™ be
the space {f : o|f] is bounded on R}. A function f in D™ has N vanishing
moments if f satisfies

Mp(f):/:vpf(:v)da::() forall 0<p<N, but /:L‘N“f(a:)dx;éO,
R R

where p is a positive integer and N < m.

Theorem 2.11. Let ¢;(x) € DV, and let v; and ; have Ny and N,
vanishing moments, respectively, for all j = 1,2,---,r, where N N, < N.
Then N1 = NQ.

Proof. Since 1; has N, vanishing moments, we have

(2.12) /xplﬁj(x)d:r =0 forall 0<p<N, but /xN2+1z7Zj(3:)dac #0.
R R

By Equations (1.4), we obtain

/R:):pzﬂj(:r)dac = /xp (szﬂ )i x—l)

i=1 l€Z

= ZZdﬂ/xwlaz—Z)d =0

=1 l€Z

for all 0 < p < Ny, since {d;;(1) },ez is absolutely convergent and 1); has the N;
vanishing moments. By (2.12), we have N; < N,. On the other hand, using
Equations (1.4) again we can get

Z Z byi(k)i(z + k),  where b;j(k) =1, * V3 (k).
i=1 k€EZ

Similarly, we can prove that N, < N;. Hence N; = Ns. O

Finally, we want to construct a multiresolution analysis of multiplicity 2
(see [6]).

Example 2.13. Let 7,,,.(Z) denote the space of cardinal B-spline func-
tions of degree n on R with integer knots of multiplicity . Write Vy =
T . (Z)NLA(R) for some integers n,r with 1 < r < n + 1. Let N;"" denote
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the B-spline in 7, ,(Z) with support on [ty, tyint1] and knots zy, - -+, Ty,
where for j € Z we define x, = j, jr < k < (5 + 1)r — 1. In particular, we
assume that Nj* and N;** belong to T5(Z). It was shown (see [6]) that N>
and N7* are in C'(R) with support [0,2] and the Fourier transformed vector
is
N2(w) = 2 ( =2 + 6miw + (6 + 8miw)e ™ + %e“m’“" )
3 (2miw)t \ 3 4 (6 — 12miw)e >™ — (L + 6riw)e*™

Thus, N2(w) = O(w™2) as w — oo. Ng* and N belong to M(R). This
implies that N3 satisfies a 2-scale dilation equation. Also, N(w) = P(%)N (%),
where

2(,) = 1 (92774128492 5327 +80+2
3V 144\ 271480+ 532 9271 4+ 128 + 92

and z = ™. Since ®(w) = Y pcp N(w + k)N*(w + k), we have

2(,) = 1 (92714128492 53271 +80+ 2
3T 560 \ 271 480 4 532 9271+ 128 + 92

We know that ®(w) is Hermitian and positive-semidefinite so that ®(u) is
positive-definite since det ®(w) = == (2 cos(4dmw) + 2160 cos 2w + 9210) > 0
for all w. Hence, ®(w) is positive-definite for all w. By Theorem 1.3, the
collection {N$?(- + k), N7?(- 4+ k) : k € Z} is a Riesz basis of V;. The dual

vector N3 of NZ can be defined by

N2 := (N§? NPT = ¢~ N2

with (Nf”z7 T,N?) = ;. k0n0. In order to construct a compactly supported
spline wavelet of multiplicity 2 in W (see [5]), we first construct functions
gi, i = 0,1, having support [0, 3] in the space U := {f € T7,(3Z): fO(k) =
0, k€ Z,j=0,1} by defining

Z cj NZFQ] 2x),

where ¢; can be calculated from gfj)(k:) = 0,4, = 0,1,k € Z. Applying the
differentiation recurrence relation for B-spline, we then define ¢, € Wy, i =
0,1, by letting

() = 6 @) zd N2 (20),

for some constants d;. The functions ¢;, i = 0, 1, are also in M(R)NC(R) and
Pi(w) = O(w™?) as w — oo. 0
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