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VECTOR VALUED COMMUTATORS ON
NON-HOMOGENEOQOUS SPACES

Wengu Chen and Changxing Miao

Abstract. Let ;. be a Borel measure on R? which may be non doubling.
The only condition that p must satisfy is u(Q) < ¢ol(Q)™ for any cube
Q c R? with sides parallel to the coordinate axes and for some fixed n
with 0 < n < d. This paper is to develop the vector valued commutator
theory in the context of the non-homogeneous spaces. As an application, the
boundedness of the maximal commutator of any Calderon-Zygmund operator
on the non-homogeneous space with a RBMO(p) function introduced by
Tolsa in [9] is obtained.

1. INTRODUCTION

Let 1 be a non-negative n-dimensional Borel measure on R?, that is, a measure
satisfying
Q) < col(Q)"

for any cube @ C R? with sides parallel to the coordinate axes, where 1(Q) stands
for the side length of @ and n is a fixed real number such that 0 < n < d.
Throughout this paper, all cubes we shall consider will be those with sides parallel
to the coordinate axes. For r > 0, »@Q will denote the cube with the same center as
@ and with I(r@) = rl(Q). Moreover, Q(x, r) will be the cube centered at = with
side length r.

The classical theory of harmonic analysis for maximal functions and singular
integrals on (R™, u) has been developed under the assumption that the underlying
measure p satisfies the doubling property, i.e., there exists a constant ¢ > 0 such that
w(B(z, 2r)) < cu(B(x, r)) for every € R* and r > 0. However, some recent
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results on Calderén-Zygmund operators ([4,5,7,8]) and functions of bounded mean
oscillation ([3,9]) show that it should be possible to dispense with the doubling
condition for most of the classical theory. The purpose of this paper is to develop
the vector valued commutator theory in this new setting.

Let us introduce some notations and definitions. Given a Banach space E we
will denote by L. (1:) the Bochner-Lebesgue space of £—valued strongly measurable
functions such that

[ 1@l < oo

Given two cubes Q C R in R?, we set

NQ,R k
oo o p(2"Q)
Qr=1+ ; 1(2FQ)"”

where N g is the first integer & such that [(2¥Q) > I(R). K¢, r was introduced
by Tolsa in [9].

Given (3, (depending on d) big enough (for example, 5; > 2™), we say that
some cube Q C R? is doubling if 1(2Q) < Bau(Q).

Given a cube Q@ C R? let N be the smallest integer > 0 such that 2VQ is
doubling. We denote this cube by Q.

Let » > 1 be some fixed constant. We say that a locally integrable function
b(x) is in RBMO(u) if there exists some constant ¢; such that for any cube @,

1
1 —/ b—msbldy < c
and
(2 |mgb —mpgb| < c1Kqg, g for any two doubling cubes @ C R,

1 - .

where mgb = W/ bdp. The minimal constant ¢; is the RBMO(y) norm of
H Q

b, and it will be denoted by ||b]|..

Let £, F be a couple of Banach spaces. £(F, F') will denote the set of bounded
linear operators from E to F. We say a kernel k(z, y) : RY x R\{(z, y) : = =
y} — L(E, F) is a (vector-valued) n—dimensional singular integral kernel if

W [k, e, r) < Ty iTo £y,
(2) and there exists 0 < 6 < 1 such that

Az —2'|°
k(e 9) = k', Dleqs,p + Ib(0: 2) = by 2 leqe < oo



Vector Valued Commutators on Non-homogeneous Spaces 1129

if o —y| > 2]z —2/|.

A bounded linear operator T from L2,(u) to L2 (1) is said to be a vector-valued
Calderon-Zygmund operator with n—dimensional singular integral kernel % if for
every compactly supported function f € 12 (),

Tf(a) = | ke, ) )duly). for = & supp .

For r > 0, we define the truncated operators by
Ti@ = [ k)i @)
R B(z,r)

and define the maximal operator associated with T" as follows

T f(x) = sup 1T f () || -

2. CoTLAR TYPE INEQUALITY AND BOUNDEDNESS OF T

Now we are ready to prove the boundedness of the maximal operator T... This
follows immediately from

Theorem 1. Let f € L2(u). Forany 8> 1 and = € suppy,

T.f(x) < 4-9"M(|Tf|F)(x) + B(B)Ms(|f|I£)(<)

where the constant B(3) > 0 depends on the parameter 3 > 1, the dimension n,

the constants 6 and A in the definition of the singular integral kernel %, and the
1

norm || 7|22 only. Mf(zx) = sup, 7/ d and
H HLE L% y f( ) Pr>0 /L(B((L‘, 37")) B(m,r)‘f(y)‘ :u(y)

Mg f(x) = [M(|f|?)(2)]/7.

Proof. We follow the ideas of [5, Theorem 7.1]. Let = € suppu and r» > 0.
Consider the sequence of balls B(x, r;) with 7; = 3/r and set u; = u(B(z, r;)).
We can choose | > 1, the smallest positive integer such that p; < 2-3"u;_1. Put
R=r;_; =3"1r. Then

I7.) - T @) < V(e o) oo, £@) | dpty)

B(z,3R)\B(z,T)

- Z ), G, )l el ) )
B(z,r;)\B(z,7j-1)

< ;Ar;_’a /| L i)
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Note that 7;_; = 3/~1~!r; and
pi < (2-3M37H 1y, for 1< <1

Hence

1T f(x) = Tsrf(x !F<ZA?“ " M f 1l p) ()

<2 9" ANI(||f ) (= ’“Z?ﬂ P< 4 9" AM(|f]g) ().
" j=1

So, we need only to estimate T3 f(x). We consider the average
! / Tfd

— i

w(B(z, R)) B(x, R)

which is bounded by “EESEINI (| Tf||p)(x) < 4 - 9"M(|Tf||F)(x). On the
other hand,

VR(x) =

1
Va(z :7/ T Y
R( ) /L(B((L‘, R)) B, R) (fXRd\B( ,3R)) 12
-,
e T(fXBlasm)dp = I+ 11,
w(B(z, R)) B(z,R) (XB(wam)dp

and | Tspf(x) — Va(@)|r < |ITsrf(x) — I|F + |I1||r. By using the second
condition on the kernel,

HT:mf(w)l— I||F

= W(B B) B(a:,R)/Rd\B(a:,BR) e, 5) = k(2 e, m) I1f @) pduly)du(z)

1 Oo/ Alz—2|°
- dp(y)dp(z
B (B(x R))/B(a: R)Z; B(z,3/+1R)\ B(z,3/ R) \y—x\nHHf( Yl pdnly)dp(z)

) i AR / 1) sdia()di2)
B(z, R) B(x,R) (37 R)"H0 B(z,3/+1R)

< ¢(8)3" AM(||f | ) (2)-

Whereas for the second term, by Holder’s inequality,

1 /
I11]|F < WHTHL%(M)_)L&M)M(B(% R))l/ﬂ HfXB(ac,BR)HL%(M)

1 5, \U/P
<0500 (BT o oy 1P OE)
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According to our choice of R, we have
w(B(z, 3R)) = < 2-3"w—1 =2-3"u(B(z, R)).
This allows us to conclude that the second term is bounded by
(23Tl 1. Mo (111 2) @).

By taking the supremum on r > 0 we have the desired estimate.

3. THE VECTOR VALUED COMMUTATOR THEOREMS
Now we can state the main results in this paper.

Theorem 2. Let E, F' be Banach spaces. Let T' be a vector-valued Calderoén-
Zygmund operator with an n—dimensional singular integral kernel k(z, y). Given
b€ RBMO(u). Then the commutator C;, defined by

Cof () = b(x)T f(x) = T(bf)(x)
is bounded from L%,(y) into L%.(p1) for 1 < p < 0.

Theorem 2. Let F' be a Banach lattice and V' a bounded linear operator from
LP(p) into LY. (u) for 1 < p < co. Assume that there exists an F—valued function

w(z, y) satisfying:
(W1) for any compactly supported function f € L2(pu),

Vi) = [ e ) f0)duo),
(W?2) for every z and y € R?, w(z, y) > 0, and for z # y,

A
Jw(z, Ylr < —
|z —
(W3) there exists 0 < 6 < 1 such that

Alz — 2’0

i, ) =, y)lle+ fwly, 2) = ol )le < 70

if [z — y| > 2|z — 2'|. If b€ RBMO(p), then the operator V" defined by

Vit @) = [ (o) = b te, o)) duto)

is bounded from L?(y) into L%.(11) for 1 < p < oc.
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4. AN APPLICATION OF THE VECTOR VALUED COMMUTATOR THEOREMS

Letb € RBMO(u) and T be a Calderon-Zygmund operator with an n—dimensional
singular integral kernel k(x, y). We define

TI@ = [ ke ) i)

and

Cy f(x) = sup [b(x)Tef (z) — Te(bf) (x)].

e>0

Then the operator C; is bounded on LP(u) for all 1 < p < oo.
Following the idea of [6], we take ¢, 1» € C°°([0, oc0)) such that |¢'(¢)| <
ct=L [/ ()| < et™t and

X[2,00) < @ < X[1,00)s X[1,2] < ¥ < X[1/2,3]

We consider the operators

05(0) = {ouf @0 = { [ Kool sautn |

e>0

and

#1(0) = (6f@)a = { [l Dswantn}

e>0

with kernels given by

(e, ) }eso = {k(aa y>¢<@>} 0

€

and | |

r—y
(vl oo = { o o2

€ e>0

The kernel of ® as [°°(R)—valued function is an n—dimensional singular integral
kernel. Analogously, it can be shown that the kernel of ¥ satisfies (W2) and
(W3) of Theorem 3. By the vector valued Calderon-Zygmund theory on the non-
homogeneous spaces, see [1, 2], ® and ¥ are bounded linear operators from LP(u)
into L7 (1) for all 1 < p < oo. Therefore @ satisfies the hypotheses of Theorem
2 and ¥ satisfies the hypotheses of Theorem 3. Then by Theorems 2 and 3 the

operators

Oy f(x) = {0(x)def () — De(bf) (%) }es0
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and

v 1) = { [ 1) - bl 1)) <>}>0

are bounded from LP(y) into L. () for all 1 < p < oo.
Now, we consider the operator

Tyf(x) = (b(0)Tf () — T(bF) (@) beso-

The difference operator

Upf(x) = Dy f(z) — Tpf(x)
= { / (b(x) = b(y)) [¢<@) o - 9] ko, y)f(y)du(y)}

satisfies, for a certain ¢ as above, that

05 @)l < sup [ 1) = b)llbte o L1 ldity)
— [ ()i~

and therefore U, is bounded from LP(yu) into L. (n) and, consequently, Ty is
bounded from L?(p) into L} (u), that is to say C; is bounded on L (p).

5. THE ProoF oF THE VECTOR VALUED COMMUTATOR THEOREMS

Before proving the theorems, we need another equivalent norm for RBMO(u)
and some lemmas.

Suppose that for a measurable function b(x) there exists some ¢, and for each
cube @, there exists real number bg such that

1
3) sup—/ b—boldu < ¢y
Q n(nQ) Q‘ a
and
(@) |bg — br| < caKq, r for any two cubes @ C R.

Then, we write ||b]|.. = inf ¢z, where the infimum is taken over all the constants cs
and all the numbers {bg} satisfying (3) and (4). By Lemma 2.8 in [9], the norms
|| - ||« and || - ||.«« are equivalent for a fixed n > 1.

In [9], Tolsa defined a sharp maximal operator M7 f(x) such that

f € RBMO(p) < M#f e L*®(u).
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In order to prove the theorems, we need to introduce the vector valued version
M f(x). We define

1 mef—m
ME f () = sup —— / If —mgflpdu+  sup L QfK rflle.
zcQ 1(5Q) Jg vcOCR o
@, Rdoubling

We also consider the non-centered doubling maximal operator Ng:

1

N = —_ du.

/() = /Q ey
@ doubling

By the Remark 2.3 of [9], for p-almost all z € R? one can find a sequence of
doubling cubes {Qx} centered at = with [(Qy) — 0 as k — oo such that

1 e
Jim /Q () = ).

So, || f(z)|lg € Ngf(z) for u— a.e. x € R% Moreover, it is easy to show that Ng
is bounded from LL () into L1°° () and from LY, () into LP(u) for p € (1, oc].

Lemma 1. Let f(x) be an E—valued strongly measurable function with
[ fdp=0if ||u|| <oo. Forl<p< oo, ifinf(1, Ngf) € LP(u), then we have

INEfll Lo < el ME Fll ogu)-

For the scalar case, this is the theorem 6.2 of [9]. By some modifications one
can obtain the proof of the lemma. We omit the proof here for brevity.

Proof of the theorem 2. For all p € (1, c0), we will show the following sharp
maximal function estimate

MECo) (@) < pllblle (M oy (L F 1B ) + My, ooy (ITF 1) (2) + T (),

where, for n > 1, M, (, is the non-centered maximal operator

s (n

1 1/p
My, () f () = sup <m/Q\f\pdu> :

and the operator M, (, is bounded on L"(u) for r > p.
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By Theorem 1 and Lemma 1, if we take r such that 1 < r» < p < oo, we can
get

1Cs Iz iy < INF(Cof) oy < ellME(Cof oo

=< CHbH*<HMr, o/8)LF2) oy + 1M, (3/2)(HTfHF)HLp(m+HT*fHLp(u)>

< clloll«ll 1 ()-

Now we remain to show the above sharp maximal function estimate.
Let {bg}q be a family of numbers satisfying

/Q b= boldu < 2u(2Q) [b].-

for any cube @, and
bg — br| < 2Kq, r|b|+

for all cubes @ C R. For any cube @, we denote
hq :=mq (T((b - bQ)fXRd\gQ))-
We will prove that

15 . 1667 = haldn < clpl. (14, s (17 12)(2)
2

My, 32 (IT£]17) (@)
for all z and Q with z € @, and

©)  lhe —halle < clbll(My, o) (11F112)(@) + ToF () ) K2

for all cubes @ C R with z € Q.
To get (5) for some fixed cube @ and z with x € @, we write Cy,f in the
following way:
() Cof = (0=bo)Tf =T((b—bg)f1) —T((b—bq)/f2),
where f; = fX%Q and fo = f — f1. Let us estimate the term (b — bg)T'f:

/Q (6= b e < (5 /Q b bt an)

2

Q)

1
3

M(QQ)
1 1/p
L [
@ (g | 1 stan)
1 , 1/p'
= <m/¢2"’—”@‘p an) " My, (I 1) 2)

< c[|oll«My, 3/2)(IT fll F) ().
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Now we are going to estimate the second term on the right hand side of (7). We
take s = ,/p. Then we have

p(Q) 1

gy 1T = ba) ) < O TATN
2 2

_ @Y
)

9 1-1/s
©) < MO (] 1e=ba)silan)”
2 3

1 / ’ 1/55/ 1/]7
<ot ([ povoldn / Tz

< c[|bll« My, o/8) (Lf | 2) ().

By (7), (8) and (9), to get (5) we only need to estimate the difference ||7((b —
bg) f2) — hollF. For y1, y2 € Q we have

IT((6 = bQ) f2)(y1) — T((b = bQ) f2)(y2) || »

(b =b0) f1llLs, ()

ly2 — v1/°
sc b —b z dulz
= /WQ oy e )~ ball ()l duz)
E : 1(Q)°
< A7 _
¢ /k4Q\2k 14Q ‘z _yl‘n+6 (‘b(z) ka%Q‘

+lbg = byrsgl ) I/ (2) | mdp(2)

(10) CZQ . ng [b(2) = baeaql ()]l pdu(z)

2k2Q

e 3Rl [, It
9—ks _ AP
kz: ( QkBQ) ~/2ng ‘b bgk%Q‘p dﬂ)

(g o 1)

/
ek (s [, W)
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o0
—ko
< ey 27Mb)l M, o8 (1L f]16) ()

k=1

o0

+e Y k27Fb][.M,, (98 (Il f 1) ()
k=1

< c|]bll« My, o8y (1 f | 2) (),
where we used the fact that

bg — barsql < 2Kq susqllblles < ckfb]..
Taking the mean over iy, € Q, we get

IT((6 = b@) f2)(y1) = hollF = IT((b = b@) f2) (Y1) — mQ(T((b—bg) f2))|l
< c[|oll«My, o/8) (1 Fl £) ()

Then
5 [ 1T = b)) ) — hall ity
(11) M(§Q) @

< c[|bll« My, 9/8) (Lf | 2) (),

and so (5) holds.

Now we have to check the regularity condition (6) for the elements {hq}q.
Consider two cubes @@ C R with x € Q. We denote N = Ng r + 1. We write the
difference ||hg — hgl||# in the following way:

Ime(T((b = Q) fXxpa\1q)) = mr(T((b—br)fXga\1r)| F
< [[mQ(T((b = bQ) fxaq\ 1))l P + ImQ(T((bg = bR) fxra\20)) | F
Hmo(T((b = br) fxavr2@)llF + MmR(T((0 = bRr) fXong\2r)) | F

+mo(T((b = br) fxra\2ng)) — mr(T((b — br) fXra\2v0)) I F
=U; +Uy+Us+ Uy + Us.

Let us estimate U;. For y € QQ we have

(b= ba) o 1)) < 15 | b= ol leds

< gy (L 1=vatan) ™ ([ urian)”

o~
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<o(5g Q\b—bmp/du)”p/(@ / Qufu%du)”p

< c[|oll« My, o/8) (1 fll £) ()

So we obtain Uy < c|[b[|+M,, (o/8)(I[fll ) ().
Let us consider the term U2 For =, y € Q, it is easily seen that

IT(fxrav2) W 7 < T f () + My, (9/8) (| f ]| £) ()

Thus
V2= Iy | (ba =T (Pxmn) )
< K rllbll (Tef (2) + My, o751 1) () ).

The term U, is easy to estimate. Some calculations similar to the ones for U; yield

Uy < cl|bll+My, o8| f1] ) ().
Let us turn to estimate the term U;. Operating as in (10), for any y, z € R, we

get
1T ((b=bRr) fXxra\2v Q) (¥) =T ((b—bR) f xra\2n @) (2)I| P < cl|bll+ My, (9/8) (|f | ) ().
Taking the mean over @ for y and over R for z, we obtain

Us < cl|bll+ My, 9/s) ([ 1| 2) ().

Finally, we remain to deal with Us. For y € @, we have

MZ

17((b— bR)fX2NQ\2Q NrF < b — gl fl| pdp

= QkQ 2k+1Q\2kQ

=

-1

1 / 1/p 1/p
< _ p p )
<o X g (Lo o telan) " ([ 1)

1

i

Note that

</2k+1Q |b— bR\p/du>1/p/

’ 1/17/ ’
< ([ o= bygldn) "+ 2 Q) Y oy — b
2k+1Q

< cKq, gllbll-n(2"2Q) "
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Thus

IT((b—=br) fxangr20) W) F
-1

N ’
p2t Q)N / AN
< cK b||« —_ d
< eKa.rlbll 3 gy (g 19

=1
Ng, r

p(282Q) 1 » 1/p
< CKQ,RHbH* ; Z(QkQ)n <M(2k+2Q) /2k+1Q HfHEdM>

< ek glIbll«My, 9/8) (I f11 ) ()

Taking the mean over @, we get

Us < cKQ, gllbllMy, (978) (1| fl|£) ()

So by the estimates on Uy, U, Us, Uy and Us, the regularity condition (6) follows.
Let us see how from (5) and (6) one obtain the sharp maximal function estimate.
From (5), if Q is a doubling cube and = € @, we have

1
Cyf) — — [ |ICyf -
) Imq(Cuf) hQHFSM(Q)/QH bf — hollrdp

< clbll- (M, o7y 11 F1lE)(@) + My, 2y (IT 1)) ).

Also, for any cube Q > z, Kpo<ec and then by (5) and (6) we get
i [ 160 = ma(Cuf) e
—3 b —ma(Cuf)IlF
n(3Q) Jg N
1
(19 < [ 1 —hollrdut Ihg=hgllr +Ihg-ma(Cuf)le
pGQ) Jo ¢erTTe e

< clblls (M, o717 1) @) + M 3y (ITFll ) () + Tof () ).

On the other hand, for all doubling cubes Q@ C R with x € @ such that
Kq, r < Fy, where P, is the constant in Lemma 9.3 in [9], by (6) we have

Ihg = hallr < cKa, mlbll (My, o511 f 1) () + T (2) ) P
So by Lemma 9.3 in [9] we get

I = bl < kg, mlols (My, o5 (1) (@) + T ()
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for all doubling cubes @ C R with x € @ and using (12) again, we obtain

Imq(Cof) — mr(Cpf)|lF
< cKq,rlb| (Mp, /81 fllE) () + My, (32 (1T fllF) () + T*f(ﬂﬁ))-

From this estimate and (13), we get the sharp maximal function estimate.
Proof of the theorem 3.. Let {bg}¢g be a family of numbers satisfying
/Q b= baldu < 2u(2Q)[b].

for any cube @, and
bg — br| < 2Kq, Rl|b|+

for all cubes Q C R. For any cube @ and positive function f , we denote
wQ =mq (V(\b - bQ\fXRd\gQ))-

We can analogously prove that for all p € (1, c0),

e [ I = walledis < el (My, 09./(2)

n(3Q) Jo N "

My, (372 (|V £l ) (@)

for all z and Q with z € @, and

(14)

(15)  llwg — wrllr < clblls (M, o)/ (@) + IV F(@)]lr) K3, 5

for all cubes Q C R with x € Q. By (14) and (15), we obtain the following sharp
maximal function estimate

ME (V' £)(@) < cpllbll(My, 0757 (@) + My o/ IV F ) @) + [V £ @) ).
Then, if we take r such that 1 < r < p < oo, We can get
IV Fllzz o <INV Do < el ME VIl
< cllblle (1M, o75) Fll vy + 105 32y IV AR oy + 1V £l )

< cllbllellfll e -
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