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Analysis of a Stochastic Lotka-Volterra Competitive Model with Infinite

Delay and Impulsive Perturbations

Chun Lu* and Qiang Ma

Abstract. This paper considers a stochastic Lotka-Volterra competitive model with
infinite delay and impulsive perturbations. This model is new, more feasible and more
accordance with the actual. The aim is to analyze what happens under the impulsive
perturbations. With space Cy as phase space, sufficient conditions for permanence in
time average are established as well as extinction, stability in time average and global
attractivity of each population. Numerical simulations are also exhibited to illustrate
the validity of the results in this paper. In addition, a knowledge is given to illustrate
that the statement in [21] is incorrect by choosing space C, as phase space. Our
results demonstrate that impulsive perturbations which may represent human factor
play a key role in protecting the population when environmental noise and interaction

rates are disadvantageous to population survival.

1. Introduction

Recently, functional differential equations with infinite delay have long played important
roles in the history of population dynamics, and they will no doubt continue to serve as in
dispensable tools in future investigations (see e.g., [4,5,7,11,14]). A classic Lotka-Volterra
competitive model with infinite delay can be expressed by
dl‘l (t) 0
=xz1(t) | b1 — annz1(t) — ar xa(t 4+ 6) dusz(0
dt —o0
dxao(t 0
;t( ) = :Ez(t) (bz — a921 / $1(t + 9) d,ul (9 — agzl‘z >
— 0o

(1.1)

where x; denotes the size of the ith population; b; > 0, a;; > 0 and p;(6) is a probability

measure on (—oo,0]. A further and extensive feature is considered in the model (/1.1

Received July 5, 2016; Accepted April 9, 2017.

Communicated by Yingfei Yi.

2010 Mathematics Subject Classification. 34K45, 60H40, 92BXX, 93DXX.

Key words and phrases. impulsive perturbations, environmental noise, infinite delay, permanence in time
average, stability.

This work is supported by the National Natural Science Foundation of China (Nos. 11271101 and
11501150). A Project of Shandong Province Higher Educational Science and Technology Program of
China (J16LI09).

*Corresponding author.

1413



1414 Chun Lu and Qiang Ma

or models similar to towards persistence, extinction or other dynamical behavior.
Here, we only refer to Kuang and Smith [14], Gopalsamy [4,/5], He and Gopalsamy [9],
Lisena [19] and Kuang [13]. In particular, Kuang (see [13, p. 231]) claimed that if ¥; > 0
and Wy > 0, then model has a positive equilibrium z* = (27, z%) = (V1/¥, ¥y / V)
which is globally asymptotically stable, where ¥ = aj1a90 — a12a21, Y1 = biass — bsayo,
Wy = boai1 — brasgy. It is important to point out that if ¥1 > 0 and Wy > 0, then ¥ > 0.

In the real world, the intrinsic growth rates of many species are always disturbed by
environmental noise (see e.g., [210,16.18})22.282932/34.[36,,41/42] ). In particular, May [306]
has pointed out that due to environmental noise, the birth rates, carrying capacity and
other parameters involved in the model should be stochastic. In this paper, we assume
that b; and by are stochastic, then by the central limit theorem, we can replace b; and by
by

by — by + 01B1(t), by — by + 09Bs(t),

where, for i = 1,2, B;(t) represents a standard Brownian motion defined on a complete
probability space (92, F,P), a? is the intensity of the environmental noise. Then we obtain

the following stochastic Lotka-Volterra competitive model with infinite delay:

0

dzy(t) = x1(t) <b1 —anr(t) — a12/

—0o0

352(t + 9) du2(9)> dt + 0'133‘1(25) dBl (t),

0

dxs(t) = z2(t) (bz —az; /

—00

1(t 4 6) dun(6) agzm(t)) dt + oa(t) dBat).

Anything else, affected by a variety of factors manly, such as crop-dusting, planting,
hunting and harvesting, the inner discipline of species or environment often suffers some
dispersed changes over a relatively short time interval at the fixed times. In mathematics
perspective, such sudden changes could be described by impulses (see e.g., [1,/15,/17,20,23-
25]). In particularly, Liu and Wang incorporated the impulsive perturbation into stochastic
population model at first time (see e.g., [23-25]), to the best of our knowledge. Motivated
by these, we will study the following stochastic Lotka-Volterra competitive model with
infinite delay and impulsive perturbations
0

dzy(t) = x1(t) <b1 —apr(t) — a12/

—0o0

zo(t +6) duz(@)) dt

+01x1(t)dB1<t>, t%tk, k € N,
xl(tZ) — xl(tk) = Ikxl(tk), ke N,

dxs(t) = z2(t) <b2 —azi /0

— 00

(1.2)
z1(t+0)dui(9) — azg@(ﬂ) dt

+02x2(t) dBQ(t), t#tk, k€ N,
Z'Q(t;:) — xg(tk) = Hkl'g(tk), k e N.
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Here N denotes the set of positive integers, 0 < ¢ < tg---, limg 140t = +00. As is
known to all, permanence, extinction and stability is one of the most important questions
in biomathematics. In this paper, we establish the sufficient conditions for permanence in
time average, extinction, stability in time average and global attractivity of model
and investigate how impulsive perturbations affect on permanence in time average, ex-
tinction, stability in time average and global attractivity. Owur results show that the
impulse perturbations have no effect on permanence in time average, extinction and sta-
bility in time average if the impulsive perturbations are bounded. However, permanence
in time average, extinction and stability in time average could be changed significantly
when the impulsive perturbations are unbounded. Moreover, under the assumption that
the impulsive perturbations are bounded, we find that the global attractivity have closer
relationships with the impulsive perturbations.

In model , we let the initial value & = (&1, &2) be positive and belong to the phase
space Cy (see [6}7]) which is defined by

Cy = {0 € Cl=o0. 0B : el = _sup_ e lo(s)] < o0}

—00<s<0

r

where we choose g(s) = ™™, r > 0 and let |- | denote the Euclidean norm in R2.

For model (|1.2)) we always assume:
(A1) From biological meanings, we consider 141 > 0, 1+ Hy, > 0, I, # 0, H, # 0, k € N.
When I > 0 or H; > 0, is satisfied, the perturbation turn to be the description

process of planting of species and harvesting if not.

(A2) For i = 1,2, p; is the probability measure on (—oo, 0] satisfying that

0
fr = / e dpy(0) < +o0.

Clearly, the above assumption (A2) holds when 1;(0) = e**? (k > 2) for § < 0, thus

there is a large number of these probability measures.

For convenience, we introduce the following notations

R2 = {g=(g1.92) €R® | g; > 0,i = 1,2}, <f(t)>:t1/0f(s)ds.

Throughout this paper, K stands for a generic positive constant whose values may be
different at different places.

The rest of the paper is arranged as follows. In Section |2, we established the sufficient
condition for permanence in time average and extinction for model . In Section
we obtained the sufficient condition for global attractivity of model . In Section
we introduced an example to illustrate the main results. Finally, we close the paper with

conclusions and remarks in Section [Bl
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2. Permanence, stability and extinction

In the initial stage, we draw into a new concept raised by Lu and Wu [30]. Now let
(2, F,{Fi}s>0,P) be a complete probability space with a filtration {3}, satisfying the
usual conditions. Let W (t) denote a m-dimension standard Brownian motion defined on

this probability space.

Definition 2.1. Considering the following impulsive stochastic functional differential

equation with infinite delay:

dX(t) = Fi(t, X(t — 1), X)) dt + Fy(t, X (t — 7), X)) dW(t), t#ty, k€N,

(2.1) .
X(tk)—X(tk):IkX(tk), k € N,

where X (t) = (X1(t),...,X4(t))T, t € Ry. Since phase space BC((—o0,0]; R?) may cause
the usual well-posedness questions related to functional equations of unbounded delay (see

e.g., [14,37,40]), we choose space Cy (see |7,[37]) as phase place, which is defined by

Cy = {o € Cl-o00iRY gl = swp & l(s)] < o0}

—00<s<0

rs

where we choose g(s) = e, r > 0 and let |-| denote the Euclidean norm in R?. Fur-

thermore, Cy is an admissible Banach space (see [4]).

In 2.1), X; = {X(t+6): —o0 < g <0} can be regarded as Cy-value stochastic pro-
cess. The initial value X (t), ¢ < 0 is nonrandom and positive, and belongs to the phase
space C,; above. An R?-value stochastic process X (t) defined on R is called a solution of
the equation with initial data above, if X (t) has the following properties:

(i) X(t) is Fi-adapted and continuous on (0,¢1) and (tg,tx+1), k € N; t — Fi(t, Xy) €
LY R ;RY) and t — Fy(t, X;) € L2(Ry;R™) where £F(R,, R?) is all R? valued
F: adapted processes f(t) such that fOT |f(t)]dt < 400 a.s. (almost surely) for all
T > 0. £F(R,,R™™) is defined similarly.

(i) for each ty, k € N, X(t]) = hmt—n:,j X(t) and X(t,) = lim, ,
X (t,) = X(tx) with probability one.

" X(t) exist and

(ili) X (t) = &(t) for t <0, for almost all t € [0,¢1], X (t) obeys the integral equation

X(t):§(0)+/0 Fl(S,X(ST),XS)d8+/O Fy(s, X (s — 1), Xs)dW(s).

And for almost all ¢ € (¢, tr1+1], K € N, X(t) obeys the integral equation

X(t):X(t]j;)+/tF1(S,X(S—T),XS)dS—l-/tFQ(S,X(S—T),Xs)dW(S).

123 ti
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Moreover, X (t) satisfies the impulsive conditions at each ¢ = ti, k € N with proba-

bility one.
Lemma 2.2. (Liu et al. [27]) Suppose that z(t) € C'(2 x [0, +00),R).

(i) If there exist two positive constants T and py such that Inz(t) < pt — po fot z(s)ds
+ Z?Zl a;B;(t) for allt > T, where a;, i = 1,2, are constants, then

limsup (2(t)) < p/po  a.s. if p >0,

t——+o0

lim z(t) =0 a.s. if p <O0.

t—+00

(ii) If there exist three positive constants T', p and py such that In z(t) > pt — po fg z(s) ds
+ 32 iB;(t) for all t > T, then liminf;_, o (2(t)) > p/po a.s.

Lemma 2.3. Let the assumptions (A1)—(A2) hold. For any given initial value & € Cy,
then system (1.2) has a unique positive solution (x1(t),x2(t)) on t € R and the solution
will remain in R% with probability 1, namely (x1(t),x2(t)) € R for all t € R almost

surely.

Proof. The proof of existence and unique of positive solution to model ((1.2)) is motivated
by Liu and Wang [25]. Consider the following stochastic delay differential equation without
impulsive perturbations:

dy(t) = y(t) |b1 — H (14 Ix)anyi(t) —a12/ H (1+ Hy)y2(t +0) dus(0) | dt

0<tp<t o<t <t+6 ]
+o y t)dBy(t
(2.2) (B dB(b), _
dyz(t) = y(t) |b2 — an / I+ Iyt +0)dm(0) — [[ (1 + Hi)asaya(t)| dt
o0 O<tk<t+9 0<tp<t J

+ Uzyz(t) dBs(t)

with the same initial value as model (1.2)). Now let us prove model (2.2)) has a unique pos-
itive solution (y1(t),y2(t)) on t € R and the solution will remain in Ry with probability 1.
The proof is standard and hence is omitted (see e.g., [8,[28]).

Let

)= [ O+ In@), @)= [ O+ Hop(),

O<trp<t O<tr<t

where (y1(t),y2(t)) is the solution of the model (2.2). We need only to clarify that
(z1(t), x2(t)) is the solution of ((1.2). As a matter of fact, 1 (t) is continuous on (tg, txy1) C
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(0,400), k € N and for every t # t,

dxl(t)d[ 11 (1+Ik>y1(t)] = [[ a+n)dn@

O<tp<t O<tp<t

II 0+ 1)n@)
0<tp<t
0

x [bl_ 11 (1+Ik)allyl(t)_a12/ I @+ Hya(t+0)dus(0) | dt
O<tp<t

X o<ty <t+0

+01< H (1+Ik-)> y1(t) dB1(t)

0<tp<t
0
= .’El(t) |:b1 — allxl(t) — a2 L IEQ(t + 0) dMQ(e):| dt + alxl(t) dBl (t)

Similarly, we have

0

dxo(t) = xo(t) [bz —ag /

—0o0

x1(t +0) dp(0) — azzl’z(t)] dt + oax9(t) dBa(t).

In addition, for every k € N and ¢ € [0, +00),

z1(t)) = lim A+ nw = ] Q+Ln)
=t o<t <t 0<t; <ty
=(+n) [ O+ L)wte) = (04 L)z ().
0<t; <ty

At the same time,

vi(ty)=1lm J[ C+n@) = J] 0+Hn)

t—t,

kO<t;<t 0<t; <ty
= JI O+Lut) =2i(t).
0<t; <ty

Similarly, for every k € N and t; € [0, +00),

wa(tf) = lim [T U+ Hpwet) = J] 1+ Hyya(t))
= o<ty <t 0<t; <ty
=(1+Hy) ] O+ Hjya(tr) = (1+ Hy)wa(ts)
0<tj<tk

and

va(ty)=lim J[ O+ H)we@)= [ 0+ H)u)
2 o<tj<t 0<t; <ty

= H (1 + Hj)yg(tk) = xZ(tk)'

0<t; <ty
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Our next job is to prove the uniqueness of the solution for model (1.2). For ¢ € [0,¢;], the
model ([1.2)) becomes the following equation:

dzy(t) = x1(t) [b1 —apzi(t) — 012/

—0o0

0
za(t + 0) duz(H)] dt + ora1(£) dBy (£),
(2.3) )

dafg(t) = (IZQ(t) [bg — a921 / T (t + 9) dul(e) — 492929 (t)] dt + O’2$2(t) dBQ(t).

—0o0
Owing to the coefficients of ({2.3)) are locally Lipschitz continuous, by the theory of stochas-
tic differential equation [40,41], the solution of ([2.3]) is unique. For ¢ € (tg,tx+1], k € N,
the model (|1.2]) becomes

dxq(t) = x1(t) [61 —anx(t) — a12/

— 00

’ wg(t + 9) d/LQ(H)] dt + 0121 (t) ClBl (t),
(2.4) .

dxo(t) = wo(t) [bz - a21/

T (t + 9) d,LLl(e) — 92212 (t):| dt + 0'21‘2(75) dBQ(t)

—00

Note that the coefficients of (2.4) are also locally Lipschitz continuous, then the solution
of (2.4) is also unique. Consequently, the solution of the model (1.2)) is unique. The proof

is complete. ]

A lot of authors have paid their attention to the permanence (see e.g., [8,10,31], which
is one of the dominant themes in investigating dynamical of population. Now we study
the permanence of model ([1.2). We first do some preparation work.

Definition 2.4. System (1.2 is said to be permanent in time average a.s. if there are
positive constants m; and M; (i = 1,2) such that

I I
m; < liminft/ x;i(s)ds < limsup t/ xi(s)ds < M; as.,i=1,2,
0 0

t—o0 t—o0

hold for any solution (z1(t),z2(t)) of system (|1.2)) with initial condition ¢ € Cl.
Theorem 2.5. For model (1.2), we let the assumptions (A1)—(A2) hold.

(1) If by < 0.507 —limsup;_, oo [t Y0y, o (1 +I)] and by < 0.505 — limsup,_, ;o
[t D o<ty <t In(1+ Hy)], then both z1 and x2 are extinct almost surely (a.s.), i.e.,

limy 400 zi(t) =0 a.s., i =1,2.

() If by > 0.507 — liminf o0 [t Y0y, o, (1 + Ii)] and by < 0.503 — limsup;_, o,

[t_l ZO<tk<t ln(1+Hk)] , then x9 is extinct a.s. and x1 is permanent in time average

a.s., i.e.,
by — 0.502 + lim infy 4o [t—l S ocr < In(1+ Ik)}
liminf (z(t)) > a.s.,
t—+o0 ail
by — 0.502 + limsup,_, , [t—l et cr In(1 + Ik)]
lim sup (x1(t)) < a.s.

t—+o00 a11
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(TIT) If by < 0.507 — limsup,_, oo [t Y02y, oo (1 + 1) and by > 0.505 — liminf; 1o

[til Zo<tk<t In(1 —&—Hk)] , then 1 s extinct a.s. and x2 is permanent in time average

a.s., i.e.,
by — 0.502 + liminfy 4o [t*l S octpci (1 + Hk)}
lim inf (xo(t)) > a.s.,
t——+o00 as9
by — 0.50% + limsup,_, , o [t_l D o<ty<t (1 + Hk)}
lim sup (z2(t)) < a.s.
t—+o0 a2

If the conditions by > 0.507 — limsup,_, , o, [t D o<ty <t In(1+ Ir)], b2 > 0.503 —
lim sup;_, ;o [t > o<t <t (1 +Hy)|, by > 0.507 —liminfy, o [t7F D o<ty<t M1+
Ix)] + a1aMy and by > 0.503 — liminfy oo [t Y0, o In(1+ Hy)] + a2 My hold,
then for any initial data & € Cy, the solution (x1(t), z2(t)) of has the properties
that

limsup (x1(t)) < My a.s.,  limsup(z2(t)) < My a.s.,
t——4o00 t——+o00
ltlgl_’}g (1(t)) > m1  a.s., ltlglﬁ&f (z2(t)) > ma  a.s.,

where

by — 0.507 + limsup,_, , o [t_l > o<ty<t (1 + Ik)}

Ml = )
ail
by = 0.50F + limsup,_, o0 [¢71 gy (1 + Hy)|
M2 - )
a2
by — 0.502 + liminfe_, 4o [t*l > ocrocr In(1+ Ik)} — a1 Mo
my = ’
aii
by — 0.502 + liminfy_, 4o [rl > ocrocr (1 + Hk)} — as M,
mo = .

a22

That is, model ([1.2)) will be permanent in time average a.s.

Proof. Applying It6’s formula to the first equality in (2.2)), we obtain

(2.5)

Iny1(t) — Iny1(0)

(bl 0501t—a11/ Z ln +Ik yl( )d

0 0<tr<s

— a2 // 1+ Hy)ya(s + 0) dua(0)ds + 01 B (t)

o0 0<tk<s+6)

(bl 0501)t—a11/ l‘l ds—alz// 8—1—9 d/LQ(Q)dS—I—JlBl(t).
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On the other hand, it follows from (2.5) that

Z In(1+ 1) + Iny; (t) — Iny1(0)

0<tp<t

= Y I(1+1I) + (b — 0.507)t — a11/ > In(1+ Ip)ya(s) ds
0<tp<t 0 o<tr<s
—a12// 1+Hk)y2(8+0) du2(0)ds+alB1(t)

o<ty <s+9
t

Z In(1+ I) + b1—0501)t—a11/ x1(s)ds

0<tr<t 0

*alg// 2(s+0)du2(0)ds + o1 B4 (t).
In other words, we have

Inzq(t) — Inz1(0)

Z lnl—}—Ik (b1—050'1 t— a1 Z 1n1+Ik)y1()d
0<tp<t 0 0<tr<s

(2.6) T // (14 Hy)ya(s + 0) duz(0)ds + o1 By ()

o0 U<tk<s+9

t
Z In(1 + Iy) + (by — 0.50%)t — an / x1(s)ds
0

0<tp<t
—alg// S+(9 dﬂg(g)ds—{—O'lBl(t).

For i = 1,2, we compute

// i(s+6)du;(0)ds

:/ [/ (s+0)d,u(9)ds—l—/0 (s+9)d,uz(9)} ds

/ds/_s H(540) 3, (s + 0)e O dp, (9)+/ duz(é?)/t zi(s + 0) ds

-0
s t+0
—/ ds/ 0 (s 4 0)e T+ du¢(9)+/ dui(e)/ zi(s) ds.
0 —00 —t 0

By the assumption (A1), for i = 1,2, we get that
t —s
/ ds/ 0 (s + 0)e 0 dy, (0)
0 —00
t —s t 0
< [as [ et o) O duo) < el [ emas [ e duto)
0 —0 7Jo

—00

(2.7)

t 0
—rs —2r 1 —r
ﬂW@Ae ds [ e dpi0) < | el nel1 - )

—00
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Substituting (2.7]) into (2.6]), we derive that

Inzy(t) —Inay(0) = [t Y In(1+ )+ (b — 0.507) | ¢
O<tr<t

t 0 t+6
(2.9) s /0 21(5) ds — ans / dyi2(6) /O 7(s) ds

—t
t —s

- a12/ dS/ €r(s+0).%'2(8 + 9)€_r(s+€) d/@(e) + 0181 (t)
0 —00

Similarly,

Inzy(t) —Inag(0) = [t Y In(1+ Hy) + (b — 0.503) | t
O<trp<t

t 0 t+6
(2.10) — a22/0 xa(s)ds — a21/ d,ul(e)/o z1(s)ds

—t

t —5
— a9 / ds/ er(5+9)x1(s + H)e_r(s+0) dpy(0) + o2 Ba(t).
0 —00

(I) Assume that by < 0.507 — limsup,_, |, [t > o<ty<t (1 + I1,)] and by < 0.503 —
lim sup,_, o [t D o<ty<t (1 + Hy)]. By (2.9), we get

t
1y 21 <by — 0507 +limsup [t > In(1+ 1) | +t o1 Bi(t).
21(0) t—+o0 0<tr<t
In view of the strong law of large numbers for martingles, we obtain lim;_,~ Bi(t)/t =0

a.s. Therefore, we have

limsupt ! Inzy(t) < by — 0.50% + limsup [t} Z In(1+Ix)| <O.

t——4o00 t——4o00 0<tp<t
Consequently, lim;_, - z1(t) = 0 a.s. Likewise, by (2.10), we can show that if by <
0.505 — t7' Y0y o (1 + Hy), then limy 4 o0 22(t) = 0 ass.

(IT) Suppose that by > 0.507 — limsup;_, o, [t > o<ty <t (1 + I1,)] and by < 0.503 —
limsup,_, o, [t D o<ty <t In(1+Hy)]. Since by < 0.503 —limsup,_, , o, [t > o<t,<t m(1+
Hk)], then by (I), we have lim; 4o x2(t) = 0 a.s. Therefore, in virtue of (2.8)), for
arbitrary € > 0, there is T' > 0 such that for ¢t > T,

0 t-+0 t
tl/ d,u(H)/ zo(s)ds < tl/ xa(s)ds <
—t 0 0

This implies that

1
el a1 — e <

o
e

—e/2 < ajat” 1// 2(s+ 0)dus(0)ds <

w\m
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Since x1(0) is bounded, we can see that

—g <t tlnz(0) < g

Substituting the two inequalities above into (2.9), we can derive that for ¢t > T,

Inz(t) < |by —0.50% + limsup | ¢~} Z In(1+1) | +e|t
t=rtoo O<tr<t

(2.11)

t
—al / {L‘l(S) ds + UlBl(t),
0

2, i -1
Inzi(t) > [by —0.507 + lgglﬁgof t Z In(1+1x) | —eft
(2.12) 0<tj<t

t
—al / 1‘1(8) ds + UlBl(t).
0

Owing to by > 0.50%, we can choose ¢ sufficiently small such that b; — 0.50% — ¢ > 0.
Applying (i) and (ii) in Lemma [2.2|to (2.11]), (2.12)) and the arbitrariness of ¢ respectively,
we derive

by = 0.50% + Timinfry oo [ Soeq, < (1 + 1)

im i > .S.
lginﬁ&f (x1(t)) > - a.s

and

by — 0.507 + limsup,_, , o [t_l > o<t <t In(1+ Ik)}
limsup (z1(t)) < a.s.

t—+00 ail

The proof of (III) is similar to (II), so we omit it here.

(IV) By assumption (A1), for i = 1,2, we may compute that

// (s + 0) dui(0)ds

:/ [/ (s—l—9)duz(9)ds+/0 (s+9)duz(9)] ds
/ ds / 0 (5 1 0)e ) du(0) + / dps(0) / ;xi(sw) ds

. t+0
/ ds/ g (s + 0)e "0 d,(6) +/ dﬂz(e)/ x;i(s)ds
- 0

(2.13) :/0 ds/ et (s + 0)e 60 dpu, (9)

t o) [[woras+ [ ano) [T as
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/ds/_s K50 3, (s + 0)e ") dus(0) + / () ds
—/ duz(Q)/ (s )ds+/ da(0) /Hexz(s)ds

/ ds / 0 i (s + 0)e 0 dpy (0) + / xi(s)ds

— _Ood,uz(O)/ zi(s ds—/ dpi (0 / xi(s) ds.

Substituting (2.13)) into ([2.6]), we have

Inzi(t) —Inzi(0)

t
=t > W+ IL)+b —0507 | t— au/ z1(s) ds
0<tp<t °
(2.14)

t t —S
- CL12/ x2(s)ds — ara / ds/ er(s+9)$2(s + G)e_r(s+9) du2(0)
0 0 —00

0 t —t t
+an / ds(6) / aas)ds+ o / dps(6) /0 22(5) ds + o1 B (£).

—t t+ —00
Similarly, by (2.10) and (2.13)), we obtain

Inza(t) — Inx2(0)

t
= (tl Z In(1+ Hy) + by — 0.5(7%) t— agz/ x9(s)ds
0

0<tp<t
(2.15) e

t t —s
— a9 / x1(s)ds — ag / ds/ er(s+9)x1(s + 9)e_r(8+9) dpup (6)
0 0 —00

0 t —t ¢
+ an / du (6) / x1(s)ds + a / du (6) / z1(s) ds + o9 Ba(t).

—t t+0 —oc0 0
Making use of the conditions by > 0.50% —limsup,_, , o, [t7! D o<to<t In(1+1;)] and (2.11)),

we obtain

by — 0502 + limsup,_, , . [t—l S oer, < In(1+ I,C)}
(2.16) limsup (x1(t)) < =M, a.s.

t—+o00 a1l

In the same way, we can get that if by > 0.503, then

(2.17)
‘ by — 0.50% + limsup,_, , . [rl > ocrocr In(1 + Hk)]
lim sup (z2(t)) < =M, a.s.
t—+o00 a2

Let € be sufficiently small such that liminf; [t_l ZO<tk<t In(1+ Hk)] + by — 0.50% -
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az1 My > ag1e. When ([2.16) and (2.8) are used in (2.15)), we have

t tnzy(t) — t Lnxy(0)

= ¢! Z In(1+ Hi) + by — 0.503 | — aga (z2(t))
0<tp<t

t —S
— a9 <$1 (t)> — t*1a21 / ds/ €r(s+a)$1(8 + 0)67r(s+9) dﬂl(@)
0 —00

0 t —t t
—}—t_lam/ dul(e)/ x1(s)ds —}—t_lagl/ d,ul(G)/ z1(s) ds + t Loy By(t)
t 0

—t +0 —00

> | ¢t! Z In(1 + Hy) + by — 0.505 | — ago (za(t)) — ag1 limsup (z1(t)) — age
0<tp<t t=+o0
k
> | liminf ¢t Z ln(l + Hk) + by — 0.50’% — 922 <:172(t)> — a9 My — a9

t——+o00
0<trp<t

for sufficiently large ¢. In view of (ii) in Lemma [2.2] and the arbitrariness of ¢, we get

by — 0.502 + liminfy_, 4o [t—l S0t < In(1+ Hk)] —an My

lim inf (z5(t)) >
im inf (z3(¢)) _—

=my a.s.
Similarly, by (2.17) and (2.8]) are used in (2.14]), we derive

by — 0.50% + liminfy 4 o [t‘l Zo<tk<t In(1+ Ik)] — a1aM>
lim inf (zq(t)) >

t—+00 all

=mi a.s.
The whole proof is completed. O

Remark 2.6. By (II) in Theorem [2.5] we can see that when

limsup |t~} Z In(1+ 1) | =liminf |t} Z In(1+Ix) |,

t=+o0 0<tp<t tmrtoo 0<tp<t
then
b1 = 0.50% 4 Tt oo [71 X ggy < (1 + )|
lim (zi(t)) = a.s.
t—-+o0 all

This means z; is stable in time average a.s. Similarly, in virtue of (III) in Theorem 2.5

we can obtain that x5 is stable in time average a.s. when

limsup | E In(1+ Hy)| = liminf [¢7? g In(1 + Hy)
t—+00 t—+o0
0<tp<t 0<trp<t
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Remark 2.7. In view of (I)~(IV) in Theorem [2.5| we can find that the impulsive pertur-
bations does not affect extinction and permanence in time average if the impulsive per-
turbations are bounded. When impulsive perturbations are unbounded, it can maintain
some important and significant properties of population models as much as possible. For
example, (I) in Theorem shows that all the species modelled by stochastic model
are extinct when suffering environmental noise; whereas (II) and (III) in Theorem [2.5|show
that one population of stochastic model is permanent in time average when enlarge
the intensity of impulsive perturbations. In addition, (IV) in Theorem [2.5| points out the
important fact that all the species described by stochastic model can survive for a

long time under the control of impulsive perturbations which represent human behavior.
Remark 2.8. From the condition by < 0.507 — limsup,_, ., [t D o<ty <t In(1+ I),)] and
by < 0.503 — limsup, , . [t7* D o<ty<t (1 + Hyp)] in (I) of Theorem it is easy to
see that the environmental noise is disadvantageous of permanence in time average of

model ([1.2)) if we enhance the intensity of the noise o and o3, simultaneously.

Remark 2.9. From the conditions of (IV) in Theorem [2.5] it is easy to see that the interac-

tion rate a;; (i = 1,2, i # j) is unfavorable for permanence in time average of model (1.2)).

3. Global attractivity

In this section, we turn to establish sufficient criteria for the global attractivity of (1.2)).

To end this, we prepare some useful definition and lemmas.

Definition 3.1. Let z(t) = (z1(t), z2(t)) and z*(t) = (z3(t), 25(t) be two arbitrary solu-
tions of model with initial values £ € C; and £* € Cy, respectively. If, for ¢ = 1,2,
limy 400 |2i(t) — 2 (t)| = 0 a.s., then we say model is globally attractive (globally
asymptotically stable).

(A3) There are two positive constants l; and L; such that I1 < [[q_, (1 + 1) < Ly and
I < H0<tk<t(1 + Hy) < Ly for all t > 0, respectively.

Remark 3.2. Assumption (A3) is easy to be satisfied. For example, if I, = (=D /K2 1,

then %7 < [To<t,<:(1+ 1) <eforallt>0. Thus1<[[o_, ,(1+ 1) <eforallt>0.

Lemma 3.3. Let the assumptions (A1l)—(A3) hold. For any initial value & € Cy4 and
p > 0, there is a constant K = K(p) > 0 such that the solution y(t) = (y1(t),y2(t)) of

model (2.2) satisfies
E@f(t) < Ki(p), t>0,p>0,i=12.

Proof. The proof is rather standard and hence is omitted (see e.g., [23,26,28]). O
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Lemma 3.4. [12,[33] Suppose that an n-dimensional stochastic process X (t) on t > 0
satisfies the condition
E|X(t)—X(s)[*<clt—s|", 0<s,t<oo

for some positive constants o, B and c. Then there exists a continuous modification )?(t)
of X(t), which has the property that for every v € (0,3/a), there is a positive random
variable h(w) such that

X(t,w)—X(s,w) 2
P w: sup < — =
0<t—s|<h(w) it —s[" 1—2-7
0<s,t<oco

In other words, almost every sample path of)?(t) is locally but uniformly Holder continuous

with exponent .

Lemma 3.5. Let the assumptions (A1)—(A3) hold. If y(t) = (y1(t), y2(t)) is a solution of
model (2.2]) with initial value § € Cy, then almost every sample path of y(t) is uniformly

continuous on t > 0.

Proof. We shall consider the following stochastic integral equation instead of (2.2):

yl(t)=y1(0)+/0 yl(S)(bl—au IT 0+ 1))

0<trp<t

0 t
—(112/ H (1 +Hk)y2(3+9) d,LLQ(a))dS-F/ Ulyl(s) dBT(S)7
~ o<ty <t+0 0

Y2 (1) =y2(0)+/0 2/2(5)(52—&21/ H (T4 I)yi(s + 0) dpq ()

TR0ty <t+6

~az T[4 Hwls) )i+ [ ouunls) o)

0<ty<t
Note that
0
E\yi(s) <b1 —an ] (L4 Ly(s) - ar / (1+ Hg)yz(s +0) dﬂ2(9)> ‘
0<tp<t T o<ty <t+0
o p
=F |y1<s>|p b1 — a1 H (1+Ik>y1(8) —CL12/ H (1+Hk)y2(s+9)d,u2(9) ]

0<ty<t+0 S 0<ty <t+6

< 0.5E |y1 ()| +0.5E|by — ayy H (1 + Ik)ya(s)

0<ty <t+0

0
—ap / I+ Ho)yals +0) dus(9)
T 0<tp <t+0

2p

0
b?P + aﬁ)L?T’E ‘yl (5)|2:D + aingpE '/ y2(5 + 9) d/LQ(@)

— 00

<05 {E ly1 ()P + 3% 'E

"
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_ . -
Elyi(s)[* + 371 |61 + ol LI [y1(s) + ais L' E (/ [y2(s +0)] du2(9)> ] }
— 00

0

(s + 0 dua(0)] |

—0o0

<05 {E [y () + 377 |6 + R LBy () + 035 L7 B /
: 0
{E|y1(s)|2p+32pl b2p+a11L2pE|y ( )| +a1pL2p/ E|y2(s+9)|2pd,u2(0)}}

—05 {L%p +3%-1p {b +aP LK (2p) + alngng(Zp)} }=K

Here the second inequality follows from the discrete Holder inequality. In the same way,

we have
0
Eya(s) [bg —as [T (1+ He)yals) - a21/ (14 Iy (s + 0) dul(a)l <K
0<trp<t TR 0<tp<t+6
The rest of proof is similar to Lemma 9 in [23], we hence omit it. O

Lemma 3.6. [3] Let f(t) be a nonnegative function defined on [0,00) such that f(t) is

integrable on [0,00) and is uniformly continuous on [0,00). Then lim;_o f(t) = 0.
Now, we are in the position to give our main result of this section.

Theorem 3.7. Let the assumptions (A1)—(A3) hold. If lya11 > Liasgi, laazs > Loajs,
then model (1.2) is global attractivity.

Proof. Let (z1(t),z2(t)) and (x7(t), z5(t)) be two arbitrary solutions of (1.2)) with initial
values £ € Cy, £ € Uy, respectively. Suppose that the solution of

o -
dy1 (t) =1 (t) by — H (1 + Ik)a11y1 (t) — alg/ H (1 + Hk)yz(t + 9) dﬂQ(e) dt
0<tRp<t TR 0<t<t+0 J

+o1y1(t) dB1 (1),

. ]
dy2(t) = y2(t) b2 — an / II Q+mw+0)dm®) — [ 1+ Hi)asaya(t) | dt
L TP 0<t <t+6 0<trp<t ]

+ g2y2 (t) dBQ (t)

is (y1(t),y2(t)) and the same initial values £ € Cj as (1.2). On the other hand, the solution
of

dyi(t) =y(t) |b1 — H (1 + Ix)arya () —a12/ H (1+ Ip)ya(t + 0) du(0 )] dt

0<tr<t O 0<ty <t+0
+Cf1y1( )dBi (1),

dyg(t) = y(t) by — a9 / 1+ Ik)yl (t + 9) dul(ﬁ) — H (1 + Hk)aggyg(t)] dt

o0 O<tk<t+9 0<tp<t
+ Ugyg(t) dBQ( )
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is (y7(t),y5(t)) and the same initial values £* € C, as (|1.2). Then we have

rit) = [[ Q+T)n@), =0 = [ 0+ Hp®),

0<tr<t 0<tr<t
v = [ O+, a0 = ] 0+Hus).
0<tp<t 0<tp<t
Define
2
V() = 3 n((4) ~ o} ()] + oL / J lun(5) — wi (5)] dsdpur (6)

+anls / J ly2(s) — v ()| dsdpuz(0).

A calculation of the right differential DTV (t), and then making use of the generalized

It6’s formula, we can observe
DTV (t)

2
=D seu(yi(t) — yi (1) d(ln(yi(t)) — In(y; (1))
=1

0 0
anly [ [0 - yi(0)|din(@)dt — anLy [t +6) = vi(e-+6)| dur(0)a

—0o0 —00

0 0
+arsLy / ly2(t) — 5(0)] dpa(0)dt — araln / lya(t + 0) — y5(t + )] dpa(B)dt

—00 —0o0

= sgn(y1(t) — yi(t)) ( —an H (1 + i) (t) — yi(t))

0<tp<t

o/

(1+ Hi)(y2(t +0) —ys(t +0)) dug(&)))dt

o<ty <t+6
+sg(a(t) = 5(0) (—az2 TT 1+ Hoal0) — ()
0<tr<t
—a (14 1) (1 (t + 0) — g5 (t +0)) dua(0) ) )dt
21</°°0<t <t+6 e . " >>
0 0
tanly [ [n(® - yi(0)|dm (@)t — anLy [t +6) = yi(e-+6)| dur(0)a

0 0
+anly / () — 43(0)] dua(0)dt — araLy / lya(t + 6) — 33 (¢ + 0)| du(0) dt
0
< —anl |y1(t) — v (8)] dt + arsLo / [yt 1 0) — y3(t + 0)| dyua(0)dt
0
~amla Iy (8) — yi(0)] dt + am Ly / ya(t + ) — yi(s + 0)| dua(0)dt

— 00
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0 0

ann [0 = st Odn@de—anla [ i(e+0) — i+ 0l @)
0 0

tals [ [®) - y3(0)|dua(O)dt — areLs | Juat +6) = (e -+ 6)| dua(O)it

= —(a11ly —ag1L1) [y1(t) — 47 (t)| dt — (azala — a12L2) [y2(t) — y5(t)| dt.
Integrating both sides and then taking the expectation yield
t t
VO VO - [ (anh - anlo) i) - 4 () ds — [ (@l ~ L) lnals) - w3 (s)| s
0 0

In other words, we have already shown that

V() + /0 (anahy — an L) [y (s) — i (s)] ds + /0 (azsla — araLo) lya(s) — 5 (s)] ds

<V(0) < oo.
From l1a11 > Lias1 and lsage > Loaqs, we derive, for i =1, 2,
lyi(t) — v (t)| € L0, +00).
Then it follows from Lemmas and that, for i = 1,2,

lim |yi(t) —y; (8)] = 0,

t—+o00

from almost all w € Q). Therefore,

lim |21 (t) —27(t)] = lim (1 + L) [y2(8) = w1 ()] = 0,

t—+o00 t——+o0

from almost all w € £;

i faa(t) — 3] = lim [ (14 Hi) () — 930 =0,
0<trp<t
from almost all w € . This completes the proof of Theorem O

Remark 3.8. From Theorems and it is easy to see that infinite delay does not
effect the extinction, permanence in time average and global attractivity of model ([1.2)).

4. Examples and numerical simulations

In this section, we shall use the Euler scheme (see e.g., [39]) to illustrate the analytical

findings.
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Figure 4.1: The horizontal axis and the vertical axis in this and following figures represent

the time ¢t and the populations size (step size At = 0.001).

In Figure we choose the initial data & (0) = 0.3e?, &(0) = 0.4¢?, by = 0.58,
by = 0.52, a11 = 0.78, ass = 0.7, aj2 = a9 = 0.4, a% = 1.3, 05 = 1.2, t = 10k. Then
U = aj1a99 —ajoao; = 0.25, U1 = brags —boaio = 0.046, ¥y = boa11 —brag; = 0.16. We let
o1 = 03 = 0. Then by virtue of Kuang’s work [13], we have that the positive equilibrium
(U1/U, Wy /W) = (0.184,0.64) is globally asymptotically stable.

In addition, the only difference in Figure [4.1[a)—(c) is that the representations of Ij,
and Hy are different. In Figure (a), we choose I, = Hi = 0. From (I) of Theorem [2.5
the population x;(t) and z2(t) are extinct a.s. In Figure (b), we choose I}, = %9 — 1,
Hi = 0. In view of (II) of Theorem [2.5] population x;(¢) will be permanent in time
average a.s., xa(t) is extinct a.s. In Figure c), we consider I = et —1, Hy = ¢® — 1,
then
by — 0.50% + limsup,_, , o [t‘l > o<ty<¢ (1 + Hk)]

limsup (@1 (1)) < My =

t——+o00 ai
=0.538 a.s.,
by — 0.502 + limsup,_, , . [rl > ocrocr In(1+ Ik)}
lim sup (z2(t)) < My =
t—+o00 a2
=0471 as.,

by = 0.50% + Timinfy s oo [} Soeq (1 + 1) = sz
t——4o00 - aill
=mqp =0.296 a.s.,

lim inf (z1(¢)) >
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by = 0.50% + liminfiy oo [} Sy, < (1 + Hy)| = azi My
lim inf (zo(t)) >

t——+o0 ago
=mo =0.164 a.s.

By virtue of Theorem population x;(t) will be permanent in time average a.s., i = 1, 2.
By comparing Figure (a)f(c), we can see that the impulsive perturbation can change
the properties of the population system significantly.

In Figure (d), we choose the initial data &;(0) = 0.3e?, &(0) = 0.4ef, by = 0.62,
by = 0.54, a;3 = 0.78, agy = 0.7, a2 = 0.3, a1 = 0.2, 07 = 0.5, 03 = 0.2. Let
I, = H;, = eV /R 1, then %7 < H0<tk<t(1 + I;) < e for all t > 0. Thus we set
l; =€e%™, L; = e for i = 1,2. Making use of Theorem the model will be global

attractivity.

5. Conclusions and remarks

This paper incorporates two important factors, environmental noise and impulsive per-
turbations, into the classic delay competitive model for the first time and obtain the
nice dynamical properties including permanence in time average, extinction, stability in
time average and global attractivity of model by choosing C, space as phase space.
From the conclusions we know that the impulsive perturbations can have important im-
pact on the population. In particular, when the population will be extinct, we should
take measure, i.e., positive impulsive perturbation, to avert the case as far as possible.
Furthermore, the results also implies that, firstly, environmental noise have an influence
on permanence in time average, extinction and stability in time average; secondly, infinite
delay has not affect permanence in time average, extinction, stability in time average and
global attractivity of model ; thirdly, permanence in time average of model has
close relationships with the interaction rates.

Some interesting and significant topics deserve our further engagement. One may find
a more realistic and sophisticated model to introduce the Lévy jumps |2] into the model.
Recently, Liu and Chen [21] investigated the general stochastic non-autonomous logistic

model with delays and Lévy jumps:

0
dx(t) = x(t) [r(t) —a(t)x(t) + b(t)x(t — 7(t)) + c(t) /_ x(t+0)du(f)| dt
(5.1) + o1 ()2 (t) dwy (t) + oo (t)z T (t) dwa (t) 4 o3(t)z? )z (t — 7(t)) dws(t)

0

+0'4(t)l”(t)/

— 00
where, z(t7) = limg 2(s), wi(t) (i = 1,2,3,4) are the white noises, N(dt,du) is a real-

valued Poisson counting measure with characteristic measure A on a measurable subset Y

z(t + 0) dp(0)dwy(t) + /Y v (t, W)zt YN (dt, du),
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of Ry with A(Y) < +00, N(dt,du) = N(dt,du) — A(du)dt. By choosing space C, as phase
space, they discussed the persistence and extinction of model (|5.1)). Here

Gy = { € Ol 0B el = 5w l(s)] < +oo} .

—00<s<0

where g(s) =e™"*

, r > 0. However, we need point out the fact that unlike the Brown pro-
cess whose almost all sample paths are continuous, the Poisson random measure N (dt,du)
is a jump process and has the sample paths which are right-continuous and have left lim-
its (see e.g., [35}38]). Because all sample paths are continuous in C, above (see [40,/41]),
the statement from [21] is incorrect with space Cj; as phase space. Therefore, we will
find another space as phase space when studying stochastic model with infinite delay and

impulsive perturbation, and such investigations are to be done in future.
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