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The Dual Log-Brunn-Minkowski Inequalities

Wei Wang* and Lijuan Liu

Abstract. In this article, we establish the dual log-Brunn-Minkowski inequality and
the dual log-Minkowski inequality. Moreover, the equivalence between the dual log-
Brunn-Minkowski inequality and the dual log-Minkowski inequality is demonstrated.

1. Introduction

As a cornerstone of the Brunn-Minkowski theory, the classical Brunn-Minkowski inequality
provides a beautiful and powerful apparatus for conquering all sorts of geometrical prob-
lems involving metric quantities such as volumes, surface area, and mean width (see [3]).

The classical Brunn-Minkowski inequality states that for convex bodies K and L in
Euclidean n-space, R", the volume of the bodies and their Minkowski sum K + L =
{r+y:2 € K,y € L}, are related by

3=

V(K + L)w > V(K)% + V(L)

with equality if and only if K and L are homothetic.

The Brunn-Minkowski inequality exposes the crucial log-concavity property of the
volume functional because the Brunn-Minkowski inequality has an equivalent formulations:
for 0 < A\ <1,

(1.1) V((1—=NK +AL) > V(K)' V(L)

and for 0 < A < 1, there is equality if and only if K and L are translates.
In the early 1960s, Fiery [2] defined the Minkowski-Fiery L,-combinations (or simply

L,-Minkowski combinations) of convex bodies. If K and L be two convex bodies that
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contain the origin in their interiors, p > 1, and 0 < A < 1, then the L,-Minkowski
combinations, (1 — ) - K 4+, A - L, is defined by

where z - u denotes the standard inner product of z and u in R", and hg is the support

3=

(12) 1-XN-K+,x-L= () {x ER™:z-u < ((1— Nhg(u)? + (Nhg(u)P)

ueSn—1

function of K.

Fiery also established the L,-Brunn-Minkowski inequality. If p > 1, then
V(1= NK +,A\L) > V(K)' V(L)

with equality for 0 < A < 1 if and only if K = L.

Note that definition (I.2)) makes sense for all p > 0. The function ((1 — A)h%- + )\hﬁ)%
is convex if p > 1. Whereas the function ((1 — A)h%. + )\h%)% is not convex if 0 < p < 1.
The limit of (1 — A)h%. + ARE)? is AL B2, as p — 07

Recently, Boroczky et al. [1] defined the log Minkowski combination of convex bodies.
Let K and L be two convex bodies that contain the origin in their interiors, and 0 < A < 1,
then the log Minkowski combination, (1 — \) - K 4+ A - L, is defined by

(1.3) (1-XN-K+4+oA-L= m {mER”:x-uShK(u)l_)‘hL(u)A}.

ueSn—1

It is obviously that the convex body (1 —\)- K 4+ A - L is the Wolff shape of the function
hK(u)lf/\hL(u))‘.
Boroczky et al. [1] established the log-Brunn-Minkowski inequality and log-Minkowski

inequality for origin-symmetric convex bodies in the plane as follows.

Theorem 1.1. If K and L are two origin-symmetric convex bodies in R?, then for 0 <
A<,

(1.4) V(1 =X -K+4oA-L)>V(K)AV(D)N

When 0 < A < 1, equality in the inequality holds if and only if K and L are dilates or K

and L are parallelograms with parallel sides.

Theorem 1.2. If K and L are two origin-symmetric convex bodies in R?, then

hr(u) — 1 V(L)
(1.5) /S1 log (hK(u)> dV g (u) > Elog m,

with equality if and only if, K and L are dilates or K and L are parallelograms with parallel

sides. Here Vi is the cone-volume probability measure of K.
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Unfortunately, the log-Brunn-Minkowski inequality cannot hold for all convex
bodies (e.g., an origin-centered cube and one of its translates). From the arithmetic-
geometric mean inequality, it is easily seen that the log-Brunn-Minkowski inequality
is stronger than the Brunn-Minkowski inequality for origin-symmetric convex bodies.
For n > 3, Boroczky et al. [1] conjectured that there exists the log-Brunn-Minkowski
inequality and log-Minkowski inequality for origin-symmetric convex bodies in R™, and

showed that these two inequalities are equivalent.

Conjecture 1.3. If K and L are two origin-symmetric convez bodies in R™ (n > 3), then
for0 < A <1,

(1.6) V((1=XN-K4oX-L)>V(K)"AV(LD)N

Conjecture 1.4. If K and L are two origin-symmetric convez bodies in R™ (n > 3), then
hr(u)\ — 1 V(L)
1. 1 d > —log ——~.
0D fo s (cay) 47> e
The dual Brunn-Minkowski theory, was introduced by Lutwak |7] in the 1970s, helped

achieving a major breakthrough in solving the Busemann-Petty problem in 1990s. In

contrast to the Brunn-Minkowski theory, in the dual theory, convex bodies are replaced
by star bodies, Minkowski sum replaced by radial sum, and mixed volumes are replaced
by dual mixed volumes.

Let K and L be two star bodies about the origin in R”. For p # 0 and 0 < A < 1,
Gardner [4] defined the L, radial sum (1 — \) - K+,\- L by

Pa-ny xiar WP = (1= Xpr ()P + Aor(w)P,  Yue S"

Note that

log(1 — A)pl, + Aol

p—0 D

e )y log p + Aply log pr,
p—0 (1= N)phe + Aol

=(1—=MN)logpr + Aogpr.

Let K and L be two star bodies in R™ and 0 < A < 1, then the log radial sum,
(1)) - K49\ - L, is defined by

(1.8) p(l—A)-KI—O)vL(u) = PK(U)I_APL(U)Aa Vue st

In particular, if A = 0, then (1 —\)- K+o\-L = K. If A\ =1, then (1—\)- K+o\-L = L.
The main purpose of this paper is to establish the dual forms of the log-Brunn-
Minkowski inequality (|1.6)) and the log-Minkowski inequality (|1.7) as follows.
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Theorem 1.5. If K and L are two star bodies in R™, then for 0 < A <1,
(1.9) V((1 =\ -KFor-L) < V(K)AV(L)N
When 0 < A < 1, equality in the inequality holds if and only if K and L are dilates.

Theorem 1.6. If K and L are two star bodies in R™, then

pr(u)\ = 1, V()
(1.10) [ ow (240 et < om0,

with equality if and only if K and L are dilates. Here ‘N/K is the dual cone-volume probability

measure of K (see Section for a precise definition).

2. Notation and background material

For general reference for the theory of convex (star) bodies the reader may wish to consult
the books of Gardner [4], Gruber [5], and Schneider [9).

The unit ball and its surface in R” are denoted by B and S™ !, respectively. We write
V(K) for the volume of the compact set K in R™. The radial function px: S"~1 — [0, 00)
of a compact star-shaped about the origin, K € R", is defined, for u € S*~!, by

(2.1) pr(u) =max{A\>0:\ue K}.

If px(+) is positive and continuous, then K is called a star body about the origin. The
set of star bodies about the origin in R" is denoted by S&™. Obviously, for K, L € §",

(2.2) KCL < pg(u) <pr(u), VueS" L

If prc(u)/pr(u) is independent of u € S"~!, then we say star bodies K and L are dilates.
If s > 0, we have

(2.3) psic(u) = spg(u), forall u e §" 1.
If ¢ € GL(n), we have
(2.4) porc(u) = prc (¢~ tu), for allu € S"~1.

The radial Hausdorfl metric between the star bodies K and L is

O(K, L) = max |px(u) = pr(u)|.

ueSn—

A sequence {K;} of star bodies is said to be convergent to K if

0(K;, K) =0, asi— oo.
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Therefore, a sequence of star bodies K; converges to K if and only if the sequence of radial
function p(Kj,-) converges uniformly to p(K, ).

Let K and L be are two star bodies about the origin in R and 0 < A\ < 1. The radial
sum (1 — \)K+AL was defined by (see [7])

(2.5) Pk (W) =1 = Npr(u) + App(u), Vue sn-t,

The dual quermassintegral /V[Z(K ) has the following integral representation (see [8]):

(2.6) WiK) = © /S prela) S (),

n

where S is the Lebesgue measure on S”~!. In particular, WO(K ) = V(K). The dual

mixed quermassintegral Wl(K , L) has the following integral representation (see [8]):

(2.7) W) =~ [ ol pulw) astw).

n

By using the Minkowski’s integral inequality, we can obtain the dual Minkowski inequality

for dual mixed quermassintegrals: If K, L € S, and 0 <7 <n — 1, then
(2.8) Wi(K, L) < W;(K)" " "Wi(L),

equality holds if and only if K and L are dilates.
Suppose that p is a probability measure on a space X and g: X — I C R is a pu-
intergrable function, where I is a possibly infinite interval. Jessen’s inequality states that

if ¢: X — I C R is a concave function, then

(2.9) [ staenante) <o ([ st duta))

If ¢ is strictly concave, equality holds if and only if g(z) is a constant for p-almost all
x € X (see [6]).

3. Main results
Lemma 3.1. Let K,L € 8" and 0 < X <1, then (1 —\) - K+o\- L € S".

Proof. Since pg(-) and pr(-) are positive and continuous on S™~!, the function px(-)!=*-

pr(-)* is positive and continuous on S™1. O
Lemma 3.2. Let K,L € 8" and 0 < XA < 1. Then for A € GL(n),

A((1—=XN)-K¥o\-L)=(1—-)\)- AKTo\- AL.
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Proof. For u € 8", by (1.8) and (2.4)), we have

1 A

p(l—/\)~AK-T-0)\'AL(u) = pax (1) *par(u)
= (A1) A pp (A7 )
= p(l—/\)~K-T-0)\~L(A_1u)
= PA((1-n)-KTorL) (1)- ]

Lemma 3.3. Let K;, L; € S" and 0 < A< 1. If K; - K e S8", L;—> L eS8, asi— 0o,
then
(1—)\)KZ—T—0>\L1—)(1—>\)K—T—0>\L, as v — 00.

Proof. For u € S"~!, by the continuity of the power function, we have

Lim poy ) e Fonr, () = T pr, (u)' Aoz, ()
= prc(w)' A pr(u)
= P(1_>\)-K$0,\.L(“)- O

Lemma 3.4. Let K, L € 8" and 0 < \; < 1. If \; > A €[0,1], as i — oo, then
(1—=X)-KFo\i-L—(1—=X\)-K¥oA-L, asi— oc.

Proof. For u € S !, by the continuity of the exponential function, we have

m Ai
im p ~ T or(u
Zgoo (1=2) K401 (u) = ihm pK(u) < (( ))>

= ) (220"

= Pa-n)-KTor1(1): O

Lemma 3.5. Let K,L € 8™ and 0 < XA <1, then
(1—XN-KF¥oA-LC(1-X)-K¥X-L,
with equality if and only if K = L.
Proof. For u € S"~!, by the arithmetic-geometric mean inequality and , we have
Pa-x)-KForL (W) = prc(u) " pr(u)*
(3.1) < (1 = A)pk (u) + ApL(u)

= p(1—>\)~K—T—/\~L(U)-

From the equality conditions of the arithmetic-geometric mean inequality, equality in

inequality (3.1)) holds if and only if K = L. Combining (3.1)) and (2.2)), we obtain the
desired result. ]
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In fact, we will prove the following dual log-Brunn-Minkowski inequality which is more
general than Theorem

Theorem 3.6. If K and L are two star bodies in R™ and 0 < A < 1, then for 0 <1i <n,
(32) Wi((1 =) - KFoh - L) < Wi(K)' A Wi(L)N

When 0 < X < 1, equality in the inequality holds if and only if K and L are dilates.
Proof. By and Holder’s inequality, we obtain that

Wi((1=X)-K¥oA-L) = / pa-xykxTanw)" " dS(u)

Sn—l
n—i

= [ (@ ow?)" st

< </Sn1 pr(u)™™" alS(U)>1_A </Sn1 pr(u)"™! dS(U))/\

= W;i(K)' ™ Wi(L)N.

When 0 < A < 1, by the equality conditions of Holder’s inequality, equality in (3.3))

holds if and only if K and L are dilates. O
For K € 8", we write the measure V; i (-) = Pic Od50) g ce
’ nW;(K)
(3.4) [ i wast) =1
. —_— 1% u u) =1,
an(K) Sn—1 K

we say that the measure 171 i (+) is a dual mixed cone-volume probability measure of K on
S If i = 0, the measure ‘70’ i (+) will be denoted by the dual cone-volume probability

measure, and it will be written simply as Vi (-).
Theorem 3.7. If K and L are two star bodies in R™, and 0 < i < n, then

pr(u)\ = LI Wi(L)
(35) Jo s () e < Wi(K)

with equality if and only if K and L are dilates.

Proof. By (2.9), , and the fact that the logarithmic function log(:) is concave and
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increasing on (0, 00), we obtain

e i) e W/ 10g<5?1?

This gives the desired inequality. Since log(-) is strictly increasing, from the equality
conditions of the dual Minkowski inequality ([2.8), we have that equality in (3.6)) holds if
and only if K and L are dilates. O

Remark 3.8. The case i = 0 of Theorem [B.6] and Theorem [3.7] are Theorem [L.5 and
Theorem respectively.

Lemma 3.9. Let K,L € 8™. Then

Pa-x) K—T—OXL(U) — pr(u)

li - = 1
. 5 peato

uniformly for all u € S?~1.

Proof. For u € S"!, we have

(PL(“) >)\ -1
lim Pa—nKFox (W) — Pr(w) () lim <)
A—0+ A K A—0t A
pr(w) )
= pr(u log< .
wllloe et

Then the pointwise limit has been proved. Moreover, the convergence is uniform for any
ue Sl O]

Lemma 3.10. Let K,L € §". Fori=0,1,...,n—1, then

Wi((1=)) - KFoA- L) = Wi(K)  n—i /S og <pL(u>

li =
vt A n px (u)

)i (wastu).
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Proof. By (12.6) and Lemma it follows that

Wi((1 = 2) - KToh- L) - W(K)
A—0t A

.1 p?liiA)-Kjr AW~ P (u)
=1 — 9 d
)\1)1%)1"" n /Snl )\ S(U))
1 / I p?:x)-l(lo,\.L(”) - P (u) 45 ()
= — im
gn—1 A—0*t A “

n—i n—i—1 . PrIoan(W) — pr(u)
= 1 ds
- /S Pk () lim 3 (u)

et () s :

Theorem 3.11. Let K and L be two star bodies in R™. Then the dual log-Brunn-

Minkowski inequality and the dual log-Minkowski inequality are equivalent.

Proof. Let Qy = (1 — \) - K+o\ - L, it is obviously that Qo = K, Q1 = L. We will first
suppose that we have the dual log-Minkowski inequality (3.5)). For 0 < A < 1, by (3.5)),

we have
-\ AN\
O_/ log <PK(U) pr(u) )d‘/;7Q/\
Sn—1 pQA(U)

= [t (g afianoa [ o (220 ) aic

1-X.  Wi(K) A Wi(L)
< - log — + -log —
ot W@y Tt (@)
1 Wz K 17/\W2‘ L A
L1 TR
n—t Wi(Qx)
This gives the dual log-Brunn-Minkowski inequality (3.2). From the equality conditions
of the dual log-Minkowski inequality (3.5]), we have that equality in (3.2)) holds if and only
if K and L are dilates.
Suppose now that the dual log-Brunn-Minkowski inequality (3.2)) holds. We define the
function f: [0,1] = (0,00) by f(A) = Wi(Qy).
For given o, 7 € [0,1], if @ € [0,1] and o = (1 — A\)o + A7, we have

1-X A
PA-N) Ko Fork, = PEo ()" pK, (u)
1-

(
= (@) 7o (w)?) ™ (pxc(w) T pr(w)7)

1-[(1— )\U+>\T] ( )(1—/\)a+)\7'

A

= px(u)
= prc(u)' % pr(u)®
= PQu-
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Thus,
(3.7) (1-\)-KoFor- K, =(1—0a) K¥oa-L.

From (3.7) and (3.2)), we have

which is the desired log convexity of f. Equivalently, the function A — log /V[Z-(QA) is a

convex function, and thus

1 dW;(Qy)
Wi(Qo) A lx=o
Combining (3.8) and Lemma we obtain the dual log-Minkowski inequality. From

the equality conditions of the dual log-Brunn-Minkowski inequality (3.2]), we have that
equality in (3.5)) holds if and only if K and L are dilates. O

(3.8) < log Wi(Ql) —log Wi(Qo) = log WZ(L) —log WZ(K)
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