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CONTINUITY WITH RESPECT TO SYMBOLS OF COMPOSITION
OPERATORS ON THE WEIGHTED BERGMAN SPACE

Stevo Stević

Abstract. Let α > −1, U be the open unit disk in C and denote by H(U)
the set of all holomorphic functions on U. Let Cϕ be a composition operator
induced by an analytic self-map ϕ of U. Composition operators Cϕ on the
weighted Hilbert Bergman space A2

α(U) =
{
f ∈ H(U) | ∫U |f(z)|2(1 −

|z|2)αdm(z) < ∞} are considered. We investigate when convergence of
sequences (ϕn) of symbols to a given symbol ϕ, implies the convergence
of the induced composition operators. We give a necessary and sufficient
condition for a sequence of Hilbert-Schmidt composition operators (Cϕn) to
converge in Hilbert-Schmidt norm to Cϕ, and we obtain a sufficient condition
for convergence in operator norm.

1. INTRODUCTION

Let U be the open unit disk in the complex plane C. Let normalized area measure
on U be given by dm(z) = 1

πrdrdθ, and denote by H(U) the set of all holomorphic
functions on U. The weighted Bergman space Ap

α(U) = Ap
α, where p ∈ (0,∞) and

α > −1, is the space of all f ∈ H(U) such that

||f ||pp,α = (α+ 1)
∫
U
|f(z)|p(1− |z|2)αdm(z) <∞.

It is well known that A2
α is a Hilbert space with the norm || · ||2,α coming from the

inner product given by

〈f, g〉 = (α+ 1)
∫
U
f(z)g(z)(1− |z|2)αdm(z).
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If f ∈ A2
α has the representation f(z) =

∑∞
n=0 anz

n, then a calculation in polar
coordinates shows that

||f ||22,α =
α+ 1
π

∫ 1

0

∫ 2π

0

∞∑
n=0

anr
neinθ

∞∑
m=0

amr
me−imθdθ(1− r2)αrdr

= 2(α+ 1)
∫ 1

0

∞∑
n=0

|an|2r2n(1− r2)αrdr

=
∞∑
n=0

|an|2Γ(n + 1)Γ(α+ 2)
Γ(n + α + 2)

,

which can be also used for a definition of the norm || · ||2,α.
Letting α→ −1 + 0 in the last equation, one observes that if f ∈ H 2(U), i.e.,

||f ||2H2 = sup
0<r<1

1
2π

∫ 2π

0

|f(reiθ)|2dθ <∞,

then

lim
α→−1+0

||f ||22,α =
∞∑
n=0

|an|2 = ||f ||2H2.

Therefore, A2
−1 can be viewed as the Hardy space H2(U).

Remark 1. If f ∈ Hp(U), p > 0, then limα→−1+0 ||f ||p,α = ||f ||Hp. Indeed,
by polar coordinates we have

||f ||pp,α =
α+ 1
π

∫ 1

0

∫ 2π

0
|f(reiθ)|pdθ(1 − r2)αrdr ≤ ||f ||pHp,

for every α > −1.
On the other hand, for every ε > 0 there is a δ ∈ (0, 1) such that

1
2π

∫ 2π

0
|f(reiθ)|pdθ > ||f ||pHp − ε,

for every r ∈ (δ, 1). Hence

||f ||pp,α ≥ α+ 1
π

∫ 1

δ

∫ 2π

0

|f(reiθ)|pdθ(1 − r2)αrdr

> (||f ||pHp − ε)(α+ 1)
∫ 1

δ

(1 − r2)α2rdr = (||f ||pHp − ε)(1− δ2)α+1.

Successively letting α→ −1 + 0, and ε→ 0, we obtain

lim inf
α→−1+0

||f ||p,α ≥ ||f ||Hp.
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From this and the first inequality in the remark, we have that limα→−1+0 ||f ||p,α =
||f ||Hp.

As usual, H∞(U) denotes the space of all bounded holomorphic functions on
U with norm given by ||f ||∞ = supz∈U |f(z)|.

The objects of study here are operators induced on A2
α by composition with

holomorphic self-maps of U, that is, given a holomorphic function ϕ : U → U we
define the composition operator Cϕ on the space H(U) by:

Cϕ(f) = f ◦ ϕ, f ∈ H(U).

The operator is obviously linear. Using Littlewood’s subordination principle and
polar coordinates one sees that if ϕ is not a unimodular constant then Cϕ takes A2

α

into itself; moreover this operator is bounded ([1, 2]). A generalization of this result
can be found in [7].

In this paper we investigate when the convergence of symbols ϕn, say to ϕ
(in some sense that will be clarified in the sequel), implies the convergence of the
corresponding composition operators Cϕn to Cϕ (in the same or some other sense).

Note that, ||ϕn−ϕ||p,α → 0 for some p ∈ [1,∞) if and only if ||ϕn−ϕ||1,α → 0.
Indeed, by Jensen’s inequality we have ||ϕn− ϕ||p1,α ≤ ||ϕn− ϕ||pp,α. On the other
hand, since |ϕn(z)| < 1, for every n ∈ N and |ϕ(z)| ≤ 1, for every z ∈ U, it
follows that∫
U

( |ϕn(z) − ϕ(z)|
2

)p
(1 − |z|2)αdm(z) ≤

∫
U

|ϕn(z) − ϕ(z)|
2

(1 − |z|2)αdm(z).

Thus ||ϕn−ϕ||pp,α ≤ 2p−1||ϕn−ϕ||1,α, from which the claimed equivalence follows.
In Section 2 we investigate when a sequence of Hilbert-Schmidt composition

operators (Cϕn)n∈N converges in Hilbert-Schmidt norm to some Cϕ.
In Section 3 we give a sufficient condition that a sequence of composition

operators (Cϕn)n∈N converges to Cϕ in the operator norm.
Our results are extension of those in [5].

2. HILBERT-SCHMIDT NORM CONVERGENCE

If H is a separable Hilbert space, then the Hilbert-Schmidt norm ||T ||HS of an
operator T : H → H is defined by:

||T ||HS =

√√√√ ∞∑
n=1

||Ten||2,
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where {en} is an orthonormal basis on H. The right side above does not depend on
the choice of basis. Consequently it is larger than the operator norm ||T ||op of T.
Therefore, if ||Cϕn − Cϕ||HS → 0, then ||Cϕn − Cϕ||op → 0 as n→ ∞.

Let

en(z) =
(

Γ(n + α+ 2)
Γ(n+ 1)Γ(α+ 2)

)1/2

zn = cn,αz
n, n = 0, 1, 2, . . . .

Since

||en||22,α = (α+ 1)c2n,α

∫
U
|z|2n(1 − |z|2)αdm(z)

= (α+ 1)c2n,α

∫ 1

0
ρn(1 − ρ)αdρ = 1

and 〈en, em〉 = 0 when m 	= n, it follows that (en)n∈N∪{0} is an orthonormal basis
for A2

α.

The Hilbert-Schmidt norm of the composition operator Cϕ on A2
α is

(1) ||Cϕ||HS =
(

(α+ 1)
∫
U

(1 − |z|2)α
(1 − |ϕ(z)|2)α+2

dm(z)
)1/2

.

Indeed,

||Cϕ||2HS =
∞∑
n=0

||Cϕ(en)||22,α =
∞∑
n=0

c2n,α||ϕn||22,α

= (α+ 1)
∞∑
n=0

c2n,α

∫
U

|ϕ(z)|2n(1− |z|2)αdm(z)

= (α+ 1)
∫
U

(1− |z|2)α
(1− |ϕ(z)|2)α+2

dm(z),

where in the last equality we have used the formula

1
(1− x)α+2

=
∞∑
n=0

Γ(n+ α+ 2)
Γ(n+ 1)Γ(α+ 2)

xn, |x| < 1.

Now we formulate and prove the main results of this section.

Theorem 1. Let α > −1, ϕ be an analytic self-map of U and suppose that
(ϕn)n∈N is a sequence of analytic self-maps of U such that ϕ n → ϕ a.e. on U,

(2)
∫
U

(1 − |z|2)α
(1 − |ϕ(z)|2)α+2

dm(z) <∞,
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and

(3) lim
n→∞

∫
U

(1− |z|2)α
(1− |ϕn(z)|2)α+2

dm(z) =
∫
U

(1− |z|2)α
(1− |ϕ(z)|2)α+2

dm(z).

Then the sequence (Cϕn)n∈N of Hilbert-Schmidt composition operators converges
in Hilbert-Schmidt norm to the composition operator C ϕ.

Proof. We show that the family of functions

F =
{

(1− |z|2)α
(1− |ϕn(z)|2)α+2

, n ∈ N

}
∪
{

(1− |z|2)α
(1− |ϕ(z)|2)α+2

}

is uniformly integrable. Indeed, from (2) and (3) and by a well-known result, see
[3, Lemma 3.17], it follows that

lim
n→∞

∣∣∣∣
∣∣∣∣ (1 − |z|2)α
(1− |ϕn|2)α+2

− (1− |z|2)α
(1− |ϕ|2)α+2

∣∣∣∣
∣∣∣∣
1,0

= 0,

from which the uniform integrability of F follows. Therefore, for every ε > 0 there
is a δ > 0 such that for every measurable set E ⊂ U,

(4) m(E) < δ ⇒
∫
S

(1− |z|2)α
(1− |g(z)|2)α+2

dm(z) < ε,

for every g ∈ F .
Let En = {z ∈ U | |ϕ(z)| ≤ 1 − 1/n}. It is clear that ∪∞

n=1En = U, and that
limn→∞m(En) = m(U) = 1. Choose n0 large enough such that m(Ec

n0
) < δ/2

(Ec
n0

denotes the complement of the set En0 with respect to U ). By Egoroff’s
theorem, there is a G ⊂ En0, so that ϕn → ϕ uniformly on G and m(Gc∩En0) <
δ/2; that is, for every ε > 0 there is an n1 ∈ N such that

(5) sup
z∈G

|ϕn(z) − ϕ(z)| < √
ε for n ≥ n1.

Now we estimate ||Cϕn −Cϕ||HS.
By Stirling’s formula ([9, p. 77]), we have

c2n,α � nα+1

Γ(α+ 2)
.(6)
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By equations (4)-(6), the following estimates hold:
(7)

||Cϕn −Cϕ||2HS =
∞∑
k=0

c2k,α||ϕkn − ϕk||22,α

= (α+ 1)
∞∑
k=0

c2k,α

∫
G
|ϕkn(z)− ϕk(z)|2(1− |z|2)αdm(z)

+(α+ 1)
∞∑
k=0

c2k,α

∫
Gc

|ϕkn(z) − ϕk(z)|2(1 − |z|2)αdm(z)

≤ (α+ 1) sup
z∈G

|ϕn(z) − ϕ(z)|2

×
∞∑
k=0

c2k,α

∫
G
|ϕk−1
n (z)+ϕk−2

n (z)ϕ(z)+· · ·+ϕk−1(z)|2(1−|z|2)αdm(z)

+2(α+ 1)
∞∑
k=0

∫
Gc

c2k,α(|ϕn(z)|2k + |ϕ(z)|2k)(1− |z|2)αdm(z)

≤ ε
∞∑
k=0

c2k,αk
2

(
1 − 1

n0

)2k−2

+2(α+ 1)
∫
Gc

(
(1− |z|2)α

(1 − |ϕn(z)|2)α+2
+

(1− |z|2)α
(1− |ϕ(z)|2)α+2

)
dm(z)

< ε

( ∞∑
k=0

c2k,αk
2

(
1 − 1

n0

)2k−2

+ 4(α+ 1)

)
,

for sufficiently large n. In view of (6) the series

∞∑
k=0

c2k,αk
2

(
1 − 1

n0

)2k−2

is equiconvergent to
∑∞

k=0 k
α+3(1− 1/n0)2k−2, which converges, for example, by

Dalambert’s criterion. From this and (7) the result follows.

Remark 2. Note that in view of equation (1) Theorem 1 can be written in the
following form:

Let ϕ be an analytic self-map of U and suppose that (ϕn)n∈N is a sequence of
analytic self-maps of U such that Cϕ and (Cϕn)n∈N are Hilbert-Schmidt operators,
ϕn → ϕ a.e. on U, and limn→∞ ||Cϕn ||HS = ||Cϕ||HS. Then limn→∞ ||Cϕn −
Cϕ||HS = 0.

Theorem 2. If Cϕ is a Hilbert-Schmidt operator, then ||Cϕn − Cϕ||HS → 0 if
and only if ||Cϕn ||HS → ||Cϕ||HS and ||ϕn− ϕ||2,α → 0.
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Proof. If ||Cϕn − Cϕ||HS → 0 then clearly, ||Cϕn ||HS → ||Cϕ||HS. On the
other hand,

||ϕn− ϕ||2,α = ||Cϕn(z) −Cϕ(z)||2,α ≤ ||Cϕn −Cϕ||op||z||2,α
≤ 1√

α+ 2
||Cϕn −Cϕ||HS,

from which it follows that ||ϕn− ϕ||2,α → 0.
Now assume that ||Cϕn ||HS → ||Cϕ||HS and ||ϕn − ϕ||2,α → 0, but ||Cϕn −

Cϕ||HS 	→ 0. Then there is a subsequence (Cϕnk
)k∈N and an ε0 > 0 such that

||Cϕnk
− Cϕ||HS ≥ ε0 > 0, k ∈ N.

Since ||ϕnk
− ϕ||2,α → 0, it follows that there is a subsequence (ϕnkl

)l∈N that
converges to ϕ a.e. By Theorem 1 we have that ||Cϕnkl

−Cϕ||HS → 0, which is a
contradiction.

Theorem 3. Let ϕ be an analytic self-map of U and suppose that (ϕ n)n∈N is
a sequence of analytic self-maps of U such that ||ϕ n − ϕ||2,α → 0 as n → ∞. If
there is a measurable function χ : U → [0, 1] such that for every n ∈ N, |ϕ n| ≤ |χ|
a.e. on U and ∫

U

(1− |z|2)α
(1 − |χ(z)|2)α+2

dm(z) <∞,

then the sequence (Cϕn)n∈N of composition operators converges in Hilbert-Schmidt
norm to Cϕ.

Proof. Note that the condition |ϕn| ≤ |χ| a.e. on U implies that

(1 − |z|2)α
(1 − |ϕn(z)|2)α+2

≤ (1− |z|2)α
(1 − |χ(z)|2)α+2

, a.e. on U.

Assume now that ||Cϕn − Cϕ||HS 	→ 0. Then there is a subsequence (Cϕnk
)k∈N

and an ε0 > 0 such that

||Cϕnk
− Cϕ||HS ≥ ε0 > 0, k ∈ N.

Since ||ϕnk
− ϕ||2,α → 0, it follows that there is a subsequence (ϕnkl

)l∈N that
converges to ϕ a.e. By Lebesgue’s dominated convergence theorem we have that

lim
k→∞

||Cϕnkl
||2HS = ||Cϕ||2HS ≤ (α+ 1)

∫
U

(1 − |z|2)α
(1− |χ(z)|2)α+2

dm(z).

On the other hand, by Theorem 2 it follows that ||Cϕnk
−Cϕ||HS → 0 as k → ∞,

which is a contradiction.
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Remark 3. If we apply Theorem 1 then the condition ||ϕn − ϕ||2,α → 0 as
n→ ∞, can be replaced by ϕn → ϕ a.e. on U.

Remark 4. Note that from the inequality∫
U

(1− |z|2)α
(1− |ϕn(z)|2)α+2

dm(z) ≤
∫
U

(1 − |z|2)α
(1− |χ(z)|2)α+2

dm(z) <∞, n ∈ N,

it follows that (Cϕn)n∈N is a sequence of Hilbert-Schmidt composition operators.
Clearly Cϕ is also a Hilbert-Schmidt composition operator.

Corollary 1. The map ϕ→ Cϕ is continuous from the open unit ball ofH ∞(U)
into the set of Hilbert-Schmidt composition operators.

Proof. Assume that ||ϕ||∞ < 1. Then there is a δ ∈ (0, 1) such that ||ϕ||∞+δ <
1. On the other hand, if ||ϕn − ϕ||∞ → 0 as n → ∞, then ||ϕn − ϕ||2,α → 0 as
n → ∞, and ||ϕn||∞ ≤ ||ϕ||∞ + δ for sufficiently large n. Applying Theorem 3
with χ = ||ϕ||∞ + δ, the result follows.

Corollary 2. Let ϕ be an analytic self-map of U and suppose that (ϕ n)n∈N

is a sequence of self-maps of U. If

(8) lim
n→∞

∫
U

|ϕn(z) − ϕ(z)|
(1 − |ϕn(z)|2)α+2(1 − |ϕ(z)|2)α+2

(1− |z|2)αdm(z) = 0,

then limn→∞ ||Cϕn − Cϕ||HS = 0.

Proof. Since

||ϕn− ϕ||1,α ≤ (α+ 1)
∫
U

|ϕn(z) − ϕ(z)|(1− |z|2)α
(1 − |ϕn(z)|2)α+2(1− |ϕ(z)|2)α+2

dm(z),

from (8) and the inequality

||ϕn− ϕ||22,α ≤ 2||ϕn − ϕ||1,α,
it follows that ||ϕn − ϕ||2,α → 0 as n→ ∞.

Let I = | ||Cϕn ||2HS − ||Cϕ||2HS |. Then by Lagrange’s theorem it follows that

I = (α+ 1)
∣∣∣∣
∫
U

(1− |ϕn(z)|2)α+2 − (1 − |ϕ(z)|2)α+2

(1 − |ϕn(z)|2)α+2(1− |ϕ(z)|2)α+2
(1− |z|2)αdm(z)

∣∣∣∣
≤ (α+ 1)(α+ 2)

∫
U

∣∣ |ϕn(z)|2 − |ϕ(z)|2 ∣∣
(1 − |ϕn(z)|2)α+2(1 − |ϕ(z)|2)α+2

(1 − |z|2)αdm(z)

≤ 2(α+ 1)(α+ 2)
∫
U

|ϕn(z)− ϕ(z)|(1− |z|2)α
(1 − |ϕn(z)|2)α+2(1 − |ϕ(z)|2)α+2

dm(z)
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The statement of the corollary follows from the above estimates and Theorem 2.

Theorem 4. For every pair of distinct symbols ϕ, ψ, let χ = max{|ϕ|, |ψ|}.
Then the following upper estimates hold

(9) ||Cϕ −Cψ ||HS ≤M

(∫
U

(1 − |z|2)α
(1 − |χ(z)|2)α+4

dm(z)
)1/2

||ϕ− ψ||∞,

where the constant M is independent of ϕ and ψ. Therefore, for each R > 0, the
map ϕ→ Cϕ is Lipschitz continuous on the set

SR =
{
ϕ

∣∣∣∣
∫
U

(1 − |z|2)α
(1− |ϕ(z)|2)α+4

dm(z) ≤ R

}
.

Proof. Using (6) we get

||Cϕ −Cψ ||2HS =
∞∑
n=0

c2n,α||ϕn − ψn||22,α

≤ ||ϕ− ψ||2∞
∞∑
n=1

c2n,α||ϕn−1 + ϕn−2ψ + · · ·+ ψn−1||22,α

≤ (α+ 1)||ϕ−ψ||2∞
∫
U

( ∞∑
n=1

c2n,αn
2χ2(n−1)(z)

)
(1−|z|2)αdm(z)

≤ M ||ϕ− ψ||2∞
∫
U

( ∞∑
n=0

c2n,α+2 χ
2n(z)

)
(1 − |z|2)αdm(z)

≤ M ||ϕ− ψ||2∞
∫
U

(1− |z|2)α
(1 − |χ(z)|2)α+4

dm(z),

for some positive constant M independent of ϕ and ψ, as desired.

3. UNIFORM OPERATOR CONVERGENCE

An upper norm estimate for the operator norm of a difference of two composition
operators is established in this section. Before we formulate the main result of this
section, we need an auxiliary result, which is incorporated in the following lemma.

Lemma 1. ([6,9]) Assume that z ∈ U, α ∈ R, t > −1, and

Iγ,t(z) =
∫
U

(1− |w|2)t
|1− zw̄|t+γ+2

dm(w).

Then we have
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(a) If γ < 0, then supz∈U Iγ,t(z) is finite.
(b) If γ = 0, then Iγ,t(z) ∼ ln 1

1−|z|2 , as |z| → 1− 0.

(c) If γ > 0, then Iγ,t(z) ∼ 1
(1−|z|2)γ , as |z| → 1− 0.

Theorem 5. Let α > −1, and ϕ and ψ are arbitrary symbols. Then

(10)

||Cϕ−Cψ||op ≤

cα

(∫
U

|ϕ(w)−ψ(w)|(1−|w|2)α
(1−|ϕ(w)|)α+2(1−|ψ(w)|)α+2

ln
e

(1−|ϕ(w)|)(1−|ψ(w)|)dm(w)
)1/2

,

for some cα depending only on α.

Proof. Let dmα(w) = (α+1)(1−|w|2)αdm(w). Note that this equation defines
normalized Lebesgue measure on U. Applying the reproduction formula for the
weighted Bergman space ([8, p. 53]) and the Cauchy-Schwarz inequality, we obtain

(11)

|f(z)− f(ζ)|2 =
∣∣∣∣
∫
U

(
1

(1− zw̄)α+2
− 1

(1− ζw̄)α+2

)
f(w)dmα(w)

∣∣∣∣2

≤
∫
U

∣∣∣∣ 1
(1 − zw̄)α+2

− 1
(1 − ζw̄)α+2

∣∣∣∣
2

dmα(w) ||f ||22,α

≤ sup
w∈U

∣∣∣∣ 1
(1− zw̄)α+2

− 1
(1− ζw̄)α+2

∣∣∣∣×∫
U

∣∣∣∣ 1
(1 − zw̄)α+2

− 1
(1 − ζw̄)α+2

∣∣∣∣dmα(w) ||f ||22,α.

We have

(12)

supw∈U

∣∣∣∣ 1
(1− zw̄)α+2

− 1
(1− ζw̄)α+2

∣∣∣∣
≤ supw∈U

|(1− zw̄)α+2 − (1 − ζw̄)α+2|
(1− |z|)α+2(1 − |ζ|)α+2

= sup
w∈U

| ∫ zζ ( (1 − uw̄)α+2
)′
du|

(1 − |z|)α+2(1− |ζ|)α+2

≤ sup
w∈U

|α+ 2| |w̄|∣∣ ∫ zζ |1− uw̄|α+1|du|∣∣
(1− |z|)α+2(1− |ζ|)α+2

≤ (α+ 2)2α+1|z − ζ|
(1 − |z|)α+2(1 − |ζ|)α+2

.
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Let
Jα(z, ζ) =

∫
U

∣∣∣∣ 1
(1− zw̄)α+2

− 1
(1 − ζw̄)α+2

∣∣∣∣ dmα(w).

By Lemma 1 (b), we have that

(13)
Jα(z, ζ) ≤

∫
U

dmα(w)
|1− zw̄|α+2

+
∫
U

dmα(w)
|1− ζw̄|α+2

≤ bα

(
1 + ln

1
1 − |z|2 + ln

1
1 − |ζ|2

)
,

for some positive constant bα and for every z, ζ ∈ U.
Replacing estimates (13) and (12) in (11), setting z = ϕ(w) and ζ = ψ(w) in

obtained inequality, then multiplying by dmα(w), integrating over U, and using the
definition of the operator norm in Banach spaces, we obtain (10).

From Theorem 5 we obtain the following corollary:

Corollary 3. Let ϕ be an analytic self-map of U, (ϕn)n∈N a sequence of self-
maps of U and assume that the following condition holds

lim
n→∞

∫
U

|ϕn(w)−ϕ(w)|(1−|w|2)α
(1−|ϕn(w)|)α+2(1−|ϕ(w)|)α+2

ln
e

(1−|ϕn(w)|)(1−|ϕ(w)|)dm(w) = 0,

then
lim
n→∞ ||Cϕn − Cϕ||op = 0.

Remark 5. Note that in Corollary 3 we do not request that the composition
operator Cϕ is a Hilbert-Schmidt.

Finally we would like to point out that using the fact that the set of all poly-
nomials is dense in A2

α and the boundedness of Cϕ : A2
α → A2

α, the following
pointwise convergence result can be proven. A similar result with detailed proof
can be found in [7].

Theorem 6. Let ϕ be an analytic self-map of U and suppose that (ϕ n)n∈N is
a sequence of analytic self-maps of U. If

||ϕn − ϕ||2,α → 0 as n→ ∞,

then for each f ∈ A2
α,

||Cϕn(f) −Cϕ(f)||2,α → 0 as n→ ∞.
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Interested reader can extend some of the results in the paper for the case of the
generalized weighted Bergman space ([4])

A2
W (U) =

{
f ∈ H(U) | ||f ||2W =

∫
U

|f(z)|2W (|z|)dm(z)<∞},
with kernel functions

Kw(z) =
∞∑
n=0

w̄nzn

||zn||2W
,

where W (r) is a positive, continuous function on (0, 1) with
∫ 1
0 W (r)rdr <∞.
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