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A REPRESENTATION THEOREM FOR NORMS IN HILBERT SPACE

Mau-Hsiang Shih and Wataru Takahashi

Abstract. A representation theorem for all norms equivalent to the original
norm in a complex Hilbert space is established by using ellipsoids.

Let H be a complex Hilbert space endowed with the inner product (-, -) and the
associated norm || - ||. An operator on H means a bounded linear transformation
from H into itself. We call that an operator A is positive, denoted as A > 0, if
(Az, z) > 0 for all nonzero = in H. Note that the condition (Az,z) > 0 for all =
in H implies that A = A*. For the proof, the condition implies that

(1) (Az,z) = (x, Az) forall x in H.
By an analog of polarization identity, for all x,y in H we have
(Al@+y),z+y) — (Alx —y),z —y) + i{A(z +iy), x + iy)

(2) —i{A(z — iy), z — iy)
= 4(Az, y)

and
(+y, Al +y)) — (- y, Alz —y)) + i{z + 1y, A(z + iy))

G) —iz — iy, A(z —iy))
= 4(x, Ay).

Combining (2) and (3) with (1) proves that A = A*.
We will establish the following:

Theorem. Let ||| ||| be a norm on H equivalent to || - ||. Then
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|||2]|| = sup (Az,z)'/?,
AceA

where
A={A>0; (Az,z) < |||=|||* for all z € H}.

The theorem is equivalent to saying that every compact convex balanced set in
H with center at 0 is the intersection of all ellipsoids containing it with center at
0 (see Figure 1). For an operator A > 0 and g in H, the set {z € H; (A(z —
x0),x — xg) < 1} is called an ellipsoid with center at x .
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Fig. 1.

Proof of Theorem. Let x¢y € H and consider the subspace
W = {axp; a € C}.
Define a complex linear functional [ on W by
l(axg) = all||xo||| for all « € C.

By the complex version of the Hahn-Banach theorem [1, 2, 3], the complex linear
functional ! can be extended to H such that

l(zo) = |||xol|| and [I(z)| < |||x||| for all z € H.
By the Riesz representation theorem, there exists a unique y € H such that
l(x) = (x,y) for all z € H.
Define an operator 7" on H by

T(x) =l(x)y for all x € H.
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Then
(Tx,z) = |I(z)* < |||z]||? for all z € H
and
(Tao, w0)'/? = |I(x0)| = |l|o|-
Since ||| - ||| is equivalent to || - ||, there exists o > 0 such that

l||z|||* > oz, x) for all 2 € H.
For k=1,2,..., let

T = (1+ YT+ 21

PV Tk K
Then T, >0 for k=1,2,...,

(Typx,x) < |||z|||* forall z € H and k = 1,2,...,

and

Ty — T|| — 0 as k — oo.
Therefore

sup (Awx, $0>1/2§\H$0\H = (T'xy, x0>1/2: lim (T, x0>1/2§ sup (Awx, x0>1/2,
AeA k—o0 AeA

revealing the representation of |||zo|||, proving the theorem. |
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