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ON THE SHARP DISTORTION THEOREMS FOR A SUBCLASS OF
STARLIKE MAPPINGS IN SEVERAL COMPLEX VARIABLES

Xiaosong Liu* and Taishun Liu

Abstract. In this article, we first establish the sharp distortion theorems of the
Fréchet derivative for a subclass of starlike mappings on the unit ball of complex
Banach spaces and the bounded starlike circular domain in C™. Meanwhile, we
also obtain the sharp distortion theorems of the Jacobi determinant for a subclass
of starlike mappings on the bounded starlike circular domain in C™. Our derived
conclusions are the generalizations of some known results in several complex
variables and the classical results in one complex variable.

1. INTRODUCTION

In the theory of univalent functions, there is a classical and well-known theorem
as follows.

Theorem A. [6]. If f is a normalized biholomorphic function on the unit disk U

in C, then
1-— ‘Z‘ /
—— = <|f(2)| <
(1+[2))

1+ |z|
1= \z\)S’Z eU.

However, Cartan[2] pointed out that Theorem A is fail by providing a counter exam-
ple, and he proposed that people should study the geometric properties for the subclasses
of biholomorphic mappings, such as normalized biholomorphic starlike mappings and
normalized biholomorphic convex mappings.

In several complex variables, the results concerning the distortion theorems for
convex mappings are the best. For example, the estimates of the Jacobi determinant
for convex mappings defined on the Euclidean unit ball in C? were first established
due to Barnard, FitzGerald and Gong [1] in 1994, and consequently Liu and Zhang
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[13] obtained a general version of the above result. As to the distortion theorem of
the Frechet derivative for convex mappings, Gong, Wang and Yu [5] first established
the corresponding estimates for convex mappings, after that Gong and Liu [4], Liu
and Zhang [14], Zhu and Liu [19], Chu, Hamada, Honda and Kohr [3] established
various versions of the distortion theorem for convex mappings on different unit balls
in complex Banach spaces. Hamada and Kohr [8] obtained the stronger upper bounds
estimate of the distortion theorem for convex mappings on the unit ball of a complex
Hilbert space. In contrast to the distortion theorems for convex mappings, the corre-
sponding results of starlike mappings are rather few until now. There is not any work
on this topic except the distortion theorem for starlike mappings on the unit polydisk
along a unit direction was given by Liu, Wang and Lu [12]. At present, more and more
people see that the problems concerning the distortion theorem for starlike mappings
are extreme difficult. A natural question arouse us to pay attention to whether the
distortion theorem for starlike mappings under restricted conditions holds or not. Our
answer is affirmative. That is to say, we establish the sharp distortion theorems of the
Fréchet derivative and the Jacobi determinant for a subclass of starlike mappings in
several complex variables.

Let X be a complex Banach space with the norm || . ||, X* be the dual space of
X, B be the open unit ball in X, and U be the Euclidean open unit disk in C. Also,
let U™ be the open unit polydisk in C", and let N be the set of all positive integers.
We denote by U™ the boundary of U", and 9,U™ the distinguished boundary of U™.
Let the symbol ' mean transpose. For each x € X\{0}, we define

T(x) ={Te € X" ¢ |Tull= 1, Tu() =l }-

By the Hahn-Banach theorem, T'(x) is nonempty.
Let H(B) be the set of all holomorphic mappings from B into X. We know that
if f e H(B), then

o0

Flo) =32 D" @) (o)),

n=0

for all y in some neighborhood of = € B, where D™ f(x) is the nth-Fréchet derivative
of f at z, and for n > 1,

D" f(x)((y—2)") =D"f(z)(y —x,-- ,y—=).

~~
n

Furthermore, D" f(x) is a bounded symmetric n-linear mapping from [[7_, X into X.

We say that a holomorphic mapping f : B — X is biholomorphic if the inverse
f~1 exists and is holomorphic on the open set f(B). A mapping f € H(B) is said
to be locally biholomorphic if the Fréchet derivative D f(z) has a bounded inverse for
eachz € B. If f : B — X is a holomorphic mapping, then we say that f is normalized



On the Sharp Distortion Theorems for a Subclass of Starlike Mappings 365

if £(0)=0and Df(0) = I, where I represents the identity operator from X into X.
A domain € in C™ is said to be circular if ¢z € Q for any z € Q, and a domain € in
C™ is said to be a complete Reinhardt domain if ({121, &229, -+, &nzn)’ € Q for any
2= (21,20, ,2,) €Q,where & € U(k =1,2,---,n),i=+/—1and @ is a real
number.

We say that a normalized biholomorphic mapping f : B — X is a starlike mapping
if f(B) is a starlike domain with respect to the origin.

Definition 1.1. [9]. Suppose that €2 is a domain (connected open set) in X
which contains 0. It is said that = 0 is a zero of order k of f(x) if f(0) =
0,---,DF1£(0) =0, but D*f(0) # 0, where k € N.

We denote by S*(B) (resp. S*(£2)) the set of all normalized biholomorphic starlike
mappings on B (resp. ), and Sy, (B) (resp. Sj . (£2)) by the set of all normalized
biholomorphic starlike mappings on B (resp. €2) and x = 0 (resp. z = 0) is a zero of
order k + 1 of f(x) —x (resp. f(z) — 2).

In this article, we shall establish the sharp distortion theorems of the Fréchet deriva-
tive for a subclass of starlike mappings on the unit ball of complex Banach spaces and
the bounded starlike circular domain in C™, and the sharp distortion theorems of the
Jacobi determinant for a subclass of starlike mappings on the bounded starlike circular
domain in C™. Our obtained conclusions show that some known results in several
complex variables are extended, and they both reduce to the classical results in one
complex variable.

2. SHARP DISTORTION THEOREMS OF THE FRECHET DERIVATIVE FOR A SUBCLASS OF
STARLIKE MAPPINGS

In order to establish the desired results in this section, it is necessary to give some
lemmas as follows.

Lemma 2.1. [18]. Let f be a normalized locally biholomorphic mapping on B.
Then f € S*(B) if and only if

Re {T:[(Df(x)) " f(2)]} 20,2 € B.

Lemma 2.2. [10]. If F € S;,,(B), then

0L 121 _ ety < I

,xt €B.
Lt flzf® - — B

We now begin to present the following theorems in this section.
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Theorem 2.1. Let f: B— C € H(B), F(x) = xf(x) € S;,(B). Then

2[|(1 — ||]|%)
(14 |||k

]I (1 + J|]1*)

< ||IDF(x)z| < ,
(1= ||+

and the above estimates are sharp.
Proof. Since F'(z) = = f(z), we have
(2.1) DF(z)x = 2f(z) + (Df(z)x)z,z € B.

Also F(x) =z f(x) € S*(B), then we obtain

x x
HHkgSHF@N< H\Ug ’
(1 + [[]|*)* (1 —[l]|*)*
from [10, Theorem 1]. Hence
1
[f(@)] = T
(1 Jl[|*)*
This implies that f(z) # 0 for z € B.
Straightforward computation shows that
- f(z)x
2.2 DF(z)]'F(z) = ——2_ _ z€B.
(22) DF@)F@) = 5o s

Note that R e{T,[(DF(x))"'F(z)]} > 0,2 € B\ {0} because of F' € S*(B). There-
fore according to (2.2), it yields that

f(z)+ Df(x)x #0, z € B.
In view of Lemma 2.2, we have

[EZCRIES)
L+ l|*

]l (1 + fl)*)

< |TL[(DF(2) ™ F(a)]] < .

r € B,

On the other hand, by (2.1) and (2.2), we deduce that

DF(z)z=xf(x)+(Df(z)x)r=zf(x) <1—i— DJ{((;)Q:) = (x)TmKDF(‘t;‘;_IF(x)] :
It yields that
[ElCSELD) l2[1 (1 + [|]]*)

) < |IDF(2)a] <

(1 + [|||F) +5 (1 — [|[fe)+



On the Sharp Distortion Theorems for a Subclass of Starlike Mappings 367

from Lemma 2.2 and [10, Theorem 1].
It is easy to verify that

X

Flz)=— 5
« (1= T¥(x))

,x € B

BN

satisfies the condition of Theorem 2.1. A short computation shows that

DF(z)z = <I +

= B.
1— TF(z) T €

QTf_l(x)xTu(.)) x (14 TF(z)
(1-Th@)E  (1-Th(z)H#

Wesetx =ruorzx = e%ru(o <r <1),u € dB. Then itis shown that the estimates
of Theorem 2.1 are sharp. This completes the proof. ]

Corollary 2.1. Let f: B— Ce H(B), F(z) = xf(z) € S*(B). Then
]I (1 = [l=[)

(14 flz]1)?

]I (L + [|=[)

= IR = T e

T € B,

and the above estimates are sharp.
Let ©2 be a bounded starlike circular domain in C™, and its Mikowski functional
p(z) is a C* function except for a lower dimensional manifold in €.

Lemma 2.3. If F' € S;,(€2), then

z —pk z z z k z
=) ’2821 ey (o < LHEE) g

Proof. Fix z € @\ {0}, and denote zy, = Ok Define

D(E) = 28/(;(;) DF(§ZO))§_1F(§ZO)’ e U\{o},
1, £E=0.

Since F' € S*(Q2), similar to that in the proof of [15, the case v = 0 of Lemma 4], we
conclude that p € H(U), p(0) = 1, and Rep(&) > 0,£ € U \ {0}, and £ = 0 is at
least a zero of order k of p(¢) — 1. According to [10, Lemma 3], it follows the desired
result. This completes the proof. ]

Theorem 2.2. Let f: Q — C € H(Q), F(z) = 2f(2) € S}, (€2). Then

p(z)(1 = p*(2))

OEY.AO) .
(14 ph(2))"F7 ’

<p(DF(z)z) < o
< p(DF(2)z) < 1 )L
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and the above estimates are sharp.

Proof. Similar to that in the proof of Theorem 2.1, we obtain

p(2)

292 (DF () "' F(2)

DF(z)z = F(z)

Therefore
P PME) ey < PEAHAED
(1+ pk(2)) 5 T (1 pR(2)) R

from Lemma 2.3 and [15, the case aw = 0 of Theorem 5].
It is not difficult to check that

z

F(z) = ——————5,2€Q
(1= =)
satisfies the condition of Theorem 2.2, where r = sup{|z1| : z = (21,0,---,0)" € Q}.
A direct computation shows that
k—1 k
2 (22 z21 1+ z21
DF(z)z = z > + ) TZQZ (&) 52,2 €S
1 (z2)F)F 1 (z)* I+ 1 (z)* I+
(- (- (-®)Y
Taking z = Ru or z = e%Ru(O < R < 1), where u = (uy,ug, -+ ,u,) € 09,
up = r, and i = y/—1, then the estimates of Theorem 2.2 are sharp. This completes
the proof. m

Taking & = 1 in Theorem 2.2, we have the following corollary.

Corollary 2.2. Let f: Q — Ce H(Q), F(z) = zf(z) € S*(R2). Then

PP _ sy < 2T ()

, 2 €€,
(1 +p(2))? (1-p(2))?
and the above estimates are sharp.
In Lemma 2.4, Theorem 2.3 and Corollary 2.3 as follows, let m;(I =1,2,---,n)

be a non-negative integer, N = my + ms + ---+ m, € N, and m; = 0 mean the
corresponding component in Z and F(Z) is omitted. We denote by Q™ (resp. Q¥)
the bounded complete Reinhardt domain of C™ (I = 1,2,---,n) (resp. C¥). Let
pm,(Z1) (resp. pn(Z) ) be the Minkowski functional of Q™ (resp. Q). U™ (resp.
U™) is denoted by the unit polydisk of C™ (I = 1,2,---,n) (resp. C™).
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Lemma 2.4. Suppose that f; : Q™ — C € H(Q™),l = 1,2,---,n, F(Z) =
(Fi(Z41), Fa(Z2), -+, Fu(Zy)) = (Z1f1(Z4), Zafo(Z2), -+, Znfu(Z, )) = (Zb
Zay-++y Zp) € QN. Then F € S*(QY) ifand only if F} € S*(le) =1 Sy

Proof. By a simple calculation, it yields that
2.3) (DF(2))'F(2) = (DF\(Z1)) ' F1(Z1), (DFy(22)) ' Fa(Za), - -,

' (DFu(Z3)) ™" Ful(Z0))
and
_ 2 %)
24 DF/(Z)) 'F(2) = 1,2,---,n
Therefore
Ipn(Z) 1 - < Ipn(Z) ) filZ)
2.5 2 DF(Z F(Z) = 2 Z
23) oz \PF2)F(Z) ZZ; 0z, ') 1(Z) + Dfi(Z)Z
and
0pm, (Z, _
22220 (1 i 7)) Fi )
(2.6) m
filZy) Opm,(Z1)
_ o\ Z) 7 ) 1=1,2,-- . n
filZ) + Dfi(Z) 2 ; 0z "
from (2.3) and (24), where 225(7) = (220 .. Den(Z)) Qe _ (902,
.,%’gi@>,zz1,2,m,n. Note that
TYLZ
Opn(2)
(27) QTZZZZ ‘z:(O,m,zz,"',O)/

=pn((0,- -+, 2,--+,0))>0,2,#0,l=1,2,---.n

(see the proof of [20, Theorem 2.1]).
On the one hand, in view of (2.5) and (2.7), we deduce that

. < filZ)
1i(Z) + Dfi(Z) 2

if F e Ss*(QY) for Z=(0,---,%,---,0). Hence

)>0,Zlele\{0},l:1,2,~~~,n

Re <2%ﬁ(Dﬂ(Zz))_lﬂ(Zl>)

fi(Z) ) Oy Zz
‘ <fl(Zl) +Dfi(2Z)Z <22 ) >0,

Z e QA {0},1=1,2,-
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This implies that F; € S*(Q™)(l =1,2,---,n) (see [11]).
On the other hand, taking into account (2.6) and (2.7), we also conclude that

filZ))
e <fz(Zl) + Dfi(Z1)Z

if F; € S*(2™). Consequently

)>0,Zlele\{0},l:1,2,~~~,n

Re < 8mv7”(1)1?(2))—11?(2))

oz
8PN ) < filZ) )
= R > 0,
Z < 07, “\hZ)+Df(Z)2
Z e OV \ {0} .
It is shown that F € S*(Q%) (see [11]). This completes the proof. [ ]

Theorem 2.3. Let f; : U™ — Ce H{U™),l=1,2,---,n, F(Z) = (Z1f1(Z1),
Zaf2(Z2), - s Znfn(Zn)) eSk-H(U ). Then

ZI(1 = ||Z|* ZI(1+ | Z||F
1ZIC=1Z1) 2z < NZNA+ 121
(1+[Z|%) & (1—|Z|F) &

and the above estimates are sharp.

Z = <Z17Z27"' 7Zn>/ S UN7

Proof. Let F(Z) = (F\(Z4), Fa(Z2), - -+, F(Z,))'. By a simple computation, we
have
DF(Z)Z = (DF\(Z,)Z1, DFy(Z3)Za, - - - , DFp(Zn) Zy,)'

and
(DF(2))"'F(2)
= (DF\(21)) ' Fi(Z1), (DFy(Z2)) "' Fa(Za), -+, (DFu(Z0)) ™ Fu(Z))'
Therefore it is shown that
FeS*(UNye FResS*(U™),l=1,2,---,n

from Lemma 2.4, and Z; = 0 is at least a zero of order k + 1 of Fj(Z) — Z; for each
I =1,2,---,nif Z =0is a zero of order k + 1 of F(Z) — Z. We easily know

that % is an increasing function on interval [0, 1) with respect to ¢. Also by
1—tk
applying the facts | DF(Z)Z|| = max{HDFl(Zl)ZlH} and

12l (1 — HZzHQ) < IDF(Z) 7| < 12| (1 + 1| Zi*)

2
(L+1Zi|1%) (1= [Zi|1F)

cU™ 1=1,2,-,n
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(the case B = U™ of Theorem 2.1), we see that

k
121+ 121" o yn

IDF(2)Z|| = max {| DF(Z)Zil|} < a1z

and

Zi|I(1 = 1Z;|* Z|(1 - Z|*
IDF(2)2)| > |DFy(2)) 2 > U Z0) 22 oy gy
Lzl % A+ [l2]7) %
here || Zj||;m, (resp. || Z||n) is briefly written as ||Z;|| (resp. || Z]|), and j satisfies
\Z;| = 1Z|| = maX{HZlH} The sharpness of the estimates of Theorem 2.3 is similar

to that in the proof of Theorem 2.2, we only pay attention to the right side equality

of the estimates of Theorem 2.3 holds for Z; = (r,0,---,0)'(0 < r < 1),Z; =

(0,0,---,0)'(l=2,---,n), the details are omitted here. This completes the proof. m
Letting £ = 1 in Theorem 2.3, we directly obtain

Corollary 2.3. Let f; : U™ — Ce HU™),l=1,2,--- ,n, F(Z) = (Z1/1(Z1),
Zofo(Za), -+ s Znfn(Zn))' € S*(UN). Then

1211+ 1121
1 —121)?

1211 — 1121
1+ 121)°

and the above estimates are sharp.

< ||DF(2)Z| < Z=(Zy,Z,-, Zy) €UV,

Theorem 2.4. Suppose that F(z) = (Fi(z), Fa(z),---, Fu(2)) € H(U™), and

z =0 is a zero of order k + 1(k € N) of F(z) — 2. If%eDF((Z))Z >0,z€ U™\ {0},

where j satisfies the condition |z;| = ||z|| = [max |z1], then
1— k
=11 — |2 Hz> < IDF(2)2] < [=[1(1 + ||= 1H+2>726Un’
S (1= [=l1%)"
and the above estimates are sharp.
Proof. Fix z € U™\ {0}, and denote zy = - Let
@8) ni(©) = Ll ez).cc v

Zj
where j satisfies the condition |z;| = ||z|| = max {|z|}. Straightforward computation
Ssn

shows that

Re (WO‘S) e G L AN )

h;(€) Fj(€20)
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from the hypothesis of Theorem 2.4 and (2.8). Hence we deduce that 7; € S*(U), and
¢ =0is at least a zero of order k£ + 1 of h;(§) — &.
On the other hand, we conclude that

€11 — [€]%) A €11 + 1€]*) n

1+ fgpyE = PRI g 0 €20
from [7]. It is obvious to deduce that

€1 — 1€]*)

(2.9) < ‘DF]<§ZO>§Z()‘ < HDF(fZ(ﬁfZ()H, 20 € OU™.

(L+ghye
Taking £ = ||z||, we obtain
T
(2.10) IDF()z) > VA= 120)  cgm
(1+ [l2]F) %
When zo € 9yU", it is shown that

|DE,(£20)€20] < M 1=1,2,---,n

(1= [glk) 7
from (2.9). Noticing that w(z) = DFj(£z)€z is a holomorphic function on U™, in
view of the maximum modulus theorem of holomorphic functions on the unit polydisk,
it yields that

&1+ [¢F n
|DF(£20)€20| < %,zo coU™ 1=1,2,--,n.
This implies that
el + ey "
|DF(€20)€20]| < - ‘§‘k>1+§’20 e U™,

Letting £ = ||z||, we have
A+ 1207
2 .
(1= [l=ll®)t*#
It follows the desired results from (2.10) and (2.11).
We set k£ =1 in Theorem 2.4. It is immediately shown that

Corollary 2.4. Suppose that F(z) = (Fi(z), Fa(z), -+, Fu(2)) € H{U™). If

DF;(2)z n : catisfi it . _
Re ey > 0zeU \ {0}, where j satisfies the condition |z;| = ||z = 2{2’%‘25"

2+ =1
(T ==

(2.12) |DF(z)z] <

then

I =12 p ez <

eU",
(1+ ||2])?
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and the above estimates are sharp.

Remark 2.1. We see that Theorem 2.1 (the case X = C", B = U™) is the special
case of Theorem 2.4, and Theorem 2.3 (the case m; = n,m; = 0,1 = 2,---,n or
m;=1,1=1,2,---,n) is also the special case of Theorem 2.4.

Remark 2.2. In view of Theorems 2.1, 2.2 and 2.3, the forms of distortion
theorems of the Fréchet derivative for a subclass of starlike mappings are similar to
each other. We may pose the following open problem.

Open problem 2.1. If FF € S*(B), then

]I (L + [|=[)

eB
a—Jz? "=

1—
A0l ey <
and the above estimates are sharp.

3. DISTORTION THEOREMS OF THE JACOBI DETERMINANT FOR A
SUBCLASS OF STARLIKE MAPPINGS

In this section, Jr(z) is denoted by the Jacobi matrix of the holomorphic mapping
F(z), and det Jgr(z) is denoted by the Jacobi determinant of the holomorphic mapping
F(z). Also, let B be the unit ball of C™ with arbitrary norm ||.||, and I,, be the unit
matrix of C™. Vectors in C™ are usually written as column vectors in this section.

Suppose that €2 is a bounded starlike circular domain in C", and its Mikowski
functional p(z) is a C* function except for a lower dimensional manifold in .

Theorem 3.1. Let f:Q — Ce H(2), and F(z) = zf(z) € S} ,(€2). Then
1 pM(2)
(14 ph(z) %

and the above estimates are sharp.

< |det Jp(z)] <

Proof. Since F(z) = zf(z), we obtain
Jr(2)z = 2f(2) + (Jf(2)2)z, 2 € Q.

With the same arguments of the proof in Theorem 2.1, it yields that f(z) # 0 for
z €, and
f(2)+Jf(2)z#0, z € B.

A direct calculation shows that

f(2)z

CETCEE

(3.1) [Jp(2)]'F(z) =
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and
h@ﬁﬁvﬂh+4#wwzf@(a+“ﬁz»)
Also
Jy(2)z . o(2)
|det Jp(2)] = | f(2)[" |1+ = £(2)|
f<Z> 2’8/5(;)<<JF<Z>>—1F<Z>>’

from (3.1). Therefore, it is shown that

1 — ok 1 k
) < det Ti(z)] < — 12 @H,zeg
(14 pk(2)) %" (1= pk(2))

from Lemma 2.3 and [15, the case ow = 0 of Theorem 5].
It is easy to verify that

z
F(z) =———5,2€Q
(1- (@)
satisfies the condition of Theorem 3.2, where r = sup{|z1| : z = (21,0, ---,0)" € Q}.

A simple calculation shows that

1 2, (2L)k—1 1’0’...’0
JF<Z>:72 In+ Z<T> Tzl ) ,ZGQ.
(1= (E)h)* 1-=
We set 2 = Ru or z = Re*™u(0 < R < 1), where u = (uy, ug, -, up) € 9L,
up = r, and ¢ = /—1. Then the estimates of Theorem 3.1 are sharp. This completes
the proof. m

When Q = B, p(z) = ||z||, we immediately obtain the following corollary.

Corollary 3.1. Let f: B — C e H(B), and F(z) = zf(z) € S;,(B). Then

1—|l=||®
2n
(1 + =) #*

1+ |2

< |det Jp(2)| € ——————,
(1= =)

)

and the above estimates are sharp.

When k£ = 1, we directly have

Corollary 3.2. Let f:Q — C e H(Q), and F'(z) = zf(z) € S*(2). Then

L-pla) |det Jp(2)| < L+ p(2)

T+ it = ST S
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and the above estimates are sharp.

Remark 3.1. Let

e {F<Z> :Zﬁ (M)M L fi €8 (U)X 20,5 =1,2,-- m,

>
j=1 J

n
Z/\j1,2(21,22,~~~,zn)’eB"}
j=1

and
SS*(B™) ={F(z) =zf(z) e S*(B"): f: B, - Ce H(B")}.

It is apparent to see that
Sy(B") & SS*(B") & S*(B")

from the fact that F'(z) = z + Z DUFOE") ¢ g+(Br) if LLZEON(y, — 93, )

are small enough (see [16]). Therefore Corollary 3.2 is a general version of the
corresponding theorem in [17].

In the following theorems and corollaries, let m;(I = 1,2, - -+, n) be a non-negative
integer, N = mq+mo+- - -+m, € N, and m; = 0 means the corresponding component
in Z and F(Z) are omitted. Q™ (resp. V) is denoted by the bounded complete
Reinhardt domain of C™ (I = 1,2,---,n) (resp. CV). Let p,(Z)) (resp. pn(Z))
be the Minkowski functional of Q™ (resp. QY). We denote by U™ (resp. U™) the
unit polydisk of C™ (I = 1,2,---,n) (resp. CV).

Theorem 3.2. Let f; : Q™ — Ce H(QY™),l=1,2,---,n, F(Z) = (Z1f1(Z1),
Zayfo(Za), -+ s Znfn(Zn)) € Spy 1 (QN). Then

(1-pR(2)" (1 + ok (2))"

<|det Jp(Z)| < Z=(Z1,Zo, -, Zy) €V
(1 - phy(2) %+

Proof. Let F(Z) = (F1(Z1), Fo(Z2), -, F\(Zy,)). According to the hypothesis
of Theorem 3.2, for any Z = (21, Zs,--- , Z,) € Q¥ it yields that

o

JFl <Z1> e 0
0 Jn(Z) - 0
(3.2) Te(Z) = _ %) - .

0 0 ... Jr(Z)
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and
(Jr(Z))"'F(2)
= ((Jr (21)) ' Fi(Z0), (UR(Z2)) T Fa(Za), -+, (TFa(Z0)) " Fa(Z0))
Consequently, we see that

FeS OY) e FKes (Qm),l=1,2,---,n

) )

from Lemma 2.4. It is not difficult to check that —2=t— (resp. — 1" (] =
ey (P T
1,2,---,n) is a decreasing function (resp. increasing function) on interval [0, 1) with

respecttot. Forany Z = (Zy,- -+, 2y, , Z,) € QN, Z, € Q™ 1 =1,2,--- ,n, we
see that pn(Z) > pn((0,---, Z1,--+,0)") = pm,(Z;) from the definitions of pn(Z)
and pm, (Z;). In view of

1—pk, (Z1)
2m 2m
(1+ ply, (Z0) % (1= ply, (20)) %
(the case 2 = Q™ of Theorem 3.1), this implies that
(1-pN(2)" (1+p5(2)"
2N 2N
1+ pR(2) % (1-pi(2)F 7

from (3.2). It follows the result, as desired. This completes the proof. ]
When k& = 1, we immediately obtain

L+ ok (Z1)

S ‘detJFl<Zl>‘ S

, 4 e QM

< |det Jp(2Z)| < Z = (Zv,Za, -, Zy) €QN

Corollary 3.3. Let f; : Q™ — Ce H(Q™),l=1,2,---,n, F(Z) = (Z1/1(Z),
Z2f2<Z2>7 e 7ann<Zn>>/ € S*<QN> Then

(1= pn(2))" (14 pn(2))"
) e et

Z=(Z1, 29, ,Zy,) € QN .

Remark 3.2. We do not know the sharpness of estimates of Theorem 3.2. However,
we obtain the following corollary if 2 = U™. Moreover, the estimates of Corollary 3.4
are sharp.

Corollary 3.4. Let f; : U™ — C € H{U™),l = 1,2,---,n, F(Z) =
(Z1f1(21), Z2f2(Z2), -+ Znfu(Zn))' € Sy (UN). Then

(1| 2]
(14 || Z||F) 5 +n

< |det Jp(Z)]

3.3
(33) (11 2]

O A ks

Z:<Z17Z27"'7ZH>IGUN7
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and the above estimates are sharp.

Proof. Let QV = UN, Q"™ = U™, then (3.3) holds from Theorem 3.2 immedi-
ately. Consider

/
VA VA4 Z,
F(Z): 1 -, 2 2’...’7712 7Z:<Z1,Z2,"',Zn>/€QN,
(1_Z{€1>’“ (1_Z§1>’“ (1_Z£1>’“
Then F satisfies the condition of Corollary 3.4, where Z; = (Zj1, Zj2, - - -, Zim,)’ €
Um l=1,2,---,n. Straightforward computation shows that
Jr (Z1) 0 0
0 Ji, (29 0
Jr(Z) = _ 4 ) _ _ ,
0 0 JF7L<Zn>
where
1+ ZFk
+7l12 0 0
(1 — ZM)E—H
221971 1 0
Jr(Z) = (1—le)%+1 (1—Zlk1)% A=1,2,--,n.
2Z1m, Zn 1
— 0 o g
(1= Zn)k +1 (1—2Zj)k

Taking Z, = (e%r,0,---,0) or (r,0,---,0)(0 < r < 1),i = v/=1,1 =
1,2,---,n, then the estimates of Corollary 3.4 are sharp. This completes the proof. m

) )

Remark 3.3. According to Theorems 3.1, 3.2 and Corollary 3.4, the most likely
form of the sharp distortion theorems of Jacobi determinant for a subclass of starlike
mappings is the same as Corollary 3.4 (thecase m; = 1,1 =1,2,--- ,n, k = 1). Hence
we propose the following open problem.

Open problem 3.1. If F € S*(U"), then

% < |det Jp(z)| <

(£ Jl=[)"

J S L | U"
(1= [l =7

and the above estimates are sharp.
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