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ON CONVERGENT RATES OF ERGODIC HARRIS CHAINS INDUCED
FROM DIFFUSIONS

Feng-Rung Hu

Abstract. We construct an irreducible ergodic Harris chain {X,,} from a
diffusion {S;} and barriers p*(x). We show that {X,} is exponentially
uniformly ergodic in the sense of the operator norm under the Banach space
Cjs, where 8 € (0, 1). Moreover, the sizes of the convergent rates ax (/) and
as(B) measured by the operator norm are studied. We give an upper bound of
ax(3) in terms of p* (x). The Ornstein-Uhlenbeck process and proper p* ()
are taken to show ax (5) < ag(B) for 0 < 8 < 0.5.

1. INTRODUCTION

Let S; be a diffusion in natural scale with the generator L = — i where

(z)0z2"
m(x) is positive and continuous. Throughout this article, we assume

(1) *m(z) =0, |z| — oo.
On the other hand, barriers p* (z) are both continuous functions of = and satisfy

(2) p+(1‘) =cix, p (z) =c_z,Vr > 1,

3) p+(1‘) =diz, p~(z) =d-z,Vr < -1,

wherec; >1,0<c_<landd_ >1,0<d; <1
We consider a Harris chain {X,,} defined by

(i) Xo =Sy =z and X; = Siar, Where

rE=inf{t>0: S, =pF(x)}, =7 AT,
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(i) {X,} has a stationary transition probability

p(x, dy) = Po(Sinr € dy) = pe(w, dy) + pa(w, dy),
where p.(z,dy) = P,(S1 € dy, 7 > 1) and pq(z, dy) = P,(S; € dy, 7 < 1).

The consideration of {X,,} has a background from Taiwan’s stock market. In
order to maintain a stable stock market, barriers of stocks are set at 7% of the
closing price of the preceding business day in Taiwan’s stock market. Concretely,
if the final price of yesterday’s stock was x, then the lower bound p~(x) of today’s
stock price is defined by 0.93z, and the upper bound p* () of today’s stock price is
defined by 1.07x. However, stock prices are determined by themselves in financial
market. It seems unreasonable to settle barriers p* at daily stock price. The problem
is what the influence of price limits is and what effect barriers bring. To investigate
these problems, we use X, to represent the final price at the nth day in Taiwan
market, and .S,, to represent the final price without barriers at the nth day. In [2], a
fat tail’s effect was found by comparing {X,, } with {S,,}. Moreover, by [2], {X,,}
defined above is an irreducible ergodic Harris chain with the general state space R.
And there exists the unique invariant probability measure p(-) of {X,,}.

Before making our attempt obvious in this article, we give some settings and a
definition at first. Fix 5 € (0,1), n > 0 and introduce a smooth positive function
1 on R such that

w(a) = |z +,if |2 > 1,
and | fl5 = sup,ea | £(2)] () L. Set
Cg = {f : f is continuous on R with || f|| g3 < oo}, for 0 < g < 1.
For 5 =0, (Y is the set of all bounded continuous functions on R. Define T', H by
Tf(z)=Exf(X1), Hf(z)=E:f(S1), VfeCls
Definition 1.1. An ergodic Harris chain {X,} is called “exponentially uni-

formly ergodic in the sense of the operator norm” iff, there exist two positive con-
stants £ and C' such that |7 — u(-)|| < Ce™"¢ for every positive integer n, where

17" = pu(C)|| = sup{|T"f — u(F)llg: f € Cpllfllg <1}
Further, define

ax(f) = max{e: |[T" —u()|| < Ce™, Vn € N},
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ax () is called a ”convergent rate” of {X,,}. Similarly, we define ag(3) for {S,,}.
Note that {.S,} is obtained from {S;} by restricting values of ¢ to non-negative
integers.

Our purpose in this article is to study the convergent speed of {X,,} and to
compare the size of ax(3) with ag(f).

We find that { X, } is exponentially uniformly ergodic in the sense of the operator
norm for 0 < 3 < 1. Moreover, we obtain ax (5) < (—=f1lnc_)A(—F1Indy) under
a mild condition. And if 0 < 8 < 0.5, then ag(ﬁ) > —1In )\, where X is given in
Section 2. In particular, if 0 < 6 < 0.5, [ y*m(y)dy = co and [ ym(y)dy <

oo, then ag(f) = —InA. The Ornstein- Uhlenbeck process, ¢ = dy = 0.5 and
¢y = d_ = 1.5 are taken to show ax(3) < ag(pB) for 0 < g < 0.5.

An outline of this article is as follows. In Section 2, we present the main
theorems. Proofs of lemmas are given in the last section.

2. MAIN THEOREMS
Our main theorems are the followings.

Theorem 2.1. If 0 < 5 < 1, then {X,,} is exponentially uniformly ergodic in
the sense of the operator norm.

Proof. It is clear that TT" converges weakly to 0. Since p* () satisfies (2, 3),
we obtain § < 1 in Lemma 3.3. This implies that 7" is a quasi-compact operator.
Thus, by Theorem 2.8 of [5] page 91 (or Theorem 6-7 of [1] pages 713-714), we
obtain that

@iy T" = % A7P; + S™ for each positive integer n, where {\;, Ao, - -+, Ag}
is the set of all eigenvalues of T with \; = €2™% 6, is rational and P; is a
projection with ZF = 5T — p, = P2 for i = 1,2, -, k,

i) S=T— Zle AP with ||S™]| < Cp™ for each positive integer n, where
p € (0,1) and C is a positive constant.

Let np = min{m € N : \* = 1forall¢ = 1,2,---,k}. It is clear that
| T f — Pfllg < Cp"™||fllg for any f € Cg and any positive integer n, where
P = ZZ 1 P;. Notice that Pf(x) = [, f(x)u(dz) forany f € C3 and any x € R.

To complete the proof, we must claim that nog = 1. Assume no. # 1. Then by
the definition of ny, we obtain that 7' has an eigenvalue A = e o . And f € Cp
is an eigenfunction corresponding to A. Thus E,f(X,) = A"f(x) for every n.
Let Y, = A™"f(X,). Then {Y,} is a martingale under P,. Moreover, since
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|f(z)] < || fllgy(x) and by Lemma 3.1, we get

Eo|Yal < | fllpEat0(Xn) < [|f[l5(6r Z% + 7 ().

This implies that there exists a finite random variable Y such that

(4) P(limY,=Y)=1

n—oo

Under the assumption that 7" has an eigenvalue A = ¢ with § € (0, 27), we will
claim that f(x) is a non-zero constant function firstly. We show this on the contrary.
Suppose that f(x) is not a constant function. Hence there exist a, b, a # b and a
positive constant e such that U, N U, = ), where

={zeR:|f(x)—a|<e}, Uy={z eR:|f(z) —b| < €}

On the other hand, it is not hard to obtain that { X, },>0 IS positive recurrent.
Further, since p.(z,y) > 0 for any y € (p~(x), p*(z)) and

() = / Py, U)pldy), Win = 1,2, |

we obtain p(U) > 0 for any open set U. Since {X,,,} is positive recurrent and
w(Uq) > 0, u(Up) > 0, we get

(5) PJ; <§: 1Ua(Xnon) = OO> = 1, PJ; <§: 1Ub(Xnon) = OO> =1.
n=0 n=0

Since A™ = 1, we obtain that (5) contradicts (4). Consequently, we obtain that
f(z) is a non-zero constant. This implies A™ = 1 for every positive integer n. But
this contradicts that 7" has an eigenvalue A = ¢, 6 € (0, 27). Hence ng = 1. This
completes the proof. [ |

Theorem 2.2. If 0 < 8 < 0.5, then ag(8) > —In A, where
)\:max{(f,ﬁf) feL*m /f x)dx =0, /fQ(x)m(x)dle},
R

and H f(z) = E,f(Sy) for all f € L2(R, m(z)dz).

Remark 2.3. Assume [ y?m(y)dy = oo and [ ym(y)dy < oo in Theorem
2.2. Because the argument used in the proof of Lemma 3.5 can also work for —a(<
0) which is not the second largest eigenvalue, we obtain that other eigenfunctions
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of H have the similar asymptotlc behaviors like Lemma 3.5 (ii), This |mpI|es that
all eigenfunctions of H are bounded. It follows that all eigenfunctions of H belong
to Cs. This leads to the fact that the set of all eigenvalues of H is a subset
of all eigenvalues of H. Since C3 C L*(R,m(z)dz) provided 0 < B < 0.5,
we get that the set of all eigenvalues of H is a subset of all eigenvalues of H.
This establishes that the set of all eigenvalues of H is the same as the set of
all eigenvalues of H. Moreover, under the condition (1), it can be shown that
H : L2(R,m(x)dx) — L2(R,m(z)dz) is a compact operator in terms of the
Krein’s spectral theory (cf. Theorem 2 of [4] page 252). By the argument in the
proof of Theorem 2.2 below, we obtain that e=®s(®) = X\ provided 0 < 8 < 0.5,
that is, ag(8) = —In \.

Proof. Since 0 < 8 < 0.5, we > get Cz C L*(R,m(x)dz). It is clear that
eigenvalues of H are eigenvalues of H. Further, by Lemma 2.2, we obtain that H
is a compact operator. Hence the spectrum of H consists of an at most countable
set of points of the complex plane which has no point of accumulation except
possibly zero (cf. Theorem 2 of [6] page 284). As mentioned in Remark 3.2, we
know that H is a compact operator on L*(R, m(z)dx). Hence, every non-zero
number in the spectrum of H(resp. H) is an eigenvalue of H(resp. H) Since
Cs C L*(R, m(x)dz), we get that the spectrum of H is contained in the spectrum
of H. On the other hand, since H is a non- negative self-adjoint compact operator
on L2(R, m(z)dz), we have that the largest eigenvalue of H is 1 and the second
largest elgenvalue As

)\:max{(f,l/:\ff)  feL*(m /f x)dx =0, /RfQ(x)m(x)dle}.

Since a compact operator is also a quasi-compact operator, by Theorem 2.8 of [5]
page 91, we have H" = P, + S™ such that S = T'— P; and ||S™|| < M A" for
each positive integer n Where M is a positive constant and P; is the projection
with Py f(z) = [ f( y)dy for any f € Cg. By definition of ag(3), we get

e~s(P) < )\. This Ieads ag(ﬁ) > —1In\. This completes the proof. n

Theorem 2.4. If one of the following conditions holds;
i) Jpa?m(z)dz <ocand 0 < <1,
(i1) [px*m(z)dz = oo, [ |z|m(z)dz < ocoand 0 < <1,
(iii) [g |zim(z)dz =00 and < B <1,
then ax(8) < (—flnc_) A (=B1ndy).

Proof. By Lemma 3.5, we obtain ¢ € Cg under the condition (ii) or the
condition (iii). Also notice that we can choose ¢(z) = ¢; + o(1) with ¢; > 0
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in Lemma 3.5. It is clear that ¢(x) = ¢; + o(1) with ¢; > 0 is bounded. This
gives that ¢ € Cs under the condition (i). Now we will claim that ax(8) <
(=fInc_) A (—fFInd4) under ¢ € Cz. By Lemma 3.6, we obtain

E.p(X,) =e " o(x) + hy(z), Vo € R,

hn(x) = e—(n—l)ag(x) +-o e @ J:g(Xn—2) + Emg(Xn—l)-

k=inf{g(z): x> 11}, ( =inf{(—g)(z): 2z < -k }.

By Lemma 3.6, we get that k > 0, ( > 0 and for 1 < i < n,
Emg(Xi—l) > K,V > lp; Em(_g)(Xz—l) > C,V(L‘ < —ky.

Notice that under the condition z > 1,,, we have X; 1 > c_X; o > ---> " lo >
I, for each i with 1 < i <mn — 1. This gives

(6) (@) 2 =5 Ve 2,
(~h)(@) 2 U= o<,

Since the value of () has three possibilities, we consider the following cases;
Case 1. wu(p)=0.
IT"p = (@)lls = IIT"¢lls

> sup (¢(x)) " T"p(2)]

x>l

= sup (¥(2)) ™" (e"p(2) + hn(2)).

x>l

By (6), we obtain

IT"¢lls > Sup (¥(x)) ™ (7" p(@) + hn(2))

G > sup (0(a) ™ (¢ olo) +
mc”’g(l —e ")

T 1+ ™)1 —e)
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By the definition of a.x () and (7), we obtain for every n

Tbﬂ —no
e~nex(®) 1 e (1 —em) “Lo(l)e—om
> Cllells {(1 ) (1= ea) + (1) (L) }

This implies

1
e—ax(ﬂ)>< R (1 — e y _plln)e )

\Cllolls(1 + 1)1 - e—) ~ Cllelsi(in)

Let n approach to infinity, we obtain e=@x (%) > ? v e, Notice ¢ € Cg, hence
limp oo (¥ (1)) "7 (0(1n)) 7 < 1. This gives ax(8) < (—Blnc_).

Case 2. u(p) < 0. It is trivial that

1T — ()]l = sup (¥ (x)) T o(x) — u(e)]

x>l

> sup (@) 7T p(x)].

x>l

By the same argument, we obtain

mc”’g(l — e ")

(1+nc")(1 - e—@) + (Y1) " p(ln)e™ .

IT"¢lls =

Therefore, we get ax(f) < (—=flnc_).

Case 3. u(p) > 0.
Since pu(—¢) < 0 and (6), we obtain

1T (=) = u(=)lls = _sup (¥()) T (—¢)(2) — p(—¢)|

> sup (¢(2)) 7T (—¢)(2)]

z<—kn

= sup (¥(2))7! (7" (=) (@) + (~hn)(2))
¢ - 6"”))

1 —e@

> sup () (e—a%—@)(x) n

z<—kn
¢ (1 — eme)
T (1 +ndP)(1 - e

+ (Y(—kn)) (=) (—kn)e ™.

In consequence, ax (3) < (—(1ndy). Combining cases (I)(I1)(111), we get ax (5) <
(=Blnc_) A (—B1Indy). This completes the proof. |
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We conjecture that Theorem 2.4 also holds for [, |z|m(z)dz = oo and 0 <
8 < % The following is an interesting example to show ax(5) < ag(3) under
Jg |zlm(z)dz = 0o and 0 < B < 1.

Example 2.5. Assume that Z; is an Ornstein-Uhlenbeck process with generator

-2, — z2. 1t is well-known that the spectrum of 59— — 2.2 is {0, —1,—2,---}
on L2(R,e " dx). Let S; = s(Z;), where s(z) = [ ¢*"du. It is clear that S; has
the generator L = #Qamg, where m(z) = 2e~2(s" (@)t follows that

lim 2?m(z) =0, / |z|m(z)dr = co.
R

|| —o0

Also, the spectrum of L is {0, —1,—2,---} on L*(R, m(z)dz). Now take c_ =
di+ = 0.5,c4 = d_ = 1.5. Since Ls™1(z) = —s7!(z) and s7! € Cj for 0 <
B < 1, by the proof of Theorem 2.4, we obtain ax(5) < fIn2. If g € (0,0.5),
then we have A = e~! in Theorem 2.2. By Theorem 2.2, we obtain ag(3) > 1. In
consequence,

ax(f) <pfln2<1<ag(f), for0< g <0.5.

3. ProOFs oF LEMMAS

Forr > 1, let 6! be

5—1 — _w(x)

T e L)
(L4l aPm(a)
T )

Then for any r > 1, there exists a constant ¢, such that
(8) Ly(z) < ¢, — 6,9 (x) for any = € R.
Lemma 3.1. For any r > 1, there exists a constant ¢, such that
Hy(z) < 6 + e Op(x), Vo € R.
Analogously, if p*(z) satisfy (2, 3), then
Ty (x) < b, + (@), Vo € R,

where ,. is a proper fixed constant with v,. € (e, 1) and 6, is a proper constant
depending on ~,.
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Proof. Ito’s formula gives

B(S) = (x) + My + /0 (L) (S,)du

with a local martingale M;. Let o = inf{¢t > 0:.S; = a or b}. For a < x < b, the
optional stopping theorem shows

Eat(Stne) = $(2) + Es /0 (L) (Su)du

Taking the derivative of the above both sides, we see

B (Sunc) = BulL)(Sino) Loty

Hence (8) implies

% mw(st/\a)

IN

Cr — 571Eg;'¢(5t/\0)1{02t}
= Cr — 5rEmw(St/\J) + 57’E$w(s‘7)1{‘7<t}'

Solving this differential inequality, we have

J— _61"
©) Ex(Sino) < 6(157” e () + By (1 e ) ()1 .

Hence
cr(1 —e0rt
(10) (S < TS bty
Letting a — —o0, b — oo, We see
cr(l—e) 54
Enp(S) € e+ e y(a),

because o T oo, which concludes the first part of this lemma after setting ¢t =

L, = 0(1575) On the other hand, let b = pT(z), a = p~(x). Hence o = 7.
+ __a—p (z) _ _ri(@)-z ;
By (7t < 77) = ity Pe(r™ < 7F) = 555155, We obtain

By(1— )1,y < (pjzx_) ’i_[ffzx) + pfzxg _) — gzx)> (1= ).
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Further, since p* () satisfy (2, 3) and —|=|? is a convex function for |z| > 1, we
obtain

E,(1—e2 (™)) (8,)1 f1—c) Pey—1
lim (e J¥(57) {r<l) < cp(l=c )+C_(C+ ) (1—6_‘”)
(11) oo 'lﬂ((L‘) C4—C— Cy—C_
<l—e0r,
Similarly, we have
(12) lim (¢(z)) " E, (1 - eér“—”) (Sl frey <1—e

By (9, 11, 12), there exist positive constants .J and , with ~,. € (e~7, 1) such that
(13) Ea(X1) < o+ b(a), for [a] > J,
Combine (9, 13), we get

Epp(X1) <0 +v9(z), forz € R,

where

0, =¢ V sup |E(X1)—ve(x)|.
z€[—J,J]

This completes the proof. ]

Lemma 3.2. If 0 < g < 1, then H : C3 — Cp is a compact operator.

Proof. SetB = {f €Cg:|lfllg < 1}, and choose any sequence {f,},~; C
B. Since

Hif(z) = /R a(z, 9) f(w)m(y)dy,

with a positive continuous kernel ¢(z, y), then { H f, },,~., forms a relatively compact
family on each compact interval because H £, is equi-bounded and equi-continuous
(in n) on each fixed compact interval (cf. Ascoli-Arzela Theorem in [6] page 85).
Therefore we can pick up a subsequence {n(k)}x>1 for which H f, ., converges
to a g € C(R) uniformly on each compact interval. On the other hand, Lemma 3.1
shows

H ful@)] < Hi(2) < 6 + e (2),
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which implies g € C'g, and

1H frry — 98
< sup [H () = g)I(00) 7+ sup [H ) = )| (042)
< sup [H ()=o) (0(2) 42 s [ () 4
< sup [H f(x) = o)l (6) "+ 2R 4 267

Choose ¢ > 0 and fix a sufficiently large » such that 2e =% < . Then choosing a
sufficiently large R such that 2¢, R—° < ¢, we have

1H fn) = glls < sup 1H fagy () = 9(@)| (¢ ()" + 2e,
which completes the proof. .

Let K f(x) = [7" ) f(w)pe(w, y)dy = Bo {f(S1) : 7> 1}, VS € Cp.

Lemma 3.3. The following statements are valid.
(1) f0< B <1,then K : Cg — Cs is a compact operator.
(i) |T'— K|| <, where

{¢(ﬂ+(w))0+(w) w(p‘(w))O‘(w)}
) ,

@) o

d = sup
z€R

O"(x) =P, (7‘+ <7t , 7t < 1) , O () =P, (7'_ <7th, 17 < 1) )

Proof. To show (i), we apply (10) for o = 7 and ¢t = 1, then

K(z) = Ep(S1) 151y < & + e ().

Since p.(z, y) is a a continuous kernel, the compactness of K can be proved exactly
in the same manner as the proof of H. To show (ii), observe

Tf(z) - Kf(z) = Epof(Sr)l{r<1y
= f(p"(2))0" () + f(p~ (2))O" (2).

Therefore we have

+
!Wf—KﬂMSHﬂmwp{wp ) N
TER X
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which completes the proof. ]
Remark 3.4. Set E={ze€R:p (z)>1o0rp(z) < -1}

o [T @)O0 @) ()0 ()
“- p{ (@) ) }

zeFE

We remark that

O+(x) < P, (7‘+ <T ) = pfx_) [i_/ffzx)’
T(z) — 2
O ()< Pp(r<71h) = p"'/zxg—)p_ s

Y(pT(2)0T (x) + ¢ (p™ ()0 ()
pt(x)(x—p(x)  p (x)(p*(z)—x)
Sw( pt(z) —p~(x) " pt(z) —p~(x) )

Y(pt(2)0F(x) | (p~(2))O(x)
() ()

Now set

[t V),
cy = p{ @) P.( <1)}7

A={zeR:p () <1l,p(z)>-1}.

z€A

Suppose A is bounded. Then sup,c4 Px(7 < 1) < 1, therefore if we choose an
appropriate 77, we can assume without loss of generality co < 1. This is because

P(pt(x) V(p~(2))
Y(z)
Since ¢ < ¢1 V co, a sufficient condition for 6 < 1 is

B0t (@)Py (rt <7) | (o (@)Pylrt < 17)
{ (@) * () } <t

— 1, uniformly on A as n T oo.

sup
¢ A
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Under the condition (1), the operator L on L?(R, m(z)dz) has a discrete spec-
trum (cf. Theorem 2 of [4] page 252 or Theorem 1-2 of [3] page 140-143). The
largest eigenvalue is 0 and the eigenfunction is a constant. Let —a(< 0) be the
second largest eigenvalue and ¢(x) be its eigenfunction. It is also well known that
©(z) has only one zero on R and for simplicity we let ¢(0) = 0. Thus, without
loss of generality, we assume o(z) is positive on (0, co) and negative on (—oc, 0)
in the sequel. The following lemma is consulted from [4].

Lemma 3.5 ¢(x) is increasing on (0, c0) and has the following asymptotic
behavior depending on the condition of m.

(i) If [7°2?m(z)dz < oo, then ¢(z) = ¢1 + coz + o(1) as © — oo, where
c1,c9 > 0 and ¢; + co > 0. Conversely, for any ¢y, co > 0 with ¢ + ¢ > 0,
there exists a unique eigenfunction () satisfying ¢(z) = ¢1 + coz + o(1)
as r — oo.

(i) If [ a*m(z)dz = oo and [[° zm(z)dz < oo, then ¢(z) = ¢1 + o(1) as
x — oo With ¢; > 0.

(¢id) If [ am(z)dz = oo, then p(z) T co and ¢(z) = o(y/z) as z — .

Proof. At first, we will claim that ©’(x) > 0 for every z > 0. Assume
¢'(b) = 0 for some b > 0. Since ¢’ () = —ap(z)m(z) < 0, we have ¢'(b+4) < 0
for some small 6 > 0. The above also implies that ¢'(x) is decreasing. Then
o'(z) < @'(b+9) if 2 > b+ 4. Therefore, for z > b+ 4,

T

p(x) = p(b+9) + /W @' (u)du < o(b+6) + @' (b+8)(x—b—0).

From this, we see ¢(x) < 0 if z is large enough. However, this is a contradiction.
Hence ¢’(x) can not have zeroes on [0, o). Apparently ¢/(0) > 0, hence ¢'(z) > 0
for every x > 0. This shows that ¢(x) is increasing on (0, co). Now let

¢'(z)
h(z) = ——=, for x > 0.
)=
Then
o(x) = p(1)el "W for g > 1.
Since

(14) B (z) = —am(z) — h(z)* < 0,
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we obtain that h(x) is positive and decreasing to 0 as + — +oo. In fact, since
h(z) > 0, we see there exists a constant ¢y > 0 such that h(z) — co, as x — .
Thus, (14) implies

Yy
hw) ~ hiy) = [ (am(z) + b))z
hence letting y — oo, we have
(15) h(z) —co = / (am(2) + h(z)?)dz.
Therefore N
/ h(z)?dz < oo
1

holds, which in particular implies ¢y = 0. On the other hand, since

¢"(x) = —am(z)p(r) < 0 and ¢'(x) > 0,
the limit ¢/(2) — ¢ > 0 exists as © — co. And it is clear that

¢(@)

— ¢, a8S * — +00.

Suppose the condition (i) holds. Let f, g be the solutions of integral equations

(16) fo=1-a [ "= o) f(y)m(y)dy.

an o) =v—a [ "y — 2)gly)m(y)dy,

respectively. The existence of f, g can be shown as follows. Let fy(z) = 1 and
fu(@) = [ (y—2x) fu-1(y)m(y)dy. Under the condition (i), f, () is well-defined
for any n > 0. Moreover, it follows that f,(z) < %B(m)” for any fixed = because

fulw) = [ (= 2) fas (9 () dy

< ﬁ / "y — 2)B)" m(y)dy

< =gy [ vB )y

1

= —m/m B(y)"'dB(y)

1
= —B(x)" forany n > 0,
n:
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where B(z) = [ ym(y)dy. Thus, (16) can be solved by

F@) =14 ()" ful).
n=1

Similarly, under the condition (i), (17) can be solved by letting

o0

() =z, gno) = |

T

(Y —2)gn1(V)my)dy, g(x) =z + > (—a)"gn().
n=1

Since f and g satisfy ¢"(x) = —am(z)¢(x) and they are linearly independent, we
have

p(z) = e1f(x) + cag()
with some constants c1, co. This completes the proof of the statement (i). Suppose
the condition (ii) holds. Then ¢ = 0, because, otherwise(c > 0), p(x) ~ cx, as
r — oo, and ¢ € L?(R, m(x)dx) will imply

1 y*m(y)dy < oo,

which contradicts the condition (ii). Now ¢'(z) = « [ ye(y)m(y)dy, which
implies, for x > N

T

(@) = (N) + /N o (v)dy

= o(N) +a /N (v — N)o(y)m(y)dy + a(z — N) / " oy)m()dy
< o(N) + ap(z) /N (v — N)ym(y)dy + o(z — N) / " o(y)m(y)dy,

since ¢ is increasing. Choosing sufficiently large N so that

o f - Nym(y)dy < o / " ym(y)dy < 1,
N N

we see that -
o) <A+ Bla=N) [ em(wdy

with some A, B > 0. An iteration shows that () is bounded under the condition
(if). This completes the proof of the statement (ii). ¢ (z) 1 oo can be accomplished
by the identity (15), since

/lmh(y)dy = a/lmdy/yoom(z)dz-f—/lmdy/yooh(z)%&

> o[- Dm)dy+ale-1) [ m)dy.
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Finally, the proof of ¢(z) = o(y/z) as x — oo is given below. Under the condition
J17 ym(y)dy = oo, we have ¢'(z) — 0, therefore

da)=a [ " oy)m(y)dy

a (/; (y)*m(y)dy /;O m(y)dyf :

However, the condition m(x)z? — 0 implies

IN

m(y)dy = o(z™").

T

This combined with ¢ € L2(m) shows

Since
p(z) =¢(0) + /0 ¢'(y)dy,
we easily see that ¢ (z) = o(y/x), as x — oo holds. |

Lemma 3.6. Assume

- +
(18) 0 < lim inf 2 () < lim sup P () < oo,
r=0o0 T T—00 x
+ _
(19) 0< ]jmjnfm < limsup\ ‘p (1‘)‘ < 00
r==e ‘(L“ rT——00 ‘(L“

Then we have
To(z) =e “p(z) + g(x),Vz € R,
with
inf {g9(z)} >0, inf {—=g(z)} > 0.

z:x>0,0~ ()>0 z:x<0,p7 (2)<0

Proof. Firstly, we will claim £E,7 — 0 as x — oo. Observe

N € Bk S L
Ber = T | e @Gy

r—p () (@)
s [ @) - mw
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Therefore if p~(z) > 0, we see

Pt ()

Bor < (_ max () (67@) - (o) [

z€[p~(x),pt (z)] —(x)
+ — ()2
_ ek (22m(s )(P (x) —p~(2))*
<ze[p—<m>?§+<mn< @) = @@

Then (1) and (18) show that the right hand side converges to 0 as x — oco. This
completes the claim. Secondly, consider

Eup(Sie) = € (@) + By (1= 07 ) o(8,)1 ).
Therefore
g() = By (1= e 07) o(S) 1),
Let £ € (0,1). Then p~(z) > 0 implies
E, (1 - e_o‘(l_T)> e(Sr)lr<1y = Es (1 - e_o‘(l_T)> o(Sr) L r<ey
+E, (1 - e_o‘(l_T)> 0(Sr)l{ecr<1y
> B, (1= e 0) 681 (r<q
> (1 - 6_0‘(1_5)> Erp(Sr)1lir<)

> (1= e2079) o(p™ () Palr < o).
Since

P.(t1<e)=1— P, (1 >¢)
E.T
5

>1- — 1l asx — oo,

we obtain inf,.,~q ,-(z)>0{g(x)} > 0. Similarly, inf,.. o )+ @)<0{—g(x)} > 0
follows from (19). This completes the proof. ]
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