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COMPLEX DIFFERENTIAL EQUATIONS WITH SOLUTIONS
IN THE HARDY SPACES

Li-peng Xiao

Abstract. In this paper, sufficient conditions for the analytic coefficients of the
differential equation

(SO 4 A (JETD)™ e Ay ()™ 4 Aof =0

are found such that all analytic solutions belong to a given H,°— space, or to
the Hardy space HP. The results we obtain are a generalization of some earlier
results by Heittokangas, Korhonen and Rattya.

1. INTRODUCTION AND MAIN RESULTS
The growth of solutions of the linear differential equation
(1.1) FO A 1 () %D 4 A (2) f + Ao(2)f =0

with coefficients A; in the unit disc has caused the attention and interest of many
researchers recently. Nevanlinna theory has been applied for fast-growing analytic
solutions [2, 3, 6, 7, 8, 13, 17], but the analysis on slowly growing solutions seems to
require a different approach [12, 14, 15, 20, 21].

Pommerenke [20] studied the second-order equation

(1.2) AR =0,

where A(z) is analytic in the unit disc D = {z : |z| < 1}. He found sufficient
conditions for the coefficient function A(z) such that all solutions of (1.2) belong to
the Hardy space H?, the space of analytic functions in D with square summable Taylor
coefficients.
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Theorem 1.1. [20]. There is a positive constant o with the following property:
If the coefficient A(z) of (1.2) is analytic in D and satisfies

sup/\A 2(1— || )31_‘a‘2d (2) <«
- o — a0 = 9
acD ‘1—&2‘2

then all solutions of (1.2) belong to H2.

In the proof of Theorem 1.1, Pommerenke used the classical result by Carleson
[4, 5] on bounded measures . satisfying 1(S(I)) = O(|I]), |I| — 0, where |I| denotes
the arc length of a subarc I of the boundary T = {z: |z| =1} and S(I) = {z € D:
z/|z| € I,1—|I| <|z|}. These measures are known as Carleson measures and the set
S(I) is called the Carleson box based on I. Pommerenke also proved the following
formulation of Theorem 1.1 .

Theorem 1.2. [20]. Let 0 < § < 1. There is a positive constant « with the
following property: If the coefficient A(z) of (1.2) is analytic in D and satisfies

1
sup - [ AG)P(L - [P do(z) <
ir1<s 11 Jsr

then all solutions of (1.2) belong to H?2.

The element of the Lebesgue area measure on D is denoted by do(z).

Recently, Heittokangas et al. [16] studied equation (1.1) and found sufficient
conditions for the analytic coefficients such that all solutions belong to H,°. For 0 <
p < oo, the growth space H7° consists of those analytic functions f in D, for which

| fll g = sup | f(2)|(1 - 12]?)P < 0.
zeD

Theorem 1.3. [16]. Let 0 < § < 1. For every p > 0 there exists a positive
constant «, depending only on p and k, such that if the coefficients A;(z) of (1.1) are
analytic in ID and satisfy

sup [A;(2)|(1— )" <a, j=0,--,k—1,
|z|>d

then all solutions of (1.1) belong to H,°.

Sufficient conditions for the coefficients such that all solutions belong to DP were
found in [21]. For 0 < p < oo, the Dirichlet-type space DP consists of those analytic
functions f in D for which the integral

[irera -1yt

converges.



Complex Differential Equations with Solutions in the Hardy Spaces 911

Theorem 1.4. [21]. Let 0 < § < 1. For every 0 < p < 2, there is a positive
constant «, depending only on p and k, such that if the coefficients A;(z) of (1.1) are
analytic in D and satisfy

p pk—1 1-— ‘a"2
sup \Ag )P = |2%) ———do(z) <«
la|>5 |1 —az|
and A
sup [4;(2)[(1 = [z[)* 7 <a, j=1,- k-1,
|2[>6
then all solutions of (1.1) belong to DP N H,°.

Sufficient conditions for the coefficients such that all solutions belong to H? were
also found in [21]. For 0 < p < oo, the Hardy space HP consists of those functions
f, analytic in D, for which

27 %
| fllze = sup <i/ \f(reie)\pde) < 00.
0

o<r<1 \ 27

See [10] for the theory of Hardy spaces.

Theorem 1.5. [21]. Let 0 < 0 < 1. For every 0 < p < oo there is a positive
constant «, depending only on p and k, such that if the coefficients A;(z) of (1.1) are
analytic in D and satisfy

1—
sup [ Ao(2) (1= ) T do() <
la|>5 /D |1 —az|
and A
sup [4;(2)|(1= 27 <, j=1,--- k-1,
|21>6
then all solutions of (1.1) belong to H? N H,°.

Theorem 1.5 has a different formulation in terms of Carleson measures.

Theorem 1.6. [21]. Let 0 < 0 < 1. For every 0 < p < oo there is a positive
constant «, depending only on p and k, such that if the coefficients A;(z) of (1.1) are
analytic in D and satisfy

1 —
swp 7 [ AP - o) <
in<i—s | S(I)
and |
|S]|J>I;‘A]<Z>‘<1_‘Z‘2>k_] Saa jzl,'“’k—l,

then all solutions of (1.1) belong to H” N H,*.
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The purpose of this study is to find sufficient conditions for the analytic coefficients
of the differential equation

(1.3) (FEN™ 4 Ay (FED)mt 4o Ay (f)™ + Aof =0

where n; > 1 forall j =1,--- ,kand n; < ny forall j =1,---,k — 1, such that
all analytic solutions belong to the H;° space, or to the Dirichlet-type space DF, or to
the Hardy space HP. The Eq.(1.3) was mentioned in [18]. Using the same idea with
Rattya and Heittokangas, we can obtain some results about the nonlinear differential
equation (1.3).

The first result generalizes Theorem 1.3 to the differential equation (1.3).

Theorem 1.7. Let 0 < § < 1. For every p > 0 there exists a positive constant o,
depending only on p, k and ny, such that if the coefficients A;(z) of (1.3) are analytic
in D and satisfy

(1.4) sup |A;j(2)[(1 — [22)@HR—ni+) <o j=0,- - k-1,
12126

where no = 1, then all analytic solutions of (1.3) belong to H7*.

The second result of this article, Theorem 1.8 is also a generalization of Theorem
14.

Theorem 1.8. Let 0 < 6 < 1. For every 0 < p < 2, there is a positive constant o,
depending only on p, k and ny, such that if the coefficients A;(z) of (1.3) are analytic
in D and satisfy

1—al?

15 Ag(2)[P( pk=1 <

(1.5 S O O

and

p p(knk—jn]’)_l
(16) / A (1= |22 % Mdo(z) <a, i ny <
|z|>6
(L.7) ﬁy&@u 22 <o, i o=y

for j =1,---,k— 1, then all analytic solutions of (1.3) belong to D” N H*.

It is worth noticing that in Theorem 1.8 the containmentin H* follows by Theorem
1.7, since the condition in Theorem 1.7 is weaker than the conditions in Theorem 1.8
by a simply straightforward calculation. Theorem 1.9 below generalizes Theorem 1.5.
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Theorem 1.9. Let 0 < § < 1. For every 0 < p < oo there is a positive constant «,
depending only on p, k and ny, such that if the coefficients A;(z) of (1.3) are analytic
in D and satisfy

1—|af?
2 2\2k—1
sup/ Ap(2)|7(1 — |2 ———=do(2) < «
[ Ao - )

and

2 2(knk—jnj)_
/ [A;(2)" T (L= |2?) ™ Tdo(2) <@, if ny <y
|21>0

|SF>% |A4;(2)](1— \2\2)"’“(k_j) <a, if nj=mny

for j =1,---,k—1, then all analytic solutions of (1.3) belong to H” N Hy*.

Theorem 1.9 has a different formulation similar to Theorem 1.6 in terms of Carleson
measures.

Theorem 1.10. Let 0 < § < 1. For every 0 < p < oo there is a positive constant
«a, depending only on p and k, such that if the coefficients A;(z) of (1.3) are analytic
in D and satisfy

1
(18) sup o [ |42 P(1 = [P () <
in<i-s 1| s
and
2 2(knk—jnj)_
(1.9) / A,() 5 (1= [22) %5 do(z) <a, if ny <
25
(1.10) sup |A;(2)|(1— [2[H)™E=D) <, if n;=ng
125

for j=1,---,k— 1, then all analytic solutions of (1.3) belong to H? N Hz°.
2. LEMMAS FOR THE PrROOF OF THEOREMS

Lemma 2.1. ([24]). Let f be an analytic function in D,1 < a < oo and n € N.
Then the following quantities are comparable:

@) 1 f ez,

@) £l + [£(O)],

n—1
(3) sup [£™(2)|(1 = [2)" 1+ 1 £9(0)).
z2€D §=0
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Two quantities A and B are comparable, if there exists a positive constant C' such
that C~'B < A < CB. The a-Bloch spaces B* consist of those functions f, analytic
in D, for which

| fllge = sug\f’(z)\(l — \2\2)0‘ <o, 0<a<o.
ze

Lemma 2.2. ([10]). Leta, > 0forn=1,---, N. Then

N p N
(Sen) (D). 0<nen
n=1 n=1

N p N
<Zan> < NPt <Zaﬁ>, 1<p<oo.
n=1 n=1

Lemma 2.3. ([19]). Let f be an analytic function in D, and let 0 < p < oco. Then,

and

1180 = [ £GP~ |2 oz
= [110GPA- [P tdot: +Z\f n>,
D

where the symbol ~ means that the quantities on the two sides of the symbol are

comparable.

Lemma 2.4. Let 1 be a positive measureon D, andlet0 < p<2and 0 < ¢ < 1.
Then 4 is a bounded Carleson measure if and only if there is a positive constant C,
depending only on p, such that

(2.1) / |f(2)Pdu(z) < O flIpe + 1 £(0)[F)
D\D(0,5)

for all analytic functions f in D, in particular for all f € DP. Moreover, if p is a
bounded Carleson measure, then C' = C;Cs, where C; is a positive constant and

u(s(I 1—laf?
(2.2) Cy = sup < 10 sup / du(z
1]<1—5 \I al>0Jp |1 — az[? 2)

In (2.1) and from there on D(0, ¢) denotes the Euclidean disc centered at the origin
and of radius 6. The case 6 = 0 of Lemma 2.4 is a consequence of a well-known result
by Carleson [4, 5] and the inequality ||f|lz» < C(||fllpr + |f(0)]) for 0 < p < 2
[11, 22, 23]. If 0 < § < 1, then an application of the case § = 0 to the measure us
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such that dyis(2) = xp\p(o,s)di(2) shows that C' is of the form C' = C1Cy, where xg
is the characteristic function of the set F, C is a positive constant and

€y — sup M\ DO, )
I 1]
Then (2.2) follows by the inequalities

sup p(S(I)\ D(0,4)) <2 sup n(S(1))
23) I 7] ir<i-s |
. a‘2
<0 [ )

See [16] for a proof of (2.3).
Lemma 2.5. ([1]). If 0 < p < co,n € N and f is an analytic function in D, then

p/2 n—1
D (n) 201 2\2n—2 o () P
1S e —/T </F(<)‘f (2)[(1 = |2[F)™"d (Z>> \dCHJZ;\f (0)

where I'(¢) = {z € D : |1 — 2¢| < 1 — |2/} is the nontangential approach region with
vertex ¢ on T, and the constants of the comparison depend only on p and n.

Lemma 2.6. ([9]). Let 0 < p < oo. Let u be an analytic function in D and let A
be a function defined on ID. There is a positive constant C, depending only on p, such

that /2
PR
A(ﬁ@ u—mw‘1”> 1]

p/2
do(z)
2
saw%(wm”/ w) ~

3. ProoF oF THEOREM 1.7

Proof. Let0<d<1,1/2<p<1,andlet f be an analytic solution of (1.3).
Denote f,(z) = f(pz). Then, by Lemma 2.1, Lemma 2.2, (1.3) and the assumption
(1.4),

k—1
Ifpllge < Ch (sgg PP (p2)| (1= [P+ + ) f(j)(0)>

1

k—1 nk

= Cisup Y Ai(p2) (P (pz))" | (1= [P
z =0

k—
+C1 Y1 9(0)
j=0
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k—1

J
<ClsupZ\A p2)|7 19D (p2)| ™ (1 — [Py
] =0

+C Z 1£9)(0)
7=0

k—
J
<wa§: S(02) |75 [ FD (p2) |7k (1 — [2[2)r

[2]>0
=1
+C1Cy + C4 Z ‘f(])(o)
§=0
1
7L "k
<GZMWkaWWW1MW”WWWﬂ
>
=1
+C1Cy + Cy Z 1£9)(0)
§=0

g k—1
(prf-}ooa"k +C'2+Z\f )

where (1 is a positive constant, depending only on p and &,
k-1 nj
Co = sup Z |45 (02) "% | £D (p2) | (1 — |27+,
0<|z|<d
Without loss of generality, we can assume that || f, || ms> > 1, for otherwise the conclu-
sion is clearly established. It follows that

1 k1 )
1 follrrze < Crl@™ k| follmge + Co + D IFP(0)]),
j=0
or k—1
| fpll prge (1 — Cl@"’“ k) < C1Cy + Cy Z | f)
7=0
The assertion is obtained by choosing « sufficiently small and letting p — 1. This
completes the proof of Theorem 1.7. [ |

4, Proor oF THEOREM 1.8

Proof. By Theorem 1.7 it suffices to show that all analytic solutions belong to
DP under the assumption (1.5)-(1.7). Let 0 < 4§ < 1,1/2 < p < 1, and let f be an
analytic solution of (1.3). Then, by Lemma 2.3 and (1.3),
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k—1
1 follpe < Ch A;ﬂ“w@puz%wwau>+ijfﬂkmp)
j=1

k—1
v ZAj<pz><f<f‘><pz>>"w<122>pklda<2>+02)
D 50

k—1 .
P ) njiP
<Y / 14;(p2) |7 £ (p2) | 7 (1 — |22 dor (=) + 02)
j=0

Iy P
—Co 3" [ A £ (1 o ()
(4.1) j=0
+C302 + 0304

= = 2\pk—1
=Co [ Aalp IS () (1 2 o 2
D\D(0,6)

+a Y [ A IO () (1~ [P (2

+C5Cy + C3Cy

k—1
=Cs5(lo+ Y _Ij+ Cy + Cy),
j=1

where C is a positive constant, depending only on p and k, Cy = Z?;ll |9 (0)P,
Cj is a positive constant, depending only on p, k and n,

n;ip

= Z/D 0,6 ‘Aj(pzﬂ%‘f(j)(p'z)‘ﬁ(l N ‘Z‘2>pk_1d0(z),

e T 2\ pk—1
o= [ A o) 0 [ o (o),
D\D(0,6)
B 1D (o) 2)pk-1
I = [A1(2) P 1 Fp2) 7 (1= o7 dor(2),
D\ D(0,9)
forj=1,---,k—1.

By Lemma 2.4 and the Holder inequality, we have
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r
ng

o= [ Aol (o) (1~ o)
D\D(0,5)

1

< ( [ a2l o2 - \z\2>pk—1da<z>> ’“
(42) D\D(0,9)

1

7Lk.
x ( / (1- \z\2>pk—1da<z>>
D\D(0,5)

< (C5Cs(| folBy + | £(0)7)) 7 C,

where Cs is an absolute positive constant,

1—|
Cs = Sup/ Ap(p2)P(1 = 2P ——
la|>6 ]DD‘ (p2)I"( |1 —az|?

1
nk.
Cr = </ (1- \z\2>pk—1da(z>> .
D\D(0,9)

ForI; (j=1,---,k—1), when n; = ny, by the assumption (1.7) and Lemma
2.3, we have,

_p_ .
B[ Al - o)
D\D(0,9)
(43) <aft [ e P a2
D\D(0,9)

AP
< G || foll e,

where Cg > 1 is a positive constant, depending only on p and %.
When n; < ny, by assumption (1.6) and the Holder inequality, we have,

I = / 1A;(p2)|
D\D(0,0)
”L_]'

< ( [ e - \z\2>m—1da<z>>
DA\ D(0,5)

p p(knk—jn]-)_l _ﬁ
[ e EE - o)
D\ D(0,5)
'p

p ) p(knk—jn]-)_l _ﬁ nj nj
< / |4 (pz)|"e 77 (1—2]7) "7 do(2) Cs* I follpp -
D\D(0,5)

B njP
n k

1D (p2) 7 (1= |27 do (2)

(4.4)
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Without loss of generality, we can assume that || f,||%, > 1, then combing (4.1)-(4.4),
and letting p — 17, the assumptions (1.5),(1.6) yield

e L min
1118 (1= GG s = (6 = DEaGras 01

L1 P
SCgC;k a"k ‘f(())‘"k C7 + CoC3 + C3CYy,
from which the assertion follows. This completes the proof of Theorem 1.8. ]
5. ProoF oF THEOREM 1.9 AND THEOREM 1.10

It suffices to prove Theorem 1.10 since Theorem 1.9 then follows by the second
inequality in (2.2).

Proof. By Theorem 1.7, it suffices to show that all solutions belong to H? under
the assumptions (1.8)-(1.10). Let 0 < ¢ < 1,1/2 < p < 1, and let f be an analytic
solution of (1.3). Then, by Lemma 2.2, Lemma 2.5, Eq. (1.3),

[npvees
k-1

p/2
(k) 201 _ (522244 ()
SCI/]T </F(O\f (p2)["(1—|2|")"""d (Z)) \dCHCl]Z;\fJ (0)[7

/2
k-1 A N P
B Cl/ / 1> Ai(p2) (F9 (p2))™ |75 (1 = [2*)**?do(2) |dc]
T 'O =0
k—1
+C Y D)
=0
k-1 2 . 2n p/2
=G / / |4 (p2) " | 9 (p2)| ™ (1 = |2*)*F2do(2) | |dC]
(5.1) = Jr \Ur©
k—1 A
+C Y [P0
7=0
k=1 2 . 2n p/2
=Cy /(/ |4 (p2)| ™ | £9) (p2)| ™ (1—\2\2)2k_2d0(2)> |dc]
=17 T\/T(O\D(0,9)
) ) p/2
+ (3'2/ </ |[Ao(p2)[x | f(p2)| ™ (1 — \Z\Q)Qk_2d0(2)> |dc]
T \/T(O\D(0,9)
k—1
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where C; and Cs are positive constants, depending only on p, k& and ny,

k—1 L 2n; p/2
a=e) | ( / | A5(p2) [ 10 (p2) | <1—\z\2>%—2da<z>> ]
=0 /T \/D(0,5)N ()

To deal with the second term in (5.1), denote

) ) p/2
Jo = / </ [Ao(p2)|" | f (pz) ™ (1 — \Z\2>2k‘2d0(2>> |d].
T \JT(O\D(0,)
Then by the Holder inequality and Lemma 2.6,

P

=y ( [ el - \z\2>%—2da<z>>
T \/T(O\D(0,6)
1
[ a R
T(O\D(0,9)

< / ( / \Ao(p2>\2\f(p2>\2(1—\Z\2>2k‘2d0(2>> dq)
T '($\D(0,9)

p/2 ng
<Gy / / \Ao<pz>\2\f<pz>\2<1—\z\2>2k—2da<z>> dcl|
T \JT({)\D(0,6)

where Cy, Cs are positive constants.
Choosing u(z) = f,(z) and h(z) = |Ao(p2)|(1 — |2|?)*xp\D(0,6)(2) In Lemma
2.6, it follows that there are positive constants Cy, C7, depending only on p, such that

p/2
/ ( / Ao(p2)PI£(p2) (1 — \z\2>2k-2da<z>> 1dq)
T '($\D(0,9)

1 _
(63) < Collfoll% [ sup / Ao(p=) 2(1 — |12)% o (2)
1 1 Js(\po,s)

(5.2)

p/2

p/2
< Crll follw < sup | Ao(pz)*(1 — \Z\Z)Qk_1d0(2)> ;

ir<i-s 1 Jsn

where the last inequality follows by (2.3).
To deal with the first sum in (5.1), denote

/2
2 . 2nj P
Jj = / ( / LAy (p2) 75 | 9 (p2) | 75 (1 — \z\2>2k—2da<z>> dcl,
T T'(¢)\D(0,0)
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forj=1,---,k—1.
When n; = ny, by (1.10) and Lemma 2.5,

p/2
5=/ 45 (p2)| |9 () (1 = [ 2do(z) | 1dC]
T \JT(O)\D(0,6)

p/2
S/a% </ \f(j)(pZ)\2(1—\2\2)2j_2d0(2)> |dc]
T L(O\D(0,9)

P
< Cga™ || foll s

(5.4)

where Cg is a positive constant, depending only on p and k.
When n; < ny, by the Holder inequality and Lemma 2.5,

/2
2 . nj g
5= </ A5(p2) P £ (o) (1 - \z\2>2’“‘2d"(z>> .
T \/T(¢)\D(0,9)
pn;

) ) 2ny,
</ ( / \f@(pzﬂ?(l—\z\2>2f—2da<z>>
T \J/T(O\D(0,6)
B-3h)

2 ) 2(knk—jn]-)_2 ng
x / A (p2)) 5 (1= |22) "% 2do(z) 4
'($\D(0,9)
pn;
7Lj

(5.5) :/C;—ﬁ / 1D (p2)2(1 — |212) ¥ 2do(2) T ||
T L(O\D(0.6)

7L]'

< /(/ \f(j)(pZ)\Z(l—\Z\Q)Zj_2d0(2)>2\dC\
 \Jr(\D(©.)

124
‘ (/Tcg\dd)

n; 1—
7 np
< (Csllf, I2) 7 ( / cgwdcw)

where

b
2

2 2(knk—jn]-)_2
Co = / A (p2)| ™7 (1= |2?) s Cdo(2)
'($\D(0,9)

Without loss of generality, we can assume that || f,||%;, > 1, then combining (5.1)-(5.5)
and letting p — 17, the assumption (1.8) and (1.9),
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1
115, (1 — 2n(k — 1)CaCra™r — czcg,c;kaﬁ)

k-1
<Y fD0)P + Cs,
=0

from which the assertion follows by choosing « sufficiently small. This completes the
proof of Theorem 1.10. ]
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