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Long Time Behavior for a Wave Equation with Time Delay

Gongwei Liu*, Hongyun Yue and Hongwei Zhang

Abstract. In this paper, we consider the wave equation with internal time delay and
source terms

wna, ) — Bule,t) + (e, 1) + pouy(e,t —7) + f(e,0) = h(z)

in a bounded domain. By virtue of Galerkin method combined with the priori esti-
mates, we prove the existence and uniqueness of global solution under initial-boundary
data for the above equation. Moreover, under suitable conditions on the forcing term
f(z,u) and pq, pe, the existence of a compact global attractor is proved. Further, the

asymptotic behavior and the decay property of global solution are discussed.

1. Introduction

In this paper, we investigate the following wave equation with time delay term in the
feedback

ug(,t) — Au(z, t) + prug(x, t) + poug(z,t — 7) + f(z,u) = h(z), 2€Q, t>0,

(L.1) u(xz,t) =0, x eI, t>0,
. u(0,2) = uo(z), w(0,z)=wuq(x), x €,
ug(x,t — 1) = folz,t — 1), reQ 0<t<T

where € is a bounded domain of RN, N > 1 with a sufficiently smooth boundary 0. Here
f and h are external forcing terms, the source term f(z,u) ~ |u/*u + [u/’u, a > B >0,
11, o are some constants, 7 > 0 represents the time delay, ug, ui, fo are given functions
belonging to some suitable spaces.

In absence of delay (12 = 0), the problem becomes

u(z,t) — Au(z, t) + u(z, t) + f(z,u) = h(x), x€eQ, t>0,

(1.2)
u(0,2) = up(z), u(0,2) = ui(z), u(:v,t)‘aQ =0l
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which was considered by several authors. For example, the existence of the global attractor
in the energy space H{(Q2) x L*(Q) was well discussed and it was a standard result that
if 0 < a < 2/[N —2]", (see [13/[15]). The proof is based on the exponential decay of
the solutions for the case f(x,u) = h(z) = 0 and the compactness of the embedding
HE(Q) = L*(Q). The critical or super critical cases were also considered, see [3,9}/12].
When the damping term is replaced by the nonlinear term p(u;), the similar problem was
also discussed by Chueshov and Lasiecka [4], Nakao [21].

Introducing the delay term poui(z,t — 7) makes the problem different from those
considered in the literatures. Time delay arises in many applications depending not only
on the present state but also on some past occurrences. It may turn a well-behaved system
into a wild one. The presence of delay may be a source of instability. For example, it was
shown in [7,8,/1422,|23]29] that an arbitrarily small delay may destabilize a system that
is uniformly asymptotically stable in the absence of delay unless additional control terms
have been used.

In [22], the authors examined a system with the linear damping and a delay inside the

domain. More precisely, they considered the following system

.
u(z,t) — Au(z, t) + prue(x, t) + pou(z,t —7) =0, €, t>0,
u(x,t) =0, x eI, t>0,
(1.3) (@%)
U(OaIE) = UO(:E)a ut(oax) = ul(x)a T €€,
\ut(x,t—T):f()(m,t—T), re, 0<t<T,

and proved the energy of the problem is exponentially stable provided 0 < po < 1.
On the contrary, it is also showed that in the case pus > p1 that there exists a sequence
of delays for which the corresponding solution is unstable. The method used in [22] is an
observability inequality and a Carleman estimate. The same results were also obtained
when both the damping and the delay act on the boundary. We also refer the readers
to [29], where the authors obtained the same results as in [22] for the one space dimension
by use of the spectral analysis approach.

Recently, in [25], the authors considered abstract semilinear evolution equations with
a time-delay and some source term. They show that, if the Cy semigroup describing
the linear part of the model is exponentially stable, then the whole system retains this
property when a suitable smallness condition on the time-delay is satisfied.

The case of the time-varying delay in wave equation has also been studied by several
authors, see for example, [181|19}24}26,27] and the references therein.

In the works mentioned above, the authors must used the damping term pju(x,t) to
control the delay term in the priori estimate of the solution and the decay estimate of the

energy. By the way, in [6], the authors improve earlier results in the literature by making
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using of the viscoelastic term to control the time constant delay term.

But, to our best knowledge, there is no results on the existence, energy decay and
the global attractors for the whole system which includes the source term f(u) and non-
homogeneous term h(z). Recently, we considered the well-posedness for a class of wave
equation with past history and a delay [20]. Motivated by there results, in this paper,
we will investigate the problem under suitable assumptions. Our main difficulty in
handing this model is that we have the delay term pous(t — 7), which may induce some
instabilities. To overcome this difficulty, we introduce the linear damping term to control
the delay term as usual, we also need some modified energy functional to study the global
attractors and the decay result of the problem .

The plan of this paper is as follows. In Section [2, we present some notations and
assumptions needed for our work, and then give the main results (Theorems and
2.6). The proof of Theorem is given in Section Section [4| contains some abstract
results in the theory on infinite dimensional dynamical systems that will be used. The
proofs of Theorems [2.5 and [2.6] are given in Sections [5] and [6] respectively.

2. Preliminaries and main results

In this section, we present some assumptions and state the main results. As usual (-, )
denotes L2-inner product and || - || , denotes LP-norms. It is well known the norms in H(Q)
is given by ||V - |5, and the dual space of H}(€2) is denoted by H~1(£2). Throughout this
paper, C' and C; are used to denote the generic positive constant. From now on, we shall
omit x and ¢ in all functions of x and t if there is no ambiguity.
We define the phase space
H = H}(Q) x L*(Q)

equipped with the norm
2 2 2
[[(w, )3, = [V ully + [loll3 -

Let us state precise assumptions on the term f(x,u) and h(z).

(H1) f(z,u) is measurable in x € Q for all u € R and continuous in v € R for a.e. z € 2,

satisfying
(2.1) f(@,0) =0, [fulz,u)| < k(L+ |ul),

where k > 0 and « satisfies

(2.2) 0<a< if N>3,0ora>0if N=1,2

N -2

(H2) h € L?(Q).
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(H3) The initial data fy satisfies the compatibility condition fo(-,0) = u;.
Then we have the following existence result.
Theorem 2.1. Assume that (H1)—(H3) hold, then we have

(1) If (uo, u1, fo) € (H2(Q)NH(Q)) x HY(Q) x HY (2, HY(—7,0)), then the problem (L.1)

has a reqular solution in the class

u € Lig.((0,00); H*(Q) N Hy (), e € Lige((0,00); Hy (),
ute € L ((0,00); L2(92)).

(ii) If (ug,u1, fo) € HE(Q) x L3(Q) x L*(Q,(—7,0)), then the problem has a weak

solution in the class
u € Lis.((0,00); Hy(2)), us € Lise((0,00); L*()), s € Lis.((0,00); H'(2))
satisfying

(2.3) (u,us) € C([0, T, H), VT >0.

Moreover, the reqular (or weak) solutions depend on the initial data (ug,u1) € H, h €
L3(Q) and fy € L?(2, (—7,0)). In particular, problem (L.1)) has uniqueness.

Remark 2.2. By combining (2.1) and the mean value theorem, we can deduce that there

exists a constant kg > 0 such that
(2.4) |f(z,u) = fz,v)] < ko(1+ [ul® + [v|*) [u —v]

for a.e. 2 € Q and u,v € R. Also it follows from (2.2)) that Hj(Q) — LT (Q).
Remark 2.3. The uniqueness of the problem ([1.1]) defines the evolution operator

St): H—H, St)(uo,ur) = (u(t),u(t)), t=>0,

where (u(t),u(t)) is the weak solution corresponding to initial data (ug,u1). It turns out

that S(t) satisfies the semigroup properties
S(0)=1 and S(t+s)=S5()S(s), t,s>0.

Moreover, the continuous dependence on the initial data in ‘H and the regular (2.3) imply
that S(t) is strongly continuous on . Then, the long-time dynamic of the problem (/1.1
can be studied by the continuous dynamical system (#,S(t)).
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Remark 2.4. There is no restrictions on p; and pg in Theorem [2.1] that is, the prob-
lem has a unique global solution for arbitrary numbers p; and po. When a suitable
smallness condition on the time-delay feedback is satisfied (i.e., 0 < |ua| < u1), we have
the following Theorems and

Let A1 > 0 be the first eigenvalue of —Aw = Aw in 2 with w = 0 on 992. Now, we
replace (2.2)) by the following condition

(2.5) 0<ac<

. S . 19
N_21fN_3,0ra>01fN 1,2

We set .
F(z,u) = / f(x,s)ds.
0

In addition, we suppose that there exist constants Ly > 0 and 8 € [0, A1) such that
(2.6) — Lo — pu® < f(z,u)u and — Lg— §u2 < F(z,u)
for a.e. z € Q and u € R.

Theorem 2.5. Assume that the hypotheses of Theorem [2.1], 0 < |u2| < p1, [2.5) and (2.6)
hold. Then the dynamical system (H,S(t)) corresponds to the problem (1.1)) possesses a

compact global attractor A. Moreover, it is characterized by the unstable manifold
A= M"(N)
of the set of stationary solutions N' = {(u,0) € H | —Au + f(x,u) = h}.
A typical assumption that implies the conditions on fis

liminf f(z,5)

|s]—o0 S

> —A1.

For the decay property of solution u(t) for problem (|1.1)), we have

Theorem 2.6. Let u(t) be a weak solution in Theorem with h = 0. Let all assumptions
in (H1) be satisfied, and 0 < |p2| < p1. In addition, we replace (2.6]) with

(2.7) - §u2 < F(z,u) < f(z,u)u

for a.e. x € Q and uw € R. Then there exist two positive constants k, K such that

28)  BG) = 5 @I+ 5 IVaOl3+ [ Fleu®)de < K, vizo,
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3. Well-posedness

In this section we first prove the existence and uniqueness of regular solutions to prob-
lem (1.1]) by using Faedo-Galerkin method as in [10,[17]. Then, we extend the same result
to the weak solutions by using the density arguments.

The energy functional corresponding to the system (|1.1)) is given by

B B) = g e+ 5 Va3 + [ Flu®)do— [ hu)d.

3.1. Approximate problem

First, we assume ug € H2(Q) N H(Q), u1 € HY(Q) and fo € L*(Q, H(—7,0)). Let T > 0
be fixed and denote by Vj the space generated by {wi,wo,...,ws} where {wi}re is a
basis of H?(Q) N H ().

We will seek an approximate solution in the form
m
U (2, 8) = gjm (Hw;(x)
j=1

satisfying the following approximate equation
(3.2)  (um,wy) + (Vg Vw;) + pir (g, wy) + pa (s, (8 = 7),05) + (f (wm) — hyw;) =0

with initial data

(3.3) (um(0), 4, (0)) = (wom, trm), U, (t) = fom(t), t € [-7,0),
where

Ugm — U in H2(Q) N Hy (),
(3.4) Ulm —> U1 in Hy(9),

fom(t) = fo(t)  in L*(Q, H'(~7,0)).
We note that the approximate problem f can be reduced to an ordinary
differential equation system and by standard existence theory for ODEs, the problem
admits a local solution u,,(t) in some interval [0,7,,) with 0 < T},, < T. The following

estimates imply that the local solutions u™(t) to the interval [0, T] for any given 7" > 0.

3.2. Priori estimates

The first estimate. Multiplying the approximate equation in (3.1)) by g}m, then summing

up the result in j, we deduce that

d (1 1
i {5l 519+ [ Feuao- [

hu, daz}
Q
=—u Hu;n‘g - ug/ﬂu;n(t —T)ul, dx.

(3.5)
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For simplicity, we will omit the index m when we study the energy functional, since it can

also be used for existing solutions.

Let us define the modified energy
1
E(u(t)) = E(u(t)) + Lo |22] + o 17113,

with any constant o > 0.
Since A; |[ull3 < ||Vul|3, it follows from the condition (2.6) that

/ Fla,u)de > — 2 [Vul2 — Lo |9,
Q 2\

and for such o > 0,
0 2 1 2
— | hudz > —= |Vull; — —||h]|5-
[ huda = =8 17l = < nl
Then, we deduce that
~ 1 B 2, 1 2
Bu@)> (- -2 = lue(®)]2.
wt) = (5~ 3 — &) IVl + 5 (o)l
Noticing 5 € [0, A1), taking o > 0 sufficiently small, we can obtain
(3.6) E(u(t)) = Bo (IIVul3 + lludl3)
for some positive constant fy < min{3,1/2} (in the case = 0, we choose ¢ = 1 and

Bo = 1/4).
For the last term in (3.5)), it follows from Hélder’s inequality that

1 1
iz [ a6 = Tl s < 3l [ (13 + 5 ] [ Bt )da
Q Q
Hence, (3.5 implies that
iE ‘/1*2‘ / 2 1 2
61 B < (Il + 2 ) Ol + el [ wie o

Integrating (3.7) on [0, ¢], we obtain

Bum () < Bum(0)) + (\m|+ le) / / 2, (s) duds
,u2|// o T) dzxds.

(3.8)
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Noticing the past history values of unm¢(t), t € [—7,0], the last term in (3.8]) can be rewritten

as follows
t
//u%w dxds-// p) dpdx
0JQ
t—1
// dpd:v—l—// p) dpdx
o t—T1
/ fe (p dpd:r—l—// p) dpdzx
< / fom(p) dpdz + / / Uy (p) dpdi.
QJ—7 QJo

From (3.6)), (3.8) and (3.9)), we have
~ ~ 1 0 ) t__
B () < Bl ) + 5l [ [ Bl dpde+4( |+ o) [ Bl () s

(3.9)

From the choice of ug,, u1m and fo,, using Gronwall’s lemma, once 7' > 0 be given,

vVt € [0,T], we can find a positive constant C' independent of m such that
E(unm(t)) <C, Ytel0,T], VmeN.

Noticing , we conclude that

(3.10) [V (8|3 + [ul, (1)]5 < €, Vit e[0,T), ¥m e N.

The second estimate. We first estimate | u;,(0)[|,. Replacing w; by ui,(t) in (3.2)
and taking ¢ = 0, we obtain

Jun @
= (Vum(0), Vu, (0)) = 1 (1, (0), 13, (0)) = iz (g, (—7), 217, (0))
= (f (5 um(0)), 1, (0)) + (b, i, (0))
< (I )y + L [ O], + Lzl e ()12 4 1 e Oy + [ ) e 0]
From the choice of ugy,, wim, b and , we deduce

(3.11) |t ( C.

0, <

Now, getting derivative of (3.2]) with respect to ¢, we get

(U w5) + (Vg Vw;) + 1 (U, 05) + p2(ty, (t = 7),w5) + (ful- wm ), wy) = 0.
Multiplying by gjm, summing over j from 1 to m, it follows that
d 2 1 2 2
p (2 Hu;;l(t)HQ + 5 HVu;n(t)H2> = —U1 Hu%(t)HQ — ug/gzu;;l(t — T)u;%(t) dx

(3.12)
—/qu(,um)u;n(t)ug@(t) dx.
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As the proof of (3.9)), we have

t t—7
//u%nss(s—T) d:cds:// ufnpp(p)dpdx
0JQ QJ—7
O Ly
</ f()mp(p) dpdl’—i—// umpp(p) dpd$
QJ—7 QJo

Since m + m + % = 1, by the generalized Holder’s inequality, assumption (2.1])—

(2.2)), and the estimate (3.10]), we have
= [ Bt (0 dz < [ (0 a6 i (0] (1) o
Q Q

<k (,ma/mam + Hum(t)Hg(aH)) [t () gy e ()]
<& (|l )13 + IV 0) -

Similar as the proof of (3.10]), using the initial data (3.3) and (3.4)), it follows from (3.12))

that o .
Fon(t) < Fin(0) + 2] / f20(p) dpdzz + C / Fyu(s) ds,
QJ—7 0

with Cy = Co(Ch, 1, p2) > 0, where
Fon(t) = [Jup ()5 + [Vt (D)) -

Using Gronwall’s lemma, once 7' > 0 be given, V¢ € [0, 7], there exists a positive constant

C independent of m such that
(3.13) [utr,(0)||2 + ||Vl (8)]|2 < C.

The first and second a priori estimates permit us to obtain a subsequence of (u,,)

which from now on will be also denoted by (u,,) and a function u satisfying

(3.14) Uy —u  weak star in L{2 (0, oo; H} (Q)),
(3.15) ul, —u'  weak star in L{2, (0, oo; H} (Q)),
(3.16) u’ — " weak star in L{2.(0, 00; L?(Q)).

Since H} < L%*(Q) is compact, thanks to Aubin-Lions theorem, we have that
Uy — u  strongly in L2 (0, 00; L*(9)),
and consequently, making use of Lion’s lemma, we obtain

(3.17) fz,um) — f(z,u) weakly in L2 (0, 0o; L*(Q)).
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Convergence ([3.14)—(3.17) permit us to pass to the limit the approximate problem, as
usual, we multiply the approximate equation ({3.2)) by test function 0(¢) € 2(0,T'), and by
integration over [0, 7], after passing to the limit, we obtain

T
(3.18) /0 {(uge, wy) + (Vu, Vw;) + p1 (ug, wy) + pa(ue(t — 7),w;) + (f(u) — h,w;)} 0(t) dt = 0.

Since (w;) is a basis of H?(2) N H (), replacing w; by v € 2(12), from (3.18)), we deduce
that

u(w,t) — Dz, t) + prug(x, t) + poug(x,t — 7) + f(x,u) = h(z) in 2'(Q x (0,T)).

Moreover, since u”, f(z,u) € L2 _(0,00); L?(Q)) and v’ € L2 (—7,00;L?(f), we have

loc loc

Au € L2 ((0,00); L*(£2)) and hence

loc
ug(z,t) — Au(x, t) + prug(z,t) + poug(x,t — 7) + f(z,u) = h(z) in L2 (Q x (0,7)).

The proof of Theorem [2.1f1) is finished.

Weak solution. In order to obtain the existence of weak solutions we use standard
arguments of density. Indeed, we have obtained regular solutions under regular initial
data (ug,u1) € H?(Q) N HE(Q) x HY(Q) and fo € HH(Q, H(—7,0)). If we take initial
data (ug,u1) € HE(Q) x L2(Q) and fo € L2(Q x (—7,0)), there exists a sequence (u, u}) €
H%(Q)N HE(Q) x H(Q) and f € HY(Q, H'(—7,0)) such that

upy — ug in HY(Q), uf — uyin L2(Q), f& — foin L*(Q x (—7,0)).

Hence, the uniform estimates on the corresponding regular solutions (u”,u}) imply the

existence of a subsequence (still denote (u™, u;")) which converges to a weak solution (u, u;)

of the problem (|1.1]) satisfying (2.3]).

Continuous dependence and uniqueness. First we consider the case of the regular
solutions. Let u(t) and v(t) be two regular solutions of the problem (|I.1]) with respect to
the initial data {ug,u1, h1, fo1} and {vg,v1, ha, foo} respectively. Then setting w = u — v,

we have that w is a regular solution of the problem

(3.19) wy — Aw + pywy + pow(t — 7) + f(u) — f(v) = hy — ha,
with Dirichlet boundary condition and initial data

(3.20) w(0) = ug — v, w(0) =uy — vy.

Hence, we can multiply (3.19) with w; in L?(Q) and integrate over Q. Then we obtain

535 (ol + 1901} = = [ (o0 = £ 0))ndo = ol

- ,ug/ wywy(t — 1) dx + / (h1 — ho)w dx.
Q Q

(3.21)
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To simply notations, let
1 2 2
G(t) = 5 (Ihweell3 + IVwl3)

and the norm of the initial data is bounded by some R > 0. Then for any given T' > 0,
we use C'r 7 to denote some positive constants which depend on R and T'.

It remains to estimate each term on the right-hand side of . It follows from the
generalized Holder’s inequality that

[ = o <o [ (4 ful® ) ]

Q 0
< ko (|Q|a/[2(a+1)] + lull3aqn) + ||U||g(a+1)> [w]lg(as1y llwelly
< CrrG(t)

and
/ (h1 — haywrde < ||y — a2+ CrrG(b).
Q

Hence (3.21)) becomes that

d
(3:22)  —G(t) < CraG(t) + |[hn — hall; + (m + “‘22‘) el + “‘;' wa(t —7)dx.

Moreover,

/Ot/Q wi(s —7)dxds < /Q/_OT(fm(P) — fo2(p))? dpdz + /Q /ot w?(p) dpda.

Integrating on [0,t], we obtain
G(t) < A—i—B/DtG(s) ds, tel0,T],
where
A= |l = holl3T + G(0) + || for = foz2ll T2(x(—roy» B = Crr +2(lpua| + |2,
Hence, Gronwall’s inequality yields that
G(t) < Ae™,
which implies that

(3:23)  Jl(w, w)ll3, < Crar (11(w(0),wr(O)I3, + b1 = hall3 + Lfor = foall Z2(ae(—ro)

for all ¢ € [0,T], which shows that the regular solutions of the problem depend
continuously on the initial data. In particular, the problem has a unique solution.

The same conclusion holds for weak solution by density arguments. This ends the
proof of Theorem
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4. Nonlinear dynamical systems

In this section, for sake of further references we collect several known results on properties
of dynamical systems in mathematical physics. They can be found in, for instance, Babin
and Vishik [2], Chueshov and Lasiecka [4], Hale [15] or Temam [2§]. Below we follow more
closely the book by Chueshov and Lasiecka [5].

A compact set A C H is a global attractor for a dynamical system (H,S(t)), if it is
fully invariant and uniformly attracting, that is S(¢).A = A for all ¢ > 0, and for every
bounded subset B C H,

t£+moo distgy (S(t)B,.A) =0,

where disty is the Hausdorff semidistance in H.
A bounded set B C H is an absorbing set for S(t) if for any bounded set B C H, there
exists tg = tp(B) > 0 satisfying

SH)BcB, Vt>tg,

which characterizes S(t) as a dissipative semigroup.
A semigroup S(t) is asymptotically smooth in H if for any bounded positive invariant
set B C H, there exists a compact set K C B such that

tllglo disty (S(t)B, K) = 0.
Then the following is well-known, see for instance, [2,5,|15].

Theorem 4.1. A dissipative dynamical system (H,S(t)) has a compact global attractor if

and only if it is asymptotically smooth.

We present here a more recent method by Chueshov and Lasiecka [5] to verify the

asymptotic smoothness property. See also [16].

Theorem 4.2. Suppose that for any positively bounded invariant B C H and for any
e > 0, there exists T = T(e, B) such that

1S(T)z = S(T)ylly <&+ dr(x,y), Vo,yeB,
where ¢7: B X B — R satisfies
(4.1) liminf lim inf ¢ (2", 2™) =0
n—oo m—0o0

for any sequence (z")nen in B. Then S(t) is asymptotically smooth in H.
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Define the unstable manifold M"(Y') emanating from the set Y C H such that there
exists a full trajectory v = {z(¢) : t € R} with the properties

2(0) =z9p and tlim disty(2(¢),Y) = 0.
——00

Finally, we recall the properties of the gradient systems. A dynamical system (H, S(t))
is said to be gradient if there exists a strict Lyapunov function for (H, S(¢)) on the whole
phase space H, that is, (a) a continuous functional ®(z) such that the function t —
®(S(t)z) is non-increasing for any z € H, (b) the equation ®(S(t)z) = ®(z) for all ¢t > 0
implies that S(t)z = z for all ¢ > 0.

Now, we give the following well-known result on the existence and structure of global at-
tractors for asymptotically compact gradient dynamical system, see for instance, Chueshov
and Lasiecka |5, Fatori et al. [11].

Theorem 4.3. Assume that (H,S(t)) is a gradient dynamical system which, moreover, is
asymptotically smooth. In addition, assume the Lyapunov function ®(z) associated with

the system, satisfying
(i) ®(z) is bounded from above on any bounded subset of H;
(i) the set ®r = {z € H | ®(z) < R} is bounded for every R;
(ili) the set N of stationary of (H,S(t)) is bounded.

Then (H,S(t)) has a compact global attractor characterized by A = M"(N).

5. Global attractor

In order to prove Theorem we will apply the abstract results presented in the previous
section. The first step is to prove that the dynamical system (H, S(t)) is gradient under the
conditions in Theorem The second is to verify the quasi-stable on bounded positively

invariant sets.

Inspired by [24], we define the modified energy functional as

1 1 t
£(t) =y Il + 5 Va3 + 5 [ [ el (s) dads
t—71 JQ

(5.1)
—l—/ﬂF(-,u(t))dx—/Qhu(t)dm,

where £ and o are suitable positive constants to be determined later.
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5.1. Gradient system
We will verify the conditions in Theorem in the following Lemmas

Lemma 5.1. The dynamical system (H,S(t)) associated to the problem (1.1)) is gradient
under the assumptions of Theorem [2.].

Proof. Let us take the functional ® as the modified energy £ defined in (5.1). Then for
20 = (up,u1) € H, we claim that ®(S5(¢)zp) is non-increasing.
Indeed, differentiating £(¢) and using (1.1]), we obtain

£
E'(t) = —pu [fuell3 — po(ue(t =), ue) + 5 ||UtH§
- ge‘”/ ul(t — 1) dx — 05 e o= S)/ s) dzds.
2 Q t—T

Noticing

|12

5 ul(t — 1) de,

(5-2) — p2(ur(t — 1), ur) < || tllz + -

we deduce that

|12 3 2 |12 § / 2
t) < = _— = t—71)d
5(>_(2 5 ) b+ (Y- 550) [ e nao
05 e (= s)/ s) dzds.
t—r

Notice that e — 17 as ¢ — 07. Then, by the continuity of the set of real number, if we

(5.3)

choose ¢ > 0 sufficiently small, there exists a positive constant £ > 0 such that

(5.4) e Izl < € < pu,

which implies that

|12 3
(5.5) 5 1+ 5 <0,
and

|12 §
(5.6) 5 5o <0

Inserting (5.5) and ( into (5.3)), we obtain £’(t) < 0, which implies %@(S(t}zo) <0,
Vit >0.

Now, assume ®(S(t)zg) = ®(zp) for all ¢ > 0, then Hut(t)Hg =0, t > —7, which implies
u(t) = ug for all ¢ > 0. Hence, S(t)zo = (up,0) is a stationary solution, which implies that
® is a strict Lyapunov functional. Therefore (H, S(t)) is gradient. O
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Lemma 5.2. The Lyapunov functional ® is bounded from above on any bounded subset

of H and the set ®p = {z € H | ®(2) < R} is bounded for every R.

Proof. Let B 3 (u,u:) be any bounded subset of H. Since ® is defined as the modified
functional given in (5.1]), noticing

’S/ / o(s=t)y, s)dxds < Tu1Cp,
t—T1

where we have used (5.3)). It is easy to check that ®(z) is bounded from above on bounded
subset B of H.

Now let z(t) = (u(t),u(t)) € H be any weak solution to such that ®(z(t)) < R.
It follows from that

Bo (IVully + lull3) = M < @(=()) = E(u(t) < R,

where M = L || 4+ ﬁg ||h]|3, and then ||z(t HH (R+ M)By*. Therefore ®p is bounded
in H. O

Lemma 5.3. The set N = {(u,0) € H | —Au+ f(-,u) = h} of the stationary solutions
of the problem (L.1|) is bounded in H.

Proof. The proof of this lemma is evident, see also [11]. In fact, from the first equation of

(1.1) we obtain
|Vul3 = - /f udx—f—/hudx.
Q

From the condition (2.6) and since A [[ul|3 < [|[Vul3,
~ [ s wuds < L 1vulE + Lofal,
Q A1

and for any o > 0,
Y 2 1 2
hudx < = ||Vul|5 + — ||h]]5,
/Q $ IVl + £ A3
it follows that

A1
Hence we obtain that A is bounded in H if taking o > 0 sufficiently small. O

B 1
(1= = 4) Ivull < 5 i3 + oo,

5.2. Asymptotic smoothness

Lemma 5.4 (Stablhzablhty) Suppose the assumptions of Theorem |2.5| - 5| hold. Given a
bounded set B C H, let 2! = (u,us) and 2> = (v,v¢) be two weak solution of problem (I
with z1(0) = (ug,u1) and 22(0) = (vo,v1) are in set B. Then

t
(5.7) 210 = 2(0)]3, < Cae ™" + i [ 0wl ds
0
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for any t > 0, where w = u —v and v, Cp are positive constants on the size of B but not

ont.
Proof. We set w = u — v, then (w,w;) = z1(t) — 2%(t) solves the problem
(5.8) Wi — Aw + pw + pow(t — 7) + f(z,u) — f(x,v) =0,
in the weak sense, with the initial condition

(w(0), wi(0)) = ='(0) — 2%(0).

Step 1. By density we can assume the solution have higher regularity so that we can
multiply equation (5.8) by w; in L?(€2), and integrate over €. Proceeding as in the proof
of Theorem we obtain

G/(8) = s} = pa(on(t = 7). ) + / =Tl

+ ¢ l|wel|3 — fe_‘”/ wi(t —7)de — = e o= 8)/ s)dxds,
2 2 Q t—T
where we denote
€ O'S
(5.9) G(t) = Hwt( I3 + fHVw z+5 C=Dwl(s) dwds.

Using Holder’s inequality, it follows that

G'(t) < (’H22| —p1+ g) Hthg + <|,u;| — 2507) /ﬂw?(t—r) dx

+ (e - s6opude =5 [ e [ dods.

Step 2. Now we consider the functions

(5.10)

G:(t) =G(t) +eo(t), €>0,
where ¢ > 0 will be fixed later and
(5.11) o(t) = /Q w(tyw(t) de.
It is easy to check that there exists a constant C] such that
(5.12) |G:(t) — G(t)| < eC1G(t), Vt>0,e>0.

Step 3. In what follows we show the estimate of ¢/(t). By differentiating the function
in , using equation (5.8 in the weak sense, subtracting and adding G(t), we get

§(0) = ~G(0) + 5 lanl} = 5 IVl — s ) = ot = 7))

e - fewde+ & [ [ e Du2(s) duds.
Q2 2 J)irJa
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We derive from Young’s inequality that

— 1 (wy, )_ )\ ||V H2+ || tHz

and

—pafun(t = 7)ow) < 2 vl B2 e ryaa,

where § > 0 is a small constant which Wlll be chosen later. Hence, we arrive at

3 1 5u1 8 | o] \m! 2
/ < — - - —

—/Q(f( w) — f(-,v wd:c+§/”/ 7(5=D2 () dads.

Further, since 5 +1) + 2(a =y +1 5 = 1, by the generalized Holder’s inequality, assump-
tions and (2.5)), there exists a constant Cz (may be different from line to line)

/(f(au)_f(,v))wtdl‘
Q

< ko /Q (1+ Jul® + [o]®) o] || d

513 6% e (0% «
(5-13) < ko (|Q\ /Bletl)] 4 [ull3(qs1) + ||UH2(a+1)> lwllagaqy lwells

<Cp HwH2(a+1) [Jwe [

€ 2 2
<3 lwellz + CB lwll5a41) -

since L2+t (Q) — L2(Q), similarly,

< O |wliyasn)

/ (F-ru) — F(- 0))wda
Q

Combining this estimates with (5.10)), we obtain

W 3 1 om du
6u0) < ~e6(0) + |12 -+ S (2 50 ) [l - (5 - 2 - 22 v

2| € |12
4 <2 _ +e &5 / 2(t —7)dx + Cp Hw||2 a+1)

260'T

—0—5/ / 7(5=t) s) dzxds.
t—1

First, we fix 6 > 0 sufficiently small such that

then we choose €1 < o sufficiently small, thanks to (5.5 and (5.6)), it follows

(5.14) GL(t) < —eG(t) + Cp |wl30yry, YE>0, Ve e (0,e1].
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Step 4. Now we take ¢g = min {1/(2C1),e1} and select € < g9. Then (5.12)) implies
that

(5.15) %G(t) <G <36w, vi>o

By a standard combination of (5.14) and (5.15]), we conclude

¢
GL(t) < G-(0)e 3!+ C / =T ()3 041, ds-
0
Using ((5.15)) again we obtain
t
G(t) < 3G(0)e” 5 +2C5 / e~ 5 (=) [w(8) 13041 ds-
0

By the definition (5.9)), we obtain (5.7)) with v = 2¢/3. O

Lemma 5.5. Under the assumptions of Theorem the dynamical system (H,S(t))
corresponding to problem (L.1|) is asymptotically smooth.

Proof. We apply Theorem [£.2] Let B be a bounded positively invariant subsect of H with

respect to S(t). For initial data z{, 23 in set B, we write
S(t)zh = (u'(t),ui(t)), i=1,2.

Given € > 0, we choose T sufficiently large such that Cpe 37 < g, where Cp is given in
Lemma [5.41
We claim that there exists a constant Cgr > 0 such that

(5.16) HS(T)Z(I) - S(T)ZSHH <e+or(2, 22), Vb, 22 in B,
where

T 9 1/4
(.17 br(ahed) = o ([ a1 =202

for some constant 9 > 0.

Indeed, applying Gagliardo-Nirenberg interpolation inequality we obtain

[ 6) = (0| g0y < Co 90 (1) = V@) s 1) — w20y

with 6 = 5(1 — 47).

Then we can rewrite (5.7 as

|21 (t) - 2205,

T 1/2 T
< Cpe "t 4 Cp (/0 (y|vu1<s)u2+||vU2<s>y|2)49dsz> (/0 ||u1<t>_u2<t)u;*“—9>ds>

1/2
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for t < T. Since u!,u? € L2 ((0,00); H} (), we deduce that there exists Cpr > 0 such
that

T 1/4
124(T) = 2(T)||,, < Cpe™2" + Cpr </ Ju (£) = w2(1) |, ds) :
0

which implies that ((5.16) and (5.17)) hold.

It remains to show that ¢ satisfies . Indeed, given a sequence of initial data (z{) in
B, we denote S(t)(25) = (u"(t),u(t)). Since (u"(t),u™(t)) is bounded in C([0, T], H} () x
L%*(Q)), T > 0, then from the compact embedding of H}(2) C L?(€2), the Aubin’s lemma
implies that there exists a subsequence (u™) that converges strongly in C([0,T], L*(2)).
Therefore we see that

T

lim lim |u"*(s) — u"l(s)Hgds =0,
k—ool—o0 Jo

which shows (4.1]) holds. The asymptotic smoothness property of (H,S(t)) follows from
Theorem [4£.2 O

5.3. Proof of Theorem

Lemmas and show that (H,S(t)) is a gradient dynamical system which, moreover,
is asymptotically smooth. Then the global existence of a global attractor A = M¥“(N) to

problem (|1.1]) follows from Theorem Lemmas and

6. Decay property

In this section, we study the decay property of solution to (1.1) with A = 0.

Proof of Theorem [2.6] Similar to the proof of (3.6]), it follows
(6.1) E(u(t)) > Bo (IVul3 + llul3)

As in (5.1]), we define the modified energy functional as

t
£() ::;||ut(t)\|§+;HVu(t)H%—i-g/tT/Qe"(st)ug(s) dads+ [ FC.uft) da.

Now we consider the functions

(6.2) go(t):/ﬂu(t)ut(t) dx.
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Similarly, there exists a constant Co > 0 such that

(6.3) |E(t) — E(t)] < eC&(t), Vt>0,e>0.
Now we show that there exists a constant 7 > 0 such that

(6.4) EL(t) < —e&(t), VYt>0, Vee (0,&].

Indeed, taking derivative of (6.2)), using the equation in (|I.1)), adding and subtracting £(¢)

into the expression, we obtain

P(1) = ~£(0) + 2 2 — 5 IVl — g (e w) — et — 7), )

+ [ - fe dx+§/”/ () dads.

From (12.7)), we have
[FCw = ez <o,
Q

Hence, as in the proof of Lemma for any 6 > 0, we see that
3 m L Opr  Ousl
‘(1) < —E(t -
¢ <60+ (5+458) Il - (5 - o - 22 v

t
+ ‘Z? ul(t — 1) dr + g /t /Q 5002 (s) dads.

Once the positive constants o and £ being fixed such that (5.4)—(5.6) are satisfied.

Here we denote the positive constants Cs, Cy by

|2l § |2l §
Cs=" —mty —Ci=T — 5

Moreover, noticing the estimate £’'(t) in (5.3)), we have

3, m L opr 0 |psl
v < —e6(0) - [Ca—e (34 2l — (5 - 22 - 22 o

- C’4—€M / (t—T)d{L‘—O'—E/ /08'5)2 ) dzxds.
46 t—1

then we choose 1 < o sufficiently small such that C5 —e; (% + %) > 0 and Cy —5% > 0.
This ends the proof of (6.4).
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Now let us put g9 = min {1/(2C2),e1}, for all € < g, follows from (6.3))

1
(65) SE() < £(1) < SE00).
Combining (6.4) and (6.5, we obtain
(6.6) E(t) < 36(0)e" 3!, t>0.
This finishes the proof of Theorem [2.6| with k = 2¢/3 and K = 3£(0). O
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