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MAJORIZED PROOF AND IMPROVEMENT OF THE
DISCRETE STEFFENSEN’S INEQUALITY

Huan-Nan Shi and Shan-He Wu

Abstract. We enlarge two weak majorization relations of the vectors to strong
majorization relations of the vectors. An improvement of the discrete Stef-
fensen’s inequalities is established by the related propositions in the theory of
majorization.

1. INTRODUCTION

Let {x;};., be a nonincreasing finite sequence of nonnegative real numbers, and
let {y;}."_, be a finite sequence of real numbers such that for every i, 0 < y; < 1.
Let k1, ko € {1,2,---,n} be such that ko < >, v; < k1. Then

n n k1
@) Zi:n—kg—l—l Zi S Zi:l Til)i S Zz‘zl i

The inequality (1) is called the discrete Steffensen’s inequality. It was first
given in [1] and then cited repeatedly in [2-6]. Recently, a new proof which is
very simple and clear is given in [7]. The purpose of this note is to establish
an improved Steffensen’s inequality by means of the theory of majorization. The
following definitions and lemmas will be used:

Definition. [8] Let = (x1,...,2,) and y = (y1,...,yn) be two real n-tuples.
Then x is said to be majorized by y (in symbols = < y) if

k k
(I) Z x[z] < Z y[z] fO?“ k= 1,2, ey N — 1,
i=1 i=1
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where z(y) > xpg 2 -+ =z, and ypy = Yy = -+ = Yy are components of x
and y rearranged in descending order. And x is said to be weakly submajorized by
y (written z <, y) if

K K
STag <>y k=12, n
i=1 i=1

And z is said to be weakly supermajorized by y (written = <" y) if

k

k
Z(II(Z) 2 Zy(z) s k= 1, 2, ey Ny
=1

=1

where z(1) < x) < -+ < x(p) aNd y(1) < Y2y < -+ < Yy are components of
and y rearranged in increasing order.
Relatively, the majorization is also said to be the strong majorization.

Lemma 1. [9, pp. 122-123] Let x, y € R™,

(a) if z <y, y, then
(TI,', xn—i—l) < (y7 yn+1)7

n+1 n
Where Tn+l = min {fI,'l,fI,'Q, Ty Y1,Y2, 00 7yn}7 Yn+1 = Z xl_z Yi-
i=1 i=1
(b) if x <™ y, then
(zo,z ) < (0,9 ),
n n
where xg = max{z1,22, * , Tn, Y1,Y2, s Yn}, Yo = D Ti — Y. Yi
i=0 i=1

Lemma 2. [8, p. 12] Lemma 2. For z, y € R™, we have

ZZ; Y6 S ZZ; TiYi < Zj: L TaYil-

Lemma 3. [ 8, p. 15] For z, y € R™, we have
(a) x <y & 220 wpup < 200 Yy, Yu € RY,
(0) =y Xl TeuE = 2isg Yy, Yu € R”
(c)z<ye >, TR UGy > Yo YU, Yu € R™
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3. MaIN ReEsuLTS AND PROOFs

Theorem 1. Let {y;};", be a finite sequence of real numbers such that
0 <y <1fori=1,2,---,n, and let ky,ky € {1,2,---,n} be such that
ko < Z?:l Y < k1. Then

(2) y:(y17y27"'7yn)_<w 07"'70717"'71 =z,
S— —\—
n—=ko ko
(3) y:(y17y27"'7yn)_<’w 17"'71707"'0 =.
— N —
k1 n—=kq

Proof.  Firstly, we prove that y <* z by the definition of the weak super-
majorization. When 1 < k < n — ko, clearly, Zle Yy = Zle 23 = 0. When
n > k > n— ks, Using reduction to absurdity, we prove that % ; y;) > S0 2,
namely, if there exist & (n >k >n — kp) such that 35 | y) < S5, 2, then
by 0<y; <1,i=1,---,n, we have

n k

Zizl Yo = 21:1 Y + Zi:kﬂ Yoy <k —(n—ka) + (n—k) =k,

It contradicts with ko < > 7%, .

Secondly, we prove that y <., v by the definition of the weak submajorizzation.
Note that 0 < y; < 1,i=1,2,---,n, when 1 < k < ky, we have 5 |y < k =
Zle U[y]- When k1 +1 < k < n, we have Zle Yli) < Z?:l Yla) <k = Zle Vi)
This completes the proof of Theorem 1. ]

Theorem 2. Let {z;};", be a nonincreasing finite sequence of real numbers,
and let {y;};", be a finite sequence of real numbers such that for every i, 0 < y; <
1. Let ki, ko € {1,2,---,n} be such that ko < Y7 ; v; < k1. Then

n n
1=

1
< 21:1 Tiy; < Zi:l T; — <k1 - Z;%) Ty
1=

Proof. By Theorem 1, we have
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y:(y17y27"'7yn)_<’w 17"'71707"'0 =,

using Lemma 1 (a), we obtain

(y17y27"'7yn7yn+1)_< 17"'71707"'707vn+1 )
——— N —
k1 n—=kq

n+1 n n
Whereyn+1 :mln{y17y27"' y Yn, V1, V2, * - 7’U7’L}lvn+1 = Z yZ_Z’UZ - Zyz
i=1 i=1 i=1

+Ynt1 — kp. It is clear that y,,+1 = 0, and then v, 1 <O0.

Choosing u = (z1, 22, -+, Zpn, Z,), from Lemma 2 and Lemma 3 (a) we have
n n k "
1
Zi:l TilYitTnYn+1 <Zi:1$[z‘]y[i] +TnYnt1 <Zi1$z‘+<zg Yi + Ynt+1 — k1> T,y
1=
hence

n
ZZ‘; Tilhi S Zf; i — <k1 — Zyz> T
i1

Also, from Theorem 1 and Lemma 1 (b) we have

y:(y17y27"'7yn)_<w 07"'70717"'71 =z,

n—=ko ko
and
(y17y27"'7yn7y0)_< 07"'0717"'71720 )
N N —
n—=ko ko

n n n

Where Yo = Mmax {y17y27 oy Yny R, 7271}' 20 = Z Yi— Z V; = Z y1+y0_k2
i=0 i=1 i=1

It is clear that yo > 1, and then zo > 1.

Choosing u = (z1,x2, -+, Zpn, Z,), from Lemma 2 and Lemma 3 (b) we have
n n n n
Zi:1 YiTityoTn >Zi:1 Y@ T TYoTn >Zi:n_ ppa1 Tit (Z; Yi + Yo — k2> T,
1=
thus

n n n
Zi:l Ty 2 Zi:n—kg—i—l T + <Z; Yi — k2> Tp.
1=
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This completes the proof of Theorem 2. ]

As consequence, a refinement of the discrete Steffensen’s inequality follows
from Theorem 2 directly:

Corollary . Let {x;};", be a nonincreasing finite sequence of nonnegative
real numbers, and let {y;}.;", be a finite sequence of real numbers such that for
every i, 0 < y; < 1. Let ky, ko € {1,2,---,n} be such that ko < D7,y < ky.
Then

n
Z?:n—kg—i—l T < Z?:n—kg—i—l i + <Z Yi — k2) Tn < Z?:l TilYi
i=1
) .
k
<M i - (kl - yi) Tp <) it T
i=1
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