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Abstract. We prove, under appropriate assumptions, the existence of solutions
for a second order evolution inclusion with delay in a separable reflexive Ba-
nach space. Several applications are investigated via discretization techniques
and variational convergence results.

1. INTRODUCTION

In the present paper, we prove, under appropriate assumptions, the existence of
solutions for a second order evolution inclusion with delay. Several applications
are investigated via discretization techniques and variational convergence results. In
Section 3 we present a general existence result for a delayed second order evolution
inclusion in a separable reflexive Banach space F such that its strong dual is uni-
formly convex and its variant involving the normal cone of closed convex moving
subsets in a separable Hilbert space. Our techniques provide also new results for
second order evolution inclusions. Section 4 is devoted to applications involving
variational techniques, biting lemma, the characterization of the second dual of Lﬁd
and Young measures. In particular, a measure solution for a second order evolution
inclusion in R? of the form

0 € ii(t) + Mu(t) + dp(u(t))

is presented, here M is a linear continuous operator in RY, ¢ is a convex proper
lower semicontinuous function defined on R% and dp(u(t)) is the subdifferential
of the function ¢ at the point u(t).
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2. PRELIMINARIES AND BACKGROUND

We will use the following definitions and notations and summarize some basic
results.

Let E be a separable reflexive Banach space such that its strong dual is
uniformly convex, Ir is the identity mapping on E.

Bp(0,1) is the closed unit ball of E.

c(E) (resp. cc(E)) (resp. cwk(E)) is the collection of nonempty closed (resp.
closed convex) (resp. weakly compact convex) subsets of F.

If A is a subset of E, 0*(., A) is the support function of A.

L(]0,T)) is the o-algebra of Lebesgue measurable subsets of [0, 7.

If X is a topological space, B(X) is the Borel tribe of X.

LL([0,T],dt) (shortly L% ([0,T7)) is the Banach space of Lebesgue-Bochner
integrable functions f : [0,7] — E.

A mapping u : [0,T] — E is absolutely continuous if there is a function
i € LL([0,T7)) such that u(t) = u(0) + [ (s) ds, Vt € [0, T].

If X is a topological space, Cp(X) is the space of continuous mappings
u: X — E equipped with the norm of uniform convergence.

A set-valued mapping F' : [0,7] = E is measurable if its graph belongs
to £([0,7]) ® B(E). A convex weakly compact valued mapping F : X —
cwk(E) defined on a topological space X is scalarly upper semicontinuous
if for every y € E/, the scalar function §*(y, F'(.)) is upper semicontinuous
on X.

A multivalued operator A(t) : E — 2F (t € [0,T]) is m-accretive, if,
for each t € [0,7] and each A\ > 0, R(Ig + MA(t)) = E and for each
x1 € D(A(t)), 22 € D(A(t)), y1 € A(t)z1,y2 € A(t)x2, we have

(y1 — 2, j(x1 —x2)) >0

where D(A(t)) := {x € E : A(t)x # 0} and j is the single-valued duality
mapping in E.

If A(t) is m-accretive, then

2.1)

MDAz — ol |[Axt)2]| < [A(t)z]o

= inf Vo € D(A(t
ntlyll v € D(A()

where JyA(t)r = (Igp + AA(t))"'z. We refer to [5, 9, 40] for the theory of
accretive operators and equations of evolution in Banach spaces. We refer to [23]
for measurable multifunctions and Convex Analysis.
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3. SoME EXISTENCE THEOREMS IN DELAYED SECOND ORDER EVOLUTION INCLUSIONS

We will consider an m-accretive operator A(t) : E — 2E(t € [0,T]) with
domain D(A(t)) in a separable reflexive Banach space satisfying the following
assumptions:

(H1) There exists a continuous function p : [0,7] — FE and a nondecreasing
function L : [0, co[— [0, oo[ such that

[IxA()z — JxA(s)x]] < Alp(t) — p(s)|L(||][)

for all A €]0, 1], for all (¢,s) € [0,T] x [0,T], and for all x € E.
(H2) 0 € D(A(0)) and for each r > 0, SUD,.¢ p(A(0))" B (0:) |A(0)x]|o < o0.
(Hj)

(a) For every I2([0,T])-mapping u : [0,7] — E satisfying u(t) € D(A(t)) for
all t € [0, T, the set-valued mapping ¢ — A(¢)u(t) is measurable,

(b) for every = € E and for every A > 0, t — (Ix + AA(t)) "z is measurable,

() there exists g € L%([0,T]) such that t — (Ir + AA(t))'g(t) belongs to
L%(]0,T7)) for all A > 0.

(Hy) D(A(t)) is closed and ball-compact, that is, the intersection of D(A(t)) with
any closed ball in E is compact.

Remarks.

(1) Assumption (H;) is similar to the one employed by [9], [28] in the study of
quasi-autonomous evolution equations. By ([28], Lemma 3.1), (H;) implies
that the sets D(A(t)) are constant, i.e D(A(t)) := D for all t € [0, T.

(2) If E = R? and if A(t) does not depend on t € [0,T] (i.e. A(t) = At €
[0, T)), it is obvious that A satisfies (H1) and (Hs). Indeed, since the graph
of A is closed, the set-valued mapping A is Borel, in the sense that for any
closed subset B of RY, the set

A~ (B) = {z € R?: A(z) N B # 0} = projga[Graph(4) NRY x B]

is Borel. Consequently, D(A) is Borel and for any measurable mapping
u: D(A) — R, the set-valued mapping Au(.) is measurable, proving H3(a).
Further, for any measurable mapping g : [0,7] — R?, the mappings t —
[Ira+AA]~tg(t) is measurable, meanwhile H3(b) and Hs(c) are obvious. We
recall first a version of a closure type result in the convergence of approximated
solutions. See ([12], Lemma 2.3).
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Lemma 3.1. Suppose that E is a separable reflexive Banach space such
that its strong dual is uniformly convex, A(t) : E — 2F(t € [0,T)), is an m-
accretive operator satisfying (H3), (u,) and (vy,) are sequences in L%([0, T) with
un(t) € D(A(t)) for every n and for every t € [0,T] and (r,) is a uniformly
bounded sequence of positive measurable functions defined on [0,T] such that
rn(t) — 0 pointwisely on [0, T']. Assume that the following conditions are satisfied:

(i) (un) converges strongly to uw € L%([0,T]) and (v,) converges to v €
L2([0,TY) with respect to the topology o (L%, L%,),

(ii) vp(t) € A(t)un(t) +rn(t)Bg for all n and all t € [0, T).

Then we have
v(t) € A(t)u(t) a.e t € [0,T].

Proof.  Let Ip2 oqy) be the identity operator in L%(]0,T)). Let A be the
operator in L% ([0, 77]) defined by

v e Au <= v(t) € A(t)u(t) a.e t € [0,T].

We claim that A is m-accretive in L%([0,7]). Let A > 0 and let g € L% ([0, T).
By (H3)(c) there exists g € L2%([0,7]) such that h : t — (Ip + AA(t))"'g(t)
belongs to L%([0,77). Since (Ig +AA(t))~! is nonexpansive [40], we deduce that
the function h : t +— (Ig + AA(t))"'g(t) is measurable and belongs to L% ([0, T])
thanks to (H3)(b)-(c). Furthermore, we have g € h + Ah <= h € (IL%([O,T]) +
M)ty = R(Ip2 (o) + AA) = L%(]0,T)). Let U be the closed unit ball of
L¥([0,T7). In view of (ii), (H3)(a) and measurable selection theorem, we claim
that v,, € Au,, + R,, for all n, where

Ry :={z€ LF(0,T]): z=ryw, w e U}.

Firstly, it is easy to see that R,, is equal to the set of all measurable selections of
the measurable set-valued mapping r,,(.) Bg(0, 1). Secondly, by (ii) and (H3)(a),
the nonempty set-valued mapping ¥,, : [0, 7] — E x E defined by

U, (1) = {(2,9) € (A({t)un(t), rn(t)Bp(0,1)) : x +y = v,(t)}, VYt € [0,T],

is measurable. By measurable selection theorem, there is a measurable selection x,
of A(.)u,(.) and a measurable selection y,, of the measurable set-valued mapping
r(.)BE(0,1) such that v,(t) = 2, (t) + yn(t) for all t € [0, T]. Moreover there is
wy € U such that y,, = r,w,. So, we have that v, = x,, + r,w, € Au, + R, for
all n. As A(t) is accretive for each ¢ € [0, T7, it is easy to check that A is accretive
in L%([0,T]). Since E’ is uniformly convex, the dual L%, ([0, T1]) of L%([0,T7) is
uniformly convex, too, see e.g ([41] , Theorem 4.2 and Remark 4.7). Consequently,



Existence Problems in Second Order Evolution Inclusions 1437

by ([40], Theor.1.5.2) the graph of A is strongly-weakly sequentially closed. By (i)
uy, strongly converges to u € L2,([0,T)), v, — rpw, — v, weakly in L% ([0,T]),
(because r,w, — 0 strongly in L2([0,7]) and v, — ryw, € Au, by what has
been proved, so we conclude that v € Au <= v(t) € A(t)u(t) a.et € [0,7]. =

We present first a second order problem for a delayed evolution inclusion gov-
erned by an m-accretive operator with convex weakly compact valued upper semi-
continuous perturbation. See [12, 13, 18] and the references therein for other delayed
evolution inclusions. Let » > 0 be a finite delay and let Cy := Cg([—r,0]). For
any t € [0,T1], let 7(t) : Cg([—r,t]) — Co defined by (7(¢t)u)(s) = u(t + s),Vs €
[—7,0], Yu € Cg([—r,t]).

Theorem 3.1. Assume that E is a separable reflexive Banach space such
that its strong dual is uniformly convex, A(t) : E — cc(E) U {0};t € [0,T),
is an m-accretive operator satisfying (H1) — (Hy), F : [0,T] x Cg([—r,0]) X
Ce([-r,0]) — cwk(E) is separately scalarly measurable on [0,T], separately
scalarly upper semicontinuous on C g([—r,0]) x Cg([—r,0]) such that F(t,z,y) C
K for all (t,z,y) € [0,T] x Cg([-r,0]) x Cg([-7,0]), for some convex weakly
compact set K in E and G : [0,T] x Cg([-r,0]) x Ce([-,0]) — cwk(E) is a
scalarly upper semicontinuous convex weakly compact valued mapping such that
G(t,z,y) C (L4 [[z0)l| + ly(O)I)Z for all (t,2,y) € [0,T] x Cu([-r,0]) x
Cr([—r,0]), for some convex weakly compact set Z in E. Then, for every ¢ € Cy
with ©(0) = a € D(A(0)) and every 1) € Co with 1)(0) = b € E, there exists two
continuous mappings u : [—r,T] — E and v : [—r,T] — E such that

—=

v(t)=9(t) on [—r0]; v(t)=b+ | wu(s)ds,Vte[0,T],

S~

(P){ uwt)=¢) on [-r0]; u(t)=a u(s)ds, ¥t € [0,T],

+
with @€ LE([0,7]) and wu(t) € D(A(t)),Vt € [0,T],
0€a(t)+Alt)u(t) + F(t, 7(t)u, 7(t)v) + G(t, 7(t)u, T(t)v) a.e.

)

Proof. Our proof follows a technique of discretization developed in [12] for a
functional type evolution inclusion, taking account into the trick developed in ([12],
Step 2 of Theorem 2.4) involving the multivalued Scorza Dragoni theorem [16] and
Multivalued Dugundji extension theorem [7].

Step 1. F is scalarly upper semicontinuous. As G is scalarly upper semicon-
tinuous with
G(t,z,y) C (L+[[z0)|[+ [[y(0)[) Z

forall (¢, z,y) € [0, T]xCg([—r, 0]) xCg([—r, 0]), for some convex weakly compact
set Z in B, [F+@] satisfies obviously the inclusion [F+G](t, x,y) C (1+]|z(0)||+
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ly(0)]]) X for some convex equilibrated weakly compact set X in E. Consequently,
in this particular case, we need to prove our theorem when F' = 0. Let h :
[0, T)xCg([—r,0])xCg([—r, 0]) be a scalarly B([0, T]) xCg([—r, 0]) xCgr([—r, 0]))-
measurable selection of G (see [23]). We will construct two sequences (vy,), (uy)
in Cg([—r,T]) such that, the associated subsequences converge uniformly to the
desired functions v, u satisfying the problem (P;). For notational convenience, we
take T'= 1. Let n > 1 be a fixed integer, we put u,(s) = ¢(s), v,(s) = ¥(s) for
all s € [—r,0] and we consider a partition of [0, 1] by the points t}} = ke, e, =
%, k=0,1,2,...,n.. For each t € [t{}, t}], we define

un(t) =b+ (t—1ty)a

Bt oo L=t

n.
where b = ¢(0), 2§ = a = ¢(0) and
2y = Je, A(t7)(2g — enh(ty, 7(15)tn, 7(15)n)
so that for ¢ € [t7, 7]
! — xg

Up(t) =2( =a and u,(t) = P

By construction we have 2} € D(A(t})) and for ¢ € [t§, t}],

(3.1.1) i (1) = L 10

o € —A(t7)x] — h(ty, T(t)un, T(15)vn)-

By induction for 0 < k < n, we set

xZ—i—l = JenA(tZ—i—l)(xz — enh(th, T(te)un, T(t)vn)

then x} , € D(A(t},,)) for k = 0,1,2,..n — 1 and for ¢ € [t} ], 0 < k <
n — 1, we define
on(t) = vn(ty) + (t = 1) un(ty)

and "
t —1 t—t7
un(t) = ktl xp + k

n n

n
Th+1-

Then for t € [t7, 17, [, we have 0, (t) = u, (£}) and

. xz B xz n n n n n
(312) () = LT A gy — R (), 7)),
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For each t € [0, 7] and each n > 1, let 6, (t) = 1}, 0, (t) =t} if t € [t} [
So by (3.1.2) we get
(3.1.3) Un(t) € —A(0,(1))un(0n(t) — h(0n(t), T(6n(t))tn, T(5n(t))vn),

for a.e. t € [0, 1]. It is obvious that, for all n > 1 and for all ¢ € [0, 1] the following
holds:

(3.1.4)  h(8u(t), T(60(t))ttn, T(0(£))vn) € G (B (), T(6n(£))ttms T(5(£))vm),

(3.1.5) un(0n(t)) € D(A(6n(1))); un(On(t)) € D(A(On(1))),
(3.1.6) vp(t) =b+ /t un(0n(s))ds, Vte|0,1],

0
(3.1.7) Jim. S (t) = Jim On(t) =t, Vtel0,1].

Claim. (1) is uniformly bounded a.e.

By (2.1) and (H2) we have ||J., A(t{)a — a|| < e, M,, for all n € N for some
positive constant M,. Let p as in (H;), there is v > 0 such that ||p(¢)|| < 7 for
all t € [0, 1]. By using (H;) and the preceding inequality, we obtain the estimate

ok — all < [[Je,, A(R) (w51 — enh(ty—1, T(tg—1)tn, T(tg_1)vn)) — Je, A(ty)all
+lJe, Altg)a — Je, A(tg)al| + || Je, Atg)a — al|
< w1 — all + en [|h(t—1, 7(ti—1)tn, T(EE_1)vn) ||
+enyL(|lal]) + enMa
< [lzi_y — all + en(vL(llal|) + Mq + | Z])
+en| Z| (un () + [[on(t—1)I])-
Iterating the preceding inequality gives
|2k — all
< ken(|Z] +~L(|]all) + Ma)
+en| Z| (Jun ()] + [[un @) + - + [Jun(tE_1)1])
+enl Z|(fon(to) ||+ [on (E)1] + - + [lva(tE_1)I])
<vL(lall) + Ma + | Z] + el Z|(lal| + [|27(] + - + [l2% 1 ]])
+enl Z| (0l + [fon (G + - + [|oa(tE-1)I])

(3.1.8)
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foralln >1and forall k=1,2,...,n.

Now
v (t7) = b+ epa, v,(t5) =b+ epa +epxl, ...,

un(tf_y) = b+ ena+epal + ... + enx)_,

then
[1B]] + o E) | + - + [Jvn ()]

< (o[l + (I[bl] + enllall) + (ol + enllal| + en||2T]]) + ..
+([[0l] + enllall + enl[z7[| + ... + enllzE_o|])
= E|[bl[ + en(k = Dllal| + en(k = 2) |27 + ... + enllz} o]
< Kl[bl[+ [all + 7] + - + [J2F ol
By substituting this estimate in (3.1.8) we get
ok = all < vL(lall) + Ma + |21+ eal ZI(llall + [251] + .+ 7]
eal ZIGR{I1 -+ llall + 1711+ e+ [l
< vL(lall) + Ma + | Z](1 + [[6]| + 2[|al]) + 2en| Z|([|27]] + ... + [[2F_41])
for alln > 1 and for all kK =1,2,...,n. So we have
o) 111 < llall + v Z(lall) + Mo + 1 Z1(1+ |16+ 2lal
2602|1271 + -+ llaf )

for all n > 1 and for all £k = 1,2, .., n. Set for simplicity

6 := |lall +yL(llal[) + Ma + [Z|(1 + |[b] + 2llal|) and  pp = 2en|Z]|
we obtain
(3.1.10) kIl < 0+ palllaT]] + - + [k -]])
for K =1,..,n. Now, we claim that

2]l < 8(1+ pu)* "
for alln > 1 and for all k =1,2,...,n. For k = 1, we have
|21 — al < [[Je, A(t7) (@ — enh(tg, 7(tg)un, T(t5)vn)) — Je, A(t7)al|
+l[ e, A(t1)a — Je, A(t5)al| + || Je, Altg)a — all
< enyL(|lal]) + enMa + en| Z|(1 + |lal| + [[b]]) < 6 — [|al].
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Therefore ||27|| < 0. Assume by induction that (3.1.10) is true for 1 < k < n,
then

|2kl < 6+ pulafl] + 125 + oo+ [|ai_y || + [2Z])
<S4 puld + 01+ pn) + (1 + ) 4 o+ 5(1 + p) 1)
=5+ 0pa[l+ (14 pn) + (14 pp)” + oo+ (14 ) F7Y)]

(1 + pn)k -

= 6 LT 6+ (0L ) = 1] = 61+ )"

Then for all n > 1 and for all £ =1, 2,...n, we have the estimate

llepll < (1 + py) Y

< 51+ 220
(3.1.11) n
212,
n

< dexp(2|Z]) =

< o(1+

thereby proving the required estimate. Consequently, for all n > 1 and all £ =
0,1,2,....,n we have

(3.1.12) Hon (B < 1611 + enllall + enl|2Y( + .. + enllzg 4]
< [[bll+ llall + kenB < [[al| + [1b]| + 8-

So by (3.1.12), (H;) and (H2) we get the estimate
g =2l < e, Altga) (g —enh(ty, 7(EF)un, T(t)vn)) — Je, A(t41)2E |
Hl e, Altgya)w = Je, Altg)wi | + [[Je, Alty)zy — x|
< en|Z|(1+ [lal] + (|6l + 28) + en(vL(B) + Mp)

for all n > 1 and for all £ =0,1,2,..,n, here L(3) and My are positive constant,
independent of n occurring in (H;) and (Hz). By (3.1.2) and the preceding estimate,
we get

(3.1.13) in (@I < N = [Z|(1 +[lal[ + [[b]] + 26) + ¥ L(B) + Mp

for all n > 1 and a.e. ¢ € [0, 1]. That proves the claim. By (3.1.7) and (3.1.13), we
have

(3114) i [fun(6a() = ua(O)]| = Jim [[ua(0(8) = ual®]] = 0

n—oo
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for all ¢ € [0,1]. By (3.1.5) and (3.1.11) u,(6,(t)) € D(A(6,(t))) N Bg(0, 3)
for all ¢ € [0,1] and for all n € N. As D(A(0,(t))) N Bg(0,3) is compact,
because D(A(t)) is constant, say D(A(t)) = D for all t € [0, 7], (un(6,,(t))) is
relatively compact in E for every ¢ € [0, 7] and, on account of (3.1.14) (w,(t)) is
relatively compact too. Thus (u,(.)) is relatively compact in Cg([0, 1]). Hence we
may suppose that (i,) (L5, LL,)-converges in L ([0, 1]) to a function w with
|lw(t)|| < N for a.e t € [0,1], and (uy,) converges in Cg([0,1]) to an absolutely
continuous function

u(t) =a+ /Ot u(s)ds, YVt € [0,1]

with &« = w. From (3.1.6), (3.1.13), (3.1.14), we deduce that ( n) converges
uniformly to an absolutely continuous function v with v(¢) = b+ fo s)ds, Vt €
[0,1]. As

[P(8n (2), (0 (£)) i, T(0n () )on) || < (1 + [ (60 ()] + [[vn(6n (£)) D] Z]
< (14 [lall + [b]] +28)|Z]
for all n > 1 and for all ¢ € [0, 1], we may suppose that
(gn () := (A(On(.), T(On(.))tin, T(6n(.))vn))

o (L%, L},)-converges in L ([0,1]) to a function g with |[g(t)|| < (1 + ||a| +
||Ib]| +28)| Z| for a.e t € [0, 1].

Claim. u(t) € —A(t)u(t) — g(t) a.e t € [0,1].

Let us set wy,(t) := Je,, A(t) (un(5n(t)) — enh(0n,(t), 0 (t)tn, dp(t)vy,)) for all
n > 1 and for all ¢ € [0, T]. Then wy(t) € D(A(t)) for all ¢ € [0,T] and we have

(3.1.15)  up(0n(t)) — enh(9n(t), 0n(t)un, 6n(t)vy) € wy(t) + en A(t)wy(t).
In view of (H;) and (3.1.11) and (3.1.12) we have the estimate
[un(0n(t)) — wa (D)
(3.1.16) < enlp(0n(t)) — p(8)|L(|[un(0n(t)) — engn(®)]])
< enlp(On(t)) — p(0)|L(B + (L + [[al[ + ([0l +26])Z]).
It follows that

(3.1.17) lim |[un(0n(t)) — wa(t)|| = 0, Vt € [0,T].

n—oo
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Consequently we get

(3.1.18) lim wy,(t) = u(t), Vt € [0, 1].

n—oo

Let n > 1 and let ¢ €]0, 1[. Then ¢ €]t7, ¢ [ for some 0 < k < n. So, taking
(3.1.15) (3.1.16) and the preceding estimate into account, we get

d(_un(t) - gn(t)v A(t)wn(t))

d(un((sn(t)) - un(en(t)) _ gn(t),A(t)wn(t))

€n

1

o [un(0n(t)) — wa(t)]]

n

(0n(t)) = p(OIL(B + (1 + [[al| + [b] + 28)[ Z]).-

IN

IN
<

Since A(t)w,(t) is closed and convex, the preceding inequality implies that
_an(t) - gn(t) € A(t)wn(t) + rn(t)EE(Ov 1)
a.e with 7 (t) == [p(0n(t)) — p(t)[L(B + (1 + ||al| + ||b| + 28)|Z]) — 0 for all
t € [0,1]. As 4y + g, — U+ g weakly in L%([0,T]) and w,, — u strongly in
L%(]0,1]) by (3.1.11), (3.1.16), (3.1.18), and from Lemma 3.1, we deduce that
—u(t) € A(t)u(t) +g(t) a.e t €[0,T].
Claim. ¢(t) € G(t,7(t)u, 7(t)v) a.e t € [0,1] :
Let t € [0, 1], we have
7 (0n (@) un — T(@)ulley(—ro) < 17(0n(t))un — T(E)tnllcp(—r0)

+7 () un — T(O)ulley—ro)

< sup [[un(s1) — un(s2)[| + [|T(H)un — 7(t)ul]
{s1,s2€[—7,1],|s1—s2|<en}
< sup [[un(s1) — un(s2)l
{s1,s2€[—7,0],|s1—s2|<en}
sup l|un(s1) — un(s2)||

{s1,52€[0,1],|s1—s2|<en}

+ T un — T ullep((-r0)

< sup llo(s1) — @(s2)]]
{s1,s2€[—7,0],|s1—s2|<en}

+ Ne, + HT(t)un — T(t)uHCE([—r,O])-
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Using the continuity of ¢, the uniform convergence of w, towards u, and the pre-
ceding estimate, we see that

(3.1.19) lim {[7(0n(8))tn — 7(t)ullcp((-r0p) = 0.

n—oo

Similarly we have

(3.1.20) nli)rgo |7 (8n(t))vn — T(O)v]lcy((=r0)) = O-

From (3.1.4), (3.1.19), (3.1.20), the scalarly upper semicontinuity of GG and a closure
type result ([23], Theorem VI-14) we get the required claim. So existence for
(P1) is completely demonstrated in the case when F' is globally scalarly upper
semicontinuous on [0, 1] x Cg([—r,0]) x Cg([—r,0]).

Step 2. For simplicity assume that K = Bg(0,1) and F : [0, 1] x Cg([—r, 0]) x
Cg([—r,0]) is separately measurable on [0, 1] and separately upper semicontinuous
on Cg([—r,0]) x Cg([—r,0]). If F is globally scalarly upper semicontinous, then
the multifunction F'(¢, z, y) + G(t, x, y) is scalarly upper semicontinuous on [0, 1] X
Cr([—r,0]) x Cg([—r, 0]) and satisfies the inclusion F'(¢,z,y) + G(t, z,y) C 2(1+
[|z(0)|| + ||y(0)||)Be(0, 1), so that we can apply the existence result in first step
when G is substituted to F'+ G. Then, for every ¢ € Cy with ¢(0) = a € D(A(0))
and every ¢ € Cy with (0) = b € E, there exists two continuous mappings
w:[-r,T] - FEand v : [-r,T] — E such that

v(t) =) on [—r0]; v(t)=(0) +/0 u(s)ds, vt € 0, 1]
u(t) =¢(t) on [-r0]; u(t)=a —i—/o u(s)ds, Vt € [0,1]
u(t) € D(A(t)), vVt € [0,1]

0 € u(t) + A(t)u(t) + F(t, 7(t)u, 7(t)v) + G(t, 7(t)u, T(t)v) a.e.

with & € L¥([0,7]. Now we pass to the general case. Here we imitate an
argument developed in [12] in this particular situation. By Scorza-Dragoni theorem
([6], [16]) there exists an increasing sequence of compact sets (.J,,) in [0, 1] such
that the Lebesgue measure of [0, 1]\ .J,, tends to 0 when n — oo and that the
restriction of F' on J,, X Cg([~7, 0]) x Cg([—r, 0]) is scalarly upper semicontinuous.
Let F}, be the upper semicontinuous Dugundji extension (e.g. [7]) of F|J, x
Ce([—r,0]) xCg([—r,0]) to [0, 1] xCg([—7, 0]) xCg([—r, 0]) with F,,(t,z,y) C K,
for all (t,z,y) € [0,1] x Cg([-7,0]) x Cg([-r,0]). We now apply step 1 with
F, + G . Thus, using the above remark, for every n, for every ¢ € ( with
©(0) = a € D(A(0)) and every ¢ € Cy with /(0) = b € E, there exist two
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continuous mappings u,, : [-r,1] — E and v, : [-r, 1] — E such that

va(t) =1 (t) on [—7,0]; wv,(t) =1(0) —i—/o up(s)ds, ¥t € [0, 1]

(P un(t) =p(t) on [—r,0; u,(t)=a —|—/O U (s)ds, ¥t € [0, 1]
un(t) € D(A(t)),Vt € [0,1]

0 € tn(t) + A)un(t) + Fn(t, (¢)un, 7(£)vn) + G(t, 7(t)un, T()vn)

where (i) is bounded in L ([0,7]. As D is ball-compact, we may suppose
that (u,) converges uniformly to u € Cg([0,1]), (i1,) converges o(L5, LL,) to
i€ LF([0,T) and u(t) = a+ [y u(s)ds, Vt € [0,1], and (v,) converges uniformly
to v(t) = b+ fo s)ds. We now ﬁmsh the proof as follows. There is a measurable
mapping z, : [0,1] — K with z,(t) € Fy(t, 7(t)tn, 7(t)vy) + G(t, 7(t)tn, 7(t)vy)
for a.e. t € [0,1] and
—Un(t) € A(t)un(t) + 2, (1),
a.e. t € [0,1]. It is obvious that (z,) is bounded in L ([0, 1]). We may suppose
0,1

that (z,,) converges o (L, L) in L ([0,1]) to 2z € L¥([0,1]) so that, in view of
Lemma 3.1, we get

—a(t) € A(t)ult) + 2(t)

a.e. t € [0,1]. By construction, there is a Lebesgue null set N, such that z,(t) €
E.(t, 7(t)un, 7(t)vy) + G(t, 7(t)up, T(t)vy,) for all t € J, \ N,. Let Ng := ([0, 1]\
UnJn) U (U, Ny, ) which is Lebesgue-negligible. If ¢ € [0, 1]\ Ny, there is an integer
p := p(t) such that z,(t) € F,(t, 7(t)un, 7(t)vn) + G(t, 7(t)un, 7(t)v,) for all

(t). As F + G is scalarly upper semicontinuous on Cg([—r, 0]) x Cg([—r, 0])
and u,, (t) — u(t) in E, we have

lim sup(z/, z,,(t)) < limnsup[é* (', F(t, 7(t)un, T(t)vy))

n

+0" (2, Gt, 7()un, T(t)vn))]
< [0%(2!, F(t, 7(t)u, T(t)v)) + 6* (2, G(¢t, T(t)u, T(t)v))]
for all 2 € E’ and for all n > p. Thus
limnsup<x', 2 (1)) <6 (2, F(t, T(t)u(t), 7(t)v(t)))

+6% (!, G(t, T(t)u(t), T(t)v(t)))

for a.e t € [0,1]. By Fatou’s lemma, it follows that, for every measurable set
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A C [0, 1] and for every o/ € E’,
/ (2!, 2(t))dt = lim / T
A n A

:limsup/<x’,zn(t)>dt < / lim sup(a’, z,,(t))dt
A

n A n
< / (6% (2!, F(t, 7(t)u, 7(t)v)) + 6 (2, G(t, 7(t)u, T(t)v))] dt.
A
Consequently
z(t) € F(t, 7(t)u, 7(t)v)) + G(t, 7(t)u, 7(t)v)

a.e., thereby proving the inclusion

—u(t) € A(t)u(t) + F(t, 7(t)u, 7(t)v) + G(t, 7(t)u, T(t)v) a.e.
and completing the proof. ]

Now we proceed to some variants of Theorem 3.1 involving the normal cone
of closed convex moving sets in Hilbert space. It is well known that the normal
cone of a closed convex set is the subdifferential of its indicator function which
is a maximal monotone operator. This problem, so-called ”sweeping process”, was
introduced and solved by Moreau [30]. A study of second order evolution problem
involving the normal cone of closed convex moving sets in Hilbert spaces was
initiated by the first author [10], subsequently there has been a deal of research
on this problem [1, 26]. We present here an existence result for the second order
sweeping process with undelayed perturbations. For more information on sweeping
process and, convex and nonconvex evolution problems, we refer to [14, 21, 22,
24-27, 32, 33, 37-39].

Theorem 3.2. Let H = R% and T > 0. Assume that C : H — cc(H) is a
closed convex valued A-Lipschitzean mapping: that is

H(C(z),C(y)) <Az —yll, V(z,y)e HxH
here H denotes the Hausdorff distance on cc(H). Assume that
G:[0,T] x Hx H— ck(H)
is convex compact valued scalarly upper semicontinuous mapping such that

Gt z,y) € (L+[[=]| + [lyl})Z
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Sor all (t,x,y) € [0,T] x H x H, for some convex compact set Z in H. Then, for
every every b € H, and for every a € C(b) there exist two absolutely continuous
mappings u : [0,T] — H and v : [0,T| — H such that

v(t) =b+ /Otu(s)ds,Vt € (0,7,

(P2) u(t) = a+/0 u(s)ds, vVt € 10,77,
with @ € L¥([0,T]) and wu(t) € C(v(t)),Vt e [0,T],
0 € a(t)+ N(C(v(t));u(t)) + G(t,u(t),v(t)) ae.

here N(C(v(t));u(t)) denotes the normal cone of C(v(t)) at the point u(t).

Proof. Our proof follows some techniques of discretization developed in [12],
and some arguments of the proof of Theorem 3.1. Nevertheless, this need a careful
look. Let h: [0,7] x H x H — H be a scalarly B([0,T] x H x H)-measurable
selection of G (see [23]). For notational convenience we will take 7" = 1 and
Z = Bpg(0,1) so that |Z] < 1. We consider a partition of [0, 1] by the points
ty = key, e, = %, k=0,1,2,...,n. For each t € [t7, t}], we define

vp(t) =b+ (t—t7)a

tr—1 t—ty
up(t) = le xg + . 0 4m,
n n

where zj = a € C(b) and

T} = Projo(u, (i) (20 — enh(ly, a, b))
so that v, (t) = b and u,(t(}) = a. Then we have the estimate
d(ag — enh(tg, un(tg), va(tg)); C(v(t1)))
< H(C(un(t5)), Clun(t?))) + en||h(tg, un(ty), vn(t5))]|
< (Mfun(E)I+ 1+ [lun ()] + [loat6)]) en-
Hence for t € [tf), t7[, we have 0, (t) = a and

n n
! — xj

(321)  int) = € —N(C(vn(t1)); 2}) — h(tg . un(th). vat])).

€n

with " "
T1 — Xg

1< Alun(to)l] + 201+ [Jun(tg)[| + [[on(t5)]])-

n
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For t € [t}, t3], we define v, (t) = vy, (t}) + (¢ — t7)u, (t7) and
5 —1 t—t¢
=2 a7+ Loy

€n €n

un(t)
where
Ty = prOjO(vn(tg))(x711 — enh(t], un(tY), v (1))
Then for ¢ € [}, t5], we have 0, (t) = 2} = u,(t}) and

(3.2.2)  ap(t) = 21

€ —N(C(va(tz)); 3) = h(t7, un(t7), va(ty))-

As vy (ty) = v, (t7) + epuy, (t]) we have the estimate
d(@f — enh(ty, un(t7), vn(tT)); C(vn(ty)))
< H(C(on(t1)), Clun(ts))) + enl[h(t], un(ty), vn(t7))) |
< (Mfun (D)1 + 1+ [Jun (@) + [[va(@T)]])en

so that " "
Lo — 7

Suppose that (v,,), (u,) are well defined on [tf}, ¢7] and recall that

(1< Afun ()] 4+ 21+ [Jun ()] + [fon (E7)]])-

n

v (1Y) = b+ epa, v,(th) =b+ epa+ epxl, ...,
vp(ty) = b+ epa+ el + ... + enx}_y
with u, (t7) = 2} and
T — Tp
=11 < Allun(t_)ll + 2(1 + [Jun (G + [[oalti_1)1])-
n

For each t € [t}, 1} ], we define
un(t) = vn(ty) + (¢ = t)un(ty)

and

th,, —t t—t7
(1) = FH—ap + —*

n
Unp, Tpt1

en n

where
#1 = PRl (o — eah(tf un(tR), va 1)),
Then for ¢ € [t7, 1}, [ we have v, (t) = un(t}) and

. xn B xn n n n n n
(3.2.3) in(t) = =HE——F € ~N(Clun(t1)); 2f41) = h(t un(8h), va (1))
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with the estimate

Pk, —
(3.2.4) H%H < Aflun(t)[| + 21 + [[un (&) + [lon(E)]])-

n

For each ¢ € [0, 1] and each n > 1, let 0, () = i, 0, (t) =t , if t € [t} 7 [
So by (3.2.3) we get

(3:25)  in(t) € =N(C(vn(0n(t)); un(0n(t)) = h(dn(t), un(9n(t)), vn(dn(t)))

for a.e. t € [0,1]. It is obvious that, for all » > 1 and for all ¢ € [0, 1], the
following hold:

(326)  (On(t), un(0n(t)), vn(9n(t))) € G(On(t), un(n(t)), vn(On(t)))-

(3.2.7) un(0n(t)) € C(0n(8n(t))); un(0n (1)) € C (v (0n(1)))-
(3.2.8) vp(t) =b+ /t un(0,(s))ds, Wt e [0,1].

0
(3.2.9) Jim. S (t) = Jim On(t) =t, Vtel0,1].

Claim. (1) is uniformly bounded a.e.
By iterating the estimate (3.2.4) we get

g — 26| < en A([[un(t)]] + - + [Jua (i)l
+2ken + 2en(|[un(t)|] + -+ [[un(tg_)I])
+2en([[on(t9)[] + o+ lJon(tg_1)I])

for k = 1,..,n. On account of the expression of vn(t?), j=0,.,k—1 and the
preceding estimate we get

2% — 261l < enAll[all + T[] 4 ... + [ _y ]
+2keyn, + 2en(||al| + |27 + ... + |27 _4]])
+2en (K| [0] + llal| + [l27][ + ... + [l2g_])-
So we have
2%l < (A +5)llall + 2 + 2[ o]

(3.2.10)
+(A+Den((l2T]] + -+ [zl

Set for simplicity 6 = (A + 5)||a|| + 2 + 2||b|| and p,, = (A + 4)e,, yields
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(3.2.11a) k|l < 0 + pallla]] + o + [lz-1)])-

for all n € N and for all £ = 1,2, ...n. Using this estimate and arguing as in the
proof of Theorem 3.1, we see that

(3.2.11b) |zf]| < Sexp(2) := B

for all n € N and for all £ = 0,1, 2,...n. Coming back to the estimate

Tpq — T
Hei\\ < Aflun ()[4 2(1 + [[un ()] + [lon ()]

n

we get by (3.2.11)
“x2+1_xz n
- k
k
< AB+2(1+ B+ [[bl] + [lal| + kenf)
< AB+2(1 428 +[|bl] + [lal]) (= N)

we finally conclude that
(3.2.12) [|in(O)]| < N
for all n € N and for a.e t € [0,1]. As
un(0n(t)) = un ()] < N(On(t) —1)
we have

(3.2.13) lim [ (0,(t)) — un(t)[] = 0

n—oo
By construction (u, (6, (t)) is relatively compact in H, for every ¢t € [0, 1], so is
(un(t)). Thus (uy(.)) is relatively compact in Cg ([0, 1]). Hence we may suppose
that (i) o(LS?, Li;) converges in L$9([0, 1]) to a function z with ||2(¢)|| < N for
a.et € [0,1], and (u,,) converges in Cg ([0, 1]) to an absolutely continuous function
u

u(t) =a+ /Ot u(s)ds, Vt € [0,1]
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with @ = z. From (3.2.8), (3.2.13) and the convergence of (u,) we deduce that
(vp,) converges uniformly to an absolutely continuous function v with v(t) = b+
5 u(s) ds. As
1A (0 (), un(0n(t), vn(6n(t)))
< 1 [[un (6n (8[| + [ (3n(2)) ]
< 1+ |[bl] +[lal] +26(= L)

for all n € N and for all ¢ € [0, 1], from the above estimate, we may suppose that

(9n () := (h(0n(.), un(n(.)); vn(dn(.)))
o (L%, LL) converges in L39([0,1]) to a function g
Claim: ¢(t) € G(t,u(t),v(t)) a.e t € [0,1].

Using the convergence of w, towards u in Cg ([0, 7], and the preceding estimate,
we see that

(3.2.14) lim w, (8,(t)) = u(t).

n—oo

Similarly we have

(3.2.15) lim vy, (0,(t)) = v(1).

n—oo

Using (3.2.6), (3.2.14), (3.2.15) and by invoking the scalarly upper semicontinuity
of Gon [0,1] x H x H and a closure type result in ([23], Theorem VI-14) we get
the desired claim.

Claim. 4(t) € —N(C(v(t));u(t)) — G(t,u(t),v(t))a.et € [0,1] and conclu-

sion

First we show that u(t) € C(v(t)), vt € [0, 1]. Indeed, for every ¢ € [0, 1] and
for every n € N, by (3.2.7) we have

d(un(t), C(0(t) < [|un(t) = un(0n (b))l + d(un(0n(t)), C(0(t)))
< Jun(t) = un(0n()[| + H(C(vn (0n(1))), C(0(1)))
< un(t) = un(6n ()] + Allva(n(t)) = v(@)]]-

Since limy, o0 ||un(0n(t)) — un(t)|| = 0 and lim,, . ||vn (0, (¢)) — v(t)|| = 0 and
C(v(t)) is closed, by passing to the limit when n — oo, in the preceding inequality,
we get u(t) € C(v(t)).

In order to prove the required claim we will use some limiting arguments developed
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in ([23], Theorems VII-18-19) involving lower semicontinuity of convex integral
functionals. Indeed the inclusion

—tn(t) = gn(t) € N(C(vn(0n(t))); un(6n(t)))
is equivalent to

0" (=tn(t) = gn(t); C(0n(0n(1)))) + (Un(t) + gn(t), un(bn(t))) <0

by recalling that u,,(0,(t)) € C(v,(0,(t))). By integrating on [0, 7] we have
02 [ 8 (=it(®) = gul0); Con(a(0)))t
0
[0+ 9200, 0 0.
It is easy to see that

lim /O (in(t) + gn(t). tn(Bu (1))t = /O (i) + g(t), u(t))d.

Furthermore as C' is A-Lipschitzean with respect to the Hausdorff distance, we have
the estimate

/0 ‘5*(_7)%(75) - gn(t); C(vn(en(t)))) - (5*(—’1)%(75) - gn(t); C(’U(t)))‘dt
< [ Mlin®) = ga(®)lon(6a(6)) = o(0) e
0

As ||vn(0,,(t)) — v(t)]| — O these integrals go to 0 when n — oo while by using
the lower semicontinuity for convex integral functional [23]

lim nf /O 5* (=i (1) — ga(t); C(o(0)))dt

> [ =it - gt0): et

Hence we deduce that
T
timinf [ 5% (=in(t) = 9a(2): C(un (00 (0) it
n 0

> [ it - g Cea
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Whence it follows that

0 Z [hm infn fOT 5*(—’[1,”(75) - gn(t)§ C(vn(en(t))))dt
T /0 (in(t) + g (). (B (1)) ]
> / 5% (—i(t) — g(t); Clo(t))dt + / (alt) + g(t), u(t)dt

that 1s

T T
| o it - g o [0 + g0, uw)dr <o
0 0
As u(t) € C(v(t)), the last inequality is classically equivalent to
—it) — g(t) € N(Co(®)u(t)) ae.
Since ¢(t) € G(t,u(t),v(t) a.e, the proof is therefore complete. |

Remarks.

(1) Theorem 3.2 is valid when the inclusion has the form
0 € a(t) + N(C(u(t); u(t)) + F(t, u(t), v(t)) + G(t, u(t), v(t))

by repeating the arguments developed in the proof of Theorem 3.1 involving
the multivalued Scorza-Dragoni theorem and Dungundji theorem. We refer
to [26] for other variants of this second order evolution inclusion.

(2) In first order case, a different approach can be used to obtain a delayed version
of theorem 3.2 (see [8], [18]); it consists to consider a partition of the interval
[0, T] and reduce the problem with delay to a problem without delay in each
subinterval and apply the known results for this case.

4. APPLICATIONS, TOWARDS VARIATIONAL CONVERGENCE

The techniques developed in section 3 can be used to prove the existence of
absolutely continuous solution for second order evolution inclusions in Mechanics,
Mathematical Economics and Control theory. For that purpose let us mention a
useful corollary of Theorem 3.1. For simplicity we consider only the undelayed
evolution case, 1.e. r = 0.

Proposition 4.1. Assume that E = R?, A : E — cc(E) is a maximal monotone
operator with closed domain D(A) satisfying 0 € A(0) and the condition: for
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every | > 0, sup{|Az|p : x € D(A);||z|| <1} < o0, G: [0,T]x E X E —
ck(E) is upper semicontinuous such that |G(t,z,y)| < a+ B(||z|| + ||y||) for all
(t,z,y) € [0,T] x E x E, where o and 3 are positive constant. Then, for every
a € D(A),b € E, there exists an absolutely continuous mapping q : [0,T] — E

such that
0€q(t)+ Aq(t) + G(t,q(t),q(t)) ae. te]0,T]

(Pa) q(t) =a+ G(s)ds,Vt € [0,T]

The following is a corollary of Theorem 3.2

Proposition 4.2. Let H be a separable Hilbert space and T > 0. Assume
that C : H — cc(H) is a closed convex valued A-Lipschitzean mapping satisfying:
there is a closed, ball-compact subset D of H such that, C(x) C D for all x € H.

Assume that
G:0,T] x Hx H— cwk(H)

is convex weakly compact valued scalarly upper semicontinuous mapping such that
G(t,z,y) C (L+ =]+ lyl)Z

Sor all (t,x,y) € [0,T] x H x H, for some convex weakly compact set Z in H.
Then, for every every b € H, and for every a € C(b) there exists an absolutely
continuous mapping q : [0, T) — H such that

q(t) =b+ /Ot q(s)ds, vt € [0, T,

(Py) 4 d(t) =a —|—/0 4(s)ds, vt € [0, T,
with ¢ e L¥([0,T]) and ¢(t) € C(q(t)),Vt € [0,T],
0 €q(t) + N(C(q(?)); 4(t) + G(t,4(t), q(t)) ae.

here N(C(q(t)); 4(t)) denotes the normal cone of C(q(t)) at the point {(t).

Proof. It is an easy reformulation of Theorem 3.2 in a separable Hilbert
space. When H = RY, one can take D = R, the ball-compactness assumption
combined with the estimations of the derivatives of the approximants obtained in
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the proof of Theorem 3.2 ensures by Ascoli theorem the uniform convergence of
theses approximants in the same vein as in the proof Theorem 3.2. So we omit the
details. ]

Remarks. Other variants are available by introducing some anti-monotone
conditions for the mapping C' (see [10, 26]) for details.

In the present framework we don’t expect to have uniqueness of solution by
constrast to the first order case (5, 7, 9, 12, 18, 24, 29, 26). In the litterature, there
are some existence and uniqueness results for WI2{’2([0, T)-solution in the evolution
inclusion in a Hilbert space H of the form

P U(t) +v0(t) € 0p(v(t)) + f(t), ae. tel0,T],

6
v(T) = —v(0), o(T)=—0(0).

here v € RT, f is antiperiodic and belongs to L2([0, T], and ¢ is proper, convex

lower semicontinuous function with ¢(x) = ¢(—=z). See [2], [3] and the references

therein. A recent result dealing with upper semicontinuous convex weakly compact
perturbation F' of (Pg)

o {ﬁ@)+vﬂﬂeawwuﬁ+4%uww% a.e. te[0,T],
N o(T) = —0(0),  o(T) = —(0).

has been demonstrated in [11]. For notational convenience, we denote by Wlla,fo ([0,77)

the set of all absolutely continuous mappings v : [0,T] — R? such that v(t) =

(0) + [ 9(s)ds, and (¢ 0)+ [y 9(s)ds, Vt € [0, T] where & € L3([0, T7).
Before going further let us mentlon some partlcular cases of Proposition 4.1 and
4.2. Let ¢ : [0,T] x R¢ — R is continuous and satisfies a Lipschitz type condition

lo(t, z) — p(t, y)| < K|z —yl|

for all (t,z,y) € [0,T] x R? x R? for some k > 0, 8°p; is the Clarke subdiffer-
ential of ¢y, then F(t, z) := 0% (x) is scalarly upper semicontinuous with convex
compact values see e.g. [36], [37]. Consequently the problems

0 € 6(t) + A)(t) + G(t, (1), v(t)) + °pu(v(t))
0(0) = vp; 9(0) = a € D(A); 9(t) € D(A), ¥t € [0, T],
o € L ([0,T]),

nd
) 0 € d(t) + N(C(v(t)), 0(t)) + G(t, 0(t), v(t)) + 0% (v(t)),

(
v(0) = vo; 9(0) = a € C(vo); 0(t) € C(v(t)), vt € [0, T],
e L ([0,T),
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admit at least a W;go([O,T])-solution. Theses inclusions shed a new light in
second order evolution inclusions that we develop below using variational techniques
essentially in the case when ,(.) is convex lower semicontinuous. Let us mention
first some new applications illustrating these considerations.

Proposition 4.3.  Assume that f : R? — R is convex continuous so that
x — Of(x) upper semicontinuous with convex compact values in R and g :
RY — RY is a k-Lipschitzean mapping: |g(z) — g(y)| < k||z — y|| for all (z,y) €
R x R for some k > 0 and is Gateaux-differentiable, so that 0 °g(x) = Vg(x),
h: [0, T]xR4xR? — R is continuous such that ||h(t, z,y)|| < a+B(||z||+||y]])
for all (t,z,y) € [0,T] x R? x R, where a and (3 are positive constant. Then
any Wlli’jo ([0, T])-solution u of the inclusion

{ 0 € u(t)+of(u(t)) + h(t,a(t),u(t))+ Vg(u(t)) ae tel0,T]

u(0) = up € R%4(0) = a € RY
satisfies the variational equality

d

0= —
dt

[£(a(8)] + (i(t), i(t) + h(t, u(t), u(t)) + Vg(u(t)) a.e.
In particular, any W3° ([0, T])-solution u of the inclusion
{ 0 € ii(t) +~va(t) + of (u(t)) ae tel0,T)
u(0) = ug € R%4(0) = a € RY
satisfies the variational equality

d

0= —
dt

[f (@)} + %Hﬂ(tW] + @ a.e.

Proof. By virtue of Theorem 3.1, the problem

0 e i(t)+ of(u(t)) + Vg(u(t)) + h(t, w(t), u(t))
u(0) = up € R%4(0) = a € RY
admits at least a Wllijo([o, T1)-solution u since A(z) := 0f(x) is maximal mono-

tone, upper semicontinuous with nonempty convex compact values. Multiplying
scalarly the inclusion

—a(t) — h(t, a(t), u(t)) € Vg(u(t)) + df(u(t)) ae.
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by 4 and applying the chain rule theorem ([31], Theorem 1) for the convex contin-
uous function f and the absolutely continuous function u, gives

d

0= —
dt

[f(@())] + (i(t), @(t) + h(t, a(t), u(t)) + Vg(u(t))) a.e.
In particular, any Wlla’;’o([(), T7)-solution u of the inclusion

0 € a(t) +~yu(t) + of(u(t)) ae. tel0,T]
u(0) = up € R%4(0) = a € RY
satisfies the variational equality

0= SR + 2O+ a1 ae. .

Here is a variant of Proposition 4.1.

Proposition 4.4. Assume that A : R* — R% is a single-valued maximal
monotone operator with closed domain D(A) satisfying: 0 = A(0) and for each

r >0, sup ||[Az|| < 00,9 : R® — R is a k-Lipschitzean mapping:
2€D(A)NBRa(0,r)

lg(x) — g(y)| < kl|lz — y|| for all (z,y) € R% x R? for some k > 0 and h :
[0, T] x RY x RY — R% is continuous such that ||h(t,z, y)|| < o+ B(||=|| + ||yl])
for all (t,z,y) € [0,T] x R? x R, where o and 3 are positive constant. Then
any Wlli’jo ([0, T'])-solution u of the inclusion

0 € i(t) + Au(t) + h(t, u(t), u(t)) + 0°(u(t))

u(0) = ug € R%4(0) = a € D(A),u(t) € D(A)
satisfies the variational equality

0 = (u(t) + Au(t) + h(t, u(t), u(t)), u(t)) + %[g(u(t))] a.e.

In particular; if A verifies (x, Az) > wl||x||? for all x € D(A), for some positive
constant w > 0, and ~ is a positive constant, then any Wlla’jo ([0, T7)-solution u of
the inclusion

0 € u(t) + Au(t) + yu(t) + 0°g(u(t))
u(0) = ug € R%4(0) = a € D(A),u(t) € D(A)
satisfies the variational inequality

%[Q(u(t)) + %Hﬂ(t)WH < —(w+Nad*  ae
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Proof. Taking account into the remarks of Theorem 3.1 and the above con-
siderations, the existence of at least a Wéj’o ([0, T7]) solution of the inclusion under
consideration follows. As

—i(t) — Au(t) — h(t, a(t), u(t)) € g(u(t)) a.e.

and u is absolutely continuous, by virtue of Theorem 2 of Chain rule formula in
[31], we have,

0 = (u(t) + Au(t) + h(t, a(t), u(t)), u(t)) + %[g(u(t))] a.e.

If A verifies (x, Ax) > w]||x||? for all x € D(A), for some positive constant w > 0
and v is > 0, then any Wllijo([o, T7)-solution u of the inclusion

{ 0 € i(t) + Au(t) + yu(t) + 0°9(u(t))
u(0) = up € R%4(0) = a € D(A),u(t) € D(A)

satisfies
0= Tlg(u®)] + () + Ait) + ~i(e) a(r)
Z%[Q(“(”)] %diHU()H ]+ wlla®)|* +~la@)]]*  ae.
that is
d Ly 2 . 9
Zlo®)+5 ][] < —(wp)lla@)]* ae. .

There is a useful corollary of Proposition 4.4 that corresponds to the case when
A(t)=0forallt € [0,7] and E = R

Corollary 4.1. Assume that E = RY M : RY — R% is a continuous linear
mapping, and let g : R¢ — R® is a k-Lipschitzean mapping. Then the problem

0 € u(t) + Mu(t) + 0% (u(t)) ae tel0,T]
u(O) = Uy, ’ll(O) = ’llo
admits at least a W;go([(), T))-solution u, and any solution w of the preceding

problem satisfies the variational equality

(M), i) = S lg(u(t) + 3 DI
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In the light of the preceding applications, several open problems appear here.
For instance, it is interesting to study the inclusion

0 € i(t) + Au(t) + Mu(t) + 0°(u(t)) ae. tel0,T]
u(0) = up € R%4(0) = 19 € RY

when M is a linear continuous operator in R%, and g is a proper, lower semicontin-

uous convex function. For this purpose we will provide some variational versions

of the preceding problem. Similar results in this direction are obtained by ([2-4, 11,

15, 20, 35).
Let us recall a useful Gronwall type lemma [18].

Lemma 4.1. (A Gronwall-like inequality). Let p,q,r : [0,T] — [0, 00 be
three nonnegative Lebesgue integrable functions such that for almost all t € [0, T]

0 <)+ 400 [ r(s) ds.

Then
)< p0) 4400 [ Ipl)exn( | a(r)dr)]ds

Sorall t € [0,T].

We recall below some notations and summarize some results which describe
the limiting behavior of a bounded sequence in L1 ([0,77]). See ([19], Proposition
6.5.17).

Proposition 4.5. Let H be a separable Hilbert space. Let ((,,) be a bounded
sequence in L ([0,T)). Then the following hold:

(1) (Cn) (up to an extracted subsequence) stably converges to a Young measure
v that is, there exist a subsequence () of (¢,) and a Young measure v
belonging to the space of Young measure Y([0,T|; H ;) with t — bar(v;) €
LL([0,TY)) (here bar(v;) denotes the barycenter of vy) such that

n—oo

fim [ bt (1)) dt) = /0 [ /H h(t, 2) m(da)] dt

for all bounded Carathéodory integrands h : [0,T] x H, — R,

(2) (Cn) (up to an extracted subsequence) weakly biting converges to an inte-
grable function f € L1([0,T)), which means that, there is a subsequence
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(¢},) of (Cn) and an increasing sequence of Lebesgue-measurable sets (A )
with lim, A(A,) = 1 and f € L4 ([0, T)) such that, for each p,

i [ o) de= [ (n). 1) ae
Ay Ay

Sorall h € L% ([0,T1]),

(3) (Cn) (up to an extracted subsequence) Komlés converges to an integrable
function g € Ly ([0,T]), which means that, there is a subsequence (Cg(m))
and an integrable function g € L1([0,T)), such that

I G
lim =% ;) (t) = g(t), a.e. €0,T],

n—oo N

for every subsequence (f.(n)) of (f3(n))-
(4) There is a filter U finer than the Fréchet filter such that U — lim,, ¢, =1 €
(LX), oar Where (LSS oor is the second dual of L, ([0,TY).

Let wy, € L5 ([0,T]) be the density of the absolutely continuous part 1 , of 1
in the decomposition | = l,+1s in absolutely continuous partl , and singular
part L.

If we have considered the same extracted subsequence in (1),(2),(3),(4),
then one has

f(t) =g(t) = bar(v) = wy, (t) a.e. t €[0,T]

Combining the techniques in Proposition 4.4, we are able to provide a variational
convergence problem for the inclusion of the form

0 € i(t) + Mu(t) + dp(u(t)),
u(O) = UQ, ’ll(O) = ’llo.
here M is a linear continuous operator in R%, and ¢ is convex lower semicontinuous.

To illustrate these facts and to end this paper, let us summarize them in the results
below.

Proposition 4.6. Assume that M : R* — R is linear continuous operator.
Letn € N and ¢, : R* — R* be a convex, Lipchitzean function and let ¢ o be
a nonnegative L.s.c proper function defined on R%. For each n € N, let u™ be a
Wlli’,fo ([0, T])-solution to the problem

G () + M (1) + O (u™ (1)),
(Q){OG (t)+' (t)fw( (®))
u™(0) = ug; 4™ (0) = 4g.

Assume that



(i)
(i)

(iii)
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©n, epi-converges 10 Y.

sup ||ug|| < oo, sup||ig|| < +o00 and sup pp(ug) < +oc.
n>1 n>1 n>1
There exist 7o > 0 and z¢ € R® such that

T
sup sup / on(zo + rov(t))) < 400
0

neN vEBLROd ([0,T7)

here §L°R°d([O,T]) is the closed unit ball in Lz, ([0,T1).

Then up to extracted subsequences, (u™) converges uniformly to an absolutely
continuous function w> and (") pointwisely converges to a BV function
v with v>° = 4™, (du"™) weakly converges to the differential measure
dv™> of the BV function v>°, and (i"™) weakly biting converges to a function
(> € Ly4([0,T]) which satisfy the variational inclusion

(Q) 0™+ Mu>*+0I,, (u™)

here 01, denotes the subdifferential of the convex lower semicontinuous
integral functional 1, defined on LE,([0,T])

Lo (u) = /0 oo (ut)) dt, Yu € LZu([0,T)).

T T
Furthermore lim/ @n(u”(t))dt:/ Voo (U (t))dt.
" Jo 0

There are a filter U finer than the Fréchet filter, | € L3, ([0, T])" such that

I/l — hén[—u” — Mun] - l S LOROd([Ov T])gueak
, T]) endowed with the
[0,T]) such that

weak

wea

where L30,([0, T)),,oqr is the second dual of L, ([0
topology 6 (L5, (0.7, L0, 1)) and m € O

lim[—i" — Ma"] = m € Cga([0,T))!

weak

here Cra([0,TY).,..i denotes the space Cra([0,T])" endowed with the weak
topology o(Cra([0,T1),Cra([0,T))). Let l, be the density of the absolutely
continuous part l, of | in the decomposition | = 1, + ls in absolutely contin-

uous part l, and singular part l 5. Then

L(h) = /O (h(t), —C>(8) — M (1)) dt
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for all h € LE,([0,T]) so that
17, (1) = Ips (=€ = Mu™®) + 6*(Is, domly,,)
here @7 is the conjugate of poo, lyx the integral functional defined on

Lﬁd([(), TY) associated with p%,, I} the conjugate of the integral functional
lpo,, domly,, = {u € Lg,([0,T]): 14, (u) < oo} and

T

(moh) = [ (=G (0) = M(0), he)de+ (s ), b € Cra((0, 7).
0

with (mg, h) = ls(h), Vh € Cra([0,T]). Further m belongs to the subdif-

ferential 0J,__ (u™) of the convex lower semicontinuous integral functional
Jy.. defined on Cra([0,T])

T (u) = /0 ooo(ult)) dt, Yu € Cra([0,T)).

Consequently the density —(°° — Mu° of the absolutely continuous part m

ma(h) ::/0 (—C(t) — Mac(t), h(t)ydt, Vh € Cga([0,T])
satisfies the inclusion
—((t) — Mu™(t) € 0poo(u™(t)), a.e.

and for any nonnegative measure 0 on [0, T] with respect to which m 4 is
absolutely continuous

T dms T 0o dms
| hen (G = [ o, o asce)

here hx_ denotes the recession function of @7 . Furthermore, the following
equality holds

(dy>, by = /O (¢(8), h(t))dt — (ma, h)

Jor all h € Cra(]0,T)).

Proof.

Step 1. ||a"(.)|| and ¢p(uy(.)) are uniformly bounded.
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By Theorem 4.1, there is a Wé;o ([0, T]) solution, u", of the problem under
consideration. Applying the inclusion

—u"(t) — Mu"(t) € dpn(u"(t))
and the chain rule theorem ([31], Theorem 2) yields

—(a"(t), @"(t)) — (a"(t), Min(t)) = %[«pn(un(t))]
that is

(M (1), (0) = len(un(®) + Gl (0]

By integrating on [0, ¢] this equality we get
L.
ion(u" (1)) + 510" (1))

= onu"O)+ 31O = [ (i (s), i (5)ds
< a0+ O+ [ i () s

here v = ||M|| is the norm of the operator M. We will assume v > 0. Then
from (i7), the preceding estimate and the Gronwall like inequality (Lemma 4.1), it
is immediate that

(4.6.2) sup sup ||a"(t)|] < 400 and sup sup ¢n(u"(t)) < 4oc.
n>11t€[0,T] n>11t€[0,T]

Step 2. Estimation of ||i"(.)||. As
2 (t) = —u"(t) — Ma"(t) € Opn(u"(1))

by the subdifferential inequality for convex lower semi continuous functions we
have

on(z) 2 on(u(t)) + (z —u" (1), 2" (1))
for all z € RY. Now let v € ELood([O’T]), the closed unit ball of Lg,[0,T]). By
R
taking = = w(t) := xg + rov(t) in the preceding inequality we get

pn(w(t)) = en(u"(t)) + (w(t) = u"(t), 2" (1))

Integrating the preceding inequality gives
T
/ (20 + rov(t) — (1), 2" () dt
0 T T
_ / (20 — un (1), (1)) dt + ro/ (w(#), 2 (t)) dt
OT T 0
< /0 (0 + o0 (1)) dt — /0 on(u™())dt.
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Whence follows

(4.6.3) "0 /oT (w(t), 2"(t)dt 54 onl20 + rov(t))dt

_/ Pn(u"(t))dt — / (xg —u"(t), 2"(t))dt.
0 0

We compute the last integral in the preceding inequality. For simplicity, let us set
v™(t) = u"(t) — xo for all t € [0,T]. By integration by parts and taking account
into (4.6.2) we have

—/ <x0—u”(t),z”(t)>dt:—/ (W (E), () + Mn (1)) dt
0 0

= —[(v"(t), ?"(t) + Mv"(£)]§ + /0 (0"(t), 0" (t) + Mo (t))dt
< —{™(T), o"(T)) + {0"(0), 9"(0)) — (Mv"™(T),v"(T))

(4.6.4)

T

+{(Mv™(0), v™(0)) + /0 6" ()| |2dt + /0 (0™ (t), Mo™(¢))dt.
By (4.6.2) — (4.6.4), we get
(4.6.5) ro fo (0(t), 2())dt < [T (a0 +rov(t))dt + L

forall v € §L°R°d([0,T]): here L is a suitable positive constant independent of n € N.
By (iii) we conclude that (ii" 4+ M) is bounded in Ly, ([0,T7), then so is (i").
It turns out that the sequence (4") of absolutely continuous functions is bounded in
variation and by Helly theorem, we may assume that (4") pointwisely converges to
a BV function v : [0, 7] — R and the sequence (u") converges uniformly to an
absolutely continuous function ©* with 4> = v°° a.e. At this point, it is clear that
(i) converges in Li,([0,T]) to v>, using (4.6.2) and the dominated convergence
theorem. Hence (M1 (.)) converges in Ly, ([0, T]) to Mv™(.).

Step 3. Weak biting limit of ii,. As (iin) is bounded in L,([0,T]), we
may assume that (4") weakly biting converges to a function (> € Lﬁd([o, 7)),
that is, there exists a decreasing sequence of Lebesgue-measurable sets (B,,) with
lim, A(B,) = 0 such that the restriction of (ii,) on each By converges weakly
in Ly, ([0,T]) to ¢>. Noting that (M%™) converges in Ly, ([0,T]) to Mv™®. It
follows that the restriction of (2" = —i" — M7u™) to each By weakly converges in
La([0,T7) to 2% := —(> — Mv™, because

lim/<ii,n+Mun,h> dt:/<§°°+Mv°°,h> dt
" JB B
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for every B € By N L([0,T7]) and for every function h € L, ([0, T7).

Step 4. Localization of the limits: 2> = —(* — M4*> € 91, (u™).
We will adapt the techniques developed in ([20], Lemma 3.7, Proposition 4.2).
As () epiconverges to oo, by virtue of Lemma 3.4 in [20] we have

lim inf /B on(u (1)) dt > /B oo (u (1)) dt,

n

for every B € L([0,T1]). Let h € LE,;([0,T]). Using (4.6.2) and applying Lemma
3.7 in [20] provides a bounded sequence (h"™) in L$7([0,T]), such that (h™) point-
wisely converges to h and such that

lim sup /B on(h" () dt < /B oo (B(1)) dt

n

for every B € £([0,7]). Coming back to the inclusion 2" (t) € dp,(u"(t)), we
have

() 2 en(u"(t)) + (& = u" (1), 2" (1))

for all z € R%. By substituting z by A"(t) in this inequality and by integrating on
each B € By N L([0,T1]),

/Bwn(h”(t))dtz/Bwn(un(t))dtJr/B%”(t)—un(t)vz”(t»dt

and passing to the limit in the preceding inequality when n goes to +oo, we get

/B%o(h(t))dtz/B%o(uc’o(t))dtﬂL/BWt)—um(t)vzc’o(t»dt

As this inequality is true on each BN By

[ entbmarz [ g o)

BNBg

—|—/Bch<h(t) —u™(t),z2%°(t)) dt

and By 1 [0, T'], by passing to the limit when p goes to oo in the last inequality, we
get

/B%o(h(t)) dt > /B%o(uoo(t)) dt + /B<Z°°(t)7 h(t) —u™(t)) dt
for all B € £([0, 1) and for all h € Lg,([0,T]). In other words,

2% = —(* — Mu> € 01, (u™).
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Step 5. limy, [ ¢, (u™(t))dt = [} poo(u™®(t))dL.
From the chain rule theorem given in Step 1, recall that

(1), (1) + M (1)) = [0 (1))

that is p
(@), 2"(1)) = - lon(ua(®))].

By the estimate (4.6.2) and the boundedness in Ly, ([0, T1]) of ("), it is immediate
that (<[, (un(t))]) is bounded in Lk ([0,T]) so that (¢, (un(.)) is bounded in
variation. By Helly theorem, we may assume that (¢, (u,(.)) pointwisely converges
to a BV function ¢. By (4.6.2), (¢n(un(.)) converges in L ([0,7]) to ¢. In
particular, for every k € L, ([0, T]) we have

T

lim [ Bt (un(t))dt = /0 k(£)0 (1) dt.

n—oo 0

Using this fact and repeating the biting arguments via the epi-limit results given in
Step 4, it is easy to see that

/B oo (h(1)) dt > /B B(t) dt + /B (2(8), h(t) — u (1)) dt

for all B € L([0,T]) and for all h € Lg,([0,T]). In particular, we get the estimate

/B%(u%))dtz/Bw(t) dt

for all B € £([0,T]). Again by the epi-lower convergence result in Step 4, we have

[owa=tin [ c.aro)a=m [ ormaz [ eaxma

for all B € £([0,T]). It turns out that oo, (u>(t)) = 1 (t) a.e.

Step 6. Localization of further limits and final step.

As (2" = —i" — M4™) is bounded in Lg,([0,T]) in view of Step 3, it is
relatively compact in the second dual L3, ([0,T])" of Lg.([0,T]) endowed with
the weak topology o (L ([0, T])’, L4 ([0, T])). Furthermore, (2") can be viewed
as a bounded sequence in Cra([0,7]). Hence there are a filter ¢/ finer than the
Frechet filter, I € Ly, ([0,T])" and m € Cra([0, T])" such that
(4.6.6) U- liénz” =l e L.([0,T]),

weak
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and
(467) hTILnZn =me CRd([Ov T])gueak

where L2, ([0, T]),, 0y is the second dual of L, ([0, T']) endowed with the topology
o(Lga([0, T]), Lxa([0,T])) and Cra([0,T1),,.q) denotes the space Cgra([0,T])’
endowed with the weak topology o(Cra([0,T])’,Cra([0,T7)), because Cra([0,T])
is a separable Banach space for the norm sup, so that we may assume by extracting
subsequences that (z") weakly converges to m € Cra([0,T])". Let [, be the density
of the absolutely continuous part [, of [ in the decomposition ! = [, 4+ in absolutely
continuous part [, and singular part [, in the sense there is an decreasing sequence
(A,,) of Lebesgue measurable sets in [0, T'] with A,, | () such that I;(h) = I5(14,h)
for all h € L,([0,T]) and for all n > 1. As (2" = —ii" — Mu") weakly biting
converges to 2>° = —(*°(t) — M4 in Step 4, it is already seen (cf. Proposition
4.5) that

L(h) = /O (1), —C>(t) — M (1)) dt

for all h € Lg,([0,T1), shortly 2> = —(>°(t) — Mu> coincides a.e. with the
density of the absolutely continuous part [,. By ([23], [34]) we have

I3 (1) = s (= = Mu™) + 6% (ls, dom1,,.,)

here ¢, is the conjugate of ., I« is the integral functional defined on Lﬁd ([0, 77)
associated with 7, I is the conjugate of the integral functional I,,., and

domly,,, = {u e LEa([0,T]) : I, (u) < oo}
Using the inclusion
2% = —(* — Mu> € 01, (u™).

that is
Lpr (—C7° = Ma™®) = (= — Ma>,u™) — Iy (u™)

we see that
Coming back to the inclusion 2"(t) € dp,(u™(t)), we have

() = en(u"(t)) + (& = u"(t), 2"(1))
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for all x € R?. By substituting « by h(t) in this inequality, here h € Cra ([0, T]),
and by integrating

/0 wn(h(t))dtZ/O wn(un(t))dH/o (h(t) = u"(2), 2" (1)) dt.

Arguing as in Step 4 by passing to the limit in the preceding inequality, in-
volving the epilimsup property for integral functionals fOT ©n(h(t))dt defined on
LEa([0,T7), it is easy to see that

/ oo ((1)) dt > / oo (™ (8)) dt + (h — u*, m).
0 0

Since this holds, in particular, when A € Cra([0,T]), we conclude that m be-
longs to the subdifferential 9.J,__ (u*°) of the convex lower semicontinuous integral
functional J,,__ defined on Cra ([0, T7)

T (u) = /0 ooo(ult)) dt, Yu € Cra([0,T)).

As (2" = —u™ — M4"™) weakly biting converges to 2> = —(*°(¢) + M 4> in Step
4, we see that

L(h) = /O (h(t), —C>(t) — M (1)) dt

for all h € L, ([0, T]) (see Proposition 4.5) so that

T
I(h) = / (=C(t) = M4 (t), h(t))dt + 1s(h), Vh € Lga([0,T]).
0
Now let B : Cra([0,7]) — Lg4([0,T1]) be the continuous injection and let B* :
LEa([0,T])" — Cra([0, T])" be the adjoint of B given by
(B*1,h) = (I, Bh) = (I,h), VIe LE([0,T]), Vh e Cra([0,T)).

Then we have B*l = B*l, + B*ls, | € Lg,([0,T])" being the limit of (2, =
—4" — M) under the filter & given in section 4 and | = [, + [ being the
decomposition of / in absolutely continuous part [, and singular part /5. It follows
that

(B*l,h) = (B*lq, h) + (B*ls, h) = (la, h) + (ls, h)

for all h € Cra([0,T7]). But it is already seen that
(lg, h) = (—C%° — Mu™>, h)

:/0 (—¢(t) — M (1), h(e))dt, h € LE((0,T))
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so that the measure B*[, is absolutely continuous
T
(Blach) = [ (=¢2(0) = M (0, h(O)it, i € Cra([0.T)
0

and its density —(°° — Mu° satisfies the inclusion
—((t) — Mu™(t) € 0poo(u™(t)), a.e..
and the singular part B*[; satisfies the equation
(B*ls,h) = (ls,h), Yh € Cra([0,T]).

As B*l = m, using (4.6.6)-(4.6.7), it turns out that m is the sum of the absolutely
continuous measure m, with

T
(mosh) = [ (=C(0) = Mi<(0), o) dt, Vb € Cra((0.T)
and the singular part m  given by
(mg, h) = (ls,h), Vh € Cra([0,T]).

which satisfies the property: for any nonnegative measure 6 on [0, T'] with respect
to which m is absolutely continuous

dmg dmg

T T
« (—=(1))do(t) = (t), ——(t))do(t
| e Cgranasce = [ e, S 0)aoce)
here h,:_ denotes the recession function of % . Indeed, as m belongs to 9.J,_ (u>°)

by applying Theorem 5 in [34] we have

(4.6.8) J;w(m):l%o(%)Jr/o hgo;o(%(t))de(t)
with -
T )= [ (o0t o € L (0.T]).

Recall that
dmyg

dt

= —(* — Mu> € 91, (u™)
that is

)

(4.6.9) Lo (7)) = (=€ =M™, u) 11 o122, (0.7)) ~ Lo (u
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From (4.6.9) we deduce

Sgoo (M) = (U™, M) (cpy(10,T]) Cra0,7])) — Jipoe (U%°)
= (U, m) (e 1 (10.7) Cra(0.7])) — Lo (u™)

= [ e, -cx0 - i) a
[ (0,52 avge)) - 1, )
[ (el
— 1 () + [ (0. S ) avto.

Coming back to (4.6.8) we get the equality

/oT ot (d;gs (t)) do(t) = /0 ' <u°°(t), d;gs (t)> do(t)).

It remain to check the last equality

dv™ = (*°dt — ms.
Indeed, since (2™ = —i"™ — M4™) converges in Cra([0, 7)., i to m with
m = [—(> — M4™)dt + mg

and (du") converges in Cra([0, 7)) ... to dv> by virtue of Helly theorem, it
follows that (2™ = —ii" — Mu™) converges in Cra ([0, 1)’ .. to —dv™® — Mudt.
Hence we get

m = [—(® — Mu*>]dt + ms = —dv™ — Ma>dt
thereby proving the required equality. ]

Remark. Combining biting argument with the characterization of the de-
composition formula in the dual of L, ([0, T7]) allows to localize the limits under
consideration and their relationships via Proposition 4.5 and the continuous injec-
tion B : Cra([0,T]) — Lg.([0,T]), namely the absolute continuous part m,, of the
measure limit m and its singular part m. At this point, it is easy to see that, up to
extracted subsequences, (z, = —u"™ — M4") stably converges to a Young measure
v € Y([0,T], ML (R?)) with

bar(vy) = /R Cawlde) = —C(0) ~ Mi(1) ae. te[0.T))
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Taking account into the above remark and the results given in Proposition 4.6
and its proofs, we obtain

Corollary 4.2. Under the hypotheses and notations of Proposition 4.6, assume
that ¢}, is non negative for all n € N U {oo} and (¢} )n>1 epilower converges to
i, then the following hold:

0

(*) 1jn}linf /OT on(—u"(t) — Ma"(t)) dt > /T [/Rd woo(x)l/too(dx)] dt.

Consequently the limits under consideration satisfy

0> /OT [/Rd <p;o(x)y§°(dx)] dt /OT<bar(u,§’°),u°°(t)>dt

+f () it - / Ches (d;;%t)) a0 ).

Proof.  As (¢} epilower converges to ¢ and (z, = —4" — M4d™) stably
converges to v € Y([0,T], ML(R?)), by virtue of Lemma 3.4 in [20], we have

()

(*) 1jn}linf /OT on(—u"(t) — Ma"(t)) dt > /T [/Rd woo(x)l/too(dx)] dt.

0

Using the results obtained in the proof of Proposition 4.6 and (*), it is not difficult
to check that

0 > lim inf [/OT o (i (t) — M (t) dt

T

+ /OT<il”(t)+Mu”(t),u”(t)>dt + /0 on (4 (1) dt]

/Rd @m(x)ufo(dx)] dt — (u™, m) + /OT oo (U@ (1)) dt

AV
o\
S

/ @Oo(x)l/too(dx)] dt+/ (C%°(t) + Ma(t), u™(t)) dt
R4 0

I
S—
!
L u—

) /O (1), 22 (1)) a0(e) + /0 oo (u™(2)) di

:/OT [/R @ZO(x)ufo(dx)] dt+/0T<g°°(t)+Mu°°(t),u°°(t)>dt

_ /0 ! hs. (d;g (t)) do(t) + /0 ' Poo(u™(1)) dt
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thus

proving (**). |

Remark. The techniques of the proof in Proposition 4.6 permit to treat also
similar variational problems involving second order evolution, in particular, the
following one involving anti-periodic boundary conditions

{ 0 = i (t) 4+ v (t) — Vip(u™) + Vo (u™ () + fn(t),
u™(T) = —u"(0); W"(T) = 4" (0).

where v is a positive constant, v and ¢,, are convex lipschitzian, Gateaux differ-
entiable, even, functions and ¢,, epiconverges to a convex lower semicontinuous
even function (.., (f,) is a sequence in L% ([0, T]) weakly converges to a function
foo € L2([0,T7). For shortness we omit the details.

10.
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