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Abstract. In this paper we use the penalty approach in order to study two con-
strained minimization problems in Banach spaces. A penalty function is said
to have the generalized exact penalty property if there is a penalty coefficient
for which approximate solutions of the unconstrained penalized problem are
close enough to approximate solutions of the corresponding constrained prob-
lem. In this paper we show that the generalized exact penalty property holds
and is stable under perturbations of objective functions, constraint functions
and the right-hand side of constraints.

1. INTRODUCTION

Penalty methods are an important and useful tool in constrained optimization.
See, for example, [2-5, 7-10, 12, 13, 15, 17-19] and the references mentioned there.

The notion of exact penalization was introduced by Eremin [7] and Zangwill
[15] for use in the development of algorithms for nonlinear constrained optimization.
Since that time exact penalty functions have continued to play a key role in the theory
of mathematical programming. For discussions and various applications of exact
penalization to various constrained optimization problems see [2, 3, 5, 9, 11].

In this paper we use the penalty approach in order to study constrained mini-
mization problems with locally Lipschitzian constraints in Banach spaces. A penalty
function is said to have the exact penalty property [2, 3, 5, 9] if there is a penalty co-
efficient for which a solution of an unconstrained penalized problem is a solution of
the corresponding constrained problem. We study two constrained nonconvex min-
imization problems with Lipschitzian (on bounded sets) objective functions. The
first problem is an equality-constrained problem in a Banach space with a locally
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Lipschitzian constraint function and the second problem is an inequality-constrained
problem in a Banach space with a locally Lipschitzian constraint function.

In [17] we considered these two problems and established a very simple suffi-
cient condition for the exact penalty property. In particular, the problem f(z) — min
subject to g(z) = ¢ possesses the exact penalty if the real number c is not a critical
value of the function g. In other words the set g~!(c) does not contain a critical
point of the function g. Usually the exact penalty property is related to calmness
of the perturbed constraint function. In [17] and here we use the assumption of the
different nature which is not difficult to verify.

Note that in [17] we used the following notion of a critical point of a Lipschitzian
function introduced in [16]:

A point z is a critical point of the function g if 0 € dg(z) where dg(z) is
Clarke’s generalized gradient of ¢ at z [4].

More precisely, in [17] we considered the following constrained minimization
problems:

(P19 f(x) — min subject to = € g~*(c)
and
(P9 f(z) — min subject to x € g~ ((—o0, ]),

where g is a locally Lipschitzian function defined on a Banach space X, f : X — R!
is a function which is Lipschitzian on all bounded subsets of X and which satisfies
a growth condition common in the literature and c is a real number such that the
set g~!(c) is nonempty.

We associate with these two problems the corresponding families of uncon-
strained minimization problems

G f(@) +Alg(x) = ¢| = min, z € X

and

(Pifcgz ) f(z) + Amax{g(z) — ¢, 0} — min, x € X,
where A > 0.

The main result of [17, Theorem 1.1] implies that if the space X is finite-
dimensional, ¢ is not a critical value of g and if X is sufficiently large, then any
solution of problem (Pifc’ge)) is a solution of problem (P(f g)) and any solution of

problem (Pifc’i)) is a solution of problem (PC(’: 9). Thus if the the space X is

finite-dimensional, then problems (Pc(f;’g)) and (Pc(”;’g)) possess the classical exact
penalty property.
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If the space X is infinite-dimensional, then the existence of solutions of problems
(Pifcge )) and (Pi’fc’z)) is not guaranteed and in this situation we consider approximate
solutions which always exist.

Consider a minimization problem h(z) — min, 2 € X where h: X — Rl is a
bounded from below function. We say that x € X is a J-approximate solution of
the problem h(z) — min, z € X, where § > 0, if h(z) < inf{h(z): z € X} + 0.

Since in [17-19] and in this paper we consider minimization problems in a
general Banach space the existence of their solutions is not guaranteed. Therefore
we are interested in approximate solutions of the unconstrained penalized problems
and in approximate solutions of the corresponding constrained problems. Theorem
1.1 of [17] establishes the existence of a penalty coefficient for which approximate
solutions of the unconstrained penalized problem are close enough to approximate
solutions of the corresponding constrained problem. This is a novel approach in the
penalty type methods.

More precisely, if ¢ is not a critical value of g, then Theorem 1.1 of [17]
establishes the following property which will be called here as the generalized exact
penalty property:

For each ¢ > 0 there exists d(¢) > 0, which depends only on ¢, such that if

A > X and z is a d-approximate solution of (P(f ’g)) ((P(f ’g)) respectively), then

A,c,e W)
there exists a (\e)-approximate solution of (Pc(f;’g )) ((Pc(f; g )) respectively) such that
ly -zl < e

Here X is a positive constant which does not depend on e.

It is not difficult to see that the generalized exact penalty property implies that
any exact solution of the unconstrained penalized problem whose penalty coefficient
is larger than ), is an exact solution of the corresponding constrained problem. It
should be mentioned that even if the space X is finite-dimensional the generalized
exact penalty property is of interest. Since computational algorithms in general
produce only approximate solutions of minimization problems it is important to
know that approximate solutions of unconstrained penalized problems with large
penalty coefficients are close enough to approximate solutions of the corresponding
constrained problem.

In [18] we study the stability of the generalized exact penalty property under
perturbations of the functions f and g and of the parameter ¢. The stability of
the generalized exact penalty property is crucial in practice. One reason is that in
practice we deal with a problem which consists a perturbation of the problem we
wish to consider. Another reason is that the computations introduce numerical errors.
In [18] we show that the generalized exact penalty property is stable if ¢ is not a
critical value of g. In the present paper our goal is to show that the generalized exact
penalty property is stable under assumptions which are essentially weaker than the
assumptions of [18]. In particular, we show that if the equality constrained problem
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possesses a solution, then the assumption of [18] can be substituted by the following
assumption:
The set of solutions of the problem does not contained a critical point of g.
The paper is organized as follows. The main results are stated in Section 2.
Section 3 contains auxiliary results. The main results are proved in Section 4.

2. THE MAIN RESULTS

Let (X, ]||-||) be a Banach space, (X*,||-||«) its dual space and let f : X — R!
be a locally Lipschitzian function.
For each z € X let

fO(z,h) = limsup [f(y+th) — f(y)]/t, h € X,

t—0+, y—x

be the Clarke generalized directional derivative of f at the point x [4], let
Of () ={le X*: fO%ax,h)>1(h) forall h € X}

be Clarke’s generalized gradient of f at x, [4] and set

(2.1) Z¢(x) = inf{f%(x,h): h € X and ||h]| < 1}

[16].

A point x € X is called a critical point of f if 0 € 9 f(x) [16]. It is not difficult
to see that z € X is a critical point of f if and only if Z¢(z) = 0.

A real number ¢ € R! is called a critical value of f if there is a critical point
x of f such that f(z) = c.

It is known [4, Chapter 2, Section 2.3] that (—f)(z) = —0f(x) for any z € X.
This equality implies that € X is a critical point of f if and only if z is a critical
point of —f and ¢ € R! is a critical value of f if and only if —c is a critical value
of —f.

For each function h : X — R! set inf(h) = inf{h(z): 2 € X}.

For each z € X and each nonempty set B C X put

d(z, B) = inf{[|z —y|| : y € B},

We say that a locally Lipschitz function f : X — R! satisfies Palais-Smale
(P-S) condition on a set A C X if for any sequence {z;}32;, C A for which
the sequence { f(x;)}2, is bounded and lim; . Z¢(z;) = O there exists a norm
convergent subsequence in X [1, 16, 17].

Remark 2.1. In [17] instead of the function = we introduced a function = I
X — R! defined by

Z¢(x) = inf{f%x,h): h€ X and ||h|| =1}, = € X.
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Clearly for all 2 € X we have Z¢(z) < Zf(z) and Z4(z) > 0 if and only if
E¢(xz) = 0. It is not difficult to see that for each sequence {z;};°, C X

lim Z¢(x;) = 0 if and only if liminf=y(z;) > 0.
11— 11—
For each z € X and each » > 0 set
B(z,r)={z€ X : ||z —z|| <r}, Bo(x,r) ={zeX: |lz—z|| <r}

We assume that the infimum over an empty set is infinity.
For each ¢ € R' and each pair of functions f,g: X — R! set

(2.2) inf(f,c,g) =inf{f(2): z€ g ()},
inf(f, (—o0,cl, ) = inf{f(z): z€g '((—o0,d)}.

Let ¢ : [0,00) — R! be an increasing function such that

(2.3) lim ¢(t) = oo.

t—o00

Let My, M, M, be positive numbers and let b : X — R! be a continuous function.
Now we define a family of functions which are close to the function h. This family
is determined by the parameters My, M1, M.

Denote by U(h, My, M1, My) the set of all continuous functions g : X — R!
such that

(2.4) lg(z) — h(x)| < M; for all x € B(0, M),

(2.5)  [h(x) — g(z) = (h(y) — 9(y)| < Ma||z — y]| for all 2,y € B(0, M)
and denote by Uy (h, My, My, M>) the set of all g € U(h, My, My, M) such that
(2.6) g(z) > ¢(||z||) for all x € X.
Let fo : X — R! be a locally Lipschitzian function which satisfies
(2.7) fo(x) > ¢(||x||) for all x € X,
go : X — R! be a locally Lipschitzian function and let
(2.8) ag < ¢ < bg.
We assume that

(2.9) 90 ' (co) #0
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and consider the following constrained minimization problems

(P.) fo(x) — min subject to € g5 ' (co)
and
(P) fo(z) — min subject to x € gy *((—o0, co)).

We suppose that there exists # € X such that the following assumption holds:
(A0) In the case of the problem (F,)

0 € gy ' (co) and 0 & dgo(0);
in the case of the problem (P;)
0 € gy ((—00,co]) and if 6 € gy (co), then 0 & Dgo(0).
Assume that
(2.10) f:X—R' g:X—R' ceR.
If g~1(c) # (), then we consider the equality-constraint problem
(Pc(f;’g)) f(z) — min subject to z € g~ 1(c)
and if g~1((—o0, c]) # (), then we consider the inequality-constraint problem
(Pc(”;’g)) f(z) — min subject to z € g~ (—o0, c]).

We associate with these two problems the corresponding families of uncon-
strained minimization problems

(P)(\Q,S]e)) f((I,‘)—f—)\‘g(fIf)_C‘ —>Hlil’17 II,'GX,
(FD) f(2) + Amax{g(z) - c,0} — min, = € X
where A > 0.

By (2.3) there is a positive number A such that
(2.11) M > ||6]] + 4 and ¢(M — 4) > fo(0) + 4.

In this paper we use the following assumptions:

(A1) fo is Lipschitz on B(0, M);
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(A2) for each e > 0 there exists z. € gy ' (co) such that fo(x.) < inf(f.co,go) + €
and 0 & Jgo(xc);
(A3) for each e > 0 there exists 2. € gy ' ((—00, co]) such that

fO(xE) < inf(f07 (—OO, CO]? 90) +e

and if z. € go_l(co), then 0 & Ogo(x.);
) ify e go_l(co) satisfies fo(y) = inf(fo, co, go), then 0 & dgo(y);
(A5) ify e go_l(co) satisfies fo(y) = inf(fo; (—o0, col; go), then 0 & dgo(y);
(A6) each sequence {yx}72, C {z € B%(0, M) : go(z) € [ag, bo]} which satisfies
lim infy o0 Ego(yk) = 0 possesses a norm convergent subsequence;

N
=~

(A7) each sequence
{yk}zozl - {Z < BO(OvM) : go(Z) < [CovbO]}

which satisfies lim inf ..o =g, (yx) = 0 possesses a norm convergent subse-
quence.

Remark 2.1. If (A1) holds, then by (2.7) and (2.11) f; is bounded from below
on X.

Remark 2.2. Assumption (A6) ((A7) respectively) means that gy satisfies (P-S)
condition on the set g, * ([ao, bo])NB°(0, M) (g5 ' ([co, bo])NB°(0, M) respectively).
In this paper we prove the following two results.

Theorem 2.1. Suppose that (A1), (A2), (A4) and (A6) hold. Let M > 0. Then
there exist o > 0, Ao > 0 such that for each € > 0 there exists § € (0, €) such that
the following assertion holds:

For each \ > Ao, each ¢ € R! satisfying |c — co| < a, each pair of functions
f:X — R and g : X — R which satisfy

F € Us(fo, M, 0, M), g € Ulgo, M, ;)
and each r € X satisfying
f(@) + Mg(e) — e <inf{f(2) + Alg(2) —¢|: 2€ X} +6
there is y € g~'(c) such that ||y — || < € and
F(y) < F(@) + Ng(@) — o] < inf{f() + Alg(z) —c| : z € X}+6.

Theorem 2.2. Suppose that (A1), (A3), (A5) and (A7) hold. Let M > 0. Then
there exist o > 0, Ao > 0 such that for each € > 0 there exists § € (0, €) such that
the following assertion holds:
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For each \ > \o, each ¢ € R! satisfying |c — co| < «, each pair of functions
f:X — R' and g : X — R which satisfy

feUy(fo, M, 0, M), g €U(go, M, cx, 1)
and each x € X which satisfies
f(z) + Amax{g(z) — ¢, 0} <inf{f(z) + Amax{g(z) —¢,0} : z€ X} +0
there is y € g1((—o0, c]) such that ||y — z|| < € and
F(y) < F(@) + Amax{g(e) — ¢, 0} Sif{f(2) + Amax{g() — ¢, 0} : z€X} +e.

Theorems 2.1 and 2.2 will be proved in Section 4. They imply the following
result.

Theorem 2.3.

(1) Suppose that (A1), (A2), (44) and (A6) hold. Let M > 0. Then there exist o >
0. Ao > 0 such that for each f € Uy (fo, M, cr, M), each g € U(go, M, o, cv),
each ¢ € [co — o, co+ af, each X\ > \g and for each sequence {x;}7°, C X
which satisfies

lim [f(z:) + Alg(zi) — c|} = nf{f(2) + Alg(2) — | : z € X}

1—00
there exists a sequence {y;}32, C g~ '(c) such that
lim f(y;) = inf(f, ¢, g), im ||y; — z;|| = 0.
1—00 1—00

(2) Suppose that (A1), (A3), (A5) and (A7) hold. Let M > 0. Then there exist o >
0. Ao > 0 such that for each f € Uy (fo, M, e, M), each g € U(go, M, o, cv),
each ¢ € [co — o, co+ o, each X\ > \g and for each sequence {x;}°, C X
which satisfies

lim [f(x;)+Amax{g(z;)—c,0}) = inf{ f(z) +Amax{g(z)—c,0}: z € X}

1—00
there exists a sequence {y;}22, C g~ ((—o0, c]) such that

lim f(y;) = inf(f; (—o0,¢],g), lim ||y; — z4|| = 0.
1—00 100

Remark 2.3. Note that Theorems 2.1 and 2.2 are generalizations of the main
results of [18]. In [18] the assumptions (A2) and (A4) for the equality-constraint
problem and the assumptions (A3) and (AS5) for the inequality-constraint problem
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were substituted by an essentially stronger assumption that ¢ is not a critical value
of the function gg. In particular, for the equality-constraint problem the assumption
(A4) means that the problem does not possess solutions which are critical points of
go while (A2) follows from (A4) if the problem has a solution.

Remark 2.4. We prove Theorems 2.1 and 2.2 simultaneously but if one reads
carefully the proof it is not difficult to see that the equality-constraint case is more
complicated than the inequality-constraint case. For example, in the proof of The-
orem 2.2 we do not need Proposition 3.1 which plays a crucial role in the proof of
Theorem 2.1. Actually we present here Theorem 2.2 for the completeness of our
presentation because the proof of Theorem 2.1 also works for Theorem 2.2. Note
that in [19] we obtain a generalization of Theorem 2.2 for an inequality-constraint
problem with a number of constraints.

3. AUXILIARY RESULTS

In this section we use the notation and definitions introduced in Section 2.

Let (Y,||-||) and (Z,]|| - ||) be Banach spaces, A C Y, B C Z. We say that
h : A — B is an L-mapping if for each x € A there exists » > 0 such that the
restriction h : AN B(z,r) — B is Lipschitzian.

Assume that g : X — R! is a locally Lipschitz function. In the sequel we use
the following auxiliary result of [16, Lemma 1].

Lemma 3.1. Let § be a positive number and let A C X be a nonempty closed
subset of X such that =,(x) < —6 for all x € A. Then there exists an L-mapping
V : X — X such that

||[Vz|| <2 forall z € X, ¢%x, Vz) <0 for all z € X,
g°(z,Vz) < —6 forall z € A.

Lemma 3.2. Let zg € X, § > 0 and let E4(xo) < —0. Then there exist r > 0
and an L-mapping V : X — X such that

||[Vz|| <2 forall z € X, ¢°(x,Vz) <0 forall z € X,
g%z, V) < —6 for all x € B(zo, 7).
Proof. By upper semicontinuity of the Clarke generalized directional derivative

g°(&,m) with respect to £ there exists 7 > 0 such that E,(x) < —6 for all z €
B(zg,r). Now Lemma 3.2 follows from Lemma 3.1. |
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Proposition 3.1. Let

(3.1) o € BO(O,M)ﬂgo_l(co),

(3.2) 0 ¢ dgo(zo)

and let €y be a positive number. Then there exists 6o € (0, €) such that for each
function g : X — R which satisfies

(3.3) 19(2) = go(2)| < 8o, z € BY(0, M),

(3:4) (9= 90)(21) = (9 = 90)(22)| < Gollz1 — 22| for all 21,2 € B°(0, M)
and each ¢ € R satisfying
(3.5) lc —co| < do
there is x € B°(0, M) such that
(3.6) ||z — zol| < €0, g(z) =c.
Proof. By (2.1) and (3.2),
Ego (o) < 0.
Choose 6 > 0 such that
(3.7) Ego(x0) < —0.

By Lemma 3.2 there exist » > 0 and an £-mapping V' : X — X such that

(3.8) r < e, B(xg,r) C B0, M),
(3.9) |[Vz|| <2 forall z € X, gd(x, Va) <0 forall z € X,
(3.10) 9d(x, Vi) < =6 for all x € B(zq, 7).

It is clear that there exist tp > 0 and a differentiable function ¢ : [—tg, %] — X
such that

(3.11) ¢'(t) = V(t), t € [~to, to),

(3.12) ¢(0) = my,
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(3.13) o(t) € B®(xo,7), t € [to, to)-

It follows from the properties of the Clarke generalized directional derivative [4]
that for each t1,to € [—to, to] satisfying ¢; < to,

90(6(t2)) = go(d(t1)) = 1(&(s))(t2 — ta),

where s € [t1,t2] and [ € Ogo(¢p(s)), and in view of (3.10), (3.11), (3.13) and the
definition of Clarke’s generalized gradient

90(B(t2))—g0(d(t1)) = (ta—t1)L(V(¢(s))) < (ta—t1)gg (0(s), V(8(5))) < —6(ta—1).
Thus
9o(d(t2)) — go(@(t1)) < —6(ta —t1)

(3.14)

for each t1,ts € [—tg, to] such that t; < t5.
Choose a positive number &y such that
(3.15) dg < min{eo, (5750/8}.

Assume that g : X — R! satisfies (3.4) and ¢ € R! satisfies (3.5). Relations
(3.8) and (3.13) imply that for all ¢ € [—to, to],

(3.16) o(t) € B(xq,7) € B0, M) N B°(xq, €o).
In view of (3.1), (3.12) and (3.14),

(3.17) 90(9(t0/2)) < go(#(0)) — dto/2 = go(wo) — dto/2 = co — 0ty /2,

(3.18)  go(é(—t0/2)) > go((0)) + 6to/2 = gol(xo) + dto/2 = co + Sto/2.
By (3.4), (3.8) and (3.13),
(3.19) (9 = 90)(6(to/2))], (g — 90)(d(—t0/2))| < do.
By (3.19), (3.17), (3.5), (3.15) and (3.18)
9(8(t0/2)) < go(p(to/2)) + 6o < co — dto/2 + 6o < ¢ — Stg/2 + 280 < ¢ — 28
and
9(B(—t0/2)) > go(d(—to/2)) — 8o = co + 6o /2 — 0 > ¢+ 60/2 — 280 > ¢ + 260

These inequalities imply that there is s € (—to/2, t92) such that
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9(9(s)) = c.
It follows from (3.13) and (3.16) that

(s) € B0, M), [|¢(s) — zo| < eo.

This completes the proof of Proposition 3.1. ]

4. PrROOF OF THEOREMS 2.1 AND 2.2

We prove Theorems 2.1 and 2.2 simultaneously. For each ¢ € R' and each
function g : X — R! set

(4.1) A,. =g *(c) in the case of Theorem 2.1,

Ay e =g "((—o0,c]) in the case of Theorem 2.2.

For each A > 0, each ¢ € R! and each pair of functions f,g : X — R! define a
function w(f 9) . X = R! as follow:

(4.2) PD(2) = () + Mg(2) = ], 2 € X
in the case of Theorem 2.1 and
(4.3) w(fg( )= f(2) + Amax{g(z) — ¢,0}, 2 € X

in the case of Theorem 2.2.
Let M > 0. We assume that Theorem 2.1 (Theorem 2.2 respectively) does not
hold. Then for each natural number k there exist

er € (0,1), \p >k, ¢, € R!
satisfying
(4.4) ek — col < k7,
a pair of functions fi, gx : X — R! which satisfy
(4.5) fr € Up(fo, M k™Y, M), g € U(go, M, k™ k1)

and z; € X satisfying

(4.6) WSIE9) (2) < inf(0{FM) 4+ 6,27k 2,
A7) {y € Agoo N Blara) = ¥ (y) < w9 (@)} = 0.

Set
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(4.8) oW = o) p 1 0

AkCr 0

Let k£ be a natural number. By Ekeland’s variational principle [6], (4.2), (4.3),
(4.5), (4.6) and (4.8) there is y € X such that

(4.9) ¢ (yr) < ¢ (),
(4.10) [y — k]| < (20) e,
(4.11) o8 () < 0¥ (2) + k7|2 — | for all z € X.

By (4.7), (4.8), (4.9) and (4.10),

(4.12) Yk & Agpcn-

In the case of Theorem 2.2 we obtain that

(4.13) 9k (Yk) > ck.

In the case of Theorem 2.1 we obtain that either g (yx) > ¢ or gr(yx) < ck. In the
case of Theorem 2.1 extracting a subsequence, re-indexing and replacing gy by —go,
gr by —gk, cg by —cg and ¢ by —ci, we may assume without loss of generality
that an both cases

(4.14) 91 (yx) > ¢y for all natural numbes k.
In view of (A1) there exists a number Ly > 0 such that
(4.15) ‘fo(zl) — fO(ZQ)‘ < LOHZl — ZQH for all z1, 25 € B(O, M)

It is easy to see that for all natural numbers k, qb(k) is locally Lipschitz on B(0, M).
We continue the proof with four steps.

Step 1. We show that ||yx|| < M — 4 for all sufficiently large natural numbers
k. It follows from (1.11), (AO), Proposition 3.1, (4.1), (4.4) and (4.5) that there is
a natural number kg such that for each integer k > kg there exists

(4.16) 0 € BY(0, M) N Ay,

such that

(4.17) lim |0 — 0]| = 0.
k—o0

It follows from (1.11), (4.2), (4.3), (4.5), (4.6), (4.8), (4.9), (4.15) and (4.16) that
for each integer k > kg
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Felur) < 0¥ () < 6P (1) < inf(p™) + 271k
< oM (0) + 272 = f(0)) + 27 k2
@18) = fo(Ok) + [fe(6k) — fo(Ok)] + 27k
< fo(Ok) + k= + k72 = fo(0) + [fo(Ok) — fo(0)] + k™" + &2
< fo(0) + Lo||6r — 0]| + 2k~ 1.

Since limy_. | |0k —0|| = O it follows from (4.18) that there exists a natural number
k1 > ko such that for all integers k > ki,

Frelyr) < fo(0) +27".
Together with (1.6), (1.11) and (4.5) this implies that
(4.19) l|lyk|| < M — 4 for all integers k > k;.

Step 2. We show that limy_.o =g, (yx) = 0. Let £ > k; be a natural number.
By (4.5) and (4.19) for each z € B(y, 3/2),

(4.20) lgr(2) — g0(2)] — lgr(wr) — go(u)ll < k]2 — will,

(4.21) |[fk(2) = fo(2)] = [fe(yr) = fo(yr)ll < M|z — ygll.

By (4.14) there exists a positive number 7, < 3/2 such that
(4.22) gi(z) > ¢, for all z € B(yg, ).
In view of (4.22), (4.11), (4.8), (4.2) and (4.3) for all z € B(yg, 1),
(4.23)  fulyr) + Me(gr(ur) — ) < fu(2) + Arlgr(z) — ) + k7|2 — wl]-
By (4.20), (4.21), (4.22) and (4.23) for all z € B(yy, 1),
fo(yr) + Aego(yr)
< fi(yr) + Aegr (k) + [fo(yr) — fr(yr)] + Aelgo(vr) — gk (ys)]
< fi(2) + Megr(2) + k7 z = il + [folyw)
= Jie ()] + Aklgo(ye) — gr(yr)]
(424) < fo(2) + Akgo(2) + (fr(2) = fo(2)) + Aklgr(2) — go(2)]
+k7 |z =yl + [folyr) — fr(ur)] + Arkl(g0(yr) — gr(vr)]
= fo(2) + Mgo(2) + k|2 — il
+[(fre—=fo) (2) = (fk = fo) ()] + Akl (9K —90) (2) = (9r— 90) (Y]
< fo(2) + Ago(2) + K|z — yrll + M|z — ykll + Aek ™" |2 — -
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In view of (4.24) for all z € B(yg, z)

90(yk) + Ay foluk) < go(2) + Ay fo(2) + A |z —wel| (k7 + M+ k1),

It follows from the inequality above and the properties of Clarke’s generalized
gradient [4, Chapter 2, Sect. 2.3] that

(4.25)  0€ Ago(yk) + A, 0fo(ye) + A\ (2/k+ M){l € X, : ||I]]« < 1.
By (4.15) and (4.19) for each natural number k > ki,
dfolyr) < {l.€ X™: [[I][« < Lo}
Together with (4.25) this implies that for each natural k& > k;
0 € dgo(yr) + A (Lo +2/k+ M){l € X*: |||l <1}
and

(4.26) kli)rgo Ego(yr) = 0.

Step 3. Let us show that limg_.oc go(yx) = co and that {y;}32; possesses a
convergent subsequence. By (4.19), (4.5), (4.14), (4.8), (4.2), (4.3), (4.9), (4.6) and
(4.16) for all natural number k > ki,

=M + Mgk (yr) — k) + folyr) < frlyr) + Me(gr(yr) — k)
= ¢ (yr) < ¢ (wg) < inf(pk)) +1 < " (0r) +1 < fr(6r) + 1
= fo(Or) + 1+ fe(Ok) — fo(Ok) < fo(Ok) + 2
and
0 < gelye) — cx < N sup{fo(2) : = € B(0, M)} — inf(fo) + 2+ M].

Thus limy o0 (9% (yk) — cx) = 0. Together with (4.4), (4.5) and (4.19) this implies
that

(4.27) lim go(yx) = co.

k—o0
By (4.26), (4.27), (4.19), (A6), (A7), (1.8) and (4.13) there exists a strictly increasing
sequence of natural numbers {k;}72; such that {yx}32; converges in the norm

topology of X to y € X. In view of (4.27)

(4.28) 90(y+) = co.
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Step 4. Let us show that fo(y.) = inf(fo; Agy,co)-
It follows from (4.26) and and upper semicontinuity of the Clarke generalized
directional derivative g°(&, n) with respect to £ [4] that =4, (y.) = 0 and

(4.29) 0 € Ogo(ys)-

In view of (4.15) and (4.19),

(4.30) foly) = lim. fo(ys,)-

Let A € (0,1). It follows from (A2) and (A3) that there exists
(4.31) z(A) € Agy.co

such that

(4.32) fo(z(A)) <inf(fo; Ago, co)) + A,
(4.33) 0 & dgo(x(A)) if g(x(A)) = co.
By (4.31) and (A0),

(4.34) fo(z(A)) < fo(0) + 1.

It follows from (4.34), (1.7) and (1.11) that

(4.35) l|z(A)|| < M — 4.

By (4.35), (4.31), (4.33), (4.4), (4.5) and Proposition 3.1 there is a natural number
ko > k1 such that for each integer k > ko there is

(4.36) z(A) € B0, M) N Ay, 0,
such that
(4.37) Jim [|zx(A) =2 (A)]] = 0.

In view of (4.19), (4.5), (4.8), (4.2), (4.3), (4.9), (4.6), (4.36), (4.19) and (4.15) for
all integers k > ko,

folye) — k71 < fulyw) < 6W () < ¢ () < inf(p®) + 2712
< W (ap(A)) + 27k

= fie(ek(A) + 27572 = folar(A)) + [fr(zr(A)) = folzr(A)] +27 k2
< folzp(A) + k742712

= fo(z(A)) + [fo(xx(A)) — folz(A)] +1/k + (2k*)

< fo(x(A)) + Lo|lzx(A) — (A)|| + 2k
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and combined with (4.32) this implies that

folyr) < 3k7" + Lollaw(A) — 2(A)[| +inf (fo; Agy.co) + A

Together with (4.37) this implies that

lim sup fo(yx) < inf(fo; Agy,eo) + A.

k—oo

Since A is an arbitrary number from the interval (0, 1) we conclude that

lim sup fo(yr) < inf(fo; Agg.eo)-

k—oo

Combined with (4.30) this implies that
fo(y.) = Jfim, Jo(yr;) < Inf(fo; Aggco)
and in view of (4.28),

(4'38) fO(y*) - inf(fO; Ago,co)'

Relations (4.38), (4.28) and (4.29) contradict (A4) in the case of Theorem 2.1
and (AS5) in the case of Theorem 2.2. The contradiction we have reached proves
Theorems 2.1 and 2.2
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