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NONSMOOTH MULTIOBJECTIVE FRACTIONAL PROGRAMMING
WITH GENERALIZED INVEXITY

Do Sang Kim

Abstract. In this paper, we consider nonsmooth multiobjective fractional
programming problems involving locally Lipschitz functions. We introduce the
property of generalized invexity for fractional function. We present necessary
optimality conditions, sufficient optimality conditions and duality relations for
nonsmooth multiobjective fractional programming problems, which is for a
weakly efficient solution under suitable generalized invexity assumptions.

1. INTRODUCTION

Recently there has been an increasing interest in studying generalized convex-
ity for nonsmooth multiobjective programming problems involving locally Lipschitz
functions. In [2], Jeyakumar defined p-invexity for nonsmooth function, and Liu
[10, 11] used a parametric approach to obtain necessary and sufficient conditions
and established duality theorems for a class of nonsmooth generalized fractional
programming problems involving either nonsmooth pseudoinvex functions or non-
smooth (F, p)-convex functions. As a generalization of V-invex functions [3, 12],
Kuk et al. [6] defined the concept of V-p-invexity for vector valued functions.
Also, Kuk et al. [7] presented generalized Karush-Kuhn-Tucker necessary and suf-
ficient optimality theorems and established some duality theorems for nonsmooth
multiobjective fractional programs involving V-p-invex functions.

On the other hand, Khan and Hanson [4] have used the ratio invexity concept
in fractional programming problem. Recently, Reddy and Mukherjee [14] applied
a generalized ratio invexity concept for single objective fractional programming
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problems. After Liang et al. [8] introduce the concept of (F, «, p, d)-convexity
due to Preda [13] and present optimality and duality results for a class of nonlinear
fractional programming problems under generalized convexity and the properties of
sublinear functional and they [9] obtained optimality conditions and duality theorems
for multiobjective fractional programming under generalized convexity assumptions.
Very recently, Kim and Kim [5] established optimality and duality for nonsmooth
fractional programming under generalized ratio invexity assumptions in the scalar
case.

In this paper, we present some results about the multiobjective fractional ob-
jective function based on p-invexity assumptions. By using p-invexity of fractional
function, we obtain necessary and sufficient optimality conditions and duality the-
orems for nonsmooth multiobjective fractional programming problems.

Now, we consider the following nonsmooth multiobjective fractional program-
ming problem,

(NMFP)  Minimize (fix)/g(@), -+, fp(z)/9(x))
subject to h(z) £0, € Xo,
where X is an open set of R", f; : Xo — R, g: Xo — R, h;j : Xo — R and

I, © Xo — IR are locally Lipschitz functions. We let I(z) := {i | h;(x) = 0} for
any xz € Xo. We assume in the sequel that f;(z) = 0 and g(x) > 0 for all z € X,.

2. DEFINITIONS AND GENERALIZED INVEXITY OF FRACTIONAL FUNCTION

The following conventions for vector in R™ will be used :

r<y <= z; <y, =12 .- n;
x§y<:>x2§y27 1:17277/”7

xz £y isthe negation of z <y.

The real valued function f is said to be locally Lpischitz if for any z € R™
there exists a positive constant K and a neighborhood N of z such that, for each
z,y € N,

[f(@) = fy)] = Kllz =yl

where || - || denotes any norm in R™. The Clarke [1] generalized subgradient of f
at x is denoted by

Of(x) ={&: f'(x;d) = &d, Vd € R"}.
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Definition 2.1. A vector valued function f = (f1,---, fp) : Xo — R? is said to
be p —invex at u € X with respect to functionsn and 6 : Xy x Xy — IR"™ if there
exists p € R such that for any = € X, and any & € 0f;(u), fori =1,2,---,p,

filx) = fi(u) = &m(z,u)+ pl|0(z,w)|?, forall i=1,---,p.

Remark

(i) When p =1 and p = 0, the definition of p-invexity reduces to the notion of
invexity in the sense of Jeyakumar [2].

(i) When p = 1, the definition of p-invexity reduces to the notion of p-invexity
for the scalar function in Kim and Kim [5].

Definition 2.2. A real valued function f is said to be regular at x if for all
d € R™ the one-sided directional derivative f’(z;d) exists and f'(x;d) = f(x; d).

Definition 2.3. A point u € X is said to be a weakly efficient solution of
(NMFP) if there exist no x € X, such that

(fl(w) fp(w)> - (fl(u) ___7fp(u)>

glx)" 7 g(=) g(u)’ g(u)
Theorem 2.1. If f and G = (—g,---,—g) are p-invex at zy with re-
spect to » and ¢, and f; and —g are regular at xq, then the fractional function
<’;1((;’)), e %) is p-invex at xo with respect to 7 and 6, where 7(z, 2¢) =

(9(wo)/g())n(z, zo), and 8(x, zo) = (1/g(x))"/?0(z, z).

Proof. Let z € X(. By the p-invexity of f and G, we have

fi(z)/g(x) — fi(x0)/g(w0)
= (1/g(x))&n (@, zo) + pll(1/g(x)) "0 (x, z0) ||
+(fi(w0)/(g(x)g(x0))(—Cn(, xo) + p||0(x, o)),
for any © € X, any & € Ofi(xo) and any ¢ € 9g(xg). Since f;(x) = 0 and
g(z) >0,
fi(z)/g9(x) = fi(x0)/g(x0)
= (g(w0)/9(x))(&/g(xo))n(x, xo) + (fixo)(—C)/(g*(x0))n(x, o))
+pll(1/g(2)) (1 + (fi(w0)/9(x0)))" /0, x0) |*.

Since f; and —g are regular at =, we obtain, for any §; € 9(f;(x0)/g(x0)),
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—~

fix)/g(x)) = (fi(xo)/g(w0))
(9(0)/9(@))dm(x, z0) + pll(1/g(2))*(1 + (filwo) /9(0))) /6 x, o)

Considering that 1 + f;(x0)/g(x0) = 1, we have

v

B ) > (S0 o) + ol ) 0l
Therefore, (fi(x)/g(x), -, fo(x)/g(x)) is p-invex with respect to 7 and 6, where
i1z, 20) = (9(w0)/g(x))n(, 20), O(x,0) = (1/9(x))"/*0(x, o). u

3. OpTIMALITY CONDITIONS

In this section, we present Fritz John and Karush-Kuhn-Tucker necessary condi-
tions and establish Karush-Kuhn-Tucker sufficient conditions for a weakly efficient
solution of the multiobjective nonsmooth fractional programming problem (NMFP).

By Theorem 6.1.1 in [1], we can obtain the following Fritz John necessary
conditions.

Theorem 3.1. (Fritz John Necessary Conditions). If zp € X, is a weakly
efficient solution of (NMFP), then there exist A\; = 0,i = 1,2,---,p and p; 2
0,7=1,2,---,m, such that

0€ > Xd(fi(zo)/g(wo)) + D udh;(o),
i=1 j=1

equivalently, there exist a; € O(fi(xo)/9(x0)),i=1,---,p and b; € Ohj(x),j =
1,---,m such that

P m
1) 0= Z Aia; + Zujbj,
i=1 j=1
and Zujhj(xo) =0,
j=1

()‘17"'7)‘]27”17"'7“771) 207

()‘17"'7)‘]27”17"'7“771) 7&0

If (A1,---,Ap) =0in (1), then 0 = 377", y;b; and hence under the following
condition (2), which is a kind of constraint qualifications for (NMFP), we can
obtain the following Karush-Kuhn-Tucker necessary condtions.
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Theorem 3.2. (Karush-Kuhn-Tucker Necessary Conditions). Assume that for
bj < 8hj(x0),j = 1, s, M,

(2)  there exists «* € X such that (b;,z*)<0, j € I(xo)={i|hi(xo)=0}.

If 2o € X, is a weakly efficient solution of (NMFP), then there exist A\; = 0, i =
1,2,---,pand p; 20,5 =1,2,---,m, such that

(KTC) 0 Nd(fi(wo)/g(x0)) + > 1;0h;(x0),
=1

J=1

> (o) =0,
7=1
()\17"' 7)‘p7M17"'7Mm) 207 ()‘17"'7)\]7)#0'

Remark. If h;, j =1,---,m are convex functions, the well-known Slater
condition implies (2)

Theorem 3.3. (Karush-Kuhn-Tucker Sufficient Conditions). Let (zq, A, i) sat-
isfy the conditions of (KTC). Assume that f and G are p-invex at xo with respect
to n and # and f; and —g are regular functions at = o, and h is p’-invex at zo with
respect to 77 and 6 with p >0} X+ p' Y71, pj = 0. Then o is a weakly efficient
solution of (NM FP).

Proof. Suppose that = is not a weakly efficient solution. Then there exists

x € X such that
fi(x) < fi(xo)

, fori=1,--- p.

g(z)  g(zo)
Since f and G are p-invex at zp and f; and —g are regular, we have
aiii(z, 20) + p||8(x, x0)||2 < 0, for some a; € O (M) _
9(zo)

From X\ > 0, we obtain
p p _
Z Aiaii)(z, To) + PZ ill6(a, zo)|* < 0.
=1 =1

By using Karush-Kuhn-Tucker conditions and p 7, X + o/ 320 pj 2 0, we
have

@) > bz, xo) + o> pillf(z, x0)||> > 0, for some b; € Oh;(xo).
Jj=1 Jj=1
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Since h is p/-invex at x, with respect to 77 and 6,

> wihi(x) = pihi(x0) 2> pibin(x, wo) + oY gl0(x, w0) ||
=1 =1 =1 =1

Hence
m m 3
> wsbjii(w, o) + ¢ > sl 6, o) I £ 0.
g=1 j=1
This inequality contradicts (3). Therefore, xq is a weakly efficient solution. ]

4. DuALITY THEOREMS

In this section, we formulate the dual models and establish the duality theorems
for a weakly efficient solution of the multiobjective nonsmooth fractional program-
ming problem (NMFP).

We consider Mond-Weir dual problem to (NMFP):

(NMFD)y,  Maximize  (fi(u)/g(),- - , f,(u)/g(u))
bjectto 0. 3 AD(fi(u)/a(w) + 3 ush 1),
i=1 j=1

m

> uih(u) 20,

j=1

(A p) 20,

Me=1, e=(1,---,1) €R?

Theorem 4.1. (Weak Duality). Let x be feasible for (NMFP) and (u, A, u)

feasible for (NMFD);;. Assume that f and G are p-invex at u with respect to n
and # and f; and —g are regular functions at u, and h is p’-invex at u with respect

to 77 and 6 with p + p' 37", p; = 0.
Then the following holds:

(J;&)"” ’ %)) ? (fl(w"” ’ fp(w)'

Proof. Suppose that
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Since f and G are p-invex at zp and f; and —g are regular, we have

fi(u)> _

g(u)

a;if(z,u) + p||0(z,u)||* < 0, for some a; € O (

From X\ > 0, we obtain

p p

i=1 =1

Since (u, A, ) is feasible for (NMFD)y, and p + p" 3770, pi; 2 0, we have

@ D b, w) + o> pl|0(, w)||? > 0, for some b; € Ohy(u).
=1 =1

By the p/-invexity of h with respect to 7 and 8, for some b; € 9hj(u),
> wihy() =Y pihi(u) 2> pbii(e,u) + 0"y 0, w)] .
j=1 j=1 j=1 j=1

Since z is a feasible solution of (NMFP), we obtain

S wgbsii(x,u) + ¢S pll8z, )| < 0.

j=1 j=1
This inequality contradicts (4). Hence the weak duality theorem holds. |

Theorem 4.2. (Strong Duality). Let z is a weakly efficient solution of (NMFP).
Assume that there exists * € X, such that (b;,2*) < 0, j € I(z) and b; €
Oh;(xo),7 = 1,---,m. Then (&, \, 1) is feasible for (NMFD) ,;. Moreover, if
f, G and h satisfy the conditions of Theorem 4.1, then (z, X, fz) is a weakly efficient
solution of (NMFD) ».

Proof.  From the Karush-Kuhn-Tucker necessary condition, there exist \; >
0,i=1,---,pand g; 20,5 =1,---,m such that
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Thus (z, A, iz) is feasible for (NMFD),;. So by Theorem 4.1, (z, ), fz) is a weakly
efficient solution of (NMFD)y,. [ ]

We propose the following Wolfe dual problem to (NMFP).
(NMFD)y,  Maximize (fi(u)/g(u)+ Y phj(u), -,
j=1
Folw)/g(u) + > pjhj(u))
j=1

p m
subjectto 0 € S NO(fiu)/g(u)) + 3 ;0 (u),
i=1 j=1

()‘17"'7)‘]77M17"'7Mm)207
Me=1,e=(1,---,1) €RP

Theorem 4.3. (Weak Duality). Let x be feasible for (NMFP) and (u, A, u)
feasible for (NMFD)y,. Assume that f and G are p-invex at u with respect to n
and # and f; and —g are regular functions at u, and h is p’-invex at u with respect
to 77 and 6 with p + p/ 37" ) ;2 0.

Then the following holds:

( fi(x) fp(@)

g(@)” " g(x)

J=1 J=1

AW P b
% (g(u) +Zﬂjhj( )yt 9(w) +Zﬂjhj( ))

Proof. Suppose that

g(x) < g(u) +;Mjhj( ), fori=1,--- p.

Since z is feasible for (NMFP),

9(x) +;Mjhj( ) < () +Zujhj( ), for i=1, .

j=1
By the p-invexity of f and G and /-invexity of h, we have

aifi(z, w) + p|l0(z, w)|* + > pibii(a, w) + o' gl |0(z, w)||* <0,
j=1 j=1
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for some q; € 0 <’;"((5))> and some b; € Ohj(u). From A >0and p+p' >0, pij =
0, we obtain

p m
< Z Aia; + Z Mjbj)ﬁ(x, u) < 0.
i=1 j=1

This contradicts (5). Hence the weak duality theorem holds. |

Theorem 4.4. (Strong Duality). Let Z is a weakly efficient solution of (NMFP).
Assume that there exists * € X, such that (b;,2*) < 0, j € I(z) and b; €
Ohj(xo),7=1,---,m. Then (z, A, p) is feasible for (NMFD)y;,. Moreover, if f, G
and h satisfy the conditions of Theorem 4.3, then (z, )\, ) is a weakly efficient
solution of (NMFD)y.

Proof. From the Karush-Kuhn-Tucker necessary condition, there exist \; >
0,i=1,---,pand g; 20,5 =1,---,m such that

0€ Y XNo(fix)/g(x) + D ioh;(z),
i=1 j=1
j=1
(5‘17 75‘]7) 7& 0
Thus (z, A, z) is feasible for (NMFD)y. So by Theorem 4.3, (z, ), fz) is a weakly
efficient solution of (NMFD)yy. [ ]

We formulate the following general dual problem to primal problem (NMFP).

(NMFD)¢;  Maximize (fi(u)/g(u)+ > pihj(u),- -,

Jj€lo
Fow)/g(w) + > pihi(u))
Jj€lo
©) subjectto 0.€ Y Nd(fi(u)/g(w)) + > _ p;oh(u),
i—1 =1

Zujhj(u)zov Ckzl,"',’l",
J€la

()‘17"'7)‘]27”17"'7”771)2 )
Me=1, e=(1,---,1)€RP
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where I, c M ={1,---,m}, a=0,1,--- ,rwithU_,I, = M and I,NIz =0
if a £ 0.

Theorem 4.5. (Weak Duality). Let x be feasible for (NMFP) and (u, A, u)
feasible for (NMFD)s. Assume that f and G are p-invex at w with respect to n
and 6 and f; and —g are regular fuctions at w and h is p’-invex at u, j € J,(a =
0,1,---,r) with respect to 77 and 6 with p + p’ 37" | u; = 0.

Then the following holds:

<f1(w) fp(w)>

glx)” " g(x)

g(u)

£ (fl(u) + > pihi(u), - J;)((;L)) + Zujhj(u)> :

Jj€lo Jj€lo

Proof. Suppose that
filz) _ fi(u)

(@) = gu)

+ Zujhj(u), fori=1,---,p.
Jj€lo

Since z is feasible for (NMFP) and >, p;h;(u) = 0,

fi@) + > pihi(@) + Y phy(a) < filw)
Jj€lo

9(@) j€la g(u)
+ Zﬂjhj(u) + Z wihj(u), for i=1,--- p.
3€lo jela

Hence

M ) I M > ih;(u i1=1---
9() +;Mjhj( ) < () -l—;ujhj( ), for 1o p)

By the p-invexity of f and G and /-invexity of h, we have

aif)(z, w) + p|l0(z, w)|* + > pibii(a, w) + o' gl |0(z, w)||* <0,
=1 =1

for some a; € 0 <’;"((5))> and some b; € Ohj(u). From A >0and p+p' 3770, pij =2
0, we obtain

P m
< Z Aia; + Z ujbj)ﬁ(x, u) < 0.
i=1 =1
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This contradicts (6). Hence the proof is completed. |

Theorem 4.6. (Strong Duality). Let z is a weakly efficient solution of (NMFP).
Assume that there exists * € S such that (b;,2*) < 0, j € I(z) and b; €
Ohj(xo),7=1,---,m. Then (z, A, iu) is feasible for (NMFD)¢. Moreover, if f, G
and h satisfy the conditions of Theorem 4.5, then (z, \, ) is a weakly efficient
solution of (NMFD)¢.

Proof. From the Karush-Kuhn-Tucker necessary condition, there exist \; >
0,i=1,---,pand g; 20,5 =1,---,m such that

0€ > NO(ful@)/9(®) + D f;0hy(%),
=1 j=1

Z pihi(z) =0,

j=1

(5‘17 vj‘p) # 0

Since ZJEIO fih;(Z) +_Zjeja fihi(z) = 0, we have Zjefa fihi(z) 2 — Z_jeIO
fihi(z) 2 0. Thus (z, A, ) is feasible for (NMFD)¢. So by Theorem 4.5, (z, A, [i)
is a weakly efficient solution of (NMFD). [ ]
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