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The Bressoud-Gollnitz-Gordon Theorem for Overpartitions of Even Moduli

Thomas Yao He, Allison Yi Fang Wang* and Alice Xiao Hua Zhao

Abstract. We give an overpartition analogue of Bressoud’s combinatorial generaliza-
tion of the Gollnitz-Gordon theorem for even moduli in general case. Let 5;”(71) be
the number of overpartitions of n whose parts satisfy certain difference condition and
]Bkz(n) be the number of overpartitions of n whose non-overlined parts satisfy certain
congruence condition. We show that 61“(”) = ﬁkl(n) for 1 <i<k.

1. Introduction

Throughout this article, we shall adopt the common notation as used in Andrews [3]. Let

o0

(@)oo = (a59)00 = [ (1 — aq’)

=0

and
(@)oo
(ag™)oo

The Rogers-Ramanujan identities [22] are the most fascinating identities in the theory

(a)n = (a;q)n =

of partitions. Gordon [14] made the first break-through with an infinite family of identities
in 1961 by proving a combinatorial generalization of the Rogers-Ramanujan identities,

which is stated as the following theorem.

Theorem 1.1 (Rogers-Ramanujan-Gordon). For k > i > 1. Let By ;(n) denote the
number of partitions X of n of the form X\ = (151,212,353 .) where f;(\) (f; for short)

denotes the number of times the number t appears as a part in A such that
(1) V) <i—1;
(2) fi) + frrr (V) <k -1

Let Ay ;(n) denote the number of partitions of n into parts # 0,+i (mod 2k + 1). Then,
for all n >0,
Akﬂ(n) = Bk,z(n)
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In 1979, Bressoud [7] extended Rogers-Ramanujan-Gordon theorem to even moduli.

Theorem 1.2 (Bressoud-Rogers-Ramanujan-Gordon). For k >4 > 1. Let g;“(n) denote
the number of partitions of n of the form X\ = (111,272 3F3 ) such that

(1) A(A) <i—1;
(2) feN) + fra(N) <k —1;
3) If filA) + fir () =k =1, then tfy(A) + (t + 1) fiy1(A) =i — 1 (mod 2).

Let E;”(n) denote the number of partitions of n into parts # 0,+i (mod 2k). Then, for
alln >0,
Ap,i(n) = Br,i(n).

In [8], Bressoud found the following generating function version of Theorem

Theorem 1.3 (Bressoud). For k > i > 1.

NZ+NZ+++NZ_ +Ni+-+Njp_1 i 2k—i 2k, 2k)

(1.1) 3 q _ @ a7 g )

Ni>No>>Np_1 >0 (q)Nl_N2 (q)Nz—Ns T (q2; qQ)Nk:—l (q)OO

Let ék,i(m, n) denote the number of partitions enumerated by g;“(n) that have m
parts. Using the notion of the Gordon marking of a partition, Kursungéz [18,/19] obtained

the generating function of Ekz(m, n).

Theorem 1.4. Fork >1>1,

S B = S ¢

n20 N12Na2>-2Np_120

NP+NZ++NE_ +Nit+Ni_1  Ni4-+Nj

(Q)N1—N2 (Q)Nz—Nza T (q23 q2)Nk_1

Gollnitz-Gordon identities are independently introduced by Gordon [15,16] and Gollnitz
[12,/13]. In 1967, Andrews [2] found the combinatorial generalization of the Gollnitz-
Gordon identities. In [§], Bressoud extended Andrews-Gollnitz-Gordon theorem to even

moduli.

Theorem 1.5 (Andrews-Bressoud-Gollnitz-Gordon). For k >4 > 1. Let C~';“(n) denote
the number of partitions of n of the form X = (11,22 3f3 ) such that

(1) fiN) + fo(N) <i—1;
(2) forr1 (M) <1

(3) far(N) + fary1(N) + farg2(N) <k —1;
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(4) If far(N) + fars1(A) + fars2(A) = k — 1, then tfor(A) + tfory1(A) + (£ + 1) farg2(A) =
Ogi41 + 1 — 1 (mod 2), where Og11(\) denotes the number of odd parts in A those
not exceed 2t + 1.

Let ﬁkz(n) denote the number of partitions of n into parts Z 2 (mod 4) and # 0,£(2i—1)
(mod 4k — 2). Then, for alln >0,

Ch,i(n) = Dy(n).
Bressoud [8] obtained the following generating function version of Theorem

Theorem 1.6 (Bressoud). For k> 7> 1.

Z (7q1—2N1;q2)N1qQ(N12+"'+N]§71+Ni+"'+Nk—1)
(1.2) N1>N3>-->Ni_12>0 (05 @%) Ny o (75 q2)N2*N3 T (q4; q4)Nk71
(% qY)oo (g2, ¢* 1, g2 g )

(4 9)oo

Recall that an overpartition A of n is a partition of n in which the first occurrence
of a number can be overlined. In this paper, we write an overpartition A as the form
(afe,ale ... 11, TfT) where f; (resp. f;) denotes the number of times the number ¢ (resp. t)
appears as a part (resp. overlined part) in .

Using the g¢-difference method, Chen, Sang and Shi [11] also obtained overpartition
analogue of Theorem in the general case.

Theorem 1.7. For k > i > 1. Let E’Im(n) denote the number of overpartitions of n of
the form (TfT, 1f1,§f§, 2f2 ) such that

(1) i) <i-1;
(2) frN) + () + fira (M) <k -1

(3) If fr(N) + fr(N) + fisa(N) = k=1 then tfr(N) +tfr(A) + 4+ 1) fis1(N) = Vi(A) +i—1
(mod 2), where V4(\) denotes the number of overlined parts those not exceed s.

Let ﬁ;“(n) denote the number of overpartitions of n whose non-overlined parts are not
congruent to 0, +i modulo 2k — 1. Then, for alln > 0,

Eji(n) = Fri(n).

Chen, Sang and Shi [11] also gave generating function version of Theorem
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Theorem 1.8. Fork >i> 1.

Z (_qlle)Nl_1qN12+N22+“'+N,§_1+Ni+1+‘“+Nk—1(1 + ¢™)
(1‘3) N1>Ny>-->Nj_1>0 (q)Nl_N2 T (q)Nk—2_Nk—1 <q2; QQ)Nk—1
I ) i Y G L G
(@)oo

Let E/”(m, n) denote the number of overpartitions counted by E/”(n) with exactly m
parts, Sang and Shi [23] gave a combinatorial proof of the following generating function
of E;”(m, n).

Theorem 1.9. For k> ¢ > 1, we have
Z Ey.i(m,n)z™q"
m,n>0
(_ 1-N;

_ 3 ¢ )N-19

Ni>No>->Np_ >0 (DN -y -+ (q)Nk—Q_Nk—l(q2; q2)Nk—1

N2+ +N2  +Nijp1++Np_1 (1+ qu)l.N1+"'+Nk71

In this article, we will give an another proof of Theorem [1.8] in the next section by
using Bailey’s lemma and the change of base formula and a direct combinatorial proof of
Theorem by introduce the notation of Gordon marking for an overpartition introduced
by Chen, Sang and Shi [10].

The main result of this article is the following overpartition analogue of Theorem

Theorem 1.10. For k > i > 1. Let 5k,z(n) denote the number of overpartitions of n of
the form (ale,@l@, ..., 1f1,TfT) such that

(1) A+ f2(0) <i—1;
(2) faAN) + f5z(N) + fomg(A) + farr2(N) <k =15
(3) If fars1(X) > 1, then forpo(N) <k —2;

(4) If far(N) + fz(N) + fagz(N) + farr2(A) = k — 1 then tfor(N) + tf57(A) + tfgm(N) +
(t + 1)f2t+2(>\) = ‘/ét+l(A) +i—1 (mod 2),

(5) If f2t+1()\) > 1 and f2t+2()\) =k—2, thent + (t + 1)f2t+2()\) = V2t+1()\) +1—1
(mod 2),

where V() denotes the number of overlined parts those not exceed s.
Let IBk,Z(n) denote the number of overpartitions of n whose non-overlined parts are not
congruent to 0, £(2¢ — 1) modulo 4k — 4. Then, for alln > 0,

Or.i(n) = Pyi(n).
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It should be noted that if an overpartition A counted by 61“(71) does not contain
overlined even parts and non-overlined odd part, and we change the overlined odd parts
in A\ to non-overlined parts, then we get a partition enumerated by CN’;“(n) Hence we say
that Theorem is the overpartition analogue of Theorem

The corresponding generating function version of Theorem[I.10]is given as the following

theorem.

Theorem 1.11. For k > i > 1,

(1.4)
2—2Nj. 2

Z (—q 54 )N1—1(—q N1 q
(q2? q2)N1_N2 T (q25 QQ)Nk_z—Nk—1(q4§ q4)Nk—1

4k—4.
)

24 .4+ N2 e .
172N1;q2) 2(N{++Ng_;+Nip1+ +Nk—1)(1+q2Nl)

Ny >Ny 120
(—¢;0)o0(@®* 1, q

(¢ 9o

4k—3—21 4k74)
) 00

q q

We will first give an analytic proof of Theorem|[L.11]in the next section by using Bailey’s
lemma and the change of base formula. We then use Theorem [I.11]to derive Theorem[1.10
To be more precisely, let 6;“(m, n) denote the number of overpartitions counted by 6;“(n)
with exactly m parts, we shall give a combinatorial proof of the following generating

function of 6;“(m, n) by introducing the Gollnitz-Gordon marking [17] of an overpartition.

Theorem 1.12. For k > i > 1, we have

Z Op.i(m,n)z™q"
m,n>0
(1.5) >
N12--2Np_120

(—¢* M ¢®) Ny —1(—q

(q2; q2)N1—N2 T (q2; q2)Nk—2—Nk—1 (q4; q4)Nk—1

2 2 X .
1—2N1;qz)quQ(Nl+~-+Nk,1+Nl+1+ +Nk,1)(1_~_q2Nl)l,N1+ +Np_1

By setting z = 1 in ((1.5)), we obtain the generating function for 6;67,(11) which is the
left-hand side of ([1.4). On the other hand, it is evident that the generating function of
]Slm(n) equals

- S 2i—1 ,4k—3—-2:¢ ,4k—4. 4k—4
ZPI@z(n)qn _ ( q, Q)oo(q ,q ,q yq )OO
= (¢ @)oo

which is the right-hand side of . Hence we are led to Theorem by Theorem m

This paper is organized as follows. In Section [2] we show Theorems [I.§ and
by using Bailey’s lemma and the change of base formula due to Bressoud, Ismail and
Stanton. In Section 3, we recall the definition and related notations of Gordon marking of

an overpartition and give the outline of the proof of Theorem In Section [ we show



1238 Thomas Yao He, Allison Yi Fang Wang and Alice Xiao Hua Zhao

the detail of the proof of Theorem [I.9] In Section [5} we recall the definition and related
notations of Gollnitz-Gordon marking of an overpartition and give an outline of the proof
of Theorem In Section [] we show the proof of Theorem thus we complete the
proof of Theorem [1.10

2. Proofs of Theorems and|1.11

We first briefly review Bailey pairs and Bailey’s lemma. Recall that a pair of sequences
(an(a, q), Bn(a,q)) is called a Bailey pair with parameters (a, ¢) if they have the following

relation for all n > 0,
n

ﬁn(a, q) _ Z ( Oér(a, Q)

= (@ Qn—r(a; Ontr

Bailey’s lemma was first given by Bailey [6] and was formulated by Andrews [4.|5] in

the following form.

Theorem 2.1 (Bailey’s lemma). If (an(a,q),Bn(a,q)) is a Bailey pair with parameters
(a,q), then (al,(a,q), B (a,q)) is another Bailey pair with parameters (a,q), where

, (P Dnl(p2; Dn aq ”a "
(0, ) = (aq/p1; @)naq/p2; a)n <p1p2> n(a.q),

n

/ = (p139)5(p2;0)(aq/ prp2; ey ( aq Y’ (4
Brla.q) =Y (aq/p1; Q)n(aq/p2; On(q Qn—; <p1p2> Pi(a. )

§=0

Andrews first noticed that Bailey’s lemma can create a new Bailey pair from a given
one. Hence the iteration of the lemma leads to a sequence of Bailey pairs called a Bailey
chain. Based on this observation, Andrews [4] used Bailey’s lemma to show the Bressoud-
Gordon identity in Theorem with ¢ = 1 and ¢ = k. Subsequently, Agarwal,
Andrews and Bressoud [1] gave an extension of the Bailey chain known as the Bailey lattice,
by means of which enable us to prove the Andrews-Gordon identity and the Bressoud-
Gordon identity with 1 < ¢ < k. In [9], Bressoud, Ismail and Stanton established
versions of Bailey’s lemma, known as the change of base formulas, which can be used to
prove the Bressound-Gollnitz-Gordon identity .

In this section, we will show Theorems [I.§] and by combining Bailey’s lemma,
and the change of base formula. First, we need to review two limiting cases of Bailey’s
lemma which are both appeared in [20,21]. The first limiting case is obtained by letting
p1, p2 — oo in Theorem

Lemma 2.2. If (ay(a,q), Bn(a,q)) is a Bailey pair with parameters (a,q), then (o, 5))
is also a Bailey pair with parameters (a,q), where
n
2
oy(a,q) = A" an(aq) and B(a) =)
§=0

a g

mﬁj(a, q)-
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The second limiting case is obtained by letting p; — oo, p2 = —1 in Theorem

Lemma 2.3. If (ay(a,q), Bn(a,q)) is a Bailey pair with parameters (a,q), then (o, 8)

is also a Bailey pair with parameters (a,q), where

(~1)oag )2

an(a7 Q) = (_aq)n an(a7Q)7
, 1 (el )
Bn(a7 Q) - (_aq)n g (Q)n—j BJ( 7Q)'

The proof of Theorem requires the following special case of change of base formula.

Lemma 2.4. [9, Theorem 2.5, B — oo] If (an(a, q), Bn(a,q)) is a Bailey pair with param-
eters (a,q), then (al,, Bl is also a Bailey pair with parameters (a,q), where
I1+a -

2 2 2kq 2 9
——q"an(a and a a®,q*).
T ag? n(a,q7) Bn(a,q) k§:0 ) k( q-)

o (a,q) =

The following proposition is useful in our proofs as well.

Proposition 2.5. |9, Proposition 4.1] If (ay, Bn) is a Bailey pair with parameters (1,q),
and

1 forn =20,
o =
(=1)"g*™ (¢ 4 g~ (A7Im) - form >0,

then (o, (q), 85,(q)) is a Bailey pair with parameters (1,q), where

1 forn =0,
(_1)nqAn2 (qAn + qun) fOT’ n > 07

Proof of Theorem [1.§ We begin with the following Bailey pair [24, E(4)] with parameters
(1,q), where

1 ifn=0, n
ag)(l,q) = ) ‘ and Br(ll)(l,q) = 2(172
(=D"¢" (¢" +4q") ifn>1, n

Invoking Lemma [2.2] gives the following Bailey pair

if n =20,

2(1,q) =
;) (1,q
()" (¢ "+ ¢") ifn>1,

n NZ | 4+Ng_1

= 3 1

Nk71:0 n_Nkfl(q2;q2)Nk71 '
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Alternately apply Proposition 2.5 and Lemma [2.2] for k — i — 2 times. The result is

1 if =0,
(_1)nq(k7i)n2 (qf(kfifl)n 4 q(kfifl)n) if n > 1,

quJrl+'~~+N;3,1+Ni+1+"'+Nk—1

(2.1)

BEEHTA(1,q) = I
n>Niy1> >Ny 120 (q)n*Nz‘Jrl (q)Ni+1*Ni+2 T (q)Nk—27Nk—1 (q 34 )Nk—l

Applying Proposition to the Bailey pair (2.1)) yields
(2.2)

) 1 ifn=0,

(_1)nq(k—i)n2 (q—(k—i)n + q(k—i)n) ifn > 1,

NZ 4 +NE  +Nigp1+4Ni 1

—2i— n q
BEEHV(1,9) = ¢ >

n>Nig1> >Ny 120 (q)n_Ni+1 (q)Ni+1_Ni+2 o (q)Nk—Z_Nk—l (qZ; q2)Nk—1 .

Adding these two Bailey pairs ([2.1)) and (2.2]) together according to the definition of Bailey
pair, we get a new Bailey pair relative to (1, q)

if n =0,

alF(1,q) = o _ _
(=1)rgqth=Dn" (g=(k=in 4 glk=i=Uny(1 4 gn) /2 if n > 1,

(2.3) 2 /
ﬁf’“‘m(l, q) = Z (1 + g™)gNoer TN AN Ny _
n>Nig1>>Np_1>0 Q(Q)n—Ni.H (q)Ni+l_Ni+2 T (q)Nk—Z—Nk—l (q2; q2)Nk—1
Then applying Lemma to (2.3) ¢ — 1 times, we can get a Bailey pair (afk_i_l)(l, q),
,(L%_l_l)(l,q)) with parameters (1, q), where
1 if n=0,

alPF (1, q) = ) . .
(_1)nq(k—1)n (q—(k—z)n + q(k—z—l)n)(l + qn)/2 if n > 1,

(2k—i—1) qN3+N§+”'+N§71+Ni+1+'"+Nk71(1 + g™
& Lo = Z 2(q) (q) - (q) (2 ) :
> No>o N30 2 Dn=Na (@) No=N5 =+ (@) Ni_2=Ni—1 (07547 Ni s

(2.4)

Invoking Lemma [2.3| to (2.4) with parameters (1, q) gives

1 if n=0,

(2k—i)(1 ) —
Qyp, 4 ) )
(_1)nq(2k—1)n2/2(q—(2k—2z—1)n/2 + q(2k—2z—1)n/2) ifn>1,

BEF*(1,q)

_ ( 1 Z (—1)qu

_Q)n nZlesz7120 2(q)n_N1 (q)Nl_N2 e (q)Nk,Q—Nk—l(q2; qz)Nk,1

(Nl+1)N1/2+N22+N32+~~~+N,§71+N¢+1+"'+Nk—1(1 + qu)
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By the definition of Bailey pairs, we have

(2.5)
(N1+1)N1/2+N22+N§+~--+N,§71+Ni+1+“'+Nk—1(1 + qu)

1 (=1)ng
(—q) 2

" >Ny > >Ny >0 2(q)n—N1 (q)Nl_NQ T (q)Nk—Q_Nk—l (q2§ q2)Nk—1
NN Z

Letting n — co and multiplying both sides by (¢%; ¢?)s in (2.5), we obtain

Z (_Q)N1—1q

Ny>->Nj_ >0 (Q)Nl—Nz T (q)Nk—Q_Nk—l(q2; q2)Nk—1

<1+Z ng(2k=1)n 2/2(q—(2k—2i—1)n/2+q(2k—2i—1)n/2))_

(k= 1)7’2/2( (2k—2i—1)r/2+q(2k—2i—1)7‘/2)

(Q)n—r (Q)n-i—r

(N1+1)N1 /24 NZ+NZ++N2_ +Nip1++Np_1 (14 ¢M)

(2.6)

Letting ¢ — ¢ Z-0/2 5y g(2k=2i-1)/2 i) the following Jacobi’s triple product identity
> 2

(2.7) L+ ¢ (27" 4 2") = (—24: %) oo(— /2 6700 (6% 7)o
n=1

We derive that

14 g1 2/2(q7(2k72i71)n/2+q(2k72i71)n/2)
(2.8) Z
— (q'quk—z—17q2k— ;q2k—1)

Submitting (2.8)) into (2.6]), and noting that

oo

_ 2
(_Q)N1—1q(N1+1)N1/2 = (_ql Nl)Nl—qul
we obtain ([1.3]). Thus we complete the proof of Theorem O

Proof of Theorem [[.11]. Invoking Lemma [2.4] to ( with parameters (1,q), we get an-

other Bailey pair (Oz% = )( ,q )7/3n2k Z)(l,q)) with parameters (1,q), where

1 if n=0,

(2k—i)(1 ) _
Qp 4 ) .
(_1)nq2(k—1)n2 (q—(2k—2z—1)n + q(2k—2z—1)n) ifn>1,

BEE(1, q)
. Z (—a Q)2N1—1q

Ny T im0 @)= (@55 @) NN, - (05567 NN (01 0N

N1+2(N22+N§+~--+N,371+Ni+1+-~+Nk_1)(1 + M)
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By the definition of Bailey pairs, letting n — oo and multiplying both sides by (¢%; ¢%)wo,

we obtain

N1+2(N§+N§+--~+N,3,1+Ni+1+~~~+Nk_1)(1 + 2N

Z (_Q)2N12—.1q2

Ny SR 0 (@ @) vi—ne (0% ) Mo =Ny (@50 Ny

<1+Z n 2 k—1)n2 (q—(2k’—2i—l)n +q(2k—2i—1)n)> )

Letting ¢ — P,y g (2k=2i-1) 4y , we derive that

(2.9)

1+ n 2(k n (q7(2k72i71)n+q(2k72i71)n)
(2.10) Z

21—1 4k—21—3 4k—4. 4k—4
= (¢ T TN )

Submitting (2.10)) into (2.9)), and noting that

2—2N; 172N1;q2) 2N2

(=q)any 1™ = (—q s *) Ny —1(—q N e

we arrive at ([1.4)). Thus, we complete the proof of Theorem m ]

3. Gordon marking of an overpartition

In this section, we give an outline of the proof of Theorem |1.9] Let Ej, i(m,n) denote the
set of overpartitions counted by Ej i(m,n), we further clasmfy Em(m n) by considering
whether the smallest part is overlined or not. Note that the parts of an overpartition are

ordered in the following order
(3.1) I<l<2<2<--

Let @;”(m, n) denote the set of overpartitions in Ekz(m,n) for which the smallest part
is non-overlined, and let ﬁkz(m, n) denote the set of overpartitions in IE;m(m, n) with the
smallest part is overlined.

Let C?kl(m, n) = |@kl(m,n)] and ﬁkz(m, n) = \ﬁkl(m,n)\ Sang and Shi obtained [23]

a relation between CNr’;“(m, n) and f[kl(m, n).

Theorem 3.1. For k > ¢ > 2, we have

(3.2) ék,i(m7n> = ﬁk,i&(ma n).
For k> i=1, we have

(3.3) Gra(m,n) = Hyp_1(m,n —m).



The Bressoud-Goéllnitz-Gordon Theorem for Overpartitions of Even Moduli 1243

Proof. We sketch the proof of Theorem in [23] but omit the details here.

To prove , we give a bijection between @M(m,n) and ﬁk,k,l(m,n —m). For
an overpartition A in @M(m, n), there are no parts equal to 1 in A, that is, each part
is greater than or equal to 2, so we can substract 1 from each part of and set one of
the smallest parts to an overlined part to obtain an overpartition \ in ]ﬁlk’k,l(m, n—m).
Conversely, for an overpartition in ]ﬁlkyk,l(m, n—m), we can add 1 to each part and change
the smallest overlined part to a non-overlined part to get an overpartition in @M(m, n).
So C:’k.’l(m, n) = ﬁk’k_l(m,n —m) for all k > 2.

For the case k > 7 > 2, there is a simple bijection between ]ﬁlm,l(m, n) and @kz(m, n).
Let A be an overpartition in fﬁvﬁm_l(m,n). Switching the smallest overlined part of A
to a non-overlined part, we get an overpartition \ in @kz(m,n) Conversely, for an
overpartition in @k,z‘(m,n), we switch the smallest non-overlined part to an overlined
part, we get an overpartition in ﬁk,i,l(m, n). So is established for & > i > 2. O

Recall that the Gordon marking of an overpartition A is an assignment of positive
integers, called marks, to parts of A = (A1, A2, ..., Ap) where 1 < A\; < Ag < -2 < )y,
subject to certain conditions. More precisely, we assign the marks to parts also in the
order stated in such that the marks are as small as possible subject to the following

conditions:

(i) If £ +1 is not a part of A, then all the parts ¢, ¢ and ¢ 4+ 1 are assigned different

integers.

(ii) If X\ contains an overlined part ¢ 4+ 1, then the smallest mark assigned to a part ¢ or
t can be used as the mark of t +1 or ¢ + 1.

For example, let
A= (1,1,2,3,3,3,5,6,6,7,7,8,8,10,11,12,12, 12, 14, 15).
Then the Gordon marking of A is
G(\) = (11,12, 23,31, 32, 33, 51, 62, 63, 71, T2, 81, 83, 101, 119,121, 129, 123, 144, 159),

where the subscripts stand for marks. The Gordon marking of A can also be illustrated

as follows:

w W
oS O

H
col
ot
i
ol

10 12 14 1



1244 Thomas Yao He, Allison Yi Fang Wang and Alice Xiao Hua Zhao

where column indicates the value of parts, and the row (counted from bottom to top)

indicates the mark.

Let N, be the number of parts in the r-th row of G()). It is easy to find that Ny >
Ny > ---. For the example above, we have N =8, No =7, N3 = 5.

Now, let IENI’.._,Nkil;i(n), @Nl,...,Nk,l;i(n) and ]IT]INI,...,Nkil;i(n) denote the sets of over-
partitions A in Ek’i(m,n), @kl(m,n) and ]ﬁlkl(m,n) respectively that have N, r-marked
parts in their Gordon marking G(A) for 1 < r < k — 1, where fo;ll N, = m. Obviously,

we have
(3-4) INENl,kafl;i(n) = @leankfl?i(n) U ﬁNlrnkaflﬂ.(n)'

Let éNh-..,Nk—l;i(n) = ‘@le-»N}c—l%i(n)‘ and ﬁN17~-~7Nk—1§i(n) = ’ﬁNl”"’Nk_l;i(n)’. Using
the same method proving Theorem we can easily get a relation between Gn,,._ ;. _y;i(n)
and Hy, . nN,_,:i(n).

Lemma 3.2. For k > i > 2, we have

(3-5) éle---aNk—léi(n) = ﬁNl,---ka—Ui—l(n)‘

For k> 1i=1, we have
(3.6) GNy.oNey1(n) = Hyy oz b1(n— Ny — - — Ni_1).

Let IENl,...,Nk,l;i(n) denote the set of overpartitions in @Nlp--,Nkfl;i(n) for which there
do not exist overlined part.
Set

GNny, N1 = U GN1,~~-,Nk71;i(n)a
n>0

By, Nevsi = (J BN, N5 (0)-
n>0

We shall give a bijection for the following relation.

Theorem 3.3. For Ny > Ny > --- > Ni_1 > 0, we have

Z 2N = (g =N Z 2 glnl,

where £(X\) denotes the number of parts of .
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4. Proof of Theorem

We modify the definitions of the first reduction operation and its reverse the first dilation
operation which are introduced by Chen, Sang and Shi [10]. Here we just change the
conditions that the first reduction operation and the first dilation operation must satisfy.

Let A= (A1,...,A\m) € éNl,...,Nk,l;i be an overpartition of n. We consider the Gordon
marking of A, then there are N7 l-marked parts in G()), set 1 < )\5\1[3 < ... < /\gl). If

(1) (1)
P

)\1(,1) is a non-overlined part and A ’; is an overlined part for 1 < p < N7 or )\’ is a non-

overlined part for p = 1, we can geﬁne the first reduction operation of p-th. We assume
)\1(,1) = t, we consider the following two cases.
The first reduction operation of p-th kind:

Case 1. There is a non-overlined part ¢t + 1 of A, but there is no overlined 1-marked
part t + 1. First, we change the part )\;(,1) to a 1-marked overlined part ¢. Then, we choose
the part ¢t + 1 with the smallest mark, say r, and replace this r-marked part ¢ + 1 with an
r-marked part t. Moreover, if there is a 1-marked overlined part to the right of ¢, then we
switch it to a non-overlined part.

Case 2. Either there is a 1-marked overlined part ¢+ 1 or there are no parts with
underlying part ¢ + 1. In this case, we may change the part )\1(,1) to a 1l-marked overlined
part t — 1. Moreover, if there are 1-marked parts larger than ¢, then we switch the overlined

1-marked part next to )\1(,1) to a non-overlined part.

Remark 4.1. Tt has been proved in [23] that the first reduction operation preserve the three
conditions of G Ni,...Ny_,:i- 1f we do the first reduction operation for an overpartition A €

@N1,~~7Nk—1§i(n) and denote the resulting overpartition by u, then u € @le--ka—lﬂ(n -1).

For example, let A\ be the overpartition in 67,774;2(130) illustrated as follows:

4 5 10 12 3
G\ = 2 3 5 8 9 11 13 2
1 3 5 7 9 11 12 1
It is easy to check that )\gl) = 11 is a non-overlined part and )\gl) = 12 is an overlined

part, so we can do the first reduction operation of 2-nd kind. Notice that there is an
1-marked overlined part 12 in A. By the operation in Case 2, we change the 1-marked
part 11 to a 1-marked part 10, and then we switch the 1-marked part 12 to a 1-marked
part 12 to get an overpartition u in (N}7,7,4;2(129):

4 5 10 12 3
Gp) = 2 3 5 8 9 11 13 2
1 3 5 7 9 10 12 1
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For the resulting overpartition u, it is easy to check that ,ugl) = 12 is a non-overlined
part, so we can do the first reduction operation of 1-st kind. Since there is a non-overlined
part 13 but no overlined part 13 in u, such condition belongs to Case 1. We first switch the
1-marked part 12 to a 1-marked part 12, then we change 2-marked part 13 to a 2-marked
part 12 to get an overpartition ' in 677774;2(128):

4 5 10 12 3
G() = 23 5 8 9 11 12 2
1 3 5 7 9 10 12 1
Let A= (A1,...,A\m) € éNl,...,Nk,l;i be an overpartition of n. We consider the Gordon

marking of A, then there are N; 1-marked parts in G(\), set 1 < )\%) <... < )\gl). If Aj(gl)

S
is an overlined part and /\](31_)1 is a non-overlined part for 1 < p < Nj or )\él)

is an overlined
part for p = 1, we can define the first dilation operation of p-th kind. We assume )\1(71) =1,
we consider the following two cases.

The first dilation operation of p-th kind:

Case 1. There are two parts of the same mark with underlying parts ¢t and t — 1, we
denote this same mark by r. It should be noticed that there are no 1-marked parts with
underlying part ¢ 4+ 1 because of the choice of )\1(,1). We change )\S) to a non-overlined
part ¢t and replace the r-marked part ¢ by an r-marked part ¢ + 1. Moreover, if there is a
1-marked non-overlined part to the right of ¢, then we switch it to an overlined part.

Case 2. There are no two parts with underlying parts ¢ and ¢ — 1 that have the same
mark. We see that there is no 1-marked part with underlying part ¢ + 1 because of the
choice of )\S). We change /\I()l) to a non-overlined part ¢t with mark 1. We denote by r the
largest mark of the parts equal to ¢, and replace the r-marked non-overlined part ¢ with
an r-marked non-overlined part t 4+ 1. Since r is the largest mark of the parts equal to ¢,
and ¢t + 1 is not a 1-marked part of A\, we see that ¢ + 1 cannot be a part with a mark not
exceeding r. So we may place the new part equal to ¢ in a position of mark r. Moreover,
if there are 1-marked parts larger than ¢, then we switch the non-overlined 1-marked part

(1)

next to Ay’ to an overlined part.

Remark 4.2. Tt has been proved in [10] that the first reduction operation of p-th kind and
The first reduction dilation of p-th kind are mutually inverse mapping. What is more, it
has been proved in [23] that the first dilation operation preserve the three conditions of
@N17-~-7Nk—1§i' If we do the first dilation operation for an overpartition A € @N1,...,Nk_1;i(n)
and denote the resulting overpartition by p, then pu € @Nh...,Nkfl;i(” +1).

Now we aim to give a proof of Theorem [3.3

Proof of Theorem [3.3] Let Ry denote the set of partitions with distinct negative parts
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which lay in [-N,—1]. To prove Theorem we give a bijection between ©N17--~7Nk—1§’i

and Ry,—1 X @NL...,N;@_I;i- More precisely, set
RBva-”kafl?i(n) = {(7—7 M) € RN1*1 X ]Ble--kafl%i ‘ |T‘ + ’N’ = n} ’

we establish a bijection between @Nh__.7Nk_1;,~(n) and RBy, . N, ,:i(n).

On the one hand, for an overpartition A € @N1,.‘.,Nk,1;i(n)a we construct a pair (7, u) €
RBy; ... Ny ;i (1)

If there is no overlined part in A, we set 7 = () and pu = .

If there exist overlined parts in A, then the overlined parts must be marked 1, set the
overlined parts be AL, AL A where 1< ji < jo < -+ < jis < Ni. Let My =0 and
M; = Zi:l j¢ where 1 <1< s. Set A\ = X\, we do the following operations for I from 1 to
s successively.

For each [, we iterate the following operation for p from 1 to j;: we do the first dilation
of p-th kind of AMi=1tP=1 and denote the resulting overpartition by A\Mi-1+P,

After the M, operations above, we can get an overpartition AMs which contains no
overlined part, what is more, AMs ¢ @Nlrn,Nk—lZi(n + My). Finally, set p = A\Ms and
T = (—Jj1,—j2,-.-,—Js), we get the desired pair (7, 1) € RBn, . N, _,:i(n).

On the contrary, for a pair (7,u) € RBy, . n,_,:i(n), we want to construct an over-
partition \ € @NL---,Nk_l;i(n)-

If 7 =0, we just set A = p. If 7 # (0, then we set 7 = (—j1, —Jo,..., —Jjs) where
1<j1 <joa<---<js <Ni. Let Ml:Zizljt where 1 < < s and set AMs = \, we do
the following operations for [ from s to 1 successively.

For each [, we iterate the following operation for p from 1 to j;: we do the first reduction
of p-th kind of p™:=P+1 and denote the resulting overpartition by =P,

After the M, operations above, we can get an overpartition p which belongs to
@Nl,---7Nk—1§i(n)' Finally, we just need to set A = u®. Thus we complete the proof of
Theorem [3.3] O

Now we are in a position to prove Theorem We first recall construction called
Gordon marking of a partition [19].

For a partition n = (n1,m2,...,Mm) where 1 < n; < 19 < -+ < 1. The Gor-
don marking of 7 is an assignment of positive integers (marks) to n from smallest part
to largest part such that the marks are as small as possible subject to equal or con-
secutive parts are assigned distinct marks. For example, the Gordon marking of n =

(1,1,2,3,3,3,4,5,6,7,7,7,8) is

(11,12,23,31,32,34,43,51,62,71, 73, 74, 82),
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which can be represented by an array as follows, where column indicates the value of parts

and the row (counted from bottom to top) indicates the mark:

3 7 4

2 4 7 3

1 3 6 8 2
1 3 5 7 1

Let By,... N, ,;i(n) denote the set of partitions 1 counted by By ;(m,n) that have N,
r-marked parts in the Gordon marking of n for 1 <r <k — 1, where m = 27’:11 N,.
Define
BNy, Ny = ZBNl,‘..,Nk,l;i(n)-

n>0

Applying Kursungoz’s bijection for Theorem in [19], we see that for k > i > 1,

(4.1) Z 2l — 4

(q)N1—N2 T (q)Nk—Q_Nk—l(q2; qQ)Nk—l '

N12+"'+N,3_1+Ni+"‘+Nk—1xN1+“'+Nk71

Notice that ordinary partitions can be regarded as special overpartitions with no over-
lined part. For an ordinary partition A, it is easy to check that the Gordon marking for
partition of A is the same as the Gordon marking for overpartition of A. Thus we can get
that @le-nN}c—l;i =Bn,,... N, i By , we obtain that for k > > 1,

Z 2 glel = Z 2t glnl

qN12+-"+N,§_1+Ni+"'+Nk—1xN1+"'+Nk—1
(ONi—Ny - (DN - 1 (@55 )N,

By Theorem we get that for & > > 1,
Z !N g = (="M N1 Z 2t glel

(=g M) N 21g

(q)N1—N2 T (q)Nk—2_Nk—1 (q2; q2)Nk71

NP+ +Np_ +Nit+Ni—1 . Ni4-+Nj 3

Given the relation between éNl,...,Nk,l;i(n) and fIN17,,,7Nk71;Z-(n) as stated in Lemma
let Hy, .. Ny i = UpsoHn,. N, 15i(n), we get the generating function for Hy, . n, -
Theorem 4.3. Fork >i1>1,

N12+"'+N;?_1+Ni+1+"‘+Nk—1xN1+"'+Nk—1

$ Lol = (=¢""")ni-1g
~ _ (q)Nl_NQ T (q)Nk—Q_Nkfl (q2; qz)qu

(4.2)
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Proof. From the relation (3.5]), we deduce that for 1 <i <k —1,

24 gl — 2O A
) q > q

_ 1—N1) N12++N]371+N1+1++Nk711,N1++Nk_1

N;—14
(Q)N1—N2 t (q)Nk—Q_Nkfl(qz; qZ)Nkfl

For i = k — 1, from (3.6) it follows that

Z 2™l = Z 2! ) g Al=Ni= =Nk

NZ4-+NZ_ | Ni+-4Ny_
)N —1q 1 k—1 N1t +Ng—1

(q)Nl_NZ T (q)Nk—2_Nk—1 (q25 QQ)Nk—l .

Observe that the above formulas (4.3) for 1 <i < k — 1 and (4.4) for i = k — 1 take
the same form (4.2)) as in the theorem. This completes the proof. O]

We are now ready to finish the proof of Theorem [1.9]

Proof of Theorem [1.9 By the generating functions of @le--ka—l%i and ]ﬁIle,Nkil;i and
relation (3.4), we find that

(45) S O R S G ]

N2Z2+.+N2__ +N; o Np_ ;
)le1q it N+ Nip1 4+ Ng 1(1_|_qu)le+ +Ng—1

(q)N1—N2 T (q)Nk—2_Nk:71(q2; qz)Nk—l

Thus we have

Z Ey.i(m,n)z™q"

m,n>0

-y S O

N12-2Nee120 5efiy,

_ Z (= ~")Ny 19

Ni>->Np_1>0 (DN -, - (q)Nk—2_Nk71 (g% q2)Nk71

Ni+4+NZ_4+Nij14++Nk_1 (1+ qu):EN1+~~+Nk—1

This completes the proof of Theorem O
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5. Gollnitz-Gordon marking of an overpartition

In this section, we first recall the definition and related notations of Gollnitz-Gordon
marking of an overpartition which are first introduced in [17] and then we will give an
outline of the proof of Theorem [1.12]

Definition 5.1 (Gollnitz-Gordon marking). For an overpartition A = (A1, Aa,..., A)
where A\ < Ay < --- < A, also in the following order

1<1<2<2<---.

We assign the marks to parts also in the order above such that the marks are as small as

possible subject to the following conditions:
(1) All of non-overlined odd parts and overlined even parts are marked 1;
(2) The overlined odd part 2j + 1 is assigned different mark with 2j or 2j;

(3) The mark of non-overlined even parts 2j + 2 is more complicated, we consider the
following three cases:
(a) The non-overlined even parts with equal size are assigned different marks.

(b) If 25 or 2j or 25 + 1 is marked by 1, or there do not exist 25 + 1 and 2j + 2 in
A, then 2j + 2 is assigned different mark with 25, 2j and 25 + 1.

(¢) Otherwise, 2j 4+ 2 cannot be assigned by 1 and be assigned different mark with
the mark of 25 and 25 + 1 except that the smallest mark assigned to 2j or
2j + 1 can be used as the mark of 2j + 2.

For example, we consider the overpartition
A=(1,2,3,4,4,6,6,7,9,9,11,12,14,14, 14,16, 17).
The Gollnitz-Gordon marking of A is
GG(N\) = (11,29,31,49,43,61,62,73,91,91, 111,129, 147, 149, 145,164, 172).

Similar to the Gordon marking, we can represent Gollnitz-Gordon marking by an array
where column indicates the value of parts, and the row (counted from bottom to top)

indicates the mark, so the Gollnitz-Gordon marking of A can be expressed as follows

4 7 14 3
(51) GG\ = 2 4 6 12 14 17 2
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It is not hard to see that the non-overlined odd parts and overlined even parts in A have
only appeared in the first row of GG(\). Furthermore, the parts in each row except for
the first row are distinct. Moreover, there are only odd parts repeated in the first row.
We use 2j + 1! to denote that there are ¢ multiplies of 2j + 1 in the first row for t > 2,
and mt to denote that there are one 2j + 1 and t — 1 multiplies of 2j + 1 in the first
TOW.

Let N, be the number of parts in the r-th row of GG(\). It is easy to find that
Ny > Ng > ---. For the example above, we have N1 =8, No = 6, N3 = 3.

For a part A; of an overpartition A = (A1, A2,...,\), we write \; = @; to indicate
that \; is an overlined part and write A\; = a; to indicate that \; is a non-overlined part.
Set [\j] = aj.

We recall the cluster defined on the Gollnitz-Gordon marking of an overpartition de-
fined in [17].

Definition 5.2. For an overpartition A, we denote the 1-marked parts in the Gollnitz-
Gordon marking GG(X) of A by

A <A <P

also in the following order
I<l<2<2<---.

We proceed to decompose A into Nj clusters according to 1-marked parts of A in the
above order. In other words, we aim to define Ni-cluster corresponding to )\5\1,3, (Ny —1)-
cluster corresponding to )\%3_1, ..., 1-cluster corresponding to )\51) consecutively. Denote

j-cluster by a9, then
A= {a(Nl),oz(lel), . ,a(l)} .

We suppose that (N + 1)-cluster is (. The j-cluster a¥) corresponding to )\§1) is defined

by considering the following three cases:
1) 1t \Y) = )\(1_) , then o) has only one part equal to AWD,
J =1 J
(2) 1t A is odd and [AY;| — [AY] = 1, then o) has only one part equal to ALY

(3) Otherwise, a'9) is a maximal length sub-overpartition agj) < agj) <. < agj) where
agj) = )\g-l) and for 2 < b <s, a(()j) is a b-marked part of A and not in (j + 1)-cluster
satisfying the following conditions:

(i) If agjjl is odd, then \al()j)| - \aéjjl| = 1.
(ii) If ]agjjll is even and there does not exist (b—1)-marked part with size ]al()jjl |+2
in A, then 0 < |al| — |, | < 2.
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(iii) If ozl()j_)l is even and there exists a (b — 1)-marked part with size |a I +2in A,
then 0 < |a1()])\ = ]aéj_)ll <1.

For the example in . the overpartition A has seven clusters, namely

o0 e {)e |

From the definition of cluster, it is easy to see that any overpartition A along with its
GoOllnitz-Gordon marking has a unique decomposition into non-overlapping clusters. The

following proposition is useful, here we omit the proof for which you can see |17].

Proposition 5.3. For an overpartition A, if the Géllnitz-Gordon marking GG(X) is de-

composed as follows according to its clusters
GG(\) = {oz(Nl), aM=1 ,a(l)} ,

then for 1 <t < Nj, there exists at most one odd part in the t-cluster a® . Moreover, if

there exists an odd part in o\, say ozﬁlt), then ]a((it)] — \agt)\ <1.
The following proposition is also important.

Proposition 5.4. For an overpartition A, if the Géllnitz-Gordon marking GG(X) is de-

composed as follows according to its clusters
GG(A) = {a(Nl), aM=1 ,a(l)}
for 1 < j < Ny, we set
a(j) = {7‘ ‘ laD)| — |atD| < 2 with restrict inequality if &7 or aUTY s odd},

then a(j) has at most one element.

Proof. Assume that «(j) has at least two elements.

For r € a(j), we first prove that Oz(]) and a(]+ ) are both even. Otherwise, a&j) or

agj g odd, by the definition of Gollnitz-Gordon marking, we must have » = 1. Now if

ang) or agjﬂ) is odd, since |a§j)] — |a§j+1)\ < 2, by the definition of cluster, we get that

aUtD or i+ contains only one part, which contracts to the fact that a(j) has at least

two elements. So ag 7) and a(j +1)

are both even.
Set b and ¢ be the smallest element and the second smallest element in a(j), then

¢ > b. Set oz(J) =2t + 2, then oz(JH) = 2t. By the definition of Gollnitz-Gordon marking,
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we know that there is a 1-marked 2t + 1 or 2¢ + 2 and c is the smallest mark of 2¢, 2¢ and
2t + 1. So there exist 2-marked, 3-marked, ..., (c — 1)-marked 2t + 2 in GG()\). By the
definition of cluster, it is easy to see that oz(j) =2t+ 1 or 2t +2 and agj) = 2t + 2 for
2 <r <e¢. Since b < ¢, so we have al(f) = 2t + 2 or 2t + 2. But there is no b-marked 2¢, 2t
and 2t + 1, which implies that \al()j)| <2t—2. So |a(()j)| oy GH+) | > 4, which contradicts
to the choice of b.

Thus, the assumption is false, namely, «(j) has at most one element. O

Let @Nl,...,Nk_l;i(”) denote the set of overpartitions v in @kl(m,n) that have N, r-
marked parts in their Gollnitz-Gordon marking GG(v) for 1 < r < k—1, where Zf;% N, =
m.

For an overpartition v, assume that the Gollnitz-Gordon marking representation of v

is decomposed as follows according to the clusters

GG(v) = {0, g™, 50}

If there is an odd part in 3®) but no odd part in 3®=1) for 1 < p < Nj or there is an odd
part in B for p = 1, we define the second dilation of p-th kind as follows.
The second dilation of p-th kind:

We set the odd part in S®) be ﬁﬁp). If p = 1, we just change Bﬁl) to an r-marked
non-overlined (resp. overlined) even part with size | B,El)] +1if 57(}) is overlined (resp. non-
overlined). If 1 < p < Ny, we define

B(p—1) {j ‘ ]a | - |a§p)| < 2 with restrict inequality if a§p71) or a§-p) is odd} ,

we consider following two cases:

Case 1. B(p—1) is empty, we first change Bﬁp ) to an r-marked non-overlined (resp. over-
lined) even part with size \B,(«p ) |+1if Bﬁp ) is overlined (resp. non-overlined). Then we choose
the part with the smallest size but the largest mark in 8®~1), set b-marked ﬁlgp 71), then we
change Bép Y to an b-marked non-overlined (resp. overlined) odd part with size \Bép - |+1
if 5l§p Y is overlined (resp. non-overlined).

Case 2. f(p—1) = {b}, we first change 67(? ) to an r-marked non-overlined (resp. over-
lined) even part with size | Brp )| + 1 if ﬂr is overlined (resp. non-overlined). Then we
change ﬂ ) to an b-marked non-overlined (resp. overlined) odd part with size | Bbp 2 |[+1

if Bb is overlined (resp. non-overlined).

Example 5.5. Set GG (v {5 BO B(l)} be the following overpartition
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8 3

=003 § 6

1
7 6 5 43 2 1

There is an odd part 1-marked 9 in &) but no odd part in 8, so we can do the
second dilation of 3-th kind. Since |ﬁ£2)] — |,8§3)| = |12| — |10] = 2, we have 5(2) = 2. So

it belongs to Case 2. Now we first change 1-marked 9 to a 1-marked 10, then we change

(=21 K=

2-marked 12 to a 2-marked 13. Thus we get the following overpartition

L2 L

For the resulting overpartition GG(v') = {7(7),7(6), . ,’y(l)} illustrated above, since

(e Nep)

5

there is an odd part 2-marked I3 in v but no odd part in 1), we can do the second
dilation of 2-nd kind. It is easy to check that (1) is empty. Such a condition satisfies
Case 1. So we first change 2-marked 13 to a 2-marked 14. Then we choose the part with
the smallest size but the largest mark in «(1), namely 2-marked 16. Finally, we change
2-marked 16 to a 2-marked 17 to get the following overpartition

00O ol

There exists an odd part 2-marked 17 in the 1-cluster of GG(v”) above. Thus we can
do the second dilation of 1-st kind. We just change the 2-marked 17 to a 2-marked 18,

then we get the following overpartition
8 3
GGW") = 2
|
7 6 4 3 2 1

For an overpartition v, assume that the Gollnitz-Gordon marking representation of v

[e2 =)

W O

is decomposed as follows according to the clusters

GG(V) = {5(N1)7B(N1_1)7 s 76(1)} .
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If there is an odd part in 8P~1) but no odd part in 3P for 1 < p < N; or there is no odd
part in B for p = 1, we define the second reduction of p-th kind as follows.
The second reduction of p-th kind:

If p = 1, we choose the part with the largest size but the smallest mark in ), set
b-marked 5l§p ), then we change ,Blgp ) to an b-marked non-overlined (resp. overlined) odd
part with size | ﬂép )] —1if ﬁlgp ) is overlined (resp. non-overlined).

If 1 < p < Ny, set the odd part in P~ be Bﬁp_l) and define

Blp—1)= {j ‘ ]a§p71)| - |oz§p)| < 2 with restrict inequality if ozgp*l) or a§-p) is odd} ,

we consider following two cases:

Case 1. B(p — 1) is empty, we first change Bﬁp U o an r-marked non-overlined
(resp. overlined) even part with size | 51(}7 71)\ —1if 57(}: Y is overlined (resp. non-overlined).
Then we choose the part with the smallest size but the largest mark in %), set b-marked

lgp ), then we change 5l§p ) to an b-marked non-overlined (resp. overlined) odd part with
size | Bép )\ —1if Bép ) is overlined (resp. non-overlined).

Case 2. B(p—1) = {b}, we first change ﬁﬁpil) to an r-marked non-overlined (resp. over-
lined) even part with size | B,Ep 71)| —1if ,Bﬁp Y is overlined (resp. non-overlined). Then we
change ﬁlgp ) to an b-marked non-overlined (resp. overlined) odd part with size | @Ep )] —1if

lgp ) is overlined (resp. non-overlined).
It is easy to check that the second dilation of p-th kind and the second reduction of
p-th kind are inverse mapping for each other. Now we want show that the second dilation
of p-th kind and the second reduction of p-th kind both preserve conditions (1)—(5) in
Theorem Such operations preserve conditions (1)—(3) are easy to check. We first

show that the second dilation preserves conditions (4) and (5) in Theorem [1.10]

Proposition 5.6. For an overpartition v € @Nl’,__7Nk_1;i(n), if the Gollnitz-Gordon mark-

ing representation of v is decomposed as follows according to the clusters
GG(v) = {80, g0, g0

If there is an odd part Bﬁp) in BP) but no odd part in BP=) for 1 < p < Ny or there is
an odd part in BP) for p = 1. Denote the overpartition after doing the second dilation of
p-th kind of v by v/, we shall show that if

(5.2) f2l(V/) + fj(l/) + fm(l/,) + f2l+2(1/) =k-1

for some [, then

(5.3)  Ufa() +Uz(V) + gz () + (4 D fare(v) = Vaa (V) +i—1  (mod 2),
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and if

(5.4) fan (V) =1 and  fao(v) =k —2

for some l, then
(5.5) I+ (1 + 1) fare(v) = Vo (V) +i— 1 (mod 2).

Proof. Assume that | ﬁﬁp )| =2t+ 1.
If p = 1, we change r-marked Bﬁl) to an r-marked even part 2t + 2 (resp. 2t + 2) if ﬁ,(nl)
is 2t + 1 (resp. 2t + 1). For integer [ satisfying (5.2]) or (5.4)), if [ # ¢, it is easy to check

that (5.3)) or (b.5)) is established.
1t B is 28+ 1, it is easy to get for (1)) = for(v), for(') = fz(), Farrr(V)) = farri(v)—
1, fore2(V) = forpo(v)+1 and Vory1 (V') = Varyp1(v) — 1. Soif (5.2)) is established for [ = ¢,

we also have
fo W) + f5(v) + famz (V) + farpo(v) =k — 1.
Thus,

tfar(V) + tfgz (V') + tfam (V) + (4 1) fara (V')
=tfor(v) + tfg(v) + t(fog(v) — 1) + (t + 1)(forga(v) + 1)
=Vor1(v)+i—1—t+(t+1) (mod 2)
=Vo1 (V) +i—1 (mod 2).
So is established.
If Bﬁl) is 2t + 1, it is easy to get fo (V') = far(v), for (V') = f(V), fogz (V') = fam(v),
foro (V') = forpo(v) and Vory1 (V') = Vg1 (v). So if is established for [ = t, we also

have
far (V) + fsr(v) + for(v) + fare(v) =k — 1.
Thus,

tfau (V) + g (V) + thyr(V) 4+ (4 1) farga (V)
= tfo(v) + tfg(v) + t(fap(v) + (¢ + 1) (farr2(v))
= Vorr1(v)+i—1 (mod 2)

(

= Vo1 (V) +i—1 (mod 2).

So (5.3) is established.
Assume that (5.4) set up for [ = ¢, then for11(v') > 1. By the definition of cluster, we

must have 8\ = 2t 4 1. So, farya(V') = forra(v) = k—2 and Vary1 (V') = Varyr (v). Thus,

t4 (t+ 1) forpa(V) =t + (t 4+ 1) farro(v) = Vara(v) +i— 1
=Vyu(V)+i—1 (mod 2),
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which is for [ =t.

Now we consider the case 1 < p < Nj. Assume that the part we choose to change
in P~ ig ﬂép_l). Set ]Bép_l)\ = 2s + 2, we assert that ¢ < s. By Proposition we
know that 0 < |ﬁ7(~p)| — \6@\ < 1, namely 2t < |ﬁ{p)| < 2t+1. Since 5?_1) is even, by the
definition of Gollnitz-Gordon marking, we have | ﬁ%p — |— |B£p )| > 1 with restrict inequality
if ,ng) is even. Thus we have ]ﬂ%p_1)| > 2t + 2. By the definition of cluster, we know that
25s+2 = \@Sp_l)\ > ]ﬁgp_l)] > 2t + 2, which leads to our assertion.

For integer [ satisfying or , if [ ¢ and s+ 1, it is easy to check that
or is established.

For integer [ satisfying or , ifl=tor s+ 1. If s > t, similar to the proof of

p =1, it is easy to check that or is established. We just consider the case s =t
and | =tort+1.

For s = t, we have 2t + 2 = |Bl§p_1)\ > ]6?_1)] > 2t + 2, so ]ﬁ;p_l)] = 2t + 2. Since
2t < |6§p)| < 2t+1, we know that ﬁ§p_1) =2t+2and S(p—1) = 1. So the second dilation
of p-th kind only has following two cases:

Case 1. 5,@ ) is 2t + 1, we first change r-marked 2t + 1 to an r-marked 2t + 2, and then
we change the part ng U= 2t + 2 to a 1-marked 2t + 3. We get that the occurrences of
2t, 2t +1, 2t +2, 2t +2, 2t + 3 and 2t + 4 in v/ are the same as those in v. Notice that
Vorr1(V') = Va1 (v) and Vo 3(vV') = Vargs(v), it is obvious that if or holds for
l=tort+1, then or also holds for [ =t or t + 1.

Case 2. ,Bﬁp ) is 2t + 1, we first change r-marked 2¢ + 1 to an r-marked 2t + 2, and then
we change the part 5%;;—1) = 2t + 2 to a 1-marked 2t + 3. In such case, we must have
forr1(v) = 0, otherwise we must have 5?)_1) = 2t + 1. But 6§p_1) = 2t + 2, which leads
to a contradiction. So we have fa41(r) = 0. Now it is easy to check that f5(V') = f5(v),
for (V) = fa W), fam (V) = fom(W) =1, far1 (V) = fars1(v) = 0, farpo (V') = farra(v)+1,
fa=2(V) = fam(v) = 1, fags(V) = fams(v), and farpa(v') = farya(v). What is more, we
have Voi11(V') = Varp1(v) — 1 and Vary3(v') = Varrs(v) — 2. Next we show that and
lead to and respectively for [ =t or ¢t + 1.

Since for41(V') = 0, so can not hold for [ = ¢. If holds for | = ¢, then we

also have

far(V) + for(v) + fagg (V) + farre(v) =k — 1.
Thus,

tfar (V') + tfz (V') + tfam (V) + (4 1) farga (V')
= tfou(v) + tfg(v) + t(fan(v) = 1) + (€ + D (far2(v) +1)
=Voap(v)+i—1+1 (mod 2)
=Vou1 (V) +i—1 (mod 2).
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So ((5.3)) is established for | = t¢.
If (5.4) holds for I = ¢t + 1. Since forya(v) = forra(v') = k — 2 and fo5(v) = 1, we
have fai12(v) = fas(v) = 0 and

fora(v) + f2t+2(V) + f2t+3(’/) + forya(v) =k — 1.

So we can easily get

(t+1) + (t + 2) for (V)
= (4 D) fare() + (U4 2) fa(v)
(1) forsa(0) + (1 1) frra() + (64 1) freg(®) + (¢ -+ 2) forrav)
= Vorps(v) +i—1 (mod 2)
= Vorp3(V)+i—1 (mod 2),

which leads to (5.5 for [ = ¢+ 1.
Finally if (5.2)) holds for I =t + 1, we must have

forro(V) + fam (V) + farz(v) + forga(v) =k — 1.

Thus,

(t+ 1) fors2 (V) + (t + 1) o (V') + (¢ + 1) fpz (V') + (¢ + 2) farra(V')
= (4 ) (farsa) + 1)+ (E+ D) (rms) — 1)+ (E+ 1) frzg() + (¢ +2) forpa(v)
=Vorp3(v)+i—1 (mod 2)
= Vorys(V) +i—1 (mod 2).

So (5.3)) is established for | =t + 1. Now we complete the proof. O

If the Gollnitz-Gordon markings of an overpartition A are not exceed k — 1, and A
satisfies condition (or (5.4)) but does not satisfies condition ([5.3)) (or (5.5))) for some
[. Assume that we can do the second dilation of A and denote the resultmg overpartition
by v. Using the same method above, one can easily get that v satisfies condition (or
(5.4)) but does not satisfies condition (or (5.5)) for some ¢, we omit the details here.

Notice that the second dilation of p-th kind and the second reduction of p-th kind
are inverse mapping for each other, so the second reduction of p-th kind also preserves
conditions (4) and (5) in Theorem [L.10]

Thus, we have the following proposition.

Proposition 5.7. For an overpartition v € @Nl,...,Nk_l;i(n) and it satisfies the condition
of the second dilation of p-th kind (resp. the second reduction of p-th kind), if we do the such
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operation for v and denote the resulting overpartition by v/, then vV € @Nl,...,Nk,l;i(n +2)
(resp. V' € @va,_’Nk_l;i(n —2)) forl <p<Njporv e ©N17---7Nk—1?i(n +1) (resp. V' €
Ony, Ny _pzi(n = 1)) for p=1.

At the end of this section, we will show the outline proof of Theorem [1.12] To prove

Theorem [1.12] it suffices to show the following generating function

(5.6)

)Ny -1 (=" ) Ny g

(@5 63NNy (@35 PNy (@Y 48 N

2(N+-+NZ2_ +Niy1++Nip_1) (1+ q2Ni)$N1+"'+Nk—1

Let WNI,.._,Nk_I;i(n) denote the set of overpartitions in ©N1,...,Nk_1;i(”) without odd

parts. Set
W N g = U Way N5 (1),

n>0
we will show the following relation in the next section by constructing a bijection in terms

of the second dilation and the second reduction.

Theorem 5.8. For Ny > Ny > --- > Ni_1 > 0, we have

S WM = (=" M)y, YD afg,

which leads a proof to (5.6]).

6. Proof of Theorem [1.12

We first give a proof of Theorem

Proof of Theorem [5.8 Let Qn denote the set of partitions with distinct negative odd parts
which lay in [1-2N, —1]. We give a bijection between @Nl,...,Nk,l;i and Qn, XWNL..-,qu;i‘

More precisely, set
QWy, . Ny_yi(n) = {(faw) € QN X Wy, . Ny | 1€+ |w| = n} ;

we establish a bijection between ©N17--~,Nk—1§i(n) and QWy,  n, (1)

On the one hand, for an overpartition v € @Nl,...,Nk,lgi(n)7 we construct a pair (§,w) €
QWy, . N yi(n).

If there is no odd part in v, we set £ = () and w = v. If there exist odd parts in v,
we consider the Gollnitz-Gordon marking GG (v) = {ﬁ(Nl),ﬁ(Nl_l), o ,5(1)}. Then by
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Proposition the odd parts must in different clusters of GG(v), set such clusters be
BUD, g B0 where 1 < ji < jo < -+ < js < Ni. Let My =0 and M; = Yb_, ji
where 1 < < 5. Set v° = v, we do the following operations for [ from 1 to s successively.

For each [, we iterate the following operation for p from 1 to j;: we do the second
dilation of p-th kind of #™i-1+P=1 and denote the resulting overpartition by Mi-1+7

After the M, operations above, we can get an overpartition s which contains no
odd part, what is more, vMs € WNl,...,Nk_l;i(n + 2M, — 5). Finally, set w = vMs and
§=(1—-2j1,1—=2j,...,1—2j), we get a desired pair ({,w) € QWy, n, ,.(n).

On the contrary, for a pair (§,w) € QWy, n, ,.;(n), we want to construct an over-
partition v € @Nl7,__7Nk_1;i(n).

If £ =0, we just set v = w. If £ # 0, then we set £ = (1 — 21,1 — 2ja,...,1 — 2j5)
where 1 < j; < ja < --- < js < Nj. Let M; :Zfﬁ:ﬂt where 1 <1 < s and set w™s = w,
we do the following operations for [ from s to 1 successively.

For each [, we iterate the following operation for p from 1 to j;: we do the second

M;—p+1

reduction of p-th kind of w and denote the resulting overpartition by w1 =P,

After the M, operations above, we can get an overpartition w? which belongs to
@Nl,...,Nk,l;i(n)- Finally, we just need to set v = w% Thus we complete the proof of

Theorem [5.8 O
Now we are in a position to prove Theorem [1.12

Proof of Theorem [I.12. Using (4.5]), we shall prove that the generating function of over-

partitions in Wy, n, .. can be stated as follows.

Lemma 6.1. For k > 1> 1, we have

Z @) glol — =

2—2N1;q2) 2(N12+"'+N;§,1+Ni+"'+Nk71)1,N1+~~~+Nk_1

N;—14
(@5 63NNy (@35 PNy (@Y 48N

Proof. We will establish a bijection between ENl,...,Nk,l;z‘(n) and WNl,...,qu;i(Q”)- For
an overpartition 6 = (d1,02,...,0¢) € IENl,..‘,Nkfl;i(n)v where 01 < § < --- < dp. Double
each part in 0 and denote the resulting overpartition by w, then w = (241,209, ..., 20dp).
It is easy to see that |w| = 2]0| = 2n and fy(w) + fa(w) = fa(w) = f1(0) < ¢ — 1. Since
all parts in w are even, so fay1(w) = forg(w) = 0 and Va1 (w) = Var(w) = Vi(6). If
for(w) + fp(w) + (@) + farvo(w) = k=1, 50 fi0) + f(0) + fi41(8) = far(w) + f(w) +
fat42(w) = k — 1. Notice that § € En, . n, ,.i(n), we have

tfor(w) + tfg(w) + tfamz(w) + (t + 1) farsa(w) = tfe(6) + 1 f7(6) + (¢ + 1) fe41(5)
=Vi(0)+i—1 (mod 2)
= Voyi1(w)+i—1 (mod 2).
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Next, we consider the Gordon marking of § and the Gollnitz-Gordon marking of w.
Recall the Gordon marking of § and the Gollnitz-Gordon marking of w, it can be checked
that the mark w; = 24; in the Gollnitz-Gordon marking of w are the same as the mark of
d; in the Gordon marking of 6 where 1 < j < /. Hence we show that w € WNl,...,Nk,l;i@n)

and the process is inversive. Thus we have constructed a bijection between En,  n, ,.i(n)
and Wy, n,_,:i(2n). Finally by (4.5]), we have

Z wﬁ(w)q|w| _ Z xf(é)q2|5\

2 24... 2 e
)N1—1q2(N1+ AN+ Nit+Ng 1) N1+ Ni

(q2; q2)N1—N2 T (q2; qz)Nk—Q_Nk—l (q4; q4)Nk71

Thus we complete the proof of Lemma [6.1 O

Applying Lemma [6.1] in Theorem we obtain

= (—q'2M )y, Z 2@ gl

) 2(N24+4N2_ +N;y14++Nj_ 2N;\ N1+ +Np_
1¢*)nig” M port Nt N (7 4 2N g Nt N

(q2; q2)N1—N2 T (q2; q2)Nk—2_Nk71 ((]4; q4)Nk71

)

which is (5.6). Hence we establish the following generating function of 6k7i(m, n):

> Okilm,n)a™q"

m,n>0

- ¥ T st

N2 2Nk-120 ey,

..... Np_1:t
N12>->Ng_120
(=% 2N ) w1 (=g 25 @)y VT NE NN (1 4 2NN N
(@ @) N - (0% ) NN (€5 ) vy
This completes the proof of Theorem [1.12 O
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