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ON THE CONSTRUCTIONS OF SEQUENTIAL GRAPHS

Hui-Chuan Lu

Abstract. In this paper, we discuss three constructions: attaching construction,
adjoining construction and the join of two graphs to obtain larger sequential
graphs from small sequential or strongly r-indexable ones.

1. INTRODUCTION

All the graphs considered in this paper are finite simple graphs. Let G = (V(G),
E(Q)) be a graph of order p and size q. A harmonious labeling of a graph G is
an injection g : V(G) — {0,1,...,g — 1} if the induced labeling on edge set
g* : E(G) — Z4 defined by g*(uv) = g(u)+g(v) (mod ¢) for each edge uve E (G)
is 1-1 when G is not a tree. In the case of trees, the vertices are allowed to be
labeled from 0 to ¢ without repeating vertex labels, and the resulting edge labels are
distinct. A graph G with a harmonious labeling is called a harmonious graph.

Harmonious labeling on graphs was introduced in 1980 by Graham and Sloane
[8] which is related to a problem of modular versions of certain additive bases for
the integers. Results on harmonious graphs can be found in a survey by Gallian [5].

A vertex labeling f : V(G) — {0,1,...,q— 1} of G (f : V(G) — {0, 1, ...,q}
when G is a tree) is called strongly r-harmonious [4] or r-sequential if f is an
injection and the edge labels induced by f# (uv) = f(u) + f(v) for every edge uv
form a sequence of distinct consecutive integers r, r + 1, r+2, ..., r+q— 1. A
graph G is a sequential graph [7] if G is r-sequential for some positive integer 7.
Note that a sequential graph is clearly a harmonious graph.

In [1], Acharya and Hegde introduced a stronger form of sequential labeling by
calling G strongly r-indexable if there is an injection function from V(G) to { 0,
1, ..., p— 1} such that the set of edge labels induced by adding the vertex labels
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is{r, r+1,..,r+q—1}. Notice that for trees and unicycle graphs the notions
of r-sequential labelings and strongly r-indexable labelings coincide. Results on
sequential graphs and strongly r-indexable graphs can also be found in [5].

Most results on constructing larger sequential graphs focus on particular classes
of graphs and methods [cf. 5]. In the present paper, we shall use three kinds of
graph operations to cluster sequential or strongly r-indexable graphs together and
obtain new classes of sequential graphs as the case may be. It is worth of mentioning
that the first two have been utilized to obtain harmonious and sequential trees in

[11].

2. CONSTRUCTION I: ATTACHING CONSTRUCTION

Suppose that G1, G, ..., Gy, and H are vertex-disjoint graphs. Let V(H) =
{wi,wy, ..., wy,} and let v; be any vertex of G;, i = 1,2,..., n. Attaching
construction attaches graph G; to H at w; by identifying v; and w;, for each i = 1,
2, ..., n. We denote the resulting graph by H @ [G1, Ga, ..., G| at [v1,v2, ..., vy]
which is depicted in Figure 1. In particular, if G; = G foralli =1, 2, ..., n
and vy, v, ..., v, are isomorphic to the same vertex v in V(G), then the graph is
denoted by H @ [G],. Furthermore, we use H @ [G] to denote the collection of
|V (G)| graphs H & [G], where v € V(G).

lllllll

Fig. I. H & [G1,Ga,...,G,] at [v1,v2, ..., vp)

We consider the graph H @ [G] where H is of order 2n+1 and there are 2n+1
isomorphic copies of GG. In the following several theorems, graph G is required to
be 3-colorable whose definition is given as follows.

An m-coloring of a graph G is a vertex labeling ¢ : V(G) —{1, 2, ..., m}.
The labels are colors. An m-coloring is proper if adjacent vertices in G have dif-
ferent labels. We call a graph m-colorable if it has a proper m-coloring. Graphs
that can be properly colored by less than four colors may serve as good candidates
of G to obtain good labelings of H @ [G].
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Theorem 2.1. Let H be strongly r-indexable of order 2n+1 and size t, and let
G be a 3-colorable graph of size q having a k-sequential labeling g. Then we have
the following:

(a) Ifr+t = 3n+1and g(ug) = (k — 1)/2, then H®[G|y, is (k (2n + 1)+n—t)-
sequential.

(b) If r = n and g(ug) = (k+q)/2, then H ® [G],, is (k(2n+1) + n)-
sequential.

Proof.  Since H with its labeling h is strongly r-indexable and G with its
labeling g is k-sequential, we have h(V (H))= {0, 1,2, ..., 2n}, R (E(H))={r,
r+1, ..., r+t—1} and g*(E(G))={k, k+1, ..., k+q—1}. Let {wy, wo, ...,
Wan+1} be the vertex set of H with h(w;) =i—1,i=1,2,...,2n+ 1, and {uy,
u1, ..., Up—1} be the vertex set of G. For the sake of convenient notation, the i-th
copy of G is called G; which is attached to the vertex w; of H. Let {u;0, u;1,
..., Ui p—1} be the vertex set of G; such that u; ; is the isomorphic image of u; for
7=0,1,2,...,p—1land ¢ =1, 2, ..., 2n + 1. Furthermore, let ¢ be a proper
3-coloring of G.

In case (a), when 7+t = 3n+1, we identify u; o with w;, 1 =1, 2, ..., 2n+1,
where g(up) = (k —1)/2. Without loss of generality, we may assume that ¢(ug)
= 1.

Let the labeling f of H & [G],, be defined as follows: (0 <j <p—1)

g(uj)2n+1)+i—1, ifo(u;) =1 and 1 <i<2n+1;
guj)2n+1)+n—-(i-1)/2, ifeu;)=

(uj)

(uj) and i =1,3,...,2n+ 1;
Jluij) =9 9(uy)

(uj)

(uj)

and i = 2.4, ...,2n;

2

2
g(uj)2n+1)+n—1i/2, if p(u;) =3 andi=24,..,2n; and

3

( ) (uj)
( ) (uj)
2n+1)+2n+1-14/2, ifp(uj)=
( ) (uj)
( ) (uj) andi=1,3,....2n+ 1.

guj)2n+1)+2n—(i—1)/2, ifp(u;) =

It’s easy to verify that all vertex labels are distinct. To complete the proof, we
need to show that the edge labels are consecutive integers from (k(2n+1)+n—t) to
((k4+q—1)(2n+41) +3n). First note that f# (E(H)) = {2g(ug)(2n +1) +j|j =
r,r+1, .., r+t—1} The facts r+¢t=3n+1 and g(up) = (k —1)/2 imply
that f#(E(H)) = {k(2n+1)+n—t, k(2n+1)+n—t+1,..., k(2n+1)+n—1}.
Next, let’s take an arbitrary edge, say uzup, 0< a < b < p—1, of G and investigate
the edge labels of all its isomorphic images w; qu;p, ¢ = 1, 2, ..., 2n +1. A
routine computation shows, no matter what colors the vertices u, and uy are, the
labels of these edges are g7 (uqup)(2n + 1) +n, g7 (ugup)(2n+1) +n+1, ...,
g7 (uqup)(2n +1) + 3n. Since g (E(G)) = {k, k+1,..., k +q—1}, the edge
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labels of all G;’s are consecutive integers from (k(2n+1)+n) to ((k+q—1)(2n+
1) 4+ 3n). Hence the proof is completed. Case (b) is similar to case (a) and the

proof is omitted. u
We present an example to illustrate the labeling in Figure 2. The value in

brackets indicates the color of that vertex.

] 31
4 [2]1 2[3]
2 3 Ly— WO[1]
(17 H = Cs is strongly 2-indexable {2747 is l-zequential and 3-colorable
|5

030 Cs @ [ 5]y, 15 2seguential

Fig. 2.

Remark.
(1) Theorem 2.1 generalizes Theorem 2.1 in [15].
(2) If G is strongly k-indexable instead of just being k-sequential in Theorem
2.1, then H & [G],, is also strongly m-indexable for some values of m as
indicated in the theorem.

Among known 1-sequential graphs are wheels W,,,(m =0 or 1 (mod 3)) [4];
friendship graphs Cém) (m =0 or 1 (mod 4)) [9,10]; stars .S,,,; fans F},, [4]; helms
H,, [12]; and S,,, + K[6]. All but W,,,+1 and Hy,,11 are 3-colorable. Therefore,
by Theorem 2.1, the following corollary is straightforward.
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Corollary 2.2. Suppose that H is a strongly r-indexable graph of order 2n+ 1
and size t with v+t = 3n+1. If ug is the vertex of the latter graph in the following
that receives the label 0, then

(a) If m =0 or 4 (mod 6), then H & [Wp,]y, is (3n — t + 1)-sequential.
() If m=0or 1 (mod 4), then H® [C’ém)]uO is (3n — t + 1)-sequential.
() HD[Smlug, H®[Fnlug, H® [Ham)uy and H © Sy, + K¢, are (3n—t-+1)-

sequential , for all m > 2.

If we restrict the case to sequential cycles, that is, odd cycles. Theorem 2.1
says that Coy,11 @ [Cym+3] is sequential and therefore harmonious. But it doesn’t
work for Cop i1 @ [Camy1]. In fact, Copy1 @ [Cypmy1] is not harmonious because it
violates the following theorem by Graham and Sloane. So Theorem 2.4 is obvious.

Theorem 2.3.[8, Theorem 11]. If a harmonious graph has 2t edges and the
degree of every vertex is divisible by 2F, then t is divisible by 2*.

Theorem 2.4. C5, 11 @ [Copm1] is harmonious if and only if m is odd.

From the proof of Theorem 2.1, we observe that if we restrict f to the 2n+1
copies of GG, f remains a sequential labeling of (2n + 1)G(the disjoint union of
2n + 1 copies of ). In the same way, it is harmonious if G is just harmonious.

Theorem 2.5.

(1) If G is harmonious and 3-colorable, then (2n + 1)G is harmonious and
3-colorable.

(2) If G is k-sequential and 3-colorable, then (2n + 1)G is (k(2n + 1) + n)-
sequential and 3-colorable.

(3) If G is strongly k-indexable and 3-colorable, then (2n + 1)G is strongly
(k(2n + 1) + n)-indexable and 3-colorable.

The case when H is of even order is more challenging. We start with showing

that Py @ [K,,] is not sequential and 2K, is not harmonious for infinitely many n.

Lemma 2.6. [2, §18, Theorem 1]. Let n = p{'p5? - - - plm where p1,pa, ..., Dm
are distinct primes. Then n is not a sum of two squares if and only if there is a
prime

*) p; = 3 (mod 4) and «; is odd.

Theorem 2.7. Ifn=1 (mod 4) and satisfies condition (x), then Py @ [K,]
is not sequential.
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Proof. Let {u;;|j=0,1,...,n— 1} be the vertex set of the i-th copy of K,
i =1, 2, and E(P;) = {u1pu2,0}. Suppose that f is an r-sequential labeling of
P, & [K,). Then

n(f(u1,0) + fluzp)) + (n—1)(f(ur,1) + flur2) +---
+f(urn-1) + fuz1) + fuz2) +- -+ f(ugn-1))
=r+(+1)+- -+ (r+n(n-1))

n(n—1)(n(n—1)+1)
2

=Mmnh-1)+1r+

By taking modulo (n —1)/2, we have f#(uju20) = r (mod (n —1)/2).
Since (n — 1)/2 is even, f# (u gus20) and r have the same parity.

Let E;(O;) be the cardinality of the set of vertices of the ith copy of K, labeled
even (odd), i= 1, 2. Then E1 + O = Es 4+ Oy = n and, in 2K,,, the numbers of
edges labeled odd and even are equal. That is, E1(E; —1)/2 4+ 01(0; —1)/2 +
Eo(Ey —1)/2 + O9(09 — 1) /2 = E101 + FE50, or equivalently, (E; — O1)? +
(Ey — O3)? = 2n. Since n satisfies condition (x), 2n is not a sum of two squares.
This gives a contradiction. ]

By similar argument we come to the conclusion as follows:

Lemma 2.8. If n satisfies condition (x), then 2K ,, is not harmonious.

Next, some results on graphs obtained by attaching an even number of particular
classes of graphs to a path are given.

Theorem 2.9.
(1) Pon @ [Comt1] is 2mn-sequential, for alln > 1 and m = 1,2.

(2) Pon @ [Coms1 + Ki)wis harmonious where V(K1) = {w}, for all m > 1
and n =1, 2.

Proof.  Suppose that the vertices of Cy,,11 run consecutively wug, u1, ...,
U2y, With wug,, joined to ug and the vertex set of the i-th copy of Cynqq is
{wij|j € Zopm+1} where u; ; is the isomorphic image of u;, i = 1,2, ..., 2n.

(1) Let E(Pyy,) = {uiouit10/7 = 1,2,...,2n — 1}. We start with defining a
labeling f,,, of 2nCh,, 41 as follows, m =1, 2.

i—1+jn, ifi=1,2,...2n, and j=0,2; and

Fi) =9 g 9i ifi=1.2 .20 and j=1.

and
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i— 1+ jn, ifi=1,2,...,2n, and j = 0, 2, 4;

Foluij) = 8n+i—-2—-2n-1)(j —-1)/2, ifi=1,2,...,n,and j =1,3; and
10n+i—2—(2n—1)(j —=1)/2, ifi=n+1,n+2,..,2n, and j =1,3.

Then we convert f,, into the desired labeling f,,, of P, @ [Cami1], m= 1, 2.

Fm(ui;), ifi=1,3,..,2n—1, and j€ Zopy1; and

Fm(uig) = Fon(uij1), ifi=24,..,2n. and j € Zopmi1.

(2) Let the vertex set of the i-th copy of Coy, 11 + K1 be {w;, u;j|j € Zopmyr}
where w; is the isomorphic image of w. The labeling f,, of Py, @ [Copmt1 + K1w,
n=1, 2, is defined by

fluj)+Bm+2)(i—-1), fu=wu;;, i=1,2, andj € Zomi1;

A =9 4—im+1. ifu=uw, i=12

and
Flug) +2m +1)(i —1)/2, ifu=w;, i=1,3,....2n—1,j€Zoms1;
Flug) +3m +3 +(2m +1)i/2, ifu=1wu;j, i=2,4,...,2n,j € Zopmi1;

fa(u) = Im + 64 (m+1)(i—1), ifu=w;, i=13,..,2n—1; and
14m+8+ (m+1)(i —2), ifu=w;, 1=24,..2n.

where f is a sequential labeling of Cy,,, giving by

B J/2, if 7=0,2,...,2m; and
Flug) = m+(j+1)/2, ifj=1,3..,2m—1.
The remainder of the verification is just a routine computation. ]

For clarity, we present examples in Figure 3.

OO 010

(1) P, @ [C5] is 8-sequential.
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4

3

S

L I in & 7

. PR 15 & %
(2) P, @ [C5 + K1), is harmonious.

Fig. 3.

3. CoNSTRUCTION II : ADJOINING CONSTRUCTION

The adjoining construction is in fact a special attaching-type operation. It at-
taches a collection of vertex-disjoint graphs at each pendant vertex of a star instead
of each vertex of H. In other words, we adjoin a vertex w to a vertex v of each
graph G; in the collection of vertex-disjoint graphs {G1, G, ..., G;,} and denote the
resulting graph by ©(G1, Go, ..., Gy) at (v1,va, ..., v,), see Figure 4. In the case
that each G; = G, i =1, 2,...,n, and vy, va, ..., v, are isomorphic images of the
vertex v in V' (G), the graph is denoted by &G" |,. Furthermore, we use ®G" to
denote the collection of |V (G)| graphs ©G™ |, where v € V(G).

Theorem 3.1. Suppose that G is 3-colorable and has a k-sequential labeling
g If g(ug) = k, then ®G*" |, is (k(2n + 1) + n)-sequential.

Proof. By labeling the 2n + 1 copies of GG the same as in Theorem 2.1 and
labeling the new vertex w by ¢(2n + 1) + n, we have the desired labeling. ]

Remark. By the same way of labeling the 2n copies of C5 in Ps, @ [C3] in
Theorem 2.9 (1) and labeling the new vertex by 6n — 1, we also have that & (C3)"
is harmonious.

@(Gl, GQ, ,Gn) at (’Ul,’UQ, ...,Un)
Fig. 4.
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4. CoNsTRUCTION III: THE JomN oF Two GRAPHS

The join of two graphs H and G, written H + G, is obtained from the disjoint
union of G and H by adding the edges {uv| u € V(G), v € V(H)}.

Not many results on the joins of graphs have been obtained so far. Most of
them consider the join of two particular classes of graphs, such as P, + K;[6],
S + Ki[6], Cops1 + K[13] and P,, + K5[14]. We give some generalized results
in the following.

Theorem 4.1. If G is strongly r-indexable, then (G U Ky) + K, is (r + 2t)-
sequential, for all m > 1 and t > 0.

Proof. Suppose that V(K,,,) = {vo, v1, ..., Um_1}, V(K;) = {wo, w1, ..., ws_1},
V(G) = {uo, u1,...,up—1}, |E(G)| = q and g is a labeling of G which is strongly
r-indexable. The labeling fof (G U K;) + K, defined in the following is (r + 2t)-
sequential. (An example is presented in Figure 5.)

i, ifu=w;, and +=0,1,...,t—1;
flu)=<¢ g(u)+t, ifu=w;, and i=0,1,...,p—1; and
r+q+2t+ilp+t), ifu=v;, and i=0,1,....,m— 1. [ ]

(1) G = Ps (2) (Ps U K;) + K4 is 5-sequential.
Fig. 5.

Combining Theorem 4.1 with Theorem 2.5, we can construct larger harmonious
graphs as follows.

Corollary 4.2. ((2n+1)GUK;) + K, is (r(2n+ 1) + n + 2t)-sequential for
all m > 1 and t > 0 provided that G is strongly r-indexable and 3-colorable.

We next try to replace the K, by S, in (G UK;)+ K,,. In this case, one more
condition has to be satisfied.

Theorem 4.3. Let G be a strongly r-indexable graph of order p and size q. If
p=71+gq, then G+ Sy, is r-sequential for all m > 1.
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Proof. Suppose that V(G) = {ug, w1, ..., up—1}, ¢ is a labeling of G which is
strongly r-indexable, and V' (.S,,) = {vo, v1, ..., vm} Where vy is the center of S,.
Then the labeling f of G+ S,,, defined as follows is an r-sequential labeling. (See
Figure 6 for illustration)

g(ui), ifu=wu;, and 1=0,1,....,p—1;
flu)y=< p, if u=1vg; and
2p+ (i —1)(p+1), ifu=wv, and i=1,...,m. ]

S Y
L]
3 2
i 4
(1) G = C5 U K is strongly 2-indexable. (2) (Cs5 U Ky) + Sy is 2-sequential.

Fig. 6.

As in the example in Figure 6, most graphs that satisfy the condition p = r + ¢
are in fact disconnected. We can make a known strongly r-indexable graph satisfy
this condition by adding some extra isolated vertices to it.

Corollary 4.4. If G is a strongly r-indexable graph of order p and size q, then
GUK,14_p) + Sp is r-sequential for all m > 1.
+q—p

Corollary 4.5. S, + S, is 1-sequential for all m, n > 1.

Remark. Kj ,, ,in [3] is isomorphic to S, + K, and K 1 ., in [6] is exactly
Sm + Sn. Both graphs are shown to be 1-sequential in this paper.

Sethuraman and Selvaraju [14] proved that P, + P, is harmonious and they
asked whether P,, + P, or P, + .S;, is harmonious. By Theorem 4.3, we have
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S, + P3 = S, + S92 is harmonious. But we could not go any further at this
moment. However, we observed that (5,, + P, is harmonious even though C,, is
not harmonious.

Theorem 4.6.
(1) Coy, + S1 = Cop + Py is harmonious.
(2) Cynts + Som+1 is not harmonious.
Proof. (1) Let the vertices of C,, run consecutively ug, w1y, ..., u,—1 with

Up—1 joined to ug and V(Py) = {w, we}. We split the proof into 3 cases:
(a) For Cy + P», t > 1, let the labeling f be given by

/2. ifu=u; andj=0,2,..2t—2;
%+ (j—1)/2, ifu=u; andj=1,3,..2t—1;

fluy=¢ (G-1)/2, ifu=w; andj=2t4+1,2t+3,...,4t—1;
2% +j/2, ifu=u; andj=2t,2t+2, .4t~ 2 and
6t +4t(i — 1), ifu=w; andi=1,2.

(b) For Cgy4+6 + Pa, t > 0, we define the desired labeling as follows:

72, ifu=u;,7=0,2,..,4t +2;
4t+2+ (5 —1)/2, ifu=u;,j=1,3,...,4t+ 1;
6t + 3, if u = ugyya,

flu) = 43+ (G —1)/2— (-1)U=D2 ifyu=wuyj=4t+3,4t+5,...,8t + 5;
§/2—1—(=1)i/2 ifu=u;,j=4t+6,4t+8,...,8t + 4;
12t +9+ (8t +6)(i — 1), ifu=w;i=1,2.

(c¢) For Cgy42 + P5, the labeling of C'g + P; is given in Figure 7. When ¢ > 2, the
labeling is defined by

7/2, ifu=u;, and j =0,2,...,4¢;
a+(j—1)/2, ifu=uw;, and j =1,3,...,4t — 1;
14t — 2j + 4, ifu=u;, and j = 4t + 1,4t + 2;
6t 42 + (—1)U—1/2, if u =, and j = 4t + 3,4t + 5;

flu) = 2t+2, ‘ if u=14s44,
2 42+ (—1)1/2, ifu=u;,and j = 4t + 6,4t + 8;
A1+ -1)/2 = (-1)0=D/2 " ify =w;, and j = 4t + 7,4t + 9, ..., 8t + 1;
§/2—1—(=1)i/2 if u=u;, t>3andj=4t+10,4t+12, ..., 8t;
12t + 3+ (8t +2)(i — 1), ifu=w;, and i = 1,2.



1106 Hui-Chuan Lu

(2) A direct consequence of Theorem 2.3. ]

We also present examples of the cases Cyy + P» and Cg;6 + P» in Figure 7.

(304 + Ps is harmoniows

Fig. 7.
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