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LITTLEWOOD-PALEY CHARACTERIZATIONS OF ANISOTROPIC
HARDY SPACES OF MUSIELAK-ORLICZ TYPE

Baode Li, Xingya Fan and Dachun Yang*

Abstract. Let ¢ : R™ x [0, 00) — [0, 00) be a Musielak-Orlicz function and A
an expansive dilation. Let H%(R™) be the anisotropic Hardy space of Musielak-
Orlicz type defined via the grand maximal function. Its atomic characterization
and some other maximal function characterizations of H¥%(R™), in terms of the
radial, the non-tangential and the tangential maximal functions, are known. In this
article, the authors further obtain their characterizations in terms of the Lusin-area
function, the g-function or the g3-function via first establishing an anisotropic
Peetre’s inequality of Musielak-Orlicz type. Moreover, the range of A in the g3 -
function characterization of H?%(R"™) coincides with the known best conclusions
in the case when H% (R") is the classical Hardy space H?(R™) or the anisotropic
Hardy space H'}(R™) or their weighted variants, where p € (0, 1].

1. INTRODUCTION

Many fields in analysis require the study of specific function spaces. In harmonic
analysis, one soon encounters the Lebesgue spaces, the Hardy spaces, various forms
of the Lipschitz spaces, the space BMO and the Sobolev spaces. From the original
definitions of these spaces, it may not appear that they are very closely related. There
exist, however, various unified approaches to their study, the Littlewood-Paley theory,
which arises naturally from the consideration of the Dirichlet problem, provides one
of the most successful unifying perspectives on these function spaces (see [18] for
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more details). Recall that the classical Hardy spaces defined via the grand maximal
function can also be equivalently characterized via the Littlewood-Paley g-function, the
Lusin-area function or the gy-function (see, for example, [23, 44]).

On the other hand, as a generalization of LP(R"), the Orlicz space was introduced
by Birnbaum and Orlicz in [3] and Orlicz in [40]. Since then, the theory of the Orlicz-
type spaces themselves has been well developed and these spaces have been widely
used in many branches of analysis (see, for example, [2, 25, 36, 29, 39]). Moreover,
as a development of the theory of Orlicz spaces, Orlicz-Hardy spaces and their dual
spaces were studied by Stromberg [42] and Janson [27] on R and Orlicz-Hardy spaces
associated with divergence form elliptic operators by Jiang and Yang [28]. A survey
on the real-variable theory of Orlicz-type function spaces associated with operators is
recently given in [12].

Let A, (R™) with ¢ € [1, oo] denote the classical class of Muckenhoupt weights (see,
for example, [21] or [23] for their definitions and properties) and ¢ be a growth function
(see [30]) which means that ¢ : R™ x [0, 00) — [0, 00) is a Musielak-Orlicz function
such that ¢(x,-) is an Orlicz function uniformly in 2 € R™ and ¢(-, t) is a Muck-
enhoupt A (R™) weight uniformly in ¢ € (0, co). It is known that Musielak-Orlicz
functions naturally generalize Orlicz functions that may vary in the spatial variables
(see, for example, [38, 30, 34, 15]). Recently, Ky [30] introduced a Musielak-Orlicz
Hardy space H¥(R™), via the grand maximal function, and established its atomic
characterization. Moreover, Liang and Yang [35], Hou et al. [24] and Liang et al.
[34] further gave out the dual spaces and some other real-variable characterizations of
H?(R™) in terms of various maximal functions, the Littlewood-Paley g-function, the
Lusin-area function or the gy-function.

Let A be an expansive dilation on R™. Very recently, Li et al. [33] intro-
duced the anisotropic Hardy space H%(R") of Musielak-Orlicz type via the anisotropic
grand maximal function and established its anisotropic atomic characterization. These
Hardy spaces include the classical Hardy spaces of Fefferman-Stein [16], the weighted
anisotropic Hardy spaces of Bownik [8], and the Hardy spaces of Musielak-Orlicz
type of Ky [30], as special cases. Motivated by [34] and [33], in this article, we
further establish some new real-variable characterizations of H%(R") in terms of the
Littlewood-Paley Lusin-area function, the g-function or the g}-function.

Precisely, this article is organized as follows.

In Section 2, we first recall the definitions of the anisotropic Hardy spaces of
Musielak-Orlicz type via the grand maximal function (denoted by HY%(R™)), their
atomic variants (denoted by H%“*(R")), and their variants via the Lusin-area func-
tion (denoted by H{ ,(R")). Then we show H7"*(R") = H{ ,(R") with equivalent
(quasi-)norms by the anisotropic Calderén reproducing formula, which, together with
the known conclusion H7?*(R"™) = H%(R™) (see [33, Theorem 40]), further implies
that H7(R") = H§ 4(R™) with equivalent (quasi-)norms. Here, we point out that,
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since we are working on anisotropic Hardy spaces of Musielak-Orlicz type, when we
decompose a distribution into a sum of atoms, the classical dual method used for esti-
mating the norm of each atom does not work anymore in the present setting. Instead, we
invoke a more subtle estimate, involving rescaling techniques (see (2.22) below). Also,
observe that the method used in this article is different from that used in [24] for the
Lusin-area function characterization of H¥(R"™), which heavily depends on the theory
of tent spaces (mainly, the atomic characterizations of tent spaces) and the molecular
characterization of H¥(R™). The method used in this article avoids tent spaces and the
molecular characterization of H%(R™) and, in the spirit, is more close to the classical
one (see, for example, [13]).

In Section 3, motivated by [34, Theorems 4.4 and 4.8] and via borrowing some ideas
from Folland and Stein [17] and Aguilera and Segovia [1], the anisotropic Littlewood-
Paley g-function and the g}-function characterizations of Hj(R™) are established via
the discrete anisotropic Calder6n reproducing formula (see Lemma 3.2 below), an
anisotropic Peetre’s inequality of Musielak-Orlicz type (see Lemma 3.7 below) and a
Musielak-Orlicz Fefferman-Stein vector-valued inequality (see Lemma 3.6 below). We
point out that this method is different from that used by Liang et al. in the proof of [34,
Theorem 4.4], in which a subtle pointwise upper estimate via the vector-valued Hardy-
Littlewood maximal function (see [34, (4.2)]) was used. However, such a pointwise
upper estimate is still unknown and we do not know whether it holds true or not in the
present setting due to its anisotropic structure. Moreover, the range of A € (2¢/p, o0)
in the anisotropic g}-function characterization of H'(R™) (see Theorem 3.9 below)
coincides with the known best conclusions in the case when H 7 (R™) is the classical
Hardy space HP(IR™), the anisotropic Hardy space H' (R") or their weighted variants,
where p € (0, 1] (see [34, p.414] for more details and related references therein).

Finally, we make some conventions on notation. Let N := {1, 2, ...} and Z; :=
{0}UN. Denote by S(R") the space of all Schwartz functions and S'(R™) its dual space
(namely, the space of all tempered distributions). For any o := («,...,ap) € 27,
let |a| ;== a1 + -+ a, and 0% := (8%1)0‘1 e (%ﬂ)o‘". Throughout the whole paper,
we denote by C' a positive constant which is independent of the main parameters, but
it may vary from line to line. The symbol D < F means that D < CF. If D < F and
F < D, we then write D ~ F. We also use Cla,,...) to denote a positive constant
depending on the parameters «, 3, .... If E is a subset of R", we denote by xg its
characteristic function. For any a € R, |a| denotes the maximal integer not larger
than a.

2. THE LUSIN-AREA FUNCTION CHARACTERIZATION OF H % (R™)

In this section, we first recall the notion of the anisotropic Hardy spaces of Musielak-
Orlicz type via the grand maximal function from [33], and then establish their charac-
terization in terms of the anisotropic Lusin-area function.
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We begin with some notation on Orlicz functions; see, for example, [30]. A
function ¢ : [0,00) — [0, 00) is called an Orlicz function, if it is nondecreasing and
#(0) =0, ¢(t) > 0if t > 0 and limy_,~, ¢(t) = co. Observe that, different from the
classical Orlicz functions which are convex, the Orlicz functions in this article may
not be convex. An Orlicz function ¢ is said to be of lower (resp., upper) type p with
p € (—00,00), if there exists a positive constant C' such that, for all ¢ € [0, co) and
s €(0,1) (resp., s € [1,00)),

p(st) < CsPo(t).

Given a function ¢ : R"™ x [0,00) — [0, 00) such that, for any z € R", o(z, )
is an Orlicz function, ¢ is said to be of uniformly lower (resp., upper) type p with
p € (—o0, 00), if there exists a positive constant C' such that, for all z € R™, ¢ € [0, o0)
and s € (0, 1) (resp., s € [1, x)),

ol,st) < Csola, 1),
Let
(2.1)  i(p) :=sup{p € (—o0,0) : ¢ is of uniformly lower type p}

denote the uniformly critical lower type of the function . Recall that i() may not
be attainable; namely, ¢ may not be of uniformly lower type i(y); see, for example,
[34] for some examples.

Now we recall the notion of expansive dilations on R"; see [4]. A real n xn matrix
A'is called an expansive dilation, shortly a dilation, if minyc,(4) [A| > 1, where o(A)
denotes the set of all eigenvalues of A. Let A_ and A4 be two positive numbers such
that

1< Ao <min{|A|: A€0o(4)} <max{|\|: A€ o(A)} < A;.
In the case when A is diagonalizable over C, we can even take
A :=min{|A|: A€ o(A)}

and \; := max{|A| : A € o(A4)}. Otherwise, we need to choose them sufficiently
close to these equalities according to what we need in our arguments.

It was proved in [4, Lemma 2.2] that, for a given dilation A, there exist an open
ellipsoid A and r € (1, oo) such that A C rA C AA, and one can and do additionally
assume that |A| = 1, where |A| denotes the n-dimensional Lebesgue measure of the set
A. Let By := AFA for k € Z. Then By, is open, By, C 7By C By, and |By| = b,
here and hereafter, b := | det A|. Throughout the whole paper, let o be the minimum
integer such that v > 2 and, for any subset £ of R", let EC .= Rn \ E. Then, for all
k, 7 € Z with k < j, it holds true that

(2.2) B + Bj - Bj+0’7

(2.3) By, + (Brio)® < (By)E,
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where E + F' denotes the algebraic sum {x +y: =z € E, y € F'} of sets E, F C R™.

Definition 2.1. A guasi-norm, associated with an expansive matrix A, is a Borel
measurable mapping p4 : R” — [0, 00), for simplicity, denoted by p, satisfying

(i) p(z) > 0 for all z € R"™\ {0,}, here and hereafter, {0,,} := (0, ..., 0);
(ii) p(Az) = bp(x) for all z € R", where, as above, b := | det A|;

(iii) p(z +vy) < H [p(x) + p(y)] for all z, y € R™, where H € [1, oo) is a constant
independent of = and y.

In the standard dyadic case A := 21,,xy, p(x) := |z|™ for all z € R™ is an example
of homogeneous quasi-norms associated with A, here and hereafter, | - | always denotes
the Euclidean norm in R™ and I,,,, the n X n unit matrix.

It was proved, in [4, Lemma 2.4], that all homogeneous quasi-norms associated
with a given dilation A are equivalent. Therefore, for a given expansive dilation A,
in what follows, for convenience, we always use the step homogeneous quasi-norm p
defined by setting, for all x € R”,

p(x) = ZkaBk+1\Bk (z)if  #0, orelse p(0,):=0.
keZ

By (2.2) and (2.3), we know that, for all x, y € R",
p(z+y) < b7 (max{p(z), p(y)}) < b7 [p(z) + p(y)];

see [4, p.8]. Moreover, (R™, p, dx) is a space of homogeneous type in the sense of
Coifman and Weiss [14], where dx denotes the n-dimensional Lebesgue measure.

Definition 2.2. Let p € [1, 00). A function ¢ : R" x [0, 00) — [0, 00) is said to
satisfy the uniform anisotropic Muckenhoupt condition A,(A), denoted by ¢ € A,(A),
if there exists a positive constant C' such that, for all ¢ € (0, co), when p € (1, 00),

p—1
s (o [ gty (ot [ e <c
zE€R" kEZ 4By 4By

and, when p = 1,

sup sup {07 [ty esssup o 0] < .
z€ER™ keZ z+ By yEx+By

The minimal constant C' as above is denoted by C,, A 5, )-
Define Aoo(A) 1= Ui <pcoo Ap(A4) and, for any ¢ € Ax(A),

(2.4) q(p) :=1inf{g € [1, 00) : @ € Ag(A)}.
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If ¢ € Ax(A) is independent of ¢ € [0, c0), then ¢ is just an anisotropic
Muckenhoupt A, (A) weight in [7]. Obviously, ¢(¢) € [1,00). Moreover, it is
known (see [33]) that, if g(¢) € (1,00), then v ¢ A, y(A) and there exists a
# € (Ny>1h4(A4)) \ Ar(A) such that () — 1.

Now, we recall the notion of anisotropic growth functions from [33].

Definition 2.3. A function ¢ : R" x [0,00) — [0,00) is called an anisotropic
growth function if
(i) The function ¢ is a Musielak-Orlicz function, that is,
(a) the function ¢(x,-) : [0, 00) — [0, 00) is an Orlicz function for all z € R",
(b) the function (-, t) is a Lebesgue measurable function for all ¢ € [0, c0);
(ii) the function ¢ belongs to A (A);
(iii) the function ¢ is of uniformly lower type p for some p € (0, 1] and of uniformly
upper type 1.

Given a growth function ¢, let

2.5) m(p) = H‘?(@ - 1] lnl(nAb_)J ’

where i(¢) and ¢(y) are, respectively, as in (2.1) and (2.4). Clearly,
(2.6) oz, t) :=w(x)®(t) for all z € R" and t€ [0, o0)

is an anisotropic growth function if w is a classical or an anisotropic A, Muckenhoupt
weight (see, for example, [7]) and ® of lower type p for some p € (0, 1] and of upper
type 1. More examples of growth functions can be found in [31, 32, 30, 34].

Remark 2.4. By [33, Lemma 11] (see also [30, Lemma 4.1]), without loss of
generality, we may always assume that an anisotropic growth function ¢ is of uniformly
lower type p for some p € (0, 1] and of uniformly upper type 1 such that p(z, -) is
continuous and strictly increasing for all given z € R™.

Recall that the Musielak-Orlicz-type space L¥(R™) is defined as the set of all
measurable functions f such that, for some A € (0, c0),

/R"SD(H?, |f(2)]/A) de < oo

with the Luxembourg (or called the Luxembourg-Nakano) (quasi-)norm

oy s=int fre 0.00): [ oo i@l dar< 1.
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In what follows, we denote by S(R") the set of all Schwartz functions on R™ and
by §'(R™) its topological dual space. For m € N, let

2R |a|<m+1

Sn(R") := {¢ e S(R"): sup [1+ p(x)]™20%(x)| < 1} .

In what follows, for ¢ € S(R™), k € Z and = € R™, let ¢y (z) := b*¢(AFx).
For f € §'(R™), the non-tangential grand maximal function f}, of f is defined by
setting, for all x € R",

fal@)= swp  sup [fxor(y)]
¢€S77L(R") kEZ7y€l’+B}g

If m := m(yp), we then write f* instead of f. The following anisotropic Hardy
spaces H” ,(R") of Musielak-Orlicz type were introduced by Li et al. in [33].

Definition 2.5. For any m € N and anisotropic growth function ¢, the anisotropic
Hardy space H}, ,(R™) of Musielak-Orlicz type is defined as the set of all f € S'(R")
such that f7, € L?(R") with the (quasi-)norm || fllze  (mny = [lf;llLe@n). When

m:=m(y), H 4(R™) is denoted simply by H 7 (R").

Remark 2.6. By [33, Theorems 33, 40], we know that, if m > m(yp), then the
Musielak-Orlicz Hardy H,, ,(R™) is independent of m; see Lemma 2.13 below.

Observe that, when A := 21, and ¢ is as in (2.6) with a Muckenhoupt weight w
and an Orlicz function ®, the above Hardy spaces H7(R") are just weighted Hardy-
Orlicz spaces which include classical Hardy-Orlicz spaces of Janson [26] (w = 1 in
this context) and classical weighted Hardy spaces of Garcia-Cuerva [19] as well as
Stromberg and Torchinsky [43] (®(¢) := t? for all t € [0, co) in this context); see also
[37, 10, 20]. When ¢ is as in (2.6) with ®(¢) := P for all ¢ € [0, c0), the above Hardy
spaces H 7 (R™) become weighted anisotropic Hardy spaces (see [8]).

Recall that a distribution f € S’(R™) is said to vanish weakly at infinity if, for any
¢ € SR™), f*¢p — 0inS'(R") as k — —oo. Denote by S{(R") the set of all
f € §'(R™) vanishing weakly at infinity.

Definition 2.7. Let ¢ € S(R™) such that, for all multi-indices « satisfying |a| <
m(p), [pn¥(x)z*dx = 0, where m(yp) is as in (2.5). For f € S'(R") and X\ €
(0, 00), the Littlewood-Paley anisotropic Lusin-area function S(f), the g-function
g(f) and the gi-function gi(f) of f, associated to v, are defined, respectively, by
setting, for all x € R",

@.7) S(f)(x) == {Z b /

k‘EZ $+Bk

1/2
| f w—k(y)\Qdy} :
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1/2
(2.8) 9(f)(x) := {Z\wk*f(w)\Q}

keZ

and

" N 1/2
[m] \f*d’—k(y)\Qdy} :

G5(N)(x) = {Zb—’f /

keZ Rn

The anisotropic Musielak-Orlicz Hardy space HY, ,(R™) is defined as the set of all
f € S)(R™) such that

HfHHgA(R") = ISl Le@ny < oo
Similarly, the anisotropic Musielak-Orlicz Hardy space H} ,(R") or H;?, 4(R™) can
also be defined with S(f) replaced, respectively, by g(f) or gx(f).
The main result of this section is the following theorem.
Theorem 2.8. Let ¢ be an anisotropic growth function as in Definition 2.3. Then
HE 4(R") = HZ(R")
with equivalent (quasi-)norms.

To show Theorem 2.8, we need the atomic characterization of /7 (R™) from [33]. Let
us begin with the following lemma from [9, Lemma 2.3], which is a slight modification
of [11, Theorem 11].

Lemma 2.9. Let A be a dilation. Then there exists a collection
Q:={Q¥CR": keZ acl}
of open subsets, where 1y, is some index set, such that
(i) |R™\ UaQF| = 0 for each fixed k and Q¥ N Qg =0ifa#p;
(ii) for all a, B, k, £ with £ > k, either Q% N Qg =0orQt c Qg;
(iii) for each (¢, [3) and each k < {, there exists a unique o such that Qg cQk;
)

(iv) there exist some negative integer v and positive integer u such that, for all Q*
with k € Z and o € 1y, there exists xgr € Qg satisfying that, for all x € Qg,

zgr + Byk—u C Q'; C  + Byktu-

In what follows, for convenience, we call k the level of the dyadic cube Q% with
k € Z and « € Ty, and denote it by £(Q¥), and call Q of Lemma 2.9 dyadic cubes.
Forany set E C R"and ¢ € (0, 00), let o(E, t) := [, p(z, t)dz.
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Definition 2.10. For any Q € Q and ¢ € [1, o0, let LL(Q) be the set of all
measurable functions f supported in ) such that

[f(@)[%(z, t)dx| < oo, g€l 00),

I /
su
HJ HLJ(Q) : te( O 00) |: (Q’ ) n
72}
HJ HLC"(Q) 00, q=0

It is easy to show that (LL(Q), || - Iz2(q)) is @ Banach space. Next we recall
anisotropic atomic Hardy spaces of Musielak- Orllcz type from [33].

Definition 2.11. Let ¢ be an anisotropic growth function and ¢(y) as in (2.4).

(i) An anisotropic triplet (¢, g, s) is said to be admissible, if ¢ € (q(p), 0] and
s € Z4 such that s > m(p) with m(p) as in (2.5).

(ii) For an admissible anisotropic triplet (¢, ¢, s), a measurable function a is called
an anisotropic (v, q, s)-atom if

(a) a € LE(Q) for some dyadic cube Q € Q;
( ) HaHLq ) < Ixell e gny
¢) Jgnal O‘da: =0 for any |a| <s.

iii For an adm1ss1ble anisotropic triplet (¢, g, s), the anisotropic atomic Hardy space
p
of Musielak-Orlicz type, H''"°(R™), is defined as the set of all distributions
f € S’(R™) which can be represented as a sum of multiples of anisotropic
(¢, ¢, s)-atoms, that is, f = > a; in &'(R"), where a; for j is a multiple of an
anisotropic (¢, ¢, s)-atom supported in the dyadic cube Q);, with the property

e (@ lilizia) <o

Define
. ’ajHLg(Qj)
Ag({a;}) s==inf S A€ (0, 00) 0 > Qp —— ) <1
J

and
£l ges ny = inf S Ag({a;}) : f= a;in S'(R")

where the infimum is taken over all admissible decompositions of f as above.

Remark 2.12. In the definition of (¢, ¢, s)-atoms, if we replace dyadic cubes
by dilated balls B := {x + By : = € R" k € 7}, which coincides with [33,
Definition 30], by Lemma 2.9(iv), we know that both anisotropic atomic Hardy spaces
of Musielak-Orlicz type are the same in the sense of equivalent (quasi-)norms.
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Combining Remark 2.12 and [33, Theorems 33 and 40], we obtain the following
conclusion.

Lemma 2.13. Let (¢, q, s) be admissible as in Definition 2.11. If m > m(yp),
then
HYR") =H"(R™") = H? ,(R")

with equivalent (quasi-)norms.

Proof-  This lemma is just a corollary of [33, Theorems 33 and 40]. Indeed, if
m > m(p) and (¢, g, s) is admissible, by [33, Theorem 33], we have

(2.9) HS™(R") ¢ HYP™ P (R™) € H? ,(R™).
Conversely, if m > m(p), (¢, g, s) is admissible and m, s € Z such that

m > 5 > max{m, s, [q(¢) Inb/[i() In(A-)]]}

with i(¢) and ¢(¢) being, respectively, as in (2.1) and (2.4), then, by Definition 2.7, [33,
Theorem 40] and Definition 2.11, together with Remark 2.12, we find that

H:;7A<Rn> C H;%A<Rn> C Hﬁvq,§<Rn> C Hﬁﬂ’s(Rn),

which, combined with (2.9), implies that the conclusions of Lemma 2.13 and hence
completes its proof. [ |

Then Theorem 2.8 is a direct consequence of Lemma 2.13 and the following theorem.
Theorem 2.14. Let (p, q, s) be admissible as in Definition 2.11. Then
HE 4 (R") = HF*(R)
with equivalent (quasi-)norms.

To show Theorem 2.14, we need several technical lemmas. The following conclusion
comes from [43, pp. 7-8].

Lemma 2.15. Let g € [1, 00) and ¢ € Ay(A). Then there exists a positive constant
C' such that, for all k € Z, t € (0, o0), x € R" and E C x + By,

o(x + By, t)< |z + By |
o(E,t)  ~ |E]4

The following lemma shows that anisotropic (¢, ¢, s)-atoms of Musielak-Orlicz
typeare in HS ,(R™).
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Lemma 2.16. Let (¢, q, s) be admissible as in Definition 2.11. Then there ex-
ists a positive constant C' := C(s@,q,&) such that, for any anisotropic (, q, s)-atom a
associated with some dyadic cube Q,

(2.10) / ¢(z, S(a)(x)) dz < Cp (Q, HaHLg(Q)> :

Proof. We just consider g € (¢(¢), co) with ¢(¢) as in (2.4). The case ¢ = oo is
easier, the details being omitted. Now let us write

oo S(a)(w) di+ [

I‘Q+(BU[(Q)+M+2U)E

[ st s@ayas = [
" 2@+ Bui(@)+ut2s
= I+ 1L

By Lemma 2.15 with ¢ € A, (A) and Lemma 2.9(iv), we conclude that, for any
t € (0, 00),

(P(xQ + Bvé(Q)+u+2aa t) S b2q(u+0)()0(xQ + Bvé(Q)—ua t) S (P(Qa t)'

From this, Holder’s inequality and the boundedness in LI(R™, (-, t)), uniformly in
t € (0, 00), of the Lusin-area function S with ¢ € A,(A) (see [9, Theorem 3.2]), it
follows that

1< /
TQ+Bye(Q)+ut2o
1

l/q
S 2 Q; allr Q +— / S a)\x qu Z, ||a||r Q d.’L’
( H H q( )> H‘LHLg(Q) { rQ BvZ(Q)+u+2o[ ( >< >] ( H H q( )> }

% [@ (‘”Q + Buu(@)+u+20; HaHL%(Q)ﬂ sy (Q’ ”"’”Li(Q)> '

S(a)(z)
L+ ———=1 ¢ (zllalleq) d=
lallLe (@) ( L“’(Q)>

To estimate II, we claim that, for all j € Z_ and

x €Uj: =2q + (Bue(@)—j—1)+ut20 \ Bofe(@)—ijl+ut2c) -

2.11) S(a)(@) < llall g g b(A-)*+Y,

where s > m(p) with m(y) as in (2.5). Assume the claim holds true for the moment.
Choose ¢ > q(y) and p < i(y) such that b=9tP(\_)(s+1P > 1 (which is possible, since
s > m(¢p)), then, by the claim, v < 0 as in Lemma 2.9(iv), the uniformly lower type p
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of p, Lemma 2.15 with ¢ € A;(A) and Lemma 2.9(iv), we have

s Z/ D7 (2, Jlal g ) da

Z s+1 vjp (xQ + BU[K(Q)—j_1]+u+2U’ Ha’HLg(Q)>
j=1
<o (Q’ HaHLg(Q)> S Ib(A)THIPY T < (Q, ML&(Q)) :
j=1

Combining the estimates for I and II, we know that (2.10) holds true.
Thus, to finish the proof of (2.10), we still need to show the claim (2.11). To this
end, for any = € Uy, let

[s<a><x>]2{ )OS }b’“/HB @ ouly) P dy = Th +Thy.

E>—vl(Q)—u  k<—vl(Q)—u

To estimate II;, observe that, when —k < v¢(Q) + u, since ¢ € S(R™), pick some
N € N to be fixed later, we conclude that, for all y € x + B_g,

o ) £ 8 [ lo(e)o(44y )

1
<bk/ Oy =

Using —k < v4(Q) + u and (2.3), we have

(2.12)

y €+ By C2g+ (Byu@)—jl+urao)’ + Bk C 2 + (Buj(@)—jltusto)"-

By thisand z € zg + Byy()+u, USING (2.3) again, we obtainy — z € (BU[Z(Q)—j]+u>C!
which implies that

(2.13) ply — 2) > pHA@ i+,

Moreover, by Hélder’s inequality and

[/sz, ot ] < %

we see that, forall y € x + B_g,

o1 /Q\a,(z)\dz < [/Q\a(z)\qcp(z, ) dz]%{/Q[cp(z, It dz}

< 09 all 1)

QY
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Hence, by (2.12), (2.13) and (2.14), we find that, forall y €  + B_,

la* é1(y)| < bk—(N—H){k—f—v[é(Q)—j]—l—u}—l—vé(Q)‘ < b—N{k—l—v[é(Q)—j]}HaHLg(Q).

’aHLg(Q)
Therefore, choosing N € N such that 5 > b(\_)**!, we conclude that

I < Z p—2N{k+o[t(Q) =31} HaHig(Q)
k>—vl(Q)—u

<N a2y g S DOl 2

Q)

To estimate IT5, since —k > v¢(Q) +wand a has the vanishing moments up to order
s, by Taylor’s remainder theorem and ¢ € S(R™), we know that there exists some § € @
such that, forall y € x + B_,

|a* ¢r(y)|
/Qa(z> {¢ (Ak(y_z>> S D%(Ako(dy_a:cg)) [Ak(a:Qz)}a} ds

o[ <s
S0 [ Jal)] [45(wq - 2
Q

— Bk

Bl 21618 [1 +p (Ak(y - f))} o dz.

By using A*(z — zg) € By vt(Q)4u- the fact [A™x| < (A-)™ for m < 0 and
x € By (see [8, (2.7)]), and k + v4(Q) + u < 0, we obtain

(2.15) AR (2 — )| S (A)FTHA@e,
Moreover, if v[¢(Q) — j] +u > —k, by (2.3), we have
yeExr+ By C TQ + (BU[Z(Q)—j]+u+20 + B—k>8 Cxzg+ (BU[Z(Q)—j]+u+J>C'

Using this, § € @ C zq + Buyg)+u, By (2.3) again, we further have y — ¢ €
(Buie(@)—j)+w)°, which implies that

p(Ak(y _ f)) > bk—l—v[é(Q)—j]—f—u
and hence

(2.16)  sup[l + p(A¥(y — €))7V < min {1, b—N<k+v[e<Q)—j1+u>} .
£eQ

If o[(Q) — j] +u < —k, since b~ N{k+ull(Q)—il+ul > 1 jtis easy to see that (2.16) still
holds true.
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Write

Il = > DY }b’“/w - dx(y) | dy

—v[l(Q)—jl—u<k<—vl(Q)—u  k<—v[l(Q)—j]—u
= 11271 + 11272.

Choosing N € N such that b > b(A_)**! and applying (2.14), (2.15) and (2.16), we
obtain

. 2
It < 3 [HGHL‘; (@) (A ) D@t (@) =N (i tol(@)—g+u}

—v[0(Q)—j]—u<k<—vl(Q)—u
s+1125v 2
< O 27 |a)2y g,
and

2
oS > [lallgag() D@t i@

kS—U[Z(Q)—j]fU
< O P ol g

~

Combining the estimates of 11, II ; and I, o, we know that (2.11) holds true, which
completes the proof of Lemma 2.16. [ |

Lemma 2.17. Let (¢, q, s) be admissible as in Definition 2.11. Then
HET(R™) € SYR").

Proof.  We show this lemma by borrowing some ideas from the proof of [24,
Lemma 4.14].

For m := m(p) with m(yp) asin (2.5), k € Z, ¢ € S(R™), f € H{(R"), = €
R™ and y € x + By, we have |f * ¢x(z)| < [|¢s,,rn)f"(y). Moreover, noticing
that, for any p € (0, i(y)), ¢ is of uniformly lower type p, then, by the uniformly
lower type p and the uniformly upper type 1 properties of © and the property that
S (2, 19(2)|/ 119 o)) dar = 1 forall g € L#(R™)\, {0} (see [30, Lemma 4.2(i)]),
we conclude that, for all x € R",

min{|f * ¢ (z) [P, | f * or ()|}

S Wollsuunliole + B 1) [ el Dmin{ [ W), ) dy

< 1615, Lo + Be, 1)) / el P )y

18l o+ Bay DI max{lfoge gy 1 lirgn} = 0
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as k — —oo, which implies that f vanishes weakly at infinity. Combining this and
Lemma 2.13, we then complete the proof of Lemma 2.17. ]

Using Lemmas 2.16 and 2.17, with a slight modification on the proof of [30, Theorem
5.1], we have the following conclusion, the details being omitted.

Lemma 2.18. Let (¢, q, s) be admissible as in Definition 2.11. Then H7"*(R™) C
HE (R™) and the inclusion is continuous.

The following Calderdn reproducing formula is just [9, Proposition 2.14]. In what
follows, for any ¢ € L'(R™) and £ € R™, let (&) := [ e 279 (2) da.

Lemma 2.19. Let s € Z4 and A be a dilation on R". Then there exist 0, ¢ €
S(R™) such that
(i) suppf C B,(0n, 1) := {x € R* : p(x) < 1}, Jgn 270(z) dz = 0 for all ~ €
(Z4)™ with |y| < s, and é\(f) >C>0forall{ € {x e R": a < p(x) < b},
where 0 < a < b < 1 are constants;

(i) supp 121\ is compact and bounded away from the origin,
(i) > ez D((AD)IEVA((A)iE) = 1 for all € € R\ {0,}, where A* denotes the
transpose of A.

Then, for all f € So(R™), f =g f*1b;+0; in S'(R™).

The following lemma says that the space LY(R", (-, t)) with ¢t € (0, co) can be
characterized by the Lusin-area function and the Littlewood-Paley g-function, respec-
tively. Moreover, the conclusions of Lemma 2.20 associated to the Lusin-area function
are just [9, Theorem 3.2] in the one parameter case.

Lemma 2.20. Let ¢ € A (A) with g € (q(¢), 00), t € (0, 00) and 0, ¢ be
as in Lemma 2.19. Suppose ¢ := 0 or 1p. Then f € LUR"™, (-, t)) if and only
if f € So(R") and S(f) € LUR", ¢(-, 1)) if and only if | € Sy(R") and g(f) €
LYR™, ¢(-, t)), where S(f) and g(f) are defined, respectively, as in (2.7) and (2.8)
via replacing 1 therein by ¢. Moreover, for all f € LY(R™, (-, 1)), | fllLarnr, o, 1) ~

HS(f)HLq(Rn7¢,(,7t)) ~ \]g(f)\]Lq(R7L7@(.7t)) hold true uniformly for all t € (0, c0),
where the implicit positive constants are independent of f and t.

By a slight and obvious modification on the proof of [9, Theorem 3.2], namely,
replacing two parameters therein by one parameter here, we can show Lemma 2.20, the
details being omitted.

Recall that the anisotropic Hardy-Littlewood maximal function M 4(f) of any lo-
cally integrable function f is defined by setting, for all x € R™,

1
2.17) Maf(@)i= s /B F@) dy.

reB,BeB
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The following Lemma 2.21 is essentially [7, Theorem 2.5], by observing that the
positive constant C' in Lemma 2.21 bellow only depends on n, p, ¢ and the weight

constant C',, 4 », ) Which is uniformon ¢ € (0, oo), the detail being omitted.

Lemma 2.21. Let ¢ € A,(A), p € (1, 00) and q € (1, oo]. Then the anisotropic
Hardy-Littlewood maximal operator M is bounded on LP(R", (-, t)) uniformly
for t € (0, c0) and, moreover, there exists a positive constant C, depending only on
n, p, ¢ and Cy,, A n, ) in Definition 2.2, such that, for all t € (0, c0) and {f;}jen C
Lp(Rn’ @('7 t)))

1/q 1/q
> [IMa(f)) <CID I

JEN jEN
LP(R™, (-, 1)) Lr(R™, (-, 1))

Proof of Theorem 2.14. By Lemma 2.18, we only need to show H¢ ,(R") C
H7%*(R™), which is proved by the following five steps.

Step 1. Decompose f via the Calderén reproducing formula.

Forany k € Zand f € HE ,(R"), letQ := {z € R": S(f)(x) > 2¥} and

Ri:={Q e Q: [@NN|>[Q[/2, [QN1| <|QI/2}.
Then, for each dyadic cube Q € Q, there exists a unique k£ € Z such that Q € Ry. Let
2(Q), v, u be the same as in Lemma 2.9 corresponding to A. For any @ € O, let
Q={(y, m) €R"xR: y € Q, m~vl(Q) +u},

here and hereafter, m ~ v¢(Q) + u always means
(2.18) vl(Q)+u+o<m<oll(Q)—1+u+o,

where o is as in (2.2) and (2.3). Observe that, in the above inequality, v is negative.
Obviously, { @} e o are mutually disjoint and

(2.19) R"xR=|J |J @
keZ QERy,
Let 6 and ¢ be as in Lemma 2.19 and let each 6 have the vanishing moments up to
order s with s > m(¢p).
Forall f € HﬁA(R") and x € R™, by Lemma 2.19, together with the properties
of f € S'(R™) (see [41, p. 23, Theorem 3.13] or [22, Theorem 2.3.20]), and (2.19), we
know that

f@) = S e b(e) = [ frvn0)onle — y) dydo(m)

keZ R xR

- /u Frtom(®)m(z —y)dydo(m) =Y Y eqlz)

rezUqer, @ k€Z QERy,
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hold true in S’(R™), where
(220) o) = [ om(@)mls —y) dydo(m),
Q

and o(m) is the counting measure on R.

Let {Qi}g be the set of all maximal dyadic cubes in R,. For any @ in Ry, by
Lemma 2.9(ii), there exists a unique maximal dyadic cube Qi such that Q C Qi. Then
we further have f =3, _, >, af in S'(R™), where

(2.21) a = Y e
QCQf, QERy

Step 2. Prove HfHHﬁ’q’S(R") S HfHHgA(R")'

First, we need a subtle estimate as follows.

Let G be any set of dyadic cubes in R™ and eg as in (2.20) for all @ € G. Then we
claim that, for all z € R™,

(2.22) {S (Z €Q> (fﬂ)} <D [Malegx) (@),

Qeg Qeg

where

cqQ = {/@ |- * f(y)* dy %}W.

Indeed, we can show the above claim by borrowing some ideas from [9, Lemma 4.7]. For
any Q € Q, let Q' :=cq + B[¢(@)—1]+u+20- BY repeating the proof of [9, Lemma 4.7,
pp. 412-413] via replacing two parameters therein by one parameter here, we conclude

that
(5

N Z (cQ)2[MA(XQ)(x)]2 { Z b(s—i—l)vl(Q)l(P)logb()\)} .

Qe PeQ,Q'nP'#0
Combining this and the following estimate (see [9, (4.18)] in one parameter case)
Z p(sTVIQ) (Pl logy (A-) < 1
PeQ,Q'NP'#0

we obtain the desired claim.
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By Lemma 2.20, (2.22) and Lemma 2.21 with ¢ € A,(A), where g € (¢(¢), 00),
we find that

l
llak !l Larn, o, 1))

QCQl, QeR, La®n o 1)) QCQl, QeRy La(R™, (-, 1))
1/2
5{ 3 [MA<cQ><Q>]2}
QCQL, QeRy La(R™, (-, 1))
1/2
< { > (CQ>2XQ}
QCQL, QeRy, LI(R™, (-, 1))

Notice that, for any @ € Ry and = € @, by Lemma 2.9(iv), we conclude that

1 —2u 2% N Q) 1
Ma(xa :1:27/ xe, (y) dy > b~ > ;
( k)( ) b“e(Q)"’“ 20+ Buso)1a k( ) ‘Q‘ 2h2u
which implies that
(2.23) U Qcu:={zeR": Ma(xo,)(z)> (2"}

QCQL,QERy,

Moreover, forany @Q € Ry and z € Q, by Q C Q) and Lemma 2.9(iv), we have

| Q- 1Ql/2
Ma (Xananenn) @ 2 5 /Q Xy, )y 2 T 2 gla).

From this and Lemma 2.21, it follows that

l
laklLan, o(., )

1/2

2

N { Z [MA (CQXQﬂ(ﬁk\Qk-H))} }

(2.24) QCQy; QERy, LI(R™, (-, 1))
1/2
2
< |: Z (cq) XQﬂ(ﬁk\Qk+1):|
QCQ}, QERy La(R™, (-, )
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Forany Q € Ri, z € Qand (y, m) € Q, by Lemma 2.9(iv) and (2.18), we conclude
that 2 — y € ByyQ)+utoe C Bm, Which, together with the disjointness of {Q}Qch’
implies that

> (6Q) Xgn@, 01y (®)

QCQY, QERy (m)
do(m
(225) = 3 [t P 0,0 @)
QCQL, QeRy,

< IS @ PXggr@e e (@)

Therefore, for any ¢ € (0, o), by (2.24) and (2.25), we further have

, _ . ) 1/q
lafll o, ot 3 [ SO Xag @y @)ole ) da
< 2Yp(Qy, 1)1,

which implies that HaiHLg(Q;;) < (2%, where C is a positive constant independent of

k and ¢. By the weighted boundedness in L4(R", ¢(-, t)) of M4 with ¢ € A, (A)

and ¢ € (q(p), co) uniformly in ¢ € (0,00) (see Lemma 2.21), we see that, for all
€ (0, 00),

Q=

@26 (. 1) <1 [ [Maxo )@ (e, 0o S ol 1)

n

Thus, using HakHLq @) < 2k, (2.23) with the disjointness of {Q% }xez.¢, (2.26) and the
following estimate (see [30 Lemma 5.4] with a slight modification)

> <Qk %) S /nw <x S(f;@)) dz,

kEeZ

we conclude that

53 (ot IR ) <5 (0,2 5 f (2 502

keZ (¢ kEZ

which implies || f[| o0 5gny S 1S (F) | Le@n)-

Step 3. Show suppal, C B} := T+ BU[K(Q;;)_IHUJFSU.
If 2 € supp ay, by the definition of a}, in (2.21), af(x) # 0 implies that there exists
QcC Qi and Q € Ry, such that eg(z) # 0. Recall that, for all m € Z and z € R",

O_m(x):=b""0(A "x)
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and supp @ C By. If eg(x) # 0, by (2.20) again, there exists (y, m) € Q such that
A™™(x — y) € By. Moreover, by (2.18), (2.2) and Lemma 2.9(iv), we further have

r €Y+ Bn CxqQ+ Buy@Q)+u + But(Q)-1]+uto C 2Q + Boje(@)—1]4+u+20-

Thus,

suppeq C zQ + Byu(@Q)-1]+ut20-

From this, af, = ZQCQ;; Qer, €@, Lemma 2.9(iv) and (2.2), we deduce that

Supp ai - U (IIZQ + Bv[é(Q)—l]+u+2o)
QCQL,QER,

C gt + Byt yru  Bur(@t)—1)+ut20

Cxgr + Byt —1)+ut3o

~ -1
Step 4. Prove HaiHLg(B;;) < HXBf;HL«p(Rn)'

Let Af := 5’2’“HXB£HL¢(RR) and af := (A%)~lal. Then we have

f=2_ 2 dk =) N

keZ ¢ keZ ¢

in S'(R"). BY flai | 1,qq) < C2", we see that |3l g < g llo zny-

Step 5. Show the vanishing moments of ai.
By (2.25) and o (Qp, t) < o(Q, t) (See (2.26)), we obtain

1/2(|9
2
|: Z (CQ) XQO(Qk\Qk+1):|

QERK
LaR™, ¢(-, 1))
2.27)

q/2
do(m
</ n{x%m@k\w)(m /U )Py >} o, 1)

QCQY . QeRy,

$2Mp(, 1) < oo

Takeany N € Nand let Ry n := {Q € Ry : [¢(Q)| > N}. Similar to the estimate of
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(2.24), via replacing a}, by 220!, Qery, €@ We conclude that

q

> e

QCQL, QeRy, N

La(R™, ¢(-, 1))

1/2]|9
2
N [ Z (cQ) XQ“(Qk\QkH)]

£
O QTN La(®n, (1)

q/2
do(m)
< [ Xego@nan @ [ / 1@ P T o, e

QCQY, QeRE, N

Then, by (2.27) and Lebesgue’s dominated convergence theorem, we have

Z €Q — 0

QCQY, QERy, N La(R™, p(-,1))

as N — oo, which implies that aj = 3, eq holds true in LI(R", (-, t)).
QERy,
Moreover, recall that 6 has the vanishing moments s > m(y) and so is eq. Let

h(z) := X g (x)forallz € R™with |a| < sand¢’ € [1, co)suchthatl/q+1/¢ = 1.

Obviously, he LY (R, [p(-, 1)]~779).

Then, by the fact that supp af, € BY, (LY (R", [p(-, t)]79/9))* = LI(R™, »(-, t)) and
supp eq C Bf;, we obtain

/n at(x)z®dx = {(ak, h) = Z (e, h) = Z /n eq(z)x®dx = 0.

QCQY, QERy QCQY, QERy

Thus, af, has the vanishing moments up to order s. Combining Steps 3 through 5, we
find that ai isa multiple of a (¢, ¢, s)-atom associated to B,‘;. This finishes the proof of
Theorem 2.8. ]

Corollary 2.22. Let ¢ be an anisotropic growth function as in Definition 2.3. Then
HE ((R™) is well defined. Precisely, if 11,12 € S(R™) are as in Definition 2.7, then
Hf;;pA(]R”) = H§¢27A(R”) with equivalent (quasi-)norms, where Sy, and Sy, are
defined, respectively, as in (2.7) via replacing 1) by 1 or o.

3. LITTLEWOOD-PALEY g-FUNCTION AND g}-FUNCTION CHARACTERIZATIONS OF H 7 (R")

In this section, we establish the Littlewood-Paley g-function and g ;-function char-
acterizations of H'7(R™) via first establishing an anisotropic Peetre’s inequality of
Musielak-Orlicz type. The following theorem is the first main result of this section.
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Theorem 3.1. Let ¢ be an anisotropic growth function as in Definition 2.3. Then
HE(RY) = HY \(R")
with equivalent (quasi-)norms.

To prove Theorem 3.1, we begin with recalling some notation and establishing
several technical lemmas. Forany j € Z and k € Z", let Q; x := A77([0,1)" + k),
Q; = {Qjr: k €Z"}and Q := ¢z, Q;. Recall that Q; ;. for j € Z and k € Z"
is called a dilated cube (see, for example, [7, p. 1475]). Obviously, for all k1, ko € Z"

and k1 # ko, ’Qj7k1 N Qj7k2‘ =0.
In what follows, for any x € R™ and r € (0, co), let

By(z,r):={y e R": p(x—y) <r}

For any dilated cube Q; , denoting by ¢, , its center, via [6, Lemma 2.9(a)], we know
that there exists a positive integer jo := j(4 ), depending on A and n, such that, for any

T € Q,
(3.1) By(cq, ., b7°77) C Q)i C By(x,b°77).

For any function ® on R" and Q := Q; x, the left corner A=k in Q; 1 is denoted
by zq, ,, and let zq := zq, , and, forall z € R",

(3.2) Dg(z) = |Q|V2®;(x — xg).

We need the following discrete Calderon reproducing formula which is an anisotropic
version of [18, Theorem 6.16].

Lemma 3.2. Let U, ® € S(R™) such that supp ®, supp ¥ C [—1,1]"\ {0} and
Y D((A)HT((AYE) =1 forall & R™\ {0},
JEZL
where A* denotes the transpose of A. Then, for all f € Sy(R"™),

FO =D 10)00() =D 3 b7 fx 0j(w) V(- — 20)

QeQ JEZ QEQ;

holds true in S'(R™), where ®(-) := ®(—-), and P and Vg are defined as in (3.2).
Proof. Forany f € Sj(R™) and ®, ¥ as in Lemma 3.2, by [9, Lemma 2.12(i)], we
have f =3 .y f* ®; = ¥; in &'(R™), which, combined with the fact that

Fr®iali() = > b7 fx ()W (- — xq)
QeQ;
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in S’(R™) (see the proof of [6, Lemma 2.8, pp. 1478-1479]), then completes the proof
of Lemma 3.2. ™

Here, we point out that the condition supp ¥ C [-1,1]™\ {0,} in Lemma 3.2
implies that [, ¥(2)z® dz = 0 for all multi-indices .
Forany j, 7/ € Z and ¢, ¢ € S(R™), by [9, Lemma 5.4(i)] with

Yy 6() =V (U5 % 9) (A7),
we have the following Lemma 3.3, the details being omitted.

Lemma 3.3. Let s, M € N and ¢, ¢ € S(R™) which have the vanishing moments
up to order s. Then there exists a positive constant C, yr), depending on s and M,
such that, for all j,j' € 7 with 7' > j and x € R",

[ * dj(x)] < C’(& M)bj—(j/—j)(s+1)<—[1 + p<ij>]—M’
where (_ :=1n(A_)/Inb.

Definition 3.4. Let 7, A € (0, o0). For any sequence s := {SQ}QEQ C C, its
majorant sequence s, \ = {(s} \)Q}gecg- is defined, by setting, for all Q € 0,

\ |sp|”
(87",>\>Q = Z

R 1+1(Q| p(xzg — zp)
P€Q7|P|:|Q|[ @ (rq

The following Lemma 3.5 is just [5, Lemma 6.2].

Lemma 3.5. Let j € Z, a, r € (0, 00) with a <1 and X\ € (r/a, 00). Then there
exists a positive constant C such that, for any sequence s := {SQ}QEQ cC,

1

a

Y (S exe <C{Mal D Isel*xe
|Q[=b=7 |Q[=b=7
The following Lemma 3.6 is an anisotropic version of the Musielak-Orlicz Fefferman-
Stein vector-valued inequality from [34, Theorem 2.10], whose proof is also an obvious
modification of the proof of [34, Theorem 2.10], the details being omitted.

Lemma 3.6. Let v € (1, 00|, ¢ be a Musielak-Orlicz function with the uniformly
lower type p,, and the uniformly upper type p}, q € (1, 00) and ¢ € Ay(A). If
q(p) < P, < p;f < o0, then there exists a positive constant C such that, for all
{fi}jez € LP(L", R™),

1

T

[eledSmamery |wee [ oladSin@rg | i

JEL JEL
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Lemma 3.7. Let ¢ be an anisotropic growth function as in Definition 2.3. Then,
Sfor any r € (0, 00) and X\ € (max{1, r/2, rq(¢)/i(p)}, 00), there exists a positive
constant C' such that, for all s :== {SQ}QEQ,

[ elo| S| |dsc [ oo ]S bl |

Qed R Qed

Proof. We show this lemma by borrowing some ideas from the proof of [5,
Lemma 3.3]. Letr € (0,00) and A € (max{1, /2, rq(¢)/i(p)}, o). If r <
min{2, i(¢)/q(y)}, we let a := r. Otherwise, if » > min{2, i(¢)/q(¢)}, we choose
a suchthat /A < a < min{r, 2, i(v)/q(¢)}. Itis possible to choose such an a, since
A > max{1,r/2,rq(¢)/i(p)} implies /A < min{r, 2, i(¢)/q(p)}. In both cases,
we find that

i(p)

2
0<a<r<oo, /\>C, —>1 and —— >q(p).
a  a a

For the above last inequality, by choosing p € (0, i(y)) close to i(), we further obtain
p/a > q(p). Therefore, by Lemma 3.5, we conclude that

/n(p x{z > (sin)exe(x) } dz

JEL ||Ql=b—7
(33) NEA K
5/ o |z, Z My Z lsql“xq | () dzx.
: = |QI=b—

Moreover, let 3(z, t) := ¢(z, t'/®) for all z € R™ and t € (0,00). From the fact
that ¢ is of uniformly upper type 1 and uniformly lower type p, it follows that ¢ is of
uniformly upper type 1/a and uniformly lower type p/a. Then, applying Lemma 3.6
with 1/a > p/a > q(p) to (3.3), we obtain the desired inequality in Lemma 3.7 and
hence complete the proof of Lemma 3.7. [ |

The following Lemma 3.8 comes from [6, p. 423].

Lemma 3.8. For any f € S'(R"), ® € S(R") and supp ® being compact and
bounded away from the origin, the sequences sup(f) := {supQ(f)}Qeé and inf(f) :=

{ian<f>}Qeé are defined, respectively, by setting, for any ) € Q with Q| =b~7 for
some j € 7,

supg (f) == sup | f * ®;(y)]
yeQ
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and

yeP

infq(f) ¢=inf{sup\f* iWl: 1PNQI#0, \Q\/\P\ﬂﬂ},

where v € N. Then, for any \, v € (0, oo) and sufficient large v € N, there exists a
positive constant C such that, for all QQ € Q,

(supg(f))7 < Clinfg(f))7

Proof of Theorem 3.1. Let(yp, ¢, s)beadmissible asin Definition 2.11. By repeating
the proof of Lemma 2.18 with a slight modification, we easily obtain 7 7%*(R") C
H ,(R™) with continuous inclusion. From this, H i***(R") C Sj(R") and

HFT(R") = HA(R™)

with equivalent (quasi-)norms (see Lemma 2.13), it follows that # 7(R") C H;"A(]R”)
with continuous inclusion. Conversely, to prove H;"A(R”) C H7%(R™), since

- Mg ey ~ - g, ey

we only need to show that, for all f € H;‘:A(R”), 1S ze@ny S N9 Le@ny-

Let &, ¥ € S(R™) be as in Lemma 3.2 and let v € S(R™) have the vanishing
moments up to order s to be fixed later. For any M € N to be fixed later, j € Z, f €
SH(R™), z e R"and y € « + B_;, by Lemmas 3.2 and 3.3, we have

Fri@)] D030 07 f By (wq) Wy x iy — )|

j/EZQEQ-/

SIDIE O ) (o)
~ — i * 5! a:Q
Z TG o))

—(" =) [1+(s+1)¢-]

DD +ij g | * 25)(wg)| = 1+ 1L

J'>j Qe

For any m € Z,, whenm = 0, let A,,, ;= {Q € Q;r : p(A7 (y —2q)) < b™} and,
whenm > 1,

Am ={Q€ Qp: 1™ 1 < p(4 (y — 2q)) <™.
Then, we conclude that
S G o)
- * i a:Q
(14 p(AT(y — zq)) M ’
(34) QeAm

e SR IR MIE]
QEAm
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Notice that, forall z € Q € A,,, by Definition 2.1(iii) and (3.1), we see that
p(z—y) < Hp(z — 2q) + plag — y)] < HY ™ + "] < 2Hp T,
where jo € Z isasin (3.1), which implies that

QeAn

Moreover, if ;' < j, usingm, jo € Nandz € y+B_; whichimplies p(z—y) < b™7,
we obtain 2 € B, (y, 2Hbiot™=7"). Thus, for all j' < j and r € (0, 1] to be fixed later,
by (3.5), we find that

Z ‘f * (5]/(IBQ>
QEAm
1/r
< b%/ / ’f « xqQ(z) dz
(36) B/J(y72HbjO+m 7 QEZAm Q
T 1/r
ST Mal | Do IFxdp(zqllxe| | @) .
QEQ

where M 4 isasin (2.17).
We choose M € N such that M > 1/r. Then, by (3.4) and (3.6), we conclude that

1/r
I<Zzb (G—3") (s+1)C——m(M { (Zf* a:QXQ>()}

7'<jm=0 QeQ,

r 1/r
NZb (G=3")(s+1)¢ Z \f* (zqQ)xQ (x) .
3'<3 QeQy
Similar to the proof of I, by choosing M, s € N such that M/ > 1/r and

1+ (s+1)(-—1/r>0,

we also have
r 1/r
© YA N 1 P 1 g
EED B DU A AR PN U I DEVET MCR PRI NC
§'>5 m=0 QeQ,

r 1/r
~ T UTIRHEENC T M [T [ @p(zo)lxe| | (@)
> Qeo,
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Combining the estimates of I and II, for any given j € Z, v € R" and y € = + B_,
we further conclude that

r 1/r
| Fe(y)] < Zb i =3 |[1= % +(s+1)¢-] { (|: Z ‘f* 7 (2q) XQ} )(33)} .

J'EL QEQ/

Consequently, it holds true that, for all z € R",
[S(f)()]?
=S [ e w)ly

jez z+B_;

< Z Z b=l —dl[=2+(s+1)¢-] |:MA ({ Z |f % @ (2q) XQ} ) @7)}

jez | j ez QEQ

Since 1 — 1/r + (s + 1)¢— > 0, by the Holder inequality, we conclude that

Z b_|j/_j|[1—%+(s+1)<-] |:MA ({ Z \f* a:Q XQ} ) (a:)}

J'eZ QEQ/
" 2y 2
It s _
ST p bl e gy [ ST e (o) e | (@) :
V=Y QEQ/

which further implies that

G717 S(H) Z{ ({Zf* mm])@] :

J'EZ QEQ.,

Choose M € N large enough such that » € (1/M, p/q(¢)). Let o(x,t) =
@(x, t/7) forall z € R™ and t € (0,00). From the fact that ¢ is of uniformly upper
type 1 and uniformly lower type p, it follows that ¢ is of uniformly upper 1/r and
uniformly lower type p/r. Then, by Lemma 3.6 with 1/ > p/r > ¢(¢), we have

[ x,{ZWMWN?} ds [ ol {me} dz,

JEZ JEZ
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which, together with (3.7), implies that
[ etw.s()) da

S
=

(3.8) = QeQ;/

S/nw xS |:MA<|: Y #®5(z0)Ixe

) (a:)} dx

S/n@ x{z . [f*‘f’j/(fBQ)XQ(fB)r} da.

JELQEQ

[V o I

Notice that s¢ < (s ) forany @ € Qandr, A € (0, c0). Then, from this, (3.8),
Lemmas 3.8 and 3.7 with r € (0, o0), A € (max{1, r/2, rq(v)/i(p)}, ), it follows
that, for some v € N large enough,

W=

| s sn@is [ o Z{<supQ<f>;k>}2m<x>} o

n _Qeé

=

(.9 s [ el Z{(me(fﬁ,o}Zm(m} s

LQeQ

s [ el Z{m@(ﬂ}%(@} d.

LQeQ

Moreover, for any P € Q with |P| = b= and sp := infycp | f * ®;_~(y)|, by the proof
of [6, Lemma 8.4, p.422], we find that, info(f) = sup{sp : |Q|/|P| =b", P € Q}
and, for all z € R",

. A *
> info(fxel@) S¥7 Y (sta)pxp(@):
|Q[=b~7 |P|=b=77
Combining this, (3.9) and Lemma 3.7, we find that

[ e sn@nds [ olan|X 3 (Si,A)PQXP(x)} o

" | JEZ |P|=b—i—

=

N[=

S/nw z, Z Z 3P2XP(33>:| dx

| i€Z |P|=b—i
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S [ elag(n)@) da,

which implies that [|S(f)[| Le@ny < 119(f)IlLe@ny and hence completes the proof of
Theorem 3.1. |

Next, motivated by Folland and Stein [17], Aguilera and Segovia [1] and Liang et
al. [34], we consider the Littlewood-Paley g-function characterization of H%(R") as
follows.

Theorem 3.9. Let q € [1, 00), ¢ € Ay(A) be an anisotropic growth function and
A € (2q/p,00). Then there exists a positive constant C := C(y, o), depending on
and q, such that, for all f € S'(R™),

G10) ISl < (Pl < CUSCHl peen
and, furthermore, H§ 4(R™) = H;'§7A(]R") = H%(R™) with equivalent (quasi-)norms.

To show Theorem 3.9, we need the following two technical lemmas, whose proofs are
motivated by Aguilera and Segovia [1, Lemmas 1 and 2]. Let us begin with introducing

some notation. For any subset £ C R" and kg € N, let Ty, (E) := U, s, (), where

Dio(@) = {(y, k) ER" x Z: y € 2+ Bygs}h

The proof of the following lemma is a slight modification of the proof of [30, Lemma
4.1(i)], the details being omitted.

Lemma 3.10. Let ¢ be an anisotropic growth function as in Definition 2.3. Then
there exists a positive constant C such that, for all (z, t;) € R" x [0, o) with j € N,

[e.9] o
oz )t | <O e ty).
j=1 J=1
Lemma 3.11. Suppose E is an open subset of R™. Let
U:=Uy = {a} eR": Mu(xe)(z) > b_%_ko} ,

where o € Z4 is as in (2.2). Then
(i) T, (U®) € To(EC) for all ko € N;
(ii) If (2, k) € Ty, (UL), then |z + By| < (1 — b)Y (2 + By) N EY|.
Proof. |If FkO(UU) = (), then (i) is obviously true, or else FkO(UC) # (), then

U C R Forany (2, k) € Iy, (UC), if 2 € EE, then we have (2, k) € To(ES). If
z € E, letus call b0 the distance from z to the closed and non-empty set EC associated
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to p, namely, there exists some mq € Z such that b™ = inf{p(z — 2’) : 2’ € EC},
which implies that

(3.11) z+ By, C E.

Moreover, since (z, k) € FkO(UC), it follows that there exists some y € UC such that
(z, k) € Ty, (y), namely, z € y + By, +%. Hence, by (2.2), we obtain

zZ + Bmo Cy+ Bk0+k + Bmo Cy+ Bmax{ko—l—k,mo}—f—o'
From this, (3.11)and y € UC, it follows that
S ‘Z + Bmo‘ < ‘(y + BmaX{ko-l—k,mo}-f-o) N E‘ < bmaX{kO+k7mO}_0_kou

which implies my < k, since kg, € N. Then, by the definition of 5™, there exists
some z € EC satisfying € z + By, which means (z, k) € To(E®). This proves (i).

Next, we prove (ii). If (z, k) € I'y, (UC), then there exists some y € UC such that
z € y + Bjy,+k. Then, by (2.2) and ky € N, we obtain z + By, C y + B4k + Br C
Y + By 1140 and, since y € UC, it follows that

|(z 4 Br) N E| < [(y + Broth+o) N E| <0772 + Byl.
Using this and |z + Bx| = |(z + Bx) N E| + |(z + Bi) N EY|, we find that
|2+ B| < (1=b"7)"Y|(z+ By) N EY,
which completes the proof of (ii) and hence Lemma 3.11. |

Now we introduce the following variant of the anisotropic Lusin-area function S.
Forall ko € N, ¢ € S(R"), f € S/(R") and z € R™, let

3 p(koth) /

kEZ Z+Brq+k

=

Sko (F)(2) := { |+ w—k(y)\Qdy}

Lemma 3.12. Let q € [1,00), ¢ € Ay(A), ko € N and E be an open set in R".
If U := Uy, is the set associated to F as in Lemma 3.11, then, for any ko € N and
A € (0, 00), there exists a positive constant C' such that, for all f € §'(R"),

00 [ [8(Nla)Pela e < C [ IS(@Pee Mo

Proof. Letky € N, X € (0,00), f € S'(R") and ¢ € S(R") with ¢(0) = 0. By
using the definition of Sy, (f) and exchanging the order of integrals, we see that
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proi=a) / (ko (/) () 20, A)d

Ut
(3.12)
—070 S [P (04 Bron) NUS )

keZ u

Moreover, for any y € UC, by Lemma 2.15 with ¢ € A4(A) and Lemma 3.11(ii), we
conclude that

ly+ By |?
|(y+DBy) N EX|a

< btkog ((y + Bi) N EC, /\> .

@(y + Brosis A) S b%00(y+ By, A) S btko

@ ((y+Bk> nEL, A)

From this and Lemma 2.15, it follows that the last integral in (3.12) is not more than a
positive constant multiple of

Zk:b‘k /UE |f = _k(y) P ((y‘i‘Bk)ﬂEU’ /\> dy < /E[S(f)(a:)]Qcp(a:, A)dz.

E

This finishes the proof of Lemma 3.12. ]

To obtain the g3 -function characterization of /] (R"), the following technical lemma
plays a key role, whose proof is motivated by Folland and Stein [17, p.218, Theorem
7.1], Aguilera and Segovia [1, Theorem 1] and Liang et al. [34, Lemma 4.6].

Lemma 3.13. Let q € [1, 00), ¢ € Ay(A) be an anisotropic growth function. Then
there exists a positive constant C such that, for all kg € N and measurable functions

;.
[ et Su(pia) de < cvr B [ o, S(p)(a)) da.

n

Proof. Forall A € (0, co) and kg € Z, let
By = {z € R": S(f)(x) > AbF0/2}

and
Uk = {2 €R": Ma(xs, ,,)(@) > b2},

where M 4 isas in (2.4). Then, by the weighted week type (g, q) of M 4 withg € [1, o0)
and ¢ € A4(A) (see, for example, [7, Theorem 2.4]), we have

W(Uhkov /\> S bqk‘OHXEA,kO HL‘J(R",@(~,>\)) ~ bqko()p(E)\,kov /\>'

From thisand Lemma 3.12 with E := E j, and U := U, y,, it follows that
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e ({z € R™: S, (F)(@) > A} N)
< @(Unkor N+ ((Un 1)t N {2 €R™ 2 Sy (@) > A}, A)

< b0 (B gy A) + A2 / Sk (/) (@) (. A) do
(Uk,ko)n

S (B iy N #0002 [ IS @)l N da
(Ex, ko)

Abko/2
~ bR O(B) gs A) + b0 R0 N2 / to({z € R™: S(f)(z) >t},A) dt
0

By this, the fact that ¢ ~ ¢, where ¢(z, t) fo x, s)ds/s forall (z,t) € R™ x
[0, c0) (see [30, Lemma 4.1(ii)]), ko € N and the uniformly lower type p and the
uniformly upper type 1 properties of ¢, we further conclude that

/ntp(aﬁ, Sko (f)(x)) dx
~ /OOO %‘P ({z € R": Sy (f) (@) > A}, A) dA
< pako /OO /1\ (Ex ks A) dA
/\b’ﬂo/2
e / / ¢ ({z eR": S(f)(x) > 1}, A) didA

< plap/2ko / oz €B": S()(x) > A}, A) dx

pla-Dk [/ //\cp{aze]R”' S(F)(x) > ), 1) dt d\

+/O°° A—S/\ ol (%)pw({xew: S(F)(@) > ), 1) dtd)\]

< b(q_p/Q)ko/"cp (z, S(f)(z)) da:—i—b(q_l)ko{/ooo%cp({xeR": S(f)(x) > 1), 1) dt
+/°° % B2 1) o(fe e BT 2 S()(@)> 1}, 1) dt}

0
S [ (e, S(7)(a) da.
This finishes the proof of Lemma 3.13. ]

Proof of Theorem 3.9. The proof of Theorem 3.9 is now similar to that of [34,
Proposition 4.7]. For all f € S'(R™) and =z € R™, since S(f)(z) < gX(f)(x), the
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inequality [|S(f)[l Le@ny < lgx(F)ll e wn) is Obvious.
Conversely, forall f € S’(R™) and x € R™, we have

[93(H) ()]
_ —k . > b ’
- k%b /x+3k‘f Pl [b’“+p(w—y>] w

59|

j=1 kez ? TH(Br+i\Br+j-1)

SIS @P+ D b IAI[S(£)()]
j=1
By this, Lemmas 3.10 and 3.13 and A € (2¢/p, oc), we conclude that
[ et g3(h @) do

5> [ (@ 6700255(1) (@) da
=0"R"

< Zb—jp(/\—l)/ij(q—p/2)/ o (z, S(f)(x)) dx

=0 "
S [ el S(h@) da,

which implies that [|g3(f)ll Le@ny S I1S(f)llLewn). This finishes the proof of (3.10)
and hence, together with Theorem 2.8, the proof of Theorem 3.9. ]
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