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ELLIPTIC NUMERICAL RANGES OF 4 x 4 MATRICES

Hwa-Long Gau

Abstract. Let A be an n x n (complex) matrix. Recall that the numerical
range W (A) of A is the set {(Ax,x) : © € C", ||z|| = 1} in the plane, where
(-,-) denotes the usual inner product in C™. In this paper a series of tests is
given, allowing one to determine when the numerical range of a 4 x 4 matrix
A is an elliptic disc.

1. INTRODUCTION

Let A be an n-by-n (complex) matrix. Recall that the numerical range W (A)
of A is the set {(Ax,z) : « € C", ||z|| = 1} in the plane, where (-, -) denotes the
usual inner product in C™. It is well known that W (A) is a convex compact subset
of C, which contains all the eigenvalues of A. For properties of numerical ranges,
a good reference is [6, Chapter 1].

For 2 x 2 matrices A a complete description of the numerical range W (A) is
well known. Namely, W (A) is the (closed) elliptic disc with foci the eigenvalues
A1 and o of A and the minor axis of length (tr (A*A) — |A1]? — |A2]?)Y/2 [10].
Here, for a n x n matrix B, tr B denotes its trace.

In [8] R. Kippenhahn studied the numerical range of 3 x 3 matrices. He showed
that there are four classes of shapes which the numerical range of a 3 x 3 matrix
A can assume. His classification is based on the factorability of the associated
polynomial Py(x,y, z) = det(zRe A + yIm A + 2I), where Re A = (A + A*)/2
and Im A = (A — A*)/(2i) are the real and imaginary parts of A, respectively, and
I,, denotes the n-by-n identity matrix. This was improved in [7] by expressing the
conditions in terms of the eigenvalues and entries of A, which are easier to apply.

For general n, the following Kippenhahn’s result is useful: For any n-by-n ma-
trix A, consider the homogeneous degree-n polynomial Py(x,y, z) =det(zRe A+

Received February 27, 2005.

Communicated by Ngai-Ching Wong.

2000 Mathematics Subject Classification: 15A18, 15A60.

Key words and phrases: Numerical range, Kippenhahn curve.

Research partially supported by the National Science Council of the Republic of China.

117



118 Hwa-Long Gau

yIm A+ z1I,,) and the algebraic curve C'(A) which is dual to the algebraic curve
determined by Pa(z,y,z) =0 in the complex projective plane CP?, that is, C'(A)
consists of all points [u, v, w] in CP? such that uz+vy+wz = 0 is a tangent line
to Pa(z,y,z) = 0. As usual, we identify the point (z,y) in C? with [z,y, 1] in
CP? and identify any point [z,y, 2] in CP? such that z # 0 with (z/z,y/z) in
C2. Thus, in particular, the plane R? (identified with C) sits in CP? by way of
the identification of the point (a,b) of R? (or a+bi of C) with [a, b, 1] in CP?,
The algebraic curve p(z,y, z) =0 in CP?, where p is a homogeneous polynomial,
can be dehomogenized to yield the curve p(z,y,1) =0 in C? and, conversely, an
algebraic curve g(z,y) = 0 in C2 can be homogenized to a curve in CP* with
equation obtained by simplifying ¢(xz/z,y/z) = 0. A result of Kippenhahn says
that the numerical range W (A) is the convex hull of the real points of C(A) (cf.
[8, p. 199]). The real part of the curve C(A) in the complex plane, namely, the
set {a+bi € C;a,b € R and ax + by + z = 0 is tangent to Pa(z,y, z) =0},
will be denoted by Cr(A) and is called the Kippenhahn curve of A. Note that, as
proved in [3, Theorem 1.3]3, if zou + yov + zpw =0 is a supporting line of W (A),
then det (zoRe A+yolm A+201,) = 0. Since the dual of C(A) is the original
curve Py (x,y,z)=0, we infer, in particular, that every supporting line of W (A) is
tangent to C'(A).

There have been some attempts to classify the numerical range of 4 x 4 matrices
using an analogous strategy as [7]. A complete solution seems rather difficult. The
aim of this paper is to offer a series of tests, in terms of a 4 x 4 matrix A itself or
its canonical unitarily equivalent forms, to determine when the numerical range of
A is an elliptic disc. We will also express the conditions in terms of the eigenvalues
and entries of A. These characterizations will be useful to construct a 4 x 4 matrix
with an elliptic numerical range.

2. THE MAIN ResuLT

In this section, we want to formulate a necessary and sufficient condition for a
4 x 4 matrix A to have an elliptic disc as its humerical range.

Let A be a 4 x 4 matrix. We have known that if W (A) is an elliptic disc, then
C(A) has a factor of order 2. By duality, it follows that the homogeneous polynomial
P, also has a factor of degree 2. Note that P, is of degree 4. Therefore, if W (A)
is an elliptic disc, then P4 can be decomposed either by two factors of degree 2 or
by one factor of degree 2 and two factors of degree 1. Therefore, we will discuss
these two cases of Cr(A), respectively. Now, let

)\1 a d f
o 0 )\2 b e
(2'1) A= 0 0 )\3 C ’

0 0 0 M\
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and \; = a; + i3, where «; and 3; are real for j = 1,2,3,4. Then

Pa(z,y,z) = det(zRe A+yIm A+z1y)

arr+py+z  G(x—iy) %(m—iy) %(m—iy)

L(z+iy)  agr+Poy+z  L(x—iy) S(z—iy)

= det g(x—i—iy) g(x—i-iy) a3x+O3y—+2z S(x—iy)
I g(x—i-iy) S(z+iy) S(r4iy)  aur+Pay+z

= (anz+1y+2)(agz+Poy+2)(asx+Psy+2) (uxr+Lay+2)

_m2 +y2
4

Q(x7 y7 z)?
where

Q(z,y,2) = |a|*(azz + B3y + 2)(ux + Bay + 2)

2

+b|* (o + fry + 2)(ux + Bay + =z

) )
(a1 + By + 2)(cox + Bay + 2)
+|d[* (o + By + 2) (e + Bay + 2)
(anz + B1y + 2)(asz + B3y + 2)

+ 2 (oz + Boy + 2) (a3 + B3y + 2)

a1z + By + z)(Re (bee)z + Im (bee)y)

(Re (
(Re (cdf)x + Im (cdf)y)
(Re (
(Re (

a3z + O3y + z)(Re (aef)x + Im (aef)y)

—( )
— (oo + oy + 2)
—( )
—( )

asz + Bay + 2)(Re (abd)x + Im (abd)y)

z? 4 y2
4
Let the polynomial

(lal?[el* + [d[*[el* + [ f|* — 2Re (acde) — 2Re (bdef)).

Py(z,y,2) = (a1 + By + 2)(aox + Poy + 2)(azx + [y + 2)
() 2 4,2
u + Bay + 2) — =Y

Q(x7 y7 Z)
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be denoted by (x).
We now state and prove our main result. Firstly, we prove some lemmas which
will be needed.

Lemma 1. Let A be a 4 x 4 matrix with eigenvalues A1, A2, A3 and A4. Then
the Kippenhahn curve C'r(A) consists of two points and one ellipse if and only if

PA((I), Y, Z) = (OélfI,' + /Bly + Z)((XQ(I,' + /82y + Z)

2
[(azx + B3y + 2)(quz + Bay + 2) — rz(xQ + 7)),

where \; = o + i8; for all j and the «;'s and ;s are real. In this case, the
Kippenhahn curve Cr(A) is the union of these two points A1, A2 and the ellipse
with foci As, A4 and the minor axis of length r.

Proof. Let
A 0 0 0
0 X O O
B= 0 0 )\3 T
0O 0 0 M\
Since Cr(A) = Cr(B), the polynomials P4 and P have to be the same. Hence
Pa(z,y,2) = (a1z+ Py + 2)(ox + Bay + 2)
2
T
J(asr + B3y + 2)(aux + Bay + 2) — Z(xQ + ).
The converse is clear. [

Lemma 2. Let A be a 4 x 4 matrix. Then the Kippenhahn curve C'r(A)
consists of two ellipses, one with foci A1, Ao and minor axis of length s, and the
other with foci A3, A4 and minor axis of length » if and only if

2

Palw,y,2) = [z + Bry + 2)(00z + By + 2) = 1 (a” + )]

2
T
J(asx + B3y + 2)(aux + oy + 2) — Z(xQ + 2],
where \; = o; +i3;,7 = 1,2,3,4, and the «;>s and ;s are real.

Proof. The proof is similar to Lemma 1. Let

)\1 S 0 0
10 X 0 0
B= 0 0 )\3 T
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Since Cr(A) = Cr(B), the polynomials P4 and Pp have to be the same. Hence

2
Pa(e,,2) = [(arz + By + )(aze + fay + 2) = (0% + )

2
r
[(asz + B3y + 2) (oux + Bay + 2) — Z(w2 + 7).
The converse is clear ]
With the above lemmas, we have the following theorems.

Theorem 3. Let A be in upper-triangular form (2.1). Then C'r(A) consists of
two points and one ellipse if and only if
(@) 72 =al” + B+ [c[* + |d[* + |ef* + | £,
(0) 2\iX\; = |al®As a4 [BPAi A+ |cP A ha 4 [d] 2 Ao ha + |eP A hs + | F[2Aa Az —
(Abce + Aacd f + Agaef + Agabd) + abef,
© 2N+ Aj) = (161 + [el? + lel) A + (e + dI* + [f*) A2 + (laf* + e +
IFIHA3 + (Ja|? + |b]? + |d|*)Ag — (bce + cdf + aef + abd), and
(d) raic; = |alPazas+|b*arca+|cParaz+]d[Pagau+el*araz +| fPagas —
[a1Re (bee) +asRe (cdf)+asRe (aef)+asRe (abd)] — 1 (|al?(c|?+|d|*|e|?+
b]2|f|> — 2Re (acde) — 2Re (bdef) — 2Re (abef)).
If these conditions are satisfied, then C' r(A) is the union of two points A;,\; with
the ellipse having its foci at two other eigenvalues of A and minor axis of length .
Proof. By Lemma 1,
Pa(z,y,2) = (cvx + Biy + 2)(ajz + By + 2)

2
[(owa + By + 2) (o + By + 2) = (@ + ).

Comparing this with polynomial (x), we have
Q(z,y, z) = r’(cuz + By + 2)(aja + Bjy + 2)

and then obtain the following equalities by computing the coefficients of 22, 42, 22, zy, 22
and yz, respectively. Therefore,
(1) rPoiay = |al*azay+[b[Paras+|cParaa+|d]*azay +el*araz+| f|Pazos —
[a1Re (bee)+asRe (cdf)+asRe (aef)+asRe (abd)] — 1 (|al?[c|?+|d|*|e]?+
1b]2|f|> — 2Re (acde) — 2Re (bdef) — 2Re (abcf)),
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(2) 2885 = |a|*BsB4 + |b*B1Ba + |c|* 8182 + |d|* BaBa+ |e]|? 5185 + | f|* 283 —
[B1Im (bee) + BoIm (cd f) +B3lm (ae f)+Balm (abd)] — 1 (Jal?|c|?+|d|*|e|>+
b]?|f|* — 2Re (acde) — 2Re (bdef) + 2Re (abcf)),

(3) r2 = la|* + [b* + [c]? + |d|* + [e]* + [ ],

4) (B + a;fi) = lal*(asBs + cufs) + |b*(a1fBs + aafr) + |c[* (o1 f2 +
agf) + |d|*(afs + cuBa) + le|*(1fBs + azfr) + [ f[*(a2fs + azfa) —
(a1Im (bce) + B1Re (bee)) — [azlm (cdf) + BoRe (cdf)] — [azlm (aef) +

BsRe (aef)] — [calm (abd) + BsRe (abd)] + Im (abef),
(5) r*(aitaz) = ([bP+[cl+le)ar+(lc[*+]d]*+| f1*) ax+(|al*+e]*+| f1*) s+
(|a®+[b>+|d|*) s — [Re (bce) +Re (cdf) +Re (aef) +Re (abd)], and
(6) r2(B; + Bj) = (b + |el* + [e[*)B1 + (|e|* + |dI* + | f1*) B2 + (Jal* + |e]* +
|F1) B+ (la]* + [b]? +d[?) B2 — [Im (bee) +Im (cd f) +Im (ae f) +Im (abd)].
Note that the combination of (1), (2) and (4) is equivalent to the one of (b) and

(d) since (1) — (2) 4+ i(4) yields (b). Moreover, the combination of (5) and (6) is
equivalent to (c) since (5) + i(6) yields (c). This completes the proof. ]

A similar argument shows the following theorem.
Theorem 4. Let A be in upper-triangular form (2.1). Then C'r(A) consists

of two ellipses, one with foci A, A; and minor axis of length r, the other with foci
Ai, A; and minor axis of length s if and only if

(@) %+ 5% =[af* + [b]* + [ef* +d]* + [e]* + | /I

(B) 720N, + 2ARA = |al2Asha + [B2A1Aa + [c[2Aihe + [d]2PAohs + le[2PAiAs +
|£12X2)3 — (A1bee + Aacdf + Azaef + Agabd) + abef,

(©) (N +Aj) + 8% (A + A0 = ([0 + [e]* + le[) A + ([ef* + [d]* + [ f[*) A2 +
(lal?+ e+ £ Az + (Ja|> + |b]2 +|d|*) Mg — (bee+ cd f + aef + abd), and

d) r2aa; + sPogay — 1r2s? = |aPasas + [b2on o + |e|Paras + |d2asay +
le|?aras+]| f|?azasz—[a1Re (bce)+asRe (cdf)+asRe (aef)+asRe (abd)]—
L(Jal?(c|® + |d|?|e|* + |b|*| f|* — 2Re (acde) — 2Re (bdef) — 2Re (abef)).

Proof. By Lemma 2,

2
Pa(e,y,2) = [(iz+ By +2)(aga + By + 2) — (@ + )]
7“2

[(ana + Bry + 2)(ouw + By + 2) — (2% + 7).
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Comparing this with polynomial (x), we have

Q(z,y,2) = r*(quz + By + 2)(ajz + Bjy + 2)
2.2
res
+5%(apz + Bry + 2)(oqz + By + 2) — - (2% +9?)

and then obtain the following equalities by computing the coefficients of 2, y2,
2%, xy, xz, and yz, respectively. Therefore,

(1) r’oiaj + sagag — # = |a|?azay + [b*a1a4 + |c]Paras + |d|*azay +
le|2aras+] f|2azas—[a1Re (bee)+asRe (cd f)+asRe (aef)+asRe (abd)]—
2(Ja?|c|® +|d|?|e|* + [b]?| f|> — 2Re (acde) — 2Re (bdef) — 2Re (abef)),

(2) 123 + 2By — T = |al*BsBa + |b*B1B4 + |c*B1a + |d|?BaBa +
|e|? 8183+ f1? B2 3 — [B1Im (bee) +Bolm (cd f)+BsIm (aef)+Balm (abd)]—
2(lal?(c|® + |d|?|e|* + |b|*| f|* — 2Re (acde) — 2Re (bdef) + 2Re (abcf)),

(3) r2+ 5% =al + [b* + [cf* + [d]? + le* + [ £,

@) r* (B + a;Bi) + s*(awfy + aiBr) = lal*(sfs + cafs) + [b]* (a1 fs +
agfr) + |c*(a1f2 + a2f1) + |d*(a2fs + aufla) + le[* (1 fBs + asf) +
| f1?(caB3+0a3B2) — (cr Im (bee) + 51 Re (bee)) —[aolm (cd f)+B2Re (edf)]—
[asIm (aef) + B3Re (aef)] — [aalm (abd) + B4Re (abd)] + Im (abef),

(5) r*(ai+ ;) + 5% (o +an) = (1] +[cf* + [e[*)on + ([cf* + [d]* + [ f*) o2 +
(la*+le[*+[ f[*)az+(lal*+[b[*+[d|*)cs—[Re (bee) +Re (cd f)+Re (ae f)+

Re (abd)], and
(6) r*(Bi+06;)+5*(Be+01) = (IbP+|cl*+lel*) B1+(cl*+|d[*+| f1*) B+ (|al*+
el + | £1%)85 + (|a|* + |b]* + |d|?) B4 — [Im (bce) + Im (cd f) + Im (aef) +

Im (abd)].

Note that the combination of (1), (2) and (4) is equivalent to the one of (b) and
(d) since (1) — (2) 4+ i(4) yields (b). Moreover, the combination of (5) and (6) is
equivalent to (c) since (5) +i(6) yields (c). This completes the proof. ]

Although every matrix is unitarily equivalent to an upper-triangular matrix, it is
not easy to obtain the upper-triangular form of a matrix. For generality, we obtain
the unitary invariant forms of Theorems 3 and 4.

Corollary 5. Let A be a 4 x 4 matrix with eigenvalues A1, A2, A3 and A4. Then
CRr(A) consists of two points A;, A; and one ellipse having its foci at two other
eigenvalues of A and minor axis of length » if and only if
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@) 72 =tr(A*A) — 5, [N

(0) 72NN = 1 cicjea (PP INP A P) XA+t (A" A%) —tr (A)tr (A*A?),
(©) r2(\i + Aj) = r2tr (A) — tr (A*42) + 21 [\i2 A, and

(d) r2az~aj = dajsagay — 4det(Re A).

Proof. Let B be in upper-triangular form (2.1) which is unitarily equivalent to
A. After a little computation, we obtain

4
tr(B*B) = Y _|Xi? +[al® + b2 + [c|* + |d]* + |e]* + | £,

i=1

4
tr (B*B?) = Z\M% + (Ja]? + |d* + | fHA + (|Jal® + [b]* + [e|*) A2
=1
(1612 + [e]® + [d*)As + (|ef* + lel* + | £1*) A

+(abd + aef + cdf + bee),
4
tr(B*B%) = > INPAE + (ol + 1d]” + [F1P)A + (al” + [B]” + |e]*) A
=1
HBIP+ el +1dI*) As® + (Je[*+ el +] F1*)Ad® +al* A1 A2+ [b] A2 A3
+lelAsha+ [dP A hs+ |ePAada+ [ FIPA A+ abd( A1+ Ao+ A3)

—|—aef()\1 +)\2+)\4) +Cd]?()\1 +)\3+)\4) —H)Cé()\g—l—)\g +)\4) + abcf,
and

Lo, 0,0).

det(Re B) = ajanagay — 1

By the condition (a) in Theorem 3, we have
4
(B B) = 3 Nl = Jal® + [bf7 + [ef + [d]? + Jef* + |17 = r*
=1

By the condition (b) in Theorem 3, we have

ST+ NP+ PN + tr (B B) — tr (B)tr (B*B?)
1<i<j<4

= [a|*A3As + [B2PA A + [e|PAihe + |d* Ao + [e]PA1hs + | P23

—(A1bce + Xacdf + Asaef + Agabd) + abcf.
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By the condition (c) in Theorem 3, we have

r?tr (B) — tr (B*B?) + 24: Yy
i=1
= (161 + [e|* + [e[) A1 + (el + [d* + [f*) A2 + (lal? + [e]* + [ £1*) A3
+(|al® + 6> + |d[) Ay — (bee + cdf + aef + abd).
By the condition (d) in Theorem 3, we have
doyagasay — 4 det(Re B) = Q(1,0,0)
= |a]Pazay + [b2aay + |c|?aras
+ld2azay + le|*araz + | f|Pazas
—[c1Re (bee) + asRe (cdf)
+azRe (aef) + asRe (abd)]

1
=7 (al’lel* + [df*lef* + [b*| £

—2Re (acde) — 2Re (bdef) — 2Re (abcf)).
Since trace and determinant are unitary invariant, completing the proof. |

Corollary 6. Let A be a 4 x 4 matrix with eigenvalues A1, Ao, A3 and 4.
Then Cr(A) consists of two ellipses, one with foci A, A; and minor axis of length
r, the other with foci A;, A; and minor axis of length s if and only if

(@) 2+ 8% = tr (ATA) = 31, (N> =2

(0) 2NN XA =D i (YHAPHA P Nid jHr (A* A% )—tr (A)tr (A% A?),
(©) 72(Ni +Aj) + 82 (Mg + ) = 72t (A) — tr (A*A2) + 30 | \]2\, and

(d) r2az~aj + sPagoy — ir2s2 = dajoazay — 4det(Re A).

Proof. Let B be in upper-triangular form (2.1) which is unitarily equivalent to
A. A direct computation yields that

4
tr(B*B) = Y _|A> +[al® + b + |c]* + |d]” + le]* + | 17,
=1

4
tr(B*B%) = Y AP+ (laf® + 14 + )M+ (lal? + b + [e]*) A
i=1
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F(16 4 [e? + 1d*)As + (le? + Je]® + | £ M\

+(abd + aef + cdf + bee),

4
tr (B*B*) = Z IXNiPA2 + (laf® + |d? + [F12) A% + (Ja* + [ + |e]*) A2?
=1
H(BI + [ef? 4+ [d*)As® + (lef” + [e]* + [F1P)Ad® + |al* A Az + [b*A2As

+lePAshs + [dPAiAs + lePAads + [ FIPA 1A + abd(Ag + Ao + A3)
—|—aef()\1 + Ao + )\4) + Cdf()\l + A3+ )\4) + bcé()\z + A3+ )\4) + abcf,
and

1
det(Re B) = ajanagay — ZQ(L 0,0).

By the condition (a) in Theorem 4, we have
4
(B B) = 3 Nl = Jal® + (b2 + [ef + [d]? + Jef* + |17 = %
i=1

By the condition (b) in Theorem 4, we have

2+ Il 4 IV PN + tr (B*B®) — tr (B)tr (B* B2
J J

1<i<j<4
= lal*AsAs 4 [B]*A1 A + [c]*Aida + [dPA2 A + €] A As + | F[*A2As
—(A1bce + Xocdf + Azaef + Agabd) + abcf.
By the condition (c) in Theorem 4, we have
4
r?tr(B) —tr (B*B?) + ) |Ai*As

i=1
= (11 + [el* + [e[)A1 + (e + [d® + [£1%) A2 + (lal? + e]* + [ £1*) A3

+(|al?® + [b|* + |d|*)\s — (bee + cdf + aef + abd).
By the condition (d) in Theorem 4, we have
doyagaszay —4det(Re B) = Q(1,0,0)
= |a]Pazoy + [b*aray + |c|Paran

+|d[Pazay + |e[Paras + | f|Pazas
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—[c1Re (bee) + azRe (cdf)
+azRe (aef) + asRe (abd)]

1
=7 al’lel* + [df*lef* + [bl*| £
—2Re (acde) — 2Re (bdef) — 2Re (abcf)).
Since trace and determinant are unitary invariant, the results follow obviously. m

Now we are ready to formulate a sufficient condition for a 4 x 4 matrix A to
have an elliptic disc as its numerical range.

Corollary 7. Let A be a 4 x 4 matrix with eigenvalues A1, Ao, A3 and A4
which satisfies the following conditions:
(8) 7 =t (A74) = iy Il
(0) 72X =3 1 (T2 NP A ) Aikj 4t (A" A%) —tr (A)tr (A*A?),
(©) r2(Ai +Ag) = 72w (A) — tr (A"A%) + >0, (AP
(d) r2az~aj = dajapagay — 4 det(Re A), and

) (A= M| + A= X)? = [Ae — M|? < 72, where A = A, \; and Ay, A; are
other two eigenvalues of A.

Then W (A) is an elliptic disc with foci A, A; and the minor axis of length r.

Proof. By Corollary 5, Cr(A) consists of two points A;, A; and one ellipse
whose foci are A, A\; and whose minor axis has length ». Moreover, condition (e)
means that these two points \;, A; lie inside the ellipse. Hence W (A) is an elliptic
with foci A, \; and the minor axis of length r. |

Corollary 8. Let A be a 4 x 4 matrix with eigenvalues A1, A2, A3 and A4 If
conditions (a)-(d) of Corollary 6 hold and, in addition,

€) v/ — M 72+ [ — il + [N = Ayl < /TN = AP SR

Then W (A) is an elliptic disc with foci A;, A; and the minor axis of length s.

Proof. By Corollary 6, Cr(A) consists of two ellipses, one with foci Ag, \;
and the minor axis of length  and the other with foci A;, A; and the minor axis of
length s. Moreover, for A in C such that

IA=Xe| + 1A= N| < VA — N + 72,
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we have
A= Xil + A = N[ <A = A+ A= Nl + [ Ae = Nl + [N = A

< \/‘)\k—)\l‘+7"2+‘)\k—)\z“+‘)\l—)\j‘
< \/‘)\Z‘—)\j‘Q—l—SQ

by condition (e). Thus we conclude that 17 (A) is an elliptic disc with foci A;, A;
and the minor axis of length s. |
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