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CONTINUITY WITH RESPECT TO SYMBOLS OF COMPOSITION
OPERATORS ON THE WEIGHTED BERGMAN SPACE

Stevo Stevit

Abstract. Let o > —1, U be the open unit disk in C and denote by H(U)
the set of all holomorphic functions on U. Let C,, be a composition operator
induced by an analytic self-map ¢ of U. Composition operators C,, on the
weighted Hilbert Bergman space A% (U) = {f € H{U) | [, |f(z)]*(1 -
|z|2)*dm(z) < oo} are considered. We investigate when convergence of
sequences (¢,) of symbols to a given symbol ¢, implies the convergence
of the induced composition operators. We give a necessary and sufficient
condition for a sequence of Hilbert-Schmidt composition operators (C,,,) to
converge in Hilbert-Schmidt norm to C,, and we obtain a sufficient condition
for convergence in operator norm.

1. INTRODUCTION

Let U be the open unit disk in the complex plane C. Let normalized area measure
on U be given by dm(z) = Lrdrdd, and denote by H (U) the set of all holomorphic
functions on U. The weighted Bergman space A% (U) = A%, where p € (0, 00) and
a > —1, is the space of all f € H(U) such that

e = (a+1) /U PO — 2P dm(z) < oo,

It is well known that .42 is a Hilbert space with the norm || - |2, coming from the
inner product given by

(f.9) = (a+1) /U F2)g@)( - [2[2)%dm().
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If f € A2 has the representation f(z) = > > a,2", then a calculation in polar
coordinates shows that

o0

a1 e . A
HfH%a = / / Z anr"e™ Z e de(1 — ) rdr
g 0 J0  p—p m=0
1 ©©
=2(a+1) / Z lan|?r®™ (1 — r2)%rdr

in n+a+2)

)

which can be also used for a definition of the norm || - ||2 4.
Letting o — —1 + 0 in the last equation, one observes that if f € H2(U), i.e.,
1 2w )
172 = sup o= [ [f(re)|?d6 < oo,

0<r<1 2m

then .
im JIf50 = Z% janl? = [1£11F2-
n=

140
Therefore, A%, can be viewed as the Hardy space H?(U).

Remark 1. If f € HP(U), p > 0, then limq——140 || f||p,a = ||| z». Indeed,
by polar coordinates we have

a—+1

1 2m )
1= [ [ 1stepass =s2rdr <1111

for every a > —1.
On the other hand, for every ¢ > 0 there isa ¢ € (0, 1) such that

1 2w

o [ 1Fre)Fdo > || ], e,

for every r € (4,1). Hence

Oé+1 1 271' Z a
1/ > / / Fre®) P01 — r2)*rdr
m s Jo

1
> (waf}p—6)(06+1)/(S (1= o) 2rdr = (|| f|[fs — €)(1 = 6%)FL.

Successively letting « — —1 + 0, and € — 0, we obtain

iﬂﬂfo\\f\\p,a > || fllar
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From this and the first inequality in the remark, we have that lim,—. 149 || f|[p,a =

|-

As usual, H>°(U) denotes the space of all bounded holomorphic functions on
U with norm given by || f||oc = sup,cir | f(2)]-

The objects of study here are operators induced on .42 by composition with
holomorphic self-maps of U, that is, given a holomorphic function ¢ : U — U we
define the composition operator C', on the space H (U) by:

Cof)=fop,  feHU).

The operator is obviously linear. Using Littlewood’s subordination principle and
polar coordinates one sees that if ¢ is not a unimodular constant then C., takes A2
into itself; moreover this operator is bounded ([1, 2]). A generalization of this result
can be found in [7].

In this paper we investigate when the convergence of symbols ¢,, say to ¢
(in some sense that will be clarified in the sequel), implies the convergence of the
corresponding composition operators C,,, to C,, (in the same or some other sense).

Note that, ||¢, —¢||p, — 0 for some p € [1, o0) if and only if ||, —¢]|[1,0 — 0.
Indeed, by Jensen’s inequality we have ||, — ¢l , < |[¢n — ¢|[p,a- On the other
hand, since |p,(z)| < 1, for every n € N and ]gp z)] < 1, for every z € U, it
follows that

A(M)p“ [2f*)*dm(z /‘@” - )‘(1—\2\2)°‘dm(z).

Thus ||en—¢|h.a < 277 |en—¢||1.a, from which the claimed equivalence follows.
In Section 2 we investigate when a sequence of Hilbert-Schmidt composition
operators (Cy,, )nen converges in Hilbert-Schmidt norm to some C,,.
In Section 3 we give a sufficient condition that a sequence of composition
operators (Cy,, )nen converges to C,, in the operator norm.

Our results are extension of those in [5].

2. HiLBeERT-scHMIDT NorRM CONVERGENCE

If H is a separable Hilbert space, then the Hilbert-Schmidt norm ||T'|| iz of an
operator T' : H — 'H is defined by:

Tl rs =

9]
> |ITenl?,
n=1
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where {e,} is an orthonormal basis on . The right side above does not depend on
the choice of basis. Consequently it is larger than the operator norm ||T'||,, of T
Therefore, if ||C,,, — Cy|lns — 0, then ||Cy,, — Cyllop — 0 @S n — oo.

Let

F'n+a+2) 1/2 n n
= = =0,1.2,....
en(2) <F(n+1)F(a+2)> 2T Gnats =R

Since

(a+1)c /\2\2" 1212)%dm(2)

llenl[3.0

— (a+1) W/Om p)edp =1

and (e, em) = 0 when m # n, it follows that (e,,),enuqo) is an orthonormal basis
for A2.
The Hilbert-Schmidt norm of the composition operator C,, on A2 is

—z 2\« 1/2
@) IC,ms = <(a+ 1)/U i (_1‘()0(‘2)“2))&+2dm(z)> .

Indeed,

1Cllfs = ZHC (en)ll3.0 = ZCWH@”HM

- a+12cw/\so (1 — |2[2)dm(2)

1—|z
— (at1) /U . € M‘z)“%wdm@),

where in the last equality we have used the formula

<1.
1—x0<+2 Fn—|—1 a—|—2)x’ ]

Now we formulate and prove the main results of this section.

Theorem 1. Let o > —1, ¢ be an analytic self-map of U and suppose that
(¢n)nen is a sequence of analytic self-maps of U such that ¢ ,, — ¢ a.e. on U,

1 —|z]?)>
(2) /U a (_ ‘@(‘Z)“Q))O‘+2 dm(z) < oo,
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and

(3) lim (1[4 dm(z) = / ( (1[4 dm(z).

=00 Jy (1= [en(2)[?)F? v (1= lp(z)[?)o+

Then the sequence (C,, )nen Of Hilbert-Schmidt composition operators converges
in Hilbert-Schmidt norm to the composition operator C' .

Proof. We show that the family of functions

_ a—lzP> (1 |z
7= {(1 ~Ten(z)Ber? " © N} N {(1 - \@(Z)\Q)”‘“}

is uniformly integrable. Indeed, from (2) and (3) and by a well-known result, see
[3, Lemma 3.17], it follows that

lim
n—oo

= 07
1,0

(1= |z (1= |z
|

(1= lpal?)¥2 (1~ [p[2)2+?

from which the uniform integrability of F follows. Therefore, for every ¢ > 0 there
is a § > 0 such that for every measurable set £ C U,

(4) m(E) = / : _1‘; 2] OhL2dm(z) <e,

for every g € F.

Let B, = {2z € U | |p(2)| < 1—1/n}. Itis clear that U® , E,, = U, and that
lim,, oo m(E,) = m(U) = 1. Choose ng large enough such that m(Ey, ) < 6/2
(E;, denotes the complement of the set E,, with respect to U). By Egoroff’s
theorem, there is a G C E,,,, so that ¢,, — ¢ uniformly on G and m(G°N E,,) <
d/2; that is, for every £ > 0 there is an n; € N such that

(5) sup |on(2) —o(2)| < e  for  n>mn.
2€G
Now we estimate ||Cy,, — C,||Hs.

By Stirling’s formula ([9, p. 77]), we have

(6) 2o
e = Fla 1 2)
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By equations (4)-(6), the following estimates hold:

(7) N
1Cp,. = Collis =Y i alleh — I3
. k=0
= (a+1)Y o /G 95 (2) — ()21 - |2 dm2)
k=0
Ha+1)) o | leh(z) = (2) (1 = [2]*)¥dm(z)
k=0 ¢
< (a+1)sup|pn(2) — (2)?
zeG
XY ol o8 () Hen ()0 (2)+- - +eF T (2)P(1—]2*)dm(2)
k=0 G
et 1)) /G G allon(2) P+ lp(2)) (1 = |2*)*dm(z2)
oo 5 ;:0 1 2k—2
< e ci k1 ——
— kzg k,a < n0>

—|—2(a—|—1)/< €l i A € 0 )dm(z)

- ge \ (1 — \apglgz%p)aﬂ = o(2)2)" 72
€ k2 — i - o
< <;§Z% Kok <1 no) +4(a+ 1)) :

for sufficiently large n. In view of (6) the series

is equiconvergent to " k*F3(1 — 1/ng)?*~2, which converges, for example, by
Dalambert’s criterion. From this and (7) the result follows.

Remark 2. Note that in view of equation (1) Theorem 1 can be written in the
following form:

Let o be an analytic self-map of U and suppose that (¢, )nen IS @ sequence of
analytic self-maps of U such that C, and (C,,, )nen are Hilbert-Schmidt operators,
on — @ ae on U, and lim, . ||Cy,.||rs = ||Cy,llms. Then lim, . ||Cy, —
Collrs = 0.

Theorem 2. If C,, is a Hilbert-Schmidt operator, then ||C',,, — Cy||ns — 0 if
and only if [|Cy, |[ns — [|Cyl[ms and [[pn = ¢ll2,a — 0.
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Proof. If ||C,, — Cyllns — 0 then clearly, ||Cy,||Hs — ||Cy||us. On the
other hand,

lon = ¢llza = 1106, (2) = Col2)ll2.a < [|Con = Collopl2ll2,0
1

— L e, —Cullps,
\/Oé——l—QH Pn SOHHS

from which it follows that ||, — ¢|]2,o — 0.
Now assume that ||C.,, ||zs — ||Cyl|as and ||¢n — ¢|]2, — 0, but ||C,, —
Cyl||us # 0. Then there is a subsequence (C%k)keN and an ¢ > 0 such that

IN

HCSOnk _CQOHHSZ€O>07 k e N.

Since |[[¢n, — ¢ll2,a — 0, it follows that there is a subsequence (¢, )icn that
converges to ¢ a.e. By Theorem 1 we have that |[C;,, —Cy||ns — 0, which is a
1

contradiction.

Theorem 3. Let ¢ be an analytic self-map of U and suppose that (¢ ,,)nen IS
a sequence of analytic self-maps of U such that ||¢,, — ¢||2.o — 0 as n — oo. If
there is a measurable function x : U — [0, 1] such that for every n € N, |¢,,| < |x|

a.e. on U and o
/U (1 —|x(2)[?)o+2 dm(z) < oo,

then the sequence (C,,,, )nen Of composition operators converges in Hilbert-Schmidt
normto C,,.

Proof. Note that the condition |¢,| < |x| a.e. on U implies that
(1 —[[»)* (1)
(1 =len(2)[P)t? = (1 = x(2)[2)o+?’

Assume now that ||Cy, — Copl|lms 7 0. Then there is a subsequence (C,,, )ken
and an ¢ > 0 such that

a.e. onU.

HCSOnk _CQOHHSZ€O>07 k e N.

Since |[[¢n, — ¢ll2,a — 0, it follows that there is a subsequence (¢, )icn that
converges to ¢ a.e. By Lebesgue’s dominated convergence theorem we have that

1 2 — 2 < 1 / ( d .
lel HCsOnkl HHS HCSOHHS = (a ) (1 ‘X(Z)‘2)O‘+2 m(z)

On the other hand, by Theorem 2 it follows that |[C,;, — Cyllms — 0 as k — oo,
which is a contradiction.
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Remark 3. If we apply Theorem 1 then the condition ||¢, — ¢||2.« — 0 as
n — oo, can be replaced by ¢, — ¢ a.e. on U.

Remark 4. Note that from the inequality
(1—1[2*)* / (1—1[2*)*
dm(z) < dm(z) < oo, néeN,
| e < |, e

it follows that (C,, )nen is a sequence of Hilbert-Schmidt composition operators.
Clearly C, is also a Hilbert-Schmidt composition operator.

Corollary 1. The map ¢ — C,, is continuous from the open unit ball of H *°(U)
into the set of Hilbert-Schmidt composition operators.

Proof. Assume that ||¢||oo < 1. Thenthereisad € (0,1) such that ||¢||co+0d <
1. On the other hand, if ||¢n — ¢|lcc — 0 @8 n — oo, then ||¢, — ¢||2.« — 0 as
n — 00, and ||¢n|leo < ||¢llee + 0 for sufficiently large n. Applying Theorem 3

with x = ||¢||sc + 9, the result follows.

Corollary 2. Let ¢ be an analytic self-map of U and suppose that (¢ ,,)nen
is a sequence of self-maps of U. If

® [ T e e~ ) <o

then lim,, . ||Cy,, — Co||ms = 0.

Proof. Since

n(2) — 1—|z
o= olhn < o+ [ e S mante)

from (8) and the inequality

llon = @113 .0 < 2llen = @1,
it follows that ||¢,, — ¢|[2.« — 0 as n — oo.

Let I =|||Cyp,|1%s — ||Cyl|%s |- Then by Lagrange’s theorem it follows that
(1= [en()P)**? = (1 — [io(2))**? 2
I:a—i—l/ 1—|z|*)%dm(z
e N B e (P D R

(1= |2*)*dm(z)

| len(2)12 = lp(2)? |
< @+ via+d) [ S e

n(z) — @(2)](1 - 2)°
< 20+ e+ | 0= lon@ P21~ Tp(z Pae ™)
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The statement of the corollary follows from the above estimates and Theorem 2.

Theorem 4. For every pair of distinct symbols ¢, ¥, let x = max{|p|, ||}
Then the following upper estimates hold

_ 22 a 1/2
@ NG~ Collns <M ( [ U= Gan() e - vl

where the constant M is independent of ¢ and . Therefore, for each R > 0, the
map ¢ — C,, is Lipschitz continuous on the set

si={e | [ @ pommin@ <k}

Proof. Using (6) we get

0
1C = Cylllrs = > cnalle” =454
n=0

x
<[le—vlRY dalle™ +¢" 2+ + "3,

o0

< <a+1>uw—¢u2/ (3 a0V @) 0= P dm(

< Mg -9l /U (32 oo X2 (2)) (1 — [212)dm(2)
n=0

1— |z]?)>
< Ml =il [ o (),

for some positive constant M independent of ¢ and ), as desired.

3. UNIFOrRM OPERATOR CONVERGENCE

An upper norm estimate for the operator norm of a difference of two composition
operators is established in this section. Before we formulate the main result of this
section, we need an auxiliary result, which is incorporated in the following lemma.

Lemma 1. ([6,9]) Assumethatz e U, a € R, t > —1, and

_ (1~ |wP)’
I%t(z)_/UTde(w)

Then we have
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(a) If v <0, then sup,c;r I +(2) is finite.
(b) 1f v =0, then I, 4(2) ~ In ;. as |2| — 1 - 0.
(c) If v >0, then I, 4(2) ~ W as |z — 1—-0.

Theorem 5. Let o > —1, and ¢ and 1 are arbitrary symbols. Then

1Co=Cullop <
(10 |p(w) =t (w) | (1 —|w[*)* e 1/2
o [ T )

for some ¢, depending only on a.

Proof. Let dm(w) = (a+1)(1—|w|?)*dm(w). Note that this equation defines
normalized Lebesgue measure on U. Applying the reproduction formula for the
weighted Bergman space ([8, p. 53]) and the Cauchy-Schwarz inequality, we obtain

2
1) = 100 = | [ (=g ~ = ggere ) Fwhdma(w
1 1 2
1 1
= Tz T a=cap|”
1 1
/U (1 _ zu—))a—ﬂ - (1 _ C,u—))a+2 dma(’w) HfH%,oc
We have
1 1
SUPwer 1—z0)o"2 (1 ca)or?
< |(1 = zw)**? — (1 = (w)*+?|

HPwel T e 2 (1 — (¢

| JE (1= uw)*+? ) dul
12 —
12 S L )P = )
w |+ 2] \ﬂ)H f; 11— uu_)\o‘“\du\!
ety (L= [2])o*2(1 = [¢)oF?

(o +2)2°F1z —
(1= [z[)oF2(1 = [¢or®

IN

IN
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Let
1 1

Jo(2:0) = /U (1— z@)o2 (1 — Cw)ot?
By Lemma 1 (b), we have that

dma(u}) dmoc(w)
Jo(2,¢) < /U 11— zaw|ot2 "’/U |1 — Cw|ot2

1 1
<by|1l+1n +In ),
a( T—]z2 1 -C?

for some positive constant b, and for every z,¢ € U.

Replacing estimates (13) and (12) in (11), setting z = ¢(w) and ¢ = ¥ (w) in
obtained inequality, then multiplying by dm,(w), integrating over U, and using the
definition of the operator norm in Banach spaces, we obtain (10).

dme(w).

(13)

From Theorem 5 we obtain the following corollary:

Corollary 3. Let ¢ be an analytic self-map of U, (¢,,)nen @ sequence of self-
maps of U and assume that the following condition holds

| (ou(w) — p(w)] (1 [w]2)° e B
A T ()21 () )2 ™ T Tpn(@)) A~y ™) = O
then

nh_{go 1Ce, = Collop = 0.

Remark 5. Note that in Corollary 3 we do not request that the composition
operator C, is a Hilbert-Schmidt.

Finally we would like to point out that using the fact that the set of all poly-
nomials is dense in A2 and the boundedness of C, : A% — A2, the following
pointwise convergence result can be proven. A similar result with detailed proof
can be found in [7].

Theorem 6. Let ¢ be an analytic self-map of U and suppose that (¢ ,,)nen IS
a sequence of analytic self-maps of U. If

|lon = @ll2,a =0 as n— oo,
then for each f € A2,

|1Co (f) = Co(f)ll2,a — 0 as n — oo.
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Interested reader can extend some of the results in the paper for the case of the
generalized weighted Bergman space ([4])

Al (U) ={f € HU) | Ifll}y = /U |f(2)PW (|2])dm(z) < oo},

with kernel functions

e " 2™
w(Z) - E 2
= 12"l

where W (r) is a positive, continuous function on (0, 1) with fol W (r)rdr < cc.
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